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Laser wakefield acceleration in magnetized plasma
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A one-dimensional numerical model to study the evolution of longitudinal electrostatic wakefields,
generated by propagation of a circularly polarized laser pulse in magnetized plasma has been presented.
The direction of the external magnetic field is considered to be along as well as opposite to the axis of
propagation of the laser pulse. Further, two-dimensional particle-in-cell code is used to obtain the
generated wakefields. Separatrix curves are plotted to study the trapping and energy gain of an externally
injected test electron, by the generated electrostatic wakefields, in the relativistic regime. Under
appropriate conditions, an enhancement in the peak energy of an externally injected electron in

magnetized plasma, as compared to the unmagnetized case, has been observed.
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L. INTRODUCTION

The propagation of intense laser pulses in underdense
plasma is relevant to a wide range of physical mechanisms.
This includes relativistic optical guiding [1-3], harmonic
generation [4,5], and excitation of large amplitude plasma
waves for particle acceleration. The motion of plasma
electrons is largely influenced by the ponderomotive force
of a short laser pulse, which is responsible for generating
large amplitude electrostatic wakefields. The acceleration
gradient (= 100 MV/m) generated by conventional radio
frequency linear accelerators (linacs) is limited, due to the
breakdown of the waveguide structure. However, using
plasma as a medium for particle acceleration has no elec-
trical breakdown limit and is capable of sustaining high
acceleration gradients (= 100 GV/m) [6]. Laser driven
plasma based accelerators were originally proposed about
three decades ago by Tajima and Dawson [7]. Since then
many schemes of laser-plasma accelerators have been
developed [8,9]. One such promising scheme is the laser
wakefield accelerator (LWFA) in which an ultrashort, tera-
watt, high frequency laser pulse propagating through an
underdense plasma excites a wake of plasma oscillations.
A particle with an appropriate initial energy, injected into
such a wave, can be trapped and accelerated by the electro-
static wakefield to attain energy up to several GeV [10-15].

Many interesting phenomena arise when an intense laser
pulse propagates in magnetized plasma [16—-18]. The effect
of an external magnetic field on the generation of trans-
verse wakefields, in the weakly relativistic limit, has been
reported [19,20]. Cherenkov wakes are excited by short
laser pulses propagating in magnetized plasma [21].
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Recent simulation studies on the effect of constant [22]
and pulsed [23] magnetic field, for the generation of wake-
fields, have been presented. Hosakai et al. [24] have
experimentally demonstrated energy boosting in LWFA
in the presence of external magnetic field. For high laser
intensities (ag = 3), 2D numerical simulations have shown
enhanced electron trapping by a static longitudinal mag-
netic field, in the bubble regime of laser wakefield accel-
eration [25]. Trigger and control of self-injection in LWFA
in the presence of a static transverse magnetic field in the
bubble regime has been studied by Vieira et al. [26].

In the present study, we have developed a novel, one-
dimensional numerical model to analyze the excitation of
longitudinal, electrostatic wakefields produced by the
propagation of intense circularly polarized laser pulses in
uniform plasma embedded in a magnetic field directed
parallel as well as antiparallel to the direction of propaga-
tion of the laser pulse. The plasma is assumed to be cold so
that, before the passage of the laser pulse, the plasma
electrons are at rest and the external magnetic field does
not affect them. Considering a broad laser beam, the
excited longitudinal, electrostatic wakefield amplitude is
analyzed in the one-dimensional limit. The amplitudes of
the generated wakefields obtained via numerical study are
then compared with the wakefields obtained with the help
of 2D particle-in-cell (PIC) simulations. Further, trapping
and energy gain (acceleration) of an externally injected test
electron, by the generated wakefields under the influence
of the external magnetic field, is studied.

The organization of the paper is as follows: In Sec. I, the
fluid equations governing the generation of the wakefields
have been formulated using quasistatic approximation.
Section III includes the evolution and numerical analysis
of the longitudinal, electrostatic wakefields generated via
laser-magnetized plasma interaction with external magne-
tization along and opposite to the direction of propagation
of the laser pulse and its comparison to the wakes generated
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via 2D PIC simulations. In Sec. IV, the trapping and
enhancement in the peak energy attained by the externally
injected test electron in magnetized plasma is studied, and
compared with the unmagnetized case. Section V presents
the summary and discussion.

II. FORMULATION

Consider a cold, homogeneous, underdense plasma
having ambient electron density n,, embedded in a con-
stant external magnetic field (EO = oByZ, where o0 = *1).
A circularly polarized laser pulse represented by the vector
potential A; =A(z, D[Esin(kyz — wot) — Heos(koz — wot)]
(where ky and w, are, respectively, the wave number and
frequency of the laser pulse) is considered to be propagat-
ing through the plasma along the positive z direction. In the
present study the electric and magnetlc fields are taken to
be of the form E = — 14 24 _ Y and B = V X A, where A
and ® are, respectlvely, the vector potential of the laser
pulse and the scalar potential of the generated field.

The set of basic nonlinear fluid equations describing the
interaction of the laser pulse with cold, relativistic, uni-
formly magnetized plasma are

awm+«aﬁxw»=—f(5+ﬁxﬁ+”ﬁ“> M
at mn ¢

Me G (n,5) = 0 ?)
ot
V20 = R0, — 1), 3)

where y[= (1 — v2/c%)~1/2] is the relativistic factor and ¥
and n, are the plasma electron velocity and density,
respectively.

The plasma electron velocities may be considered to be a
superposition of slow and fast components (v = v, + v),
oscillating at the plasma [w, = (47nge?/m)'/?] and laser
(wg) frequencies, respectively. With the help of the Lorentz
force equation (1), the fast components of the transverse
(v, and v,;) and longitudinal (v ;) velocities may be
obtained from

d(yv,y) e 0A
—atxf =% atx—awcvyf (4a)
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azy' mc ot xf (4b)
and
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t

where w.(= eBy/mc) is the cyclotron
Simultaneous solutions of Eq. (4) give

frequency.

awg

Uyp = o+ yo)) sin(kyz — wpt) (5a)
Uyp = — ﬁ cos(kygz — wyt) (5b)

and
u =0, (5¢)
where a(= eA/mc?) and u;;(= v;s/c, j = x,y, z) are the
normalized amplitude and velocities, respectively.

Equation (5) gives the relativistic quiver velocity of a
plasma electron in the presence of a circularly polarized
laser pulse and an axial magnetic field. In the absence of
the magnetic field, Egs. (5a) and (5b) reduce to the stan-
dard quiver velocity of the plasma electron in unmagne-
tized plasma. It may be noted that the direction (o) of the
magnetic field determines whether the presence of the field
causes an increase or decrease in the quiver amplitude.

Equation (1) may also be used to obtain the governing
equations for the evolution of the slow plasma electron
velocities, as

9 9 J(yv
(yvxs) + v, (')’st) + szM = —O'Cl)cvy_w (63)
9 Uy Iyvv d(yv,r
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It is seen that the slow longitudinal velocity is driven by
the laser field whereas the transverse velocities are inde-
pendent of it. Since the fast longitudinal velocity (v.y) is
zero, the radiation-dependent term [(v,, X E)x‘y] does not
appear in Eqgs. (6a) and (6b). Therefore the slow transverse
velocities are expected to be zero.

III. NUMERICAL ANALYSIS OF LONGITUDINAL
ELECTROSTATIC WAKEFIELD GENERATION

In order to study the evolution of longitudinal electro-
static wakefields, we first transform the slow components of
the Lorentz force equation (6), continuity equation (2),
and Poisson’s equation (3), to a frame moving with the
group velocity (v,) of the laser pulse. These equations are
hence written in terms of independent variables 7 = ¢ and
& = z — v,t. Since our present analysis is restricted to 1D,
the transverse variations of the fluid quantities are not
considered. Further, quasistatic approximation (QSA) is
applied to the set of transformed fluid equations to study
the slow evolution of wakefields. Under QSA, the field
variations with respect to 7 are neglected as the plasma
electrons experience a static laser field [1]. The transformed
normalized fluid equations (under QSA) are given by
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where ¢(= e®/mc?) and n(= n,/n,) are the normalized
scalar potential of the generated wakefield and normalized
plasma electron density, respectively. While deriving
Egs. (7a)—(7c¢), the fast velocities [Eq. (5)] have been used
and the second harmonics of the laser frequency have been
neglected. The normalized group velocity (8, = v,/c) of
the laser pulse is derived from the dispersion relation,
kg = 0} — [wiwo/(ywo + ow,)] as

_ 2wf — wows/(ywy + ow.)]?

By ®)

a [26!)() - O-wcw%/(ywo + 0'6!)(.)2].

Using the fourth-order Runge-Kutta algorithm, Eq. (7) can
be simultaneously solved, with appropriate laser and
plasma parameters, to give the wake potential and hence
the wakefield [E,, = —d¢/d(k,£)]. It may be noted that
these equations are valid for arbitrary pulse profiles.

In order to analyze the generation of wakefields, we
consider that the laser pulse has a Gaussian profile of the
form a = a, exp(—&?/L?), where q is the laser strength
parameter and L is the laser pulse length. Since the ampli-
tude of the axial wakefield behind the trailing edge
of the (Gaussian) laser pulse will tend to be maximum
when the pulse length is approximately equal to 1/ /2
times the plasma wavelength [27], therefore, for a plasma
wavelength A, =32 um (ny = 1.09 X 10"¥/cm?) we
choose, the pulse length to be L = 7.2 pum (pulse duration
of 24 fs), for attaining maximum wakefield amplitude. The
laser frequency is considered to be w, = 2.355 X 10'> Hz
(corresponding to laser wavelength of 800 nm). Two re-
gimes of laser intensity have been studied via the highly
(ap = 1.0) and mildly (a, = 0.3) relativistic regimes.

As expected, the slow transverse velocities and hence
transverse wakefields do not arise when the circularly
polarized laser pulse interacts with axially magnetized
plasma. Hence, only longitudinal electrostatic wakefields
are generated and are affected by the external magnetic
field. In Fig. 1 (Fig. 2), curves a, b, and c, respectively,
show the variation of normalized wake potential with
respect to k, &, for o = —1, 0, and +1 for a5 = 1.0 (0.3)

-1.5 T T T T T T 1

FIG. 1. Variation of normalized longitudinal electrostatic po-
tential (¢) with k,& for ¢ = —1 (curve a), o = 0 (curve b), and
o= +1(curvec)foray = 1.0,A, = 32 um,and L = 7.2 um.

and a)c/wp = 6 (B = 2000T). Comparing Fig. 1 (Fig. 3)
with Fig. 2 (Fig. 4) shows that the wake potentials (fields)
generated in the relativistic (ay = 1.0) regime are enhanced
tenfold with respect to the mildly relativistic (¢y = 0.3)
case. Sinusoidal wakefields are obtained in the mildly
relativistic regime, whereas steepening of the wakefields
is observed in the relativistic regime. It is seen that there is
an enhancement of 24.5% (18.3%) in the wake potential
obtained in the presence of a reversed magnetic field as
compared to the unmagnetized case. However, a decrease
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FIG. 2. Variation of normalized longitudinal electrostatic po-
tential (¢) with k,& for o = —1 (curve a), o = 0 (curve b), and
o = +1 (curve ¢) foray = 0.3, A, =32 um,and L = 7.2 um.
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FIG. 3. Variation of normalized longitudinal electrostatic
wakefield (E,.) with k,& for o= —1 (curve a), 0 =0 (curve b),
and o= +1 (curve ¢) foray = 1.0, A, =32 um,and L =7.2 um.
Curve d shows the evolution of the laser pulse.

of 16.7% (13.4%) is observed with a forward magnetic
field. Similarly, Fig. 3 (Fig. 4) depicts the variation of
normalized, longitudinal, electrostatic wakefield (E,,)
with k,§, for the magnetized and the unmagnetized case
for ay = 1.0 (0.3). An increase of 18.2% (17.6%) in the
amplitude of the generated wakefield for ¢ = —1 and a
decrease of 13.4% (13.1%) for o = +1 in comparison to
the unmagnetized case is seen. This shows that a reversed
(forward) magnetic field increases (decreases) the ampli-
tude of the generated axial wake potential and hence the
wakefields.
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FIG. 4. Variation of normalized longitudinal electrostatic
wakefield (E,,) with k,& for o = —1 (curve a), 0 =0 (curve b),
and o= +1 (curve ¢) foray=0.3,1, =32 um,and L =7.2 um.
Curve d shows the evolution of the laser pulse.

Further, we have conducted simulations using two-
dimensional PIC code, X0oPIC [28]. In the simulation
process, a circularly polarized laser pulse having
Gaussian temporal and radial profile was launched in a
homogeneous magnetized plasma. The full width at half
maximum (FWHM) pulse length Lpwy(= v21In2L) was
considered to be 8.47 um (FWHM pulse duration of
28.25 fs), corresponding to L = 7.2 um. The size of the
simulation domain was 80 um (this includes 20 pwm vac-
uum distance) in the laser propagation direction (x) and
400 pm in the transverse direction (y). The domain is
divided into 2048 X 512 meshes. The time step (satisfying
the Courant condition) is taken to be 0.07 fs. We have
assumed the transverse laser spot size () to be 80 pwm in
order to fulfill the broad beam (k,ry >> 1) condition so that
our 1D numerical results are compatible with the simula-
tion study. The ions form an immobile neutralizing back-
ground fluid. All other laser and plasma parameters are the
same as those used for the numerical study.

In Fig. 5 (Fig. 6) curves a, b, and c are the simulation
results showing the evolution of normalized longitudinal
electrostatic wakefields with propagation distance (x) for
reverse, zero, and forward magnetic fields, respectively, in
the highly (mildly) relativistic regime. The simulation
results show the same trend in the wakefield evolution
curves as predicted via numerical study. However, the
normalized peak values of the generated wakefield (E,,,)
via simulation are seen to be suppressed as compared to
the maximum wakefield amplitude obtained numerically.
This may be attributed to 2D nonlinear effects. Another
important 2D effect that may be noted is that the plasma
wavelength (plasma density) increases (decreases) in the
relativistic regime (Fig. 6) as compared to the mildly

0.6 — Enx (reverse magnetic field)
Enx (no magnetic field)
— Enx (forward magnetic field)

0.4

0.2

-0.2
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-0.6

0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008
X (cm)

FIG. 5. Variation of normalized longitudinal -electrostatic
wakefield (E,,) with x for o= —1 (curve a), o = 0 (curve b),
and o = +1 (curve c) for ay = 1.0 using 2D XOOPIC simulation
code.
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FIG. 6. Variation of normalized longitudinal -electrostatic
wakefield (E,,) with x for & = —1 (curve a), o =0 (curve b),
and o = +1 (curve ¢) for ag = 0.3 using 2D XOOPIC simulation
code.

relativistic case (Fig. 5). This is due to the enhanced
ponderomotive force that dominates in the relativistic
regime.

IV. TRAPPING AND ACCELERATION
OF A TEST ELECTRON

In order to study the acceleration mechanism, we con-
sider a test electron to be injected behind the laser pulse.
The exchange of energy between the generated axial wake-
field and the test electron can be obtained with the help of
Hamiltonian dynamics [29]. Assuming the system energy
(Hamiltonian) to be conserved, we must have

H(y,, ¥) = H('}’,’, ¥) or H('Yev \Ijmax) = H('Ypr \I’min)J )

where the injection energy (7y;) of the test electron, is
considered to be equal to y, [ = (1 — v3/c?) "2, v, is
the phase velocity of the plasma wave] and vy, represents
the maximum energy attained by the test electron.
W(= k,£) is the phase of the test electron relative to that
of the plasma wave. W,x (Wmin) in Eq. (9) represents the
phase where the wake potential is maximum (minimum).
An important characteristic of the phase space is the
separatrix which separates the regions of trapped and
untrapped electrons in the phase space. In order to plot
the separatrices characterizing the just trapped test electron
in the phase space, we inject the test electron at W,,;,, where
the wake potential is minimum. Following Esarey and
Pilloff [29], Hamilton’s equation along with the energy
conservation equation (9) leads to

76(1 _Beﬁp)_d)(\p):'}/p(] _ﬁ%))_d)min(q,min)» (10)

where [, is the normalized final velocity associated
with the accelerated test electron and B, = v,/c. The
peak energy (vy,) of the test electron can be obtained
from Eq. (10) as

Ye=7,(1+y,Ad) = y,B,[(1+y,Ad)> 1]/ (11)

where A = ¢ — ¢ nin and * gives y,(max) and vy, (min),
respectively.

Assuming that the normalized phase velocity of the
plasma wake (8,) is equal to the normalized group veloc-
ity of the laser pulse (B,), the separatrices of the test
electron in the phase space bucket of the generated axial
wakefield, for unmagnetized (o = 0) and magnetized
(c==1, o,/ w, = 6) plasma, are plotted by simulta-
neously solving Egs. (7) and (11) using the fourth-order
Runge-Kutta technique. Other laser and plasma parameters
are the same as in Figs. 1-4. Figure 7 represents the
separatrices of the test electron for unmagnetized and
magnetized plasma, for ag = 1.0. In Fig. 7, the point of
injection (@ min, ¥min) Of the test electron for tracing the
separatrix for unmagnetized plasma (curve b) and magne-
tized plasma with & = —1 (curve a) and o= +1 (curve ¢)
are, respectively (—1.07560, 10.631), (—1.28996,
10.376), and (—0.92472, 10.801). The injection energy
necessary for an electron to trace the separatrices a, b,
and c in the phase space are, respectively, 22.5, 23.78,
25.69 MeV, while the maximum energies attained after
acceleration are 4.5, 4.13, and 4.09 GeV, respectively.
Hence, with a reduction (increase) of 5.68% (8.03%) in
the injection energy, a gain (reduction) of 8.9% (0.96%) in

9000 - a.
8000 -
7000 4
6000 +
5000 +
4000 -
3000 -
2000 4

1000 4.

0

FIG. 7. Separatrix plots for the test electron with o = —1
(curve a), o = 0 (curve b), and o = +1 (curve c), with injec-
tion energies, respectively, as 22.5, 23.78, and 25.69 MeV, for
ag = 1.0.
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FIG. 8. Separatrix plots for the test electron with o = —1
(curve a), 0 = 0 (curve b), and o = +1 (curve c), with injec-
tion energies, respectively, as 17.32, 20.43, and 23.47 MeV, for
ag = 03

the maximum energy of the accelerated test electron is

seen for magnetized plasma with o = —1 (o0 = +1), in
comparison to the unmagnetized case, while tracing the
separatrix.

Similarly, Fig. 8 shows the separatrix plots for the mildly
relativistic regime (ay = 0.3) for magnetized plasma with
o = +1 (curve c¢), o = —1 (curve a), and unmagnetized
plasma (curve b). For tracing the separatrices a, b, and c,
the test electron is injected, respectively, at (—0.076 13,
9.454), (—0.06504, 9.454), and (—0.056 76, 9.454) with
the injection energies 17.32, 20.43, and 23.47 MeV, respec-
tively. It is observed that the maximum final energies of
the accelerated test electron attained while tracing the
separatrices a, b, and c are, respectively, 209.1, 245.8,
and 282.5 MeV. Hence, a reduction (increase) of 17.5%
(14.9%) is seen in the maximum final energy of the accel-
erated test electron for magnetized plasma with o = —1
(o= +1) as compared to the unmagnetized case.
However, the injection energy for o = +1 remains higher
than that required for o = —1.

It can be seen from Eq. (11), that the maximum final
energy (v,) of the accelerated test electron depends upon
the injection energy (y,) of the test electron as well as on
the magnitude of the generated wake potentials. Therefore,
for low magnitude of wake potential (as in the case of
mildly relativistic regime), 7y, is predominantly deter-
mined by the injection energy (y,). Now, since the group
velocity (and hence v, and vy,) of the laser pulse in
magnetized plasma is greater for o = +1 as compared to
o = —1 [Eq. (8)], higher energy of the accelerated test
electron is obtained for forward as compared to the re-
versed magnetization case when a, << 1. On the contrary,

for ag ~ 1, the final test electron energies are governed
mainly by the high wake potential which is about tenfold
greater than that in the mildly relativistic case. This leads
to enhanced electron energy for reverse magnetic field as
compared to the forward field.

In order to evaluate the effective gain in electron energy
for each of the six cases under consideration, we define the
gain ¢ = (y, — v,)/7v,. For ay = 1.0, the respective val-
ues of gain for o = —1, 0, and +1 are 199.0, 172.6, and
158.2. However, for a, = 0.3, the gain is given by 11.06,
11.03, and 11.03 for o = —1, 0, and +1, respectively.
Thus, it is clear that effective enhancement of gain can
be achieved for the highly relativistic regime with a re-
versed magnetic field. For the mildly relativistic regime,
the presence of the magnetic field does not change the net
gain in electron energy.

V. SUMMARY AND DISCUSSION

A one-dimensional numerical model for studying the
generation of longitudinal electrostatic wakefields in the
relativistic regime, by the propagation of a laser pulse in
magnetized plasma, has been presented. The direction of
external magnetization is considered to be along as well as
opposite to the direction of propagation of the laser pulse.
In order to highlight the effects of the applied magnetic
field we have used large (~MG) values of the field.
Conventionally, such intense magnetic fields are currently
not realizable. However, under appropriate conditions,
constant [30] and quasistatic [31-34] magnetic fields
(~MG) are generated via laser-plasma interaction. Since
these time-varying magnetic fields oscillate at the plasma
frequency (which is much less than the laser frequency),
the laser pulse interacting with plasma which is embedded
in a quasistatic magnetic field will experience a nearly
constant amplitude of the magnetic field. Such self-
generated intense magnetic fields can be utilized in laser
wakefield accelerators.

The nonlinear fluid equations, describing the interaction
of the laser pulse with uniformly magnetized plasma, are
transformed to the frame of the laser pulse. Further, the
equations are reduced to a time independent form using the
quasistatic approximation and solved numerically, to study
the longitudinal, electrostatic wakefield generation in the
highly as well as mildly relativistic regimes. It is seen that
the slow transverse velocities and hence transverse wake-
fields do not arise. Longitudinal wakefields are however
affected by the presence of the magnetic field. The varia-
tion of wake potential and electric field amplitude of the
generated wakefield when the magnetic field is directed
opposite to and along the direction of laser pulse propaga-
tion has been studied and compared to the unmagnetized
case. It is observed that the wake potential and the ampli-
tude of the longitudinal electrostatic wakefields for re-
versed (forward) magnetic field increases (decreases) as
compared to the unmagnetized case for a; = 1 as well as
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aop = 0.3. The numerically predicted results are then com-
pared with 2D PIC simulations result which shows the
same trend in the wakefield evolution curves as predicted
via numerical study.

Further, numerical methods are used to evaluate the
maximum energy attained by an externally injected test
electron, due to the generated electrostatic wakefield, with
reversed and forward applied magnetic fields, for the two
laser intensity regimes. An increase in the final energy of
the test electron is observed for wakefields generated via
interaction of circularly polarized laser pulse with reversed
(forward) magnetic field for ay = 1 (ag = 0.3).

It may be noted that for the highly relativistic regime
(ag ~ 1) the maximum energy of the test electron increases
(decreases) when the magnetic field is applied along
the reverse (forward) direction, in comparison with the
unmagnetized case. In addition, the injection energy
(= 7I,mc2) required for trapping and accelerating a test
electron reduces (increases) when the reversed (forward)
magnetic field is applied. Therefore for intense laser
pulses, application of a reversed magnetic field leads to
two advantages—an increment in the peak energy of an
externally injected test electron along with a lower injec-
tion energy requirement. On the contrary, a magnetic field
applied along the forward direction suppresses the wake-
field and hence the peak energy of the test electron.

Further, for the mildly relativistic case (a, = 0.3), the
wakefields are enhanced (suppressed) for the reversed
(forward) magnetic field as before. However, it is interest-
ing to note that in this case the peak energy of an injected
test electron is higher (lower) for the forward (reversed)
magnetic field case. This anomalous behavior may be
attributed to the fact that the increase in the phase velocity
of the wakefield (~ group velocity of the laser pulse) plays
a more vital role in the mildly relativistic regime in com-
parison to a small increase in the wake potential, leading to
a reduction in the maximum energy attained by the accel-
erated test electron with magnetic field applied along
reverse direction.

It is important to note that in the mildly relativistic
regime, the external magnetic field does not cause any
enhancement in the effective energy gain by the test elec-
tron. However, for the highly relativistic regime, a signifi-
cant enhancement in effective gain in energy by the test
electron is obtained when a reversed magnetic field is
applied. This study will be significant for the analysis of
trapping and acceleration of a test electron in magnetized
plasma.
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