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The nonlinear Thomson scattering of a relativistic electron with an intense laser pulse is calculated

numerically. The results show that an ultrashort x-ray pulse can be generated by an electron with an initial

energy of 5 MeV propagating across a circularly polarized laser pulse with a duration of 8 femtosecond

and an intensity of about 1:1� 1021 W=cm2, when the detection direction is perpendicular to the

propagation directions of both the electron and the laser beam. The optimal values of the carrier-envelop

phase and the intensity of the laser pulse for the generation of a single ultrashort x-ray pulse are obtained

and verified by our calculations of the radiation characteristics.
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I. INTRODUCTION

Thomson scattering is a well-known phenomenon in
laser-plasma interactions. In the low laser intensity limit,
the motion of an electron initially at rest is nonrelativistic
and the impact of the magnetic field can be neglected. The
oscillation of the electron in the electric field of the laser
pulse results in the radiation at the same frequency as the
incident laser pulse, which was first explained by Thomson
[1]. With the advances of the ultrashort intense laser
technology based on the principle of chirped pulse ampli-
fication [2], compact tabletop laser systems delivering laser
pulses with multiterawatt peak power and a few tens of
femtoseconds pulse duration are available worldwide. The
laser intensity can easily go beyond 1019 W=cm2 when it is
focused. The electron motion in such an intense field
becomes relativistic with a quivering velocity close to the
speed of light, so that the force exerted on an electron by
the magnetic field of the laser pulse is comparable to that
by the electric field and cannot be ignored anymore. The
relativistic nonlinear motion of an electron is predicted to
be able to generate harmonics of the laser light [3], a
process known as nonlinear Thomson scattering which
has been widely studied by both theoretical and experi-
mental methods.

The dynamics and radiation of an electron initially at
rest in an arbitrarily intense, elliptically polarized plane
electromagnetic wave were discussed in detail by Sarachik
and Schappert [4]. The results were generalized to an
electron initially moving with an arbitrary velocity by
Salamin and Faisal [5]. A theory describing the nonlinear
Thomson scattering of continuous intense plane waves

with electron beams and plasmas was presented by
Esarey et al. [6]. The electron orbit and momentum were
solved analytically for both linearly and circularly polar-
ized laser beams. The explicit expressions for the angular
and spectral distribution of the radiation were obtained.
The spatial and spectral characteristics of the nonlinear
Thomson scattering were also analyzed theoretically and
numerically by many other authors [7–12].
The first experimental confirmation of the predictions of

nonlinear Thomson scattering by the interactions of intense
laser pulses with free electrons was demonstrated by Chen
et al. [13]. It was shown that the second and third harmonic
radiation from the underdense plasma had the unique
angular patterns of nonlinear Thomson scattering predicted
by theory. Efforts in detection of the radiation from non-
linear Thomson scattering continued because the process is
an alternative method to generate high order harmonics
reaching the x-ray regime and will not saturate when the
laser intensity increases as the harmonics generated by
bound electrons in atomic gas. High order harmonics
well collimated in the laser propagation direction from
nonlinear Thomson scattering were observed in the ex-
treme ultraviolet radiation spectral range [14]. The
radiated photon energy was extended to the x-ray regime
later [15].
All of the above-mentioned publications focus on the

spectral and angular distributions of the radiation from the
nonlinear Thomson scattering process. The temporal char-
acteristics were first investigated by Lee et al. [16]. By
numerical calculations, it was shown that an attosecond
pulse train with photon energies ranging from 100 to
600 eV can be generated by an electron in the laser field
with a duration of 20 femtosecond and an intensity of
1020 W=cm2.
The generation of ultrashort electromagnetic pulses,

especially the isolated single subfemtosecond pulse, has
drawn great interest due to the potential applications in the
measurement and control of ultrafast processes [17].
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A single attosecond pulse can be produced by 90� linear
Thomson scattering of a relativistic electron with a single-
cycle laser pulse with controlled carrier-envelop phase
[18]. In the field of a tightly focused intense laser pulse,
the electron is quickly scattered away from the focused
regime. The radiation emitted at the focus is much stronger
than that at any other position results in the emission of a
single attosecond pulse [19]. Even an isolated single x-ray
pulse in the zeptosecond time scale can be obtained by
nonlinear Thomson backscattering of a 250 MeV electron
with a tightly focused laser pulse [20]. Recently, it was
proposed that a single attosecond x-ray pulse can be gen-
erated by two counterpropagating circularly polarized laser
pulses with durations of about 1.5 laser cycles [21].
However, in all of these proposed schemes, intense laser
pulses with durations very close to only a single laser cycle
or focused beamwaists of a few wavelengths are necessary,
which are quite difficult to be realized experimentally.

In this paper, we show that a single ultrashort x-ray pulse
can be generated by an electron with an initial energy of
5 MeV propagating across a circularly polarized laser
pulse with a pulse duration of 8 femtosecond and an
intensity of about 1:1� 1021 W=cm2, when the detection
direction is perpendicular to the propagation directions of
both the electron and laser beam. The effects of the carrier-
envelop phase and the intensity of the laser pulse on the
dynamics and radiation characteristics of the electron are
also discussed.

II. FORMULATION

The interaction geometry is shown schematically in
Fig. 1. The laser field is described by the normalized vector
potential a ¼ eA=mec, where A is the vector potential of
the laser pulse, me and e are the electron mass and charge,
respectively, and c is the speed of light in vacuum. The
normalized vector potential of an ultrashort laser pulse is
expressed by

a ¼ a0ffiffiffi
2

p fð�Þ½ ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �

p
cosð�þ�0Þex

þ ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� �

p
sinð�þ�0Þey�; (1)

where fð�Þ is the temporal envelop function of the laser
pulse, �0 is the phase difference between the maximum of
the carrier envelop and the carrier. � is the polarization
parameter, � ¼ �1 for linear polarization and � ¼ 0 for
circular polarization. Transverse homogeneous plane
wave approximation is applied to the laser pulse so that

it is a function of only the parameter � ¼ t� k̂ � r, where
k̂ ¼ k=jkj. In the above expression, the space and time
coordinates are normalized by jkj�1 and!�1

0 , respectively.

k and !0 are the wave vector and frequency of the laser
pulse. The applicability of the plane wave approximation
will be discussed later.
For a Gaussian laser pulse, the temporal shape function

is written by

fð�Þ ¼ e�ð�=�0Þ2 ; (2)

where �0 is a parameter related to the pulse duration and is
determined by the number of optical cycles N within the

carrier envelop by �0 ¼ N2�=
ffiffiffiffiffiffiffiffiffiffi
2 ln2

p
.

The motion of an electron in the laser field is governed
by the following Lorentz equation:

dð��Þ
dt

¼ @a

@t
� �� ðr� aÞ; (3)

where � ¼ v
c is the normalized electron velocity and

� ¼ 1ffiffiffiffiffiffiffiffiffi
1��2

p is the relativistic factor.

The explicit expressions for the trajectory and normal-
ized velocity of the electron are given by [5]

r ð�Þ ¼ r0 þ
Z �0 þ að�0Þ

�0

1� k̂ � �0

d�0

þ k̂
Z 1

2 ðað�
0Þ

�0
Þ2 þ að�0Þ

�0
� �0

ð1� k̂ � �0Þ2
d�0; (4)

�ð�Þ ¼
�0 þ að�Þ

�0
þ k̂

1
2ðað�Þ�0

Þ2það�Þ
�0

��0

1�k̂��0

1þ
1
2ðað�Þ�0

Þ2það�Þ
�0

��0

1�k̂��0

; (5)

where r0, �0, and �0 are the initial position, velocity, and
relativistic factor of the electron before the interaction.
After obtaining the orbit and velocity of the electron in

the laser field by the above expressions, the radiation
power per solid angle detected far away from the electron
can be calculated by

dPðtÞ
d�

¼ jAðtÞj2; (6)

A ðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e2

16�2"0c

s
n̂� f½n̂� �ðt0Þ� � _�ðt0Þg

½1� n̂ � �ðt0Þ�3 ; (7)

where "0 is the vacuum permittivity, t0 is the retarded time
when the electron radiates and relates to the time t when
the radiation arrives at the detector byFIG. 1. Sketch of the nonlinear Thomson scattering.
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t ¼ t0 þ x0 � n̂ � rðt0Þ; (8)

where x0 is the distance from the origin to the detector, and
n̂ ¼ sin� cos�ex þ sin� sin�ey þ cos�ez is the unit vec-

tor along the detection direction determined by the polar
angle � and azimuthal angle � as shown in Fig. 1.

The integrated energy emitted along the direction n̂ can
be obtained by

dW

d�
¼

Z þ1

�1
dPðtÞ
d�

dt: (9)

Further, the spectral intensity per solid angle of the
radiation emitted by the electron along the direction n̂
can be calculated by

d2I

d!d�
¼ e2!2

16�3"0c

��������

Z þ1

�1
dt½n̂� ðn̂� �Þ�ei!ðt�n̂�rÞ

��������

2

:

(10)

III. RESULTS AND DISCUSSION

The radiation characteristics of nonlinear Thomson
scattering with various laser and electron parameters are
investigated. Figure 2(a) shows the time history of the
radiation power per solid angle with the following parame-
ters: the circularly polarized laser pulse propagates along
the þz axis with the carrier-envelop phase �0 ¼ 3

4�,

wavelength �0 ¼ 800 nm, N ¼ 3 corresponding to the
pulse duration of 8 femtosecond, and a0 ¼ 19:57 corre-
sponding to the intensity of 1:1� 1021 W=cm2, the elec-
tron with an initial energy of 5 MeV moves along the
þx axis, the radiation is detected along þy axis, which is
perpendicular to the propagation directions of both the
laser pulse and the electron. The peak is magnified as
shown in Fig. 2(b) to look at the pulse shape in detail. It
is clear to see that a single ultrashort pulse is generated.
The angular spectral intensity of the radiation is plotted in
Fig. 3. The spectrum peaks at about 1.3 keVand has a high
energy tail extending beyond 10 keV which supports the
ultrashort pulse as in Fig. 2.

Usually, the 90� Thomson scattering is performed with a
linearly polarized laser pulse and the radiation is detected
along the electron propagation direction. For comparison,
the time history of the radiation power per solid angle is
shown in Fig. 4 by changing the laser pulse to be linearly
polarized and the radiation detection direction to be along
the þx axis while all of the other parameters are kept the
same as those in Fig. 2. A train of ultrashort pulses is
obtained. The highest peak is magnified in Fig. 4(b) to
show the pulse shape in detail. The maximum radiation
power is higher and the pulse duration is shorter for a
linearly polarized laser pulse because the peak value of a

is
ffiffiffi
2

p
times as large as that of a circularly polarized pulse

with the same value of a0. The angular spectral intensity
of the radiation is plotted in Fig. 5. Modulations of the

spectrum can be seen which is due to the slight differences
of the intervals between the peaks in Fig. 4(a).
In order to get more insight into the underlying mecha-

nism for the generation of a single ultrashort pulse by
nonlinear Thomson scattering of a circularly polarized
laser pulse, the normalized velocity of the electron as a
function of � during the interaction process is plotted in
Fig. 6. We can see that �x is close to 1 before the interac-
tion, starts to decrease and oscillate at the front edge of the
laser pulse while �y and �z start to oscillate too and the

oscillation amplitude increases. �y reaches the maximum

close to 1 at � ¼ 0. There is a factor of ½1� n̂ � �ðt0Þ��6

included in the expressions of the radiation power indi-
cated in Eqs. (6) and (7). During the acceleration process,
the radiation power can be significantly enhanced if the
normalized electron velocity along the detection direction
approaches 1, as at the time � ¼ 0 in our case. The
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FIG. 2. (a) The time histogram of the radiation power per solid
angle along the þy axis by an electron scattering with a
circularly polarized laser pulse. (b) The peak is magnified to
show the details of the pulse shape. The parameters taken in the
calculations are as follows: the laser pulse propagates along
the þz axis with a0 ¼ 19:57, N ¼ 3, �0 ¼ 3

4�, �0 ¼ 800 nm

and � ¼ 0, the electron with an initial energy of 5 MeV moves
along the þx axis, and the detection direction n̂ ¼ ey.
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radiation at this time is much stronger than that at any other
time resulting in the generation of an ultrashort pulse as
shown in Fig. 2(a).

Substituting � ¼ 0 in Eq. (1), �0 ¼ �0ex and k̂ ¼ ez in
Eq. (5), we can obtain the expression for �y:

�yð�Þ¼
1ffiffi
2

p a0
�0
�0e

�ð�=�0Þ2 sinð�þ�0Þ
1þ1

4ða0�0
Þ2e�2ð�=�0Þ2þ 1ffiffi

2
p a0

�0
�0e

�ð�=�0Þ2 cosð�þ�0Þ
:

(11)

�y reaches the maximum when
@�y

@� ¼ 0 and
@�y

@a0
¼ 0 while

�0 is given at a fixed value. After some straightforward
algebra, these two equations give

cosð�þ�0Þ ¼ � �0ffiffiffi
2

p ; (12)
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FIG. 4. (a) The time histogram of the radiation power per solid
angle along the þx axis by an electron scattering with a linearly
polarized laser pulse. (b) The highest peak is magnified to show
the details of the pulse shape. All of the calculation parameters
are the same as those in Fig. 2 except that � ¼ 1 and n̂ ¼ ex.
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FIG. 6. The normalized velocity of the electron as a function of
� in a circularly polarized laser field. �x, �y, and �z are the

projections of � on each of the coordinate axes. All of the
calculation parameters are the same as those in Fig. 2.
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FIG. 3. The spectral intensity per solid angle along theþy axis
radiated by an electron scattering with a circularly polarized
laser pulse. All of the calculation parameters are the same as
those in Fig. 2.
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FIG. 5. The spectral intensity per solid angle along theþx axis
radiated by an electron scattering with a linearly polarized laser
pulse. All of the calculation parameters are the same as those in
Fig. 4.
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a0
�0

¼ 2eð�=�0Þ2 : (13)

For a relativistic electron, the initial velocity of the
electron is very close to the speed of light so that the
right-hand side of Eq. (12) can be replaced by � 1ffiffi

2
p . We

can obtain

�� ¼ �3
4���0 þ 2n�; (14)

where n is an integer. �y reaches the maximum along the

þy axis and the �y axis at the time �þ and ��, respec-
tively. By substituting the �þ into Eq. (13), we can obtain
the corresponding laser intensity. The lowest possible op-
timal intensity for the generation of a single ultrashort
pulse is a0 ¼ 2�0 ¼ 19:57 by letting �þ ¼ 0 in Eq. (14)
when �0 ¼ 3

4� and n ¼ 0, which are the parameters taken

for the calculations shown in Fig. 2.

The dependences of the radiation characteristics on the
carrier-envelop phase �0 and the normalized vector poten-
tial a0 of the laser pulse are investigated and shown in
Figs. 7 and 8, respectively. Figure 7 shows the time history
plots of radiation power per solid angle along the þy axis
by an electron in the laser fields with carrier-envelop
phases of �0 ¼ 0, 14�,

5
4�, and

7
4�. As shown in the inset

of Fig. 7(a), when �0 ¼ 0, �y reaches the maximum close

to 1 at �þ ¼ 3
4� and the other time when�y gets close to 1

locates at � ¼ 3
4�� 2�. As discussed before, the radia-

tion power is significantly enhanced when the speed is
approaching 1, which results in the generation of the two
pulses in Fig. 7(a). When �0 ¼ 1

4�, �y reaches the maxi-

mum at �þ ¼ 1
2� which gets closer to the time when the

laser intensity reaches its peak value at � ¼ 0. The other
peak of �y locates at � ¼ 1

2�� 2� which gets farther

away from � ¼ 0. The slight change of �y causes the

increase of the radiation power of the high pulse and the
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FIG. 7. The time histogram of the radiation power per solid angle along the þy axis by an electron scattering with a circularly
polarized laser pulse. The insets show the normalized velocity �y of the electron in the laser field as a function of �. (a) �0 ¼ 0,

(b) �0 ¼ 1
4�, (c) �0 ¼ 5

4�, (d) �0 ¼ 7
4�. All of the other parameters are the same as those in Fig. 2.
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decrease of the lowpulse as shown inFig. 7(b). By this effect,
only a single pulse can be seen when �0 ¼ 3

4� as shown in

Fig. 2. A small pulse appears again in Fig. 7(c) when �0 ¼
5
4� because �y gets close to 1 at � ¼ � 1

2�þ 2� as shown

in the inset of Fig. 7(c). When�0 is further increased to
7
4�,

the two peaks of �y locating at � ¼ �� have the same

distances to � ¼ 0, so that twin radiation pulses have the
same heights are generated as shown in Fig. 7(d).

Figure 8 shows the time history plots of radiation power
per solid angle along theþy axis by an electron in the laser
fields with an intensity of a0 ¼ 15, 18, 21, and 22.83.
When the laser intensity a0 < 2�0 ¼ 19:57, the electron
oscillating velocity �y reaches its maximum at � ¼ 0 as

shown in the inset of Fig. 8(a). The radiation power at this
moment is stronger than that at any other time, resulting in
the generation of the highest pulse in Fig. 8(a). Two other
pulses with much lower power can also be seen due to the
two peaks of �y at � ¼ �2�. When the laser intensity

increases to a0 ¼ 18, the maximum of �y gets close to 1, a

single pulse can be seen as in Fig. 8(b). When the laser
intensity is at the lowest optimal value of a0 ¼ 19:57, a
single pulse with much higher power is generated as shown
in Fig. 2(a). When the laser intensity increases further to
a0 ¼ 21, the peaks of �y at � ¼ �2� are also close to 1

and three pulses are generated as seen in Fig. 8(c). When
the laser intensity is at the second optimal value of a0 ¼
22:83 by letting n ¼ 1 in Eq. (14),�y reaches its maximum

at � ¼ �2� as shown in Fig. 8(d), and two pulses with the
same power as that in Fig. 2(a) are generated.
All of the above calculations are based on transverse

plane wave approximation. This assumption is valid only
when the transverse and longitudinal displacements of the
electron during the interaction process are much less than
the focal spot size W0 and Rayleigh length ZR of the laser
pulse, respectively. The trajectory of the electron during
the scattering process is shown in Fig. 9 while all of the
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FIG. 8. The time histogram of the radiation power per solid angle along the þy axis by an electron scattering with a circularly
polarized laser pulse. The insets show the normalized velocity �y of the electron in the laser field as a function of �. (a) a0 ¼ 15,

(b) a0 ¼ 18, (c) a0 ¼ 21, (d) a0 ¼ 22:83. All of the other parameters are the same as those in Fig. 2.
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calculation parameters are kept the same as those in Fig. 2.
The displacement along the y axis ry is less than 0:2 	m

and the longitudinal displacement along the z axis rz is less
than 3 	m. ry � W0 and rz � ZR is usually valid because

in practical experiment, the focal spot size of the laser
beam is a few ten micrometers and the corresponding
Rayleigh length is hundreds of micrometers. The displace-
ment rx is much larger than ry due to the fact that the initial

velocity of the electron is along the þx axis. According to
the results in Figs. 2 and 6, and the discussions made
before, most of the radiation is produced during the three
optical cycles close to the peak of the laser pulse. We

estimate the interaction time by �t ¼ N �0

c which is taken

by the laser pulse to propagate across the electron. The
displacement of the electron along the þx axis during this
time is given by �x ¼ R

�t
0 c�xdt � c�t ¼ N�0. The con-

dition �x � W0 is satisfied if N�0 � W0. Taking the
values N ¼ 3, �0 ¼ 0:8 	m, I ¼ 1:1� 1021 W=cm2 and
assuming W0 ¼ 10N�0, it can be estimated that a laser
system with peak power in the petawatt (1015 W) range is
needed for the experiment. It is possible to construct such a
laser system with the state-of-the-art laser technology in
the near future. For example, the petawatt field synthesizer,
currently under construction at the Max-Planck-Institut für
Quantenoptik (Garching, Germany) [22] is a project for
developing a laser facility which is expected to deliver
carrier-envelop phase-controlled laser pulses with
petawatt-scale peak power in the few-cycle regime.

Finally, it needs to emphasize that the laser pulse al-
ways interacts with a group of electrons in real experi-
ment. The radiations from different electrons would
spread in time due to the different interaction time. In
order to keep the extremely short pulse duration when a
bunch of electrons is involved, the radiations should be
added coherently. The condition for coherent radiations of
a group of electrons is discussed by Lee et al. [23]. The
pulse duration of the radiation of an electron bunch is the
same as that of a single electron when a laser pulse
interacts with an ultrathin target which is placed to let

the reflection direction of the incident laser coincide with
the radiation direction. Considering our interaction ge-
ometry, this condition could be realized by a slice of
electrons moving along the þx axis and having the
same angle of 45� with respect to the y and z axes as
shown schematically in Fig. 10. Such a bunch of electrons
is quite difficult to be achieved with conventional accel-
erators. However, it could be produced by the acceleration
of the electrons out of a nanowire using another intense
laser pulse as studied by Wu et al. [24,25].

IV. SUMMARY

In conclusion, the dynamics and radiation characteristics
of a relativistic electron in the intense laser field are inves-
tigated numerically. The results show that an ultrashort
x-ray pulse can be generated by an electron with an initial
energy of 5 MeV propagating across a circularly polarized
laser pulse with a duration of 8 femtoseconds and an
intensity of about 1:1� 1021 W=cm2, when the detection
direction is perpendicular to the propagation directions of
both the electron and the laser beam. When the normalized
velocity of the electron along the detection direction is
approaching 1, the radiation power is significantly en-
hanced and much stronger than the radiation power at
any other time so that a single ultrashort pulse is generated.
The influence of the carrier-envelop phase �0 and the
normalized intensity a0 of the laser pulse on the motion
and the radiation characteristics of the electron is dis-
cussed. It is found that a single ultrashort pulse is effi-
ciently generated by an electron with relativistic factor of
�0 scattering with a circularly polarized laser pulse with
�0 ¼ 3

4� and a0 ¼ 2�0.
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FIG. 10. Sketch of the interaction geometry in order to keep
the ultrashort pulse duration of the radiations when an electron
bunch is involved.
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