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We discuss the inverse free electron laser (IFEL) scheme as a compact high gradient accelerator

solution for driving advanced light sources such as a soft x-ray free electron laser amplifier or an inverse

Compton scattering based gamma-ray source. In particular, we present a series of new developments

aimed at improving the design of future IFEL accelerators. These include a new procedure to optimize the

choice of the undulator tapering, a new concept for prebunching which greatly improves the fraction of

trapped particles and the final energy spread, and a self-consistent study of beam loading effects which

leads to an energy-efficient high laser-to-beam power conversion.
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I. INTRODUCTION

The interaction of an electron beam and a laser within an
undulator is the subject of numerous studies in recent
accelerator and beam physics as it allows particle accel-
erators to benefit from the tremendous progress achieved
by laser technology. Aside from the free electron laser
(FEL) amplification, applications of this interaction in-
clude beam microbunching at radiation scale [1], control
of intrinsic energy spread by laser heating [2], optical
stochastic cooling [3], bunch train phase locking [4], and
many others [5,6]. One particular application which is the
subject of this paper is laser-driven particle acceleration. In
this case, energy is extracted from the radiation and trans-
ferred to the electrons, and it is customary to refer to the
system as an inverse free electron laser (IFEL).

Use of the IFEL acceleration scheme to accelerate par-
ticles was suggested back in 1972 by Palmer [7] and then
reconsidered as a high gradient solution for high-energy
physics applications by Courant, Pellegrini, and Zakowicz
in 1985 [8]. Recent experiments have shown that IFEL can
achieve both very high-energy gradient and relatively good
output beam quality [9,10].

Other significant advantages over different advanced
accelerator schemes include the fact that IFEL, being a
vacuum far-field acceleration scheme, does not require any
medium (plasma or dielectric) or boundaries close to the
interaction. Because of its relative simplicity, the IFEL has
matured as one of the most reliable advanced accelerator
techniques. In fact, fundamental steps in laser-based accel-
eration research such as the demonstration of staging and
production of monoenergetic beams have been obtained
first using the IFEL scheme [9]. The major drawback of
this technique is that, due to synchrotron radiation losses,

the final energy of an IFEL accelerator is limited to a
few GeV [8]. This has been a show stopper for further
development of IFEL accelerators for high-energy physics
accelerators.
On the other hand, there are a number of applications

which demand compact 1–2 GeV energy high quality
electron beams. The IFEL is perfectly suited as a driver
for applications like soft x-ray free electron laser amplifi-
cation [11] and the production of gamma rays by inverse
Compton scattering (ICS) [12]. In the latter case, a signifi-
cant advantage comes from the fact that the high power
laser system for the ICS source can be shared and used also
to drive the IFEL accelerator.
Driven by these applications, the interest in IFEL accel-

erators has sparked again in recent years with various
experiments planned to demonstrate the extension of the
IFEL to the 100MeVenergy range [13,14]. The goal of this
paper is to provide a modern background for the design of
high gradients IFEL accelerators for advanced light
sources and to discuss recent advancements that can
largely improve the characteristics of future IFEL’s. For
light source applications, the output beam quality is very
important. In particular, the preservation of the input emit-
tance and the control of the final energy spread are IFEL
attractive attributes.
The paper is organized as follows. In the next section we

will describe the IFEL accelerator scheme and give general
design guidelines for a single stage high-energy high gra-
dient IFEL module. Then we will present a procedure to
determine the optimum undulator tapering. A novel IFEL
prebuncher scheme will be discussed in Sec. IV, and finally
in the last section we will show the results of self-
consistent IFEL simulations where the effects of beam
loading have been included in the simulations.

II. HIGH GRADIENT IFEL
ACCELERATOR LAYOUT

The traditional treatment of the IFEL interaction (see for
example [8]) considers an electromagnetic monochromatic
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wave of frequency ! ¼ kc copropagating with electrons
oscillating in an undulator with period �w ¼ 2�=kw and
magnetic field amplitude B0. It is customary to introduce
the normalized amplitude of the undulator vector potential
K ¼ eB0=m0ckw. Assuming that there is no feedback on
the radiation from the particle motion (we will come back
extensively to this point in the last section of this paper),
the 1D particle dynamics can be well described by the
period-averaged equations,

d�

dz
¼ kKlK

2�
JJ sin� (1a)

d�

dz
¼ kw � k

1þ K2=2

2�2
; (1b)

where � is the normalized particle energy and � ¼ kwzþ
kz�!t is the ponderomotive phase—that is the phase of
the particles in the cos-like potential formed by the com-
bined action of the laser and the undulator field. Kl ¼
eE0=m0c

2k is the normalized vector potential of the elec-
tromagnetic wave. We assumeKl � K in this paper. JJ ¼
½J0ðGÞ � J1ðGÞ� with G ’ K2

4þ2K2 is the Bessel function

factor which takes into account the reduction in the energy
exchange rate in a planar undulator. For largeK, JJ ! 0:7.

For the helical undulator (and a circularly polarized laser
beam), the equations of the IFEL interaction simplify
due to the absence of oscillatory terms in the particle
longitudinal velocity, and we have

d�

dz
¼ kKlK

�
sin� (2a)

d�

dz
¼ kw � k

1þ K2

2�2
: (2b)

The main differences when comparing the accelerating
gradient equations in the helical and planar geometry are
the Bessel function factor and the extra factor of 2 in the
denominator for the planar case. For a fair comparison, it is
important to note though that, for a fixed laser power
available, the peak electric field (and hence Kl) in the

helical interaction geometry is
ffiffiffi
2

p
times smaller due to

the laser circular polarization. Taking this into account, the
advantage of helical undulator is a�2 larger gradient than
in the planar undulator case. Because of this, in the rest of
this paper we will restrict ourselves to the helical IFEL
interaction geometry.

If the relative phase between the particles and the radia-
tion oscillates rapidly, no net energy exchange occurs.
Efficient interaction occurs only when the variation of
the ponderomotive phase is minimized. It is useful then
to introduce the synchronous or resonant particle for which
the resonant condition

�r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k
1þ K2

2kw

s
(3)

is satisfied, the phase �r is constant, and significant energy
exchange takes place [15]. The energy of the resonant
particle varies according to

d�r

dz
¼ kKlK

�r

sin�r: (4)

Even neglecting beam loading, the electromagnetic field
amplitude is constant along the undulator only in the case
of an ideal plane wave. A better approximation consists of
describing the electromagnetic wave with a complex am-

plitude EðzÞ ¼ E0ðzÞei�ðzÞ varying along the undulator.
This can be introduced in the IFEL model by a
z-dependent KlðzÞ and introducing in the phase equation
a term d�=dz which takes into account the variation of the
radiation phase along the undulator.
Most of the IFEL experiments carried out so far have

simply used a freely propagating laser wave in vacuum.
Optical waveguides or refocusing schemes have been con-
sidered as they offer the possibility of maintaining the
highest possible laser intensity all along the interaction
length [16,17]. On the other hand, efficient coupling and
guiding of high power laser pulses for relatively large
distances has not been achieved yet. Further, a waveguide
or a series of lenses spoils one of the significant advantages
of a far-field accelerator which consists in being free of
damage threshold limitations. Another important point to
notice is that nowadays high power laser systems can easily
provide multi-TW laser intensities which, as we will see,
are large enough to allow reaching 1–2 GeVenergies in one
stage, avoiding the complications of cascading multiple
accelerating modules or refocusing the laser. For these
reasons, in our treatment of the IFEL accelerator as an
advanced light source driver, we can restrict our analysis to
a single IFEL stage driven by a freely propagating diffract-
ing high power laser pulse.
As a first approximation, we can model the laser beam as

the fundamental Gaussian mode TEM00 with focal position
zw and Rayleigh range zr ¼ �w2

0=�, where w0 is the 1=e
2

focal spot size. The electric field in the focus for circular

polarization can be calculated from the input power E0 ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z0P=�w

2
0

q
, where Z0 ¼ 377 � is the vacuum impedance.

The normalized field amplitude along the undulator can be
written as

KlðzÞ ¼ e0E0

m0c
2k

w0

wðzÞ /
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

zr

1

1þ ðz�zw
zr

Þ2
vuut : (5)

The phase of the electromagnetic wave presents the well-
known Gouy phase shift so that an extra term d�=dz ¼
1=ð1þ ðz� zwÞ2=z2rÞ appears in the equation for the evo-
lution of the ponderomotive phase, Eq. (2).
In order to maximize the energy exchange, it is natural to

choose the focal plane position zw ¼ Lu=2 halfway
through the interaction region. The choice of the spot
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size and related Rayleigh range requires a deeper analysis.
The optimum point is a result of a compromise between
(a) focusing tighter to maximize the intensity at the focal
plane and (b) keeping the beam size and radiation intensity
uniform along the undulator in order to increase the effec-
tive acceleration length. The scheme is illustrated in Fig. 1.

We can find such an optimum by maximizing the inte-
gral of the accelerating gradient along the undulator.
Integrating Eq. (4), we obtain

�ð�2
rÞ ¼

Z Lu

0
2kKKlðzÞ sin�rdz: (6)

For an IFEL design with a constant K and constant �r
along the undulator, we can bring all the constants out of
the integral, and the optimum Rayleigh range is found by
using the condition

@

@zr

�Z Lu

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

zr

1

1þ ðz�Lu
2

zr
Þ2

vuuut dz

�
¼ 0 (7)

whose solution (numerically obtained) is zr
Lu

¼ 0:15.

In the more general case, the undulator is tapered to
achieve a large energy gain, and both K and sin�r can
change (increase) along the interaction. We can take this
into account by solving Eq. (7) allowing in the integral a
z-dependent term. We show in Fig. 2 the solution of Eq. (7)
for different functions varying as zn. Even for a relatively
strong variation of the integrand (n > 4), the maximum
gradient is a relatively slowly varying function of the ratio
zr=Lu and the optimum shifts to values closer to 0.3
(see Fig. 2). The conclusion is that, for given input power
P, the best coupling of a diffraction dominated laser beam
and an electron beam in an IFEL is obtained for 0:15<
zr=Lu < 0:3, weakly dependent on the undulator tapering.
In the rest of this paper we will consider zr=Lu � 0:2.

Using this result and Eq. (6), it is possible to obtain an
estimate for the IFEL energy gain with a given laser power
available,

�ð�2Þ ¼ 2
ffiffiffi
2

p e0 �K

m0c
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Z0Pzr
�

s Z Lu=2zr

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

1þ x2

s
dx

ffi 8ffiffiffi
5

p �K
ffiffiffiffiffiffiffiffiffiffiffiffi
P=P0

q ffiffiffiffiffiffiffiffiffiffiffiffi
Lu=�

q
; (8)

where P0 ¼ m2
0c

4=e20, Z0 ¼ 693 MW, and we have as-

sumed a constant resonant phase �r ¼ �=4.

The beam’s final energy is �f ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2
0 þ �ð�2

q
Þ; how-

ever, for a total energy gain much larger than the initial
energy, we can neglect �0 and approximate the final energy

as �f ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
�ð�2Þp

. An important point we get from Eq. (8) is

that the final energy only goes like P1=4 and L1=4
u . So in

order to double the final energy, we need to have 16 times
larger laser power or longer undulator. This rather poor
scaling law is a consequence of the fact that the IFEL is a
second order acceleration mechanism while the final en-
ergy is proportional to the square root of the available
electric field. �K is the averaged normalized amplitude
along the undulator. As we will see in the next section, K
actually varies along the undulator, but it usually has a
value between 1 and 10. In order to get a practical estimate
for the laser power required to drive an IFEL for advanced
light sources application, let us assume �K ¼ 5. Using
0:8 �m radiation and a 1 m long undulator, the power
required to get a 1 GeV output beam is �20 TW. These
power levels are available using compact commercial laser
systems [18].

III. TAPERING OPTIMIZATION

The problem of designing an IFEL accelerator consists
of optimizing the output beam parameters by simulta-
neously varying the undulator period �wðzÞ and magnetic
field amplitude BðzÞ along the interaction. The rate of

FIG. 1. Scheme for a diffraction dominated inverse free elec-
tron laser accelerator.

FIG. 2. Left: Available gradient vs normalized Rayleigh range
for two different tapering schemes. Right: Resonant energy as a
function of undulator length for three different ratios zr=Lu. The
maximum final energy is achieved for a Rayleigh range of Lu=5.
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change of the resonant energy described by Eq. (4) implies
the existence of a maximum available ponderomotive gra-
dient given by a value of the resonant phase �r ffi �=2. In
practice, the choice of the resonant phase �r has an im-
portant effect on the performances of the accelerator. For
�r ¼ 0 there is no acceleration and the system acts as a
buncher. The rate of acceleration is the largest when
�r ¼ �=2, but to obtain a stable acceleration for nonreso-
nant particles for a larger area in the longitudinal phase
space, one is forced to choose a lower resonant phase and
have a smaller acceleration rate. A good compromise is
usually obtained by choosing �r ¼ �=4.

To obtain a constraint on the possible variations of �wðzÞ
and BðzÞ along the undulator, we shall require the rate of
increase in the resonant energy due to the tapering of the
period and magnetic field amplitude to match the available
ponderomotive gradient. In other words,

�
dð�2

rÞ
dz

�
tapering

¼
�
dð�2

rÞ
dz

�
ponderomotive

; (9)

where the left side is obtained deriving Eq. (3) and the right
side is obtained rearranging Eq. (4).

Imposing only this condition is not sufficient to uniquely
define the two unknown functions �ðzÞ and BðzÞ. There is
an additional degree of freedom in choosing how to vary
the tapering along the undulator length. In [8] different
solutions for tapering the undulator have been considered.
In particular, the authors analyzed undulator tapering with
constant period �w, constant magnetic field amplitude B, or
constant undulator parameter K. In practice, though, a
given undulator design will be characterized by a fixed
relationship between the magnetic field amplitude and the
wiggling period [i.e. BðzÞ ¼ Bð�wðzÞÞ]. Such an undulator-
builder equation can be used as the other constraint to close
the system.

A single differential equation for �wðzÞ can then be
obtained from Eq. (9):

d�w

dz
¼ 8�KlðzÞKð�wÞ sin�r

1þ Kð�wÞ2 þ 2�wKð�wÞ @Kð�wÞ
@�w

(10)

whose solution yields the optimal variation of the undu-
lator period along the IFEL accelerator. Once �wðzÞ is
known, the magnetic field amplitude variation immediately
follows by using the undulator-builder equation. The initial
value for this first order differential equation, the period
length at the beginning of the undulator, is defined by
imposing the resonance condition at the input beam energy.
The term @K

@�w
can be derived from the undulator-builder

equation and in general will depend on the details of the
magnetic and mechanical design of the undulator, i.e., if
the undulator is an electromagnet, or a permanent magnet
one, the undulator gap, the characteristics of the permanent
magnet material, and so on.

Avery effective way to obtain a helical undulator field is
to use the Halbach geometry for permanent magnet undu-
lators with two undulator magnet arrays rotated by 90
degrees and shifted by �=2 in phase [19]. For a pure
Halbach undulator, the undulator-builder equation or the
relation between the magnetic field amplitude B and the
period length �w for a given gap g and magnet length Lm is

B ¼ 1:8Bre
��g=�wð1� e�2�Lm=�wÞ: (11)

In Fig. 3, the solutions of Eq. (10) when @K=@�w is
calculated using the above undulator-builder equation are
shown. For these calculations we have assumed a Ti:Sa
laser (� ¼ 0:8 �m) with an input power of 20 TW, a 1 m
long undulator, and an input energy of 100 MeV. The
different curves correspond to different parameters of a
helical Halbach permanent magnet undulator.
The results of the tapering design optimization are veri-

fied using a three-dimensional simulation code which has
been benchmarked against the results of the UCLA and
BNL IFEL experiments. The code tracks the evolution of
the particles by solving the Lorentz force equation in the
combined field of an (analytically given) laser field and the
undulator magnetic field profile generated by the optimi-
zation routine. It includes the effect of the undulator focus-
ing. A summary of the parameters used in the simulations
is listed in Table I.

(a)

(b)

(c)

FIG. 3. (a) Resonant energy along the undulator for different
cases. (b) Variation of undulator period �w along the undulator.
(c) Variation of magnetic field amplitude B along the undulator.
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The first solution presented refers to the use of relatively
cheap and durable NdFeB magnets (Br ¼ 1:22 T) as per-
manent magnets. The final IFEL output energy in this case
is 0.91 GeV with a 0:8 GV=m average accelerating gra-
dient. Recently praseodymium based undulators with re-
sidual magnetization Br up to 1.7 T have been proposed
[20,21]. As evident from Fig. 3, this option is particularly
interesting for IFEL accelerators as it allows a considerable
gain in final output energy.

The main requirement for the gap g is that the clear
aperture between the magnet is sufficiently large to allow
full clearance for the beam and the electromagnetic radia-
tion transport. The latter usually results in a more stringent
requirement since the geometric electron beam emittance
is usually smaller than the equivalent laser beam emittance
�=4�. This translates to a gap at least � times larger than
the Gaussian laser beam size wðzÞ. It is possible to select a
design with a gap constant or varying along the undulator.
By allowing the gap to vary along the undulator propor-
tionally to the laser beam profile, one could increase the
magnetic field amplitude right where the intensity of the
laser is larger and so a slightly higher final output energy is
achieved. In Fig. 3 we show the case of a constant gap
g ¼ 5 mm and the case where we allow the gap to vary
from g ¼ 5 mm at the undulator entrance and exit to
g < 3 mm in the middle of the undulator at the laser focus.

Finally, so far we have assumed a resonant phase �r ¼
�=4 constant along the undulator. A very interesting pos-
sibility is to vary the resonant phase along the IFEL accel-
erator. A resonant phase closer to �=2 increases the
gradient, but reduces the phase space area of the accelerat-
ing bucket and, hence, the stability of the accelerator.
Liouville’s theorem forbids any attempt of decreasing the
phase space area occupied by the beam. On the other hand,
the longitudinal phase space area of the trapped bucket is
proportional to �r which is increasing along the IFEL
undulator. Hence, it is possible to increase the resonant
phase along the IFEL without any losses of trapped parti-
cles. There are significant advantages in doing this. At the
beginning, a resonant phase �r ffi 0 eases trapping and

capture of unbunched electron beams. A larger resonant
phase at the end of the undulator maximizes the final
energy and even more importantly minimizes the final
energy spread. This feature is very important especially
for FEL light source applications which require an energy
spread smaller than 10�3. In practice, the initial phase
space area occupied by the beam is very small, much
smaller than the area of the ponderomotive bucket, due
to the very low slice energy spread of rf photoinjector
beams, so even taking into account a small longitudinal
emittance growth along the acceleration, a final resonant
phase close to �=2 is possible.
In Fig. 4 we show the longitudinal phase spaces for the

two cases of constant and varying �r. In the second case,
the resonant phase is increased linearly after the undulator
midpoint to a final value �r ¼ �=2. The fraction of parti-
cles trapped in the bucket and accelerated to the final
energy is in both cases around 40%. It is noticeable that,
for the varying resonant phase case, the final energy is
higher by >100 MeV and the energy spread is reduced by
a factor of 2 to 0.5%. This is particularly important for
advanced light source applications where the beam energy
spread is a sensitive parameter as, for example, in the
determination of the FEL gain length.

FIG. 4. Longitudinal phase space at the end of the undulator
for the constant resonant phase and for the varying resonant
phase undulator.

TABLE I. Inverse free electron laser accelerator parameters.

Electron beam

Input energy 100 MeV

Emittance 0.25 mmmrad

Peak current 100 Amp

�rms at focus 100 �m

Laser

Power 20 TW

Wavelength 0:8 �m
Spot size (1=e2) at focus 240 �m
Rayleigh range 20 cm

Undulator length 1 m
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It should be noted that, according to the 3D simulations,
the normalized transverse emittance is essentially constant
along the interaction growing by less than 0.1 mmmrad
from 0.25 mmmrad at the undulator entrance to 0.33 mm
mrad at the exit. So production of extremely bright high-
energy beams is possible with an IFEL accelerator.

A study of the overlap of the laser and particle transverse
profiles showed that the final energy, relative energy
spread, and emittance remain constant while the acceler-
ated fraction of the beam decreases as the transverse size of
the beam is increased incrementally from 50 �m to 1 mm.
The final rms transverse size of the accelerated bunch also
remains constant reflecting the fact that only the part of the
beam in the area of the laser with sufficient intensity is
accelerated. Temporal overlap inefficiencies were not ac-
counted for.

IV. IFEL PREBUNCHING

Using an IFEL prebuncher to modulate the beam density
at the scale of the optical wavelength prior to injection
into the IFEL accelerator can greatly improve the output
beam quality of the accelerator. In an IFEL prebuncher a
relatively low power laser beam copropagates with a rela-
tivistic electron beam in a short nontapered undulator.
Because of the cos-like ponderomotive potential, the elec-
tron beam performs synchrotron oscillations in longitudi-
nal phase space. If the laser power is such that the end of
the undulator corresponds to 1=4 synchrotron period, then
a beam microbunched at the laser wavelength is obtained.
Most often, a short dispersive section with R56 > 0 is used
to convert the energy modulation resulting from the IFEL
interaction into density modulation. The laser pulse driving
the prebuncher is typically obtained from the main laser
driving the accelerator so that the resulting microbunches
are synchronized and phase locked with the laser wave.

Particular care has to be taken to preserve the micro-
bunching from the buncher to the accelerator, but recent
experiments both at 10:6 �m [9] and 800 nm [4] have
confirmed that it is in fact possible to inject a beam into a
laser-driven accelerating structure with a narrow phase
spread.

The maximum density modulation that can be achieved
with an IFEL prebuncher is set by the nonlinearities of the
pendulum like IFEL dynamics and the minimum micro-
bunch rms size is typically 1=10th of the laser wavelength.
The bunching factor B ¼ jPie

ikzi j=N, where zi are the
particle longitudinal positions and N is the number of
particles, is another parameter that can be used to quantify
the quality of the microbunching at a given wave number k.
Even for the ideal case of a vanishing uncorrelated energy
spread for the input beam, B is still limited by the peak of
the first order Bessel function and reaches maximum val-
ues around ffi 0:6.

A possible improvement to this prebunching scheme
comes from taking advantage of the harmonic IFEL

interaction in planar undulators and modifying the IFEL
ponderomotive potential in order to reduce the nonlineari-
ties and achieve almost perfect bunching. It is well known
that, due to the modulation of the longitudinal velocity,
electrons in a planar undulator interact not only with the
fundamental laser wavelength but also with its harmonics.
The coupling coefficient has been calculated theoretically
and verified experimentally [22–24]:

JJ�
n¼ð�1Þðn�1Þ=2½Jðn�1Þ=2ðGÞ�Jðnþ1Þ=2ðGÞ� for n odd

ð�1Þðnþ1Þ=2�½Jðn�2Þ=2ðGÞ�Jðnþ2Þ=2ðGÞ� forn even;

(12)

where � ¼ kK�=�kw. For the even harmonics, the on-axis
interaction is suppressed and the coupling is proportional
to the angle � between the laser beam and the beam
trajectory prior to entering the undulator. Since any func-
tion can be expanded in its Fourier series, it is in principle
possible to fully control the shape of the ponderomotive
potential and the evolution of the electron distribution by
properly synthesizing the electromagnetic wave driving the
prebuncher, and ad hoc tuning the interaction coefficients.
Initial theoretical studies of multicolor IFEL prebunch-

ers had already shown promising results in terms of bunch-
ing enhancement [25]. Here we analyze the practical case
when the IFEL is driven by the first four harmonics of the
fundamental laser frequency with optimized amplitudes
and phases to generate a nearly ideal parabolic potential
with a linear restoring force. In this case the dynamical
evolution of this system resembles more the one of a
harmonic oscillator than the one of a physical pendulum.
An ideal parabolic potential function ( / x2) can be Fourier
expanded as

P
nan cosðnxÞ, where an / 1=n2 are the coef-

ficients of the expansion. Since it is experimentally chal-
lenging to generate a driving laser wave consisting of more
than a few spectral lines, in the implementation of our
scheme we choose to truncate the series at n ¼ 4 still
obtaining a very good approximation of the harmonic
potential (see Fig. 5).
Let us consider a prebuncher driven by a 800 nm laser

pulse. Frequency multiplication in a nonlinear optical
crystal can easily yield up to the 4th harmonic of a Ti:Sa
laser. The different colors of the radiation are phase locked
due to the generation process and optical flats with differ-
ent phase advance for the different wavelengths can be
used to control the relative phases of the four laser lines at
the undulator entrance. Full control on the phase of each of
the harmonics of the laser is required in order to control the
shape of the optical waveform and hence of the interaction
potential. Synthesis of ultrafast shaped waveforms from
five discrete optical harmonics has already been demon-
strated experimentally by a few groups [26,27]. Our
proposed scheme is shown in Fig. 6.
An undulator with a relatively large K enhances the

harmonic coupling and minimizes the laser power required
to drive the bunching. For simplicity, we take a 40 cm long
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undulator with period �w ¼ 2:5 cm. The electron beam
energy is chosen to be at the injection energy of the
IFEL high-energy laser accelerator discussed in the pre-
vious section of this paper. In order to have a resonant
condition with the 800 nm fundamental laser wavelength,
we choose K ¼ 1:84. The coupling with the even harmon-
ics is obtained by injecting at an angle � ¼ 0:7 mrad the
radiation and the particles in the undulator which yields
� ¼ 0:2 in Eq. (12). To maintain the overlap of the beam
with the laser over the entire undulator distance, we choose
a relaxed focusing condition zr ¼ Lu which yields a laser
focal spot size w0 ¼ 320 �m. A larger injection angle �
would maximize the even harmonic coupling, but it would
also require to increase the laser spot size (which for a
given laser power lowers the available intensity) to ensure a
good spatial overlap between the particles and the laser
throughout the 40 cm long undulator.

By dividing the coefficients an for corresponding cou-
pling factors JJn, one obtains the normalized laser field
amplitudes at the different frequencies which are needed to
approximate the ideal harmonic oscillator potential.
Considering a spot area �w2

0=2 ¼ 0:16 mm2 and assuming

a 100 fs pulse length, this yields the energies per pulse
reported in the scheme in Fig. 6.

In order to verify our expectations, we have modified
our three-dimensional IFEL code to include the option of

using a multicolor laser wave to drive the interaction in
the undulator. The result of the simulation is shown in
Fig. 7(a) where the longitudinal phase space at the end of
the undulator is compared to the case when only the
fundamental laser wavelength is used. The residual non-
linearities are the source of the zigzag shape of the
longitudinal phase space and are due to the truncation
of the Fourier series. Nevertheless, the four harmonic
buncher scheme yields more particles bunched in a nar-
row phase spread around �r ¼ 0 than the classical scheme
which shows the characteristic S-shape of the physical
pendulum dynamics.
In Fig. 7(b) we show the evolution of the bunching factor

induced by a simple single frequency component (tradi-
tional prebuncher) and the one induced by our properly
tuned frequency combination. Also in this case the differ-
ence is significant and a bunching factor B ¼ 0:95 is
obtained.
We performed simulations to verify the stability of the

proposed scheme against fluctuations in power and/or
phase for each of the four laser harmonics. We ran 1000
different simulations where we allowed 10% random
amplitude fluctuations (corresponding to 20% power varia-
tion), and added a random 0.5 rad phase jitter on each of the
laser lines. State of the art optical waveform synthesis
experiments have already demonstrated better than few
per cent amplitude control and phase jitters smaller than
0:05� [26], so our assumptions are reasonable. The histo-
gram of the bunching factor at the end of the prebuncher is
displayed in Fig. 8 showing excellent stability in the per-
formances of the harmonic prebuncher with 90% of the
shots having bunching factor above 0.9.
Even though with a multicolor prebuncher it is possible

to pack more particles in the useful acceptance area of the
accelerator and improve significantly its performances, it is
undeniable that the scheme is significantly more complex
than a simple IFEL prebuncher. Such complexity probably
offsets the advantages of its implementation in systems
aimed at radiation production enhancement. The increase
in the coherent energy radiated out by the bunch at a given
wavelength is proportional to the square of the bunching
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FIG. 6. Scheme of a nearly ideal harmonic prebuncher which uses nonlinear conversion crystals to generate up to the fourth
harmonic of an infrared laser driver.
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factor. Microbunching the beam using 4 different laser
harmonics only adds at most an extra factor of 2 to the
output radiation power at the fundamental wavelength. On
the other hand, for high harmonic generation schemes,
harmonic microbunching has been suggested as a way to
significantly increase the radiation output [28]. In the
context of this paper, application of the harmonic IFEL
microbunching scheme as injector for high frequency high

gradient accelerators is a very interesting possibility. The
output beam has a very narrow phase spread and almost no
tails. In general, this scheme shows the flexibility of the
IFEL interaction in the manipulation of longitudinal phase
space at the optical scale. In fact, the parabolic potential
case discussed here is only an example and any desired
potential can be expanded and approximated by its Fourier
series.
Assuming that a transport line from the buncher to the

accelerator entrance would preserve the microbunch
structure, we use the longitudinal phase spaces shown in
Fig. 7(a) as input of the 3D simulation of the high gradient
IFEL accelerator described in the previous section. Results
are shown in Fig. 9. A traditional prebuncher significantly
improves the performance of the IFEL accelerator, as more
particles (84%) are captured and accelerated to the final
energy than the case of a unbunched beam with a uniform
injection phase distribution. In the four harmonic pre-
buncher case, the fraction of captured particles increases
up to 98.5%. But once more the main advantage, especially
when considering the IFEL as a potential driver for ad-
vanced light sources, is the further reduction of the energy
spread which becomes 0.18%. This is due to the fact that
the initial phase space has a relatively small area, with

FIG. 9. IFEL output longitudinal phase space and longitudinal
distribution for a typical (above) and a harmonic (below) pre-
buncher.
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a very tight bunch of particles injected at the right phase to
experience the high acceleration gradient.

V. EFFICIENCY OF IFEL BEAM LOADING

In the description of the IFEL interaction, we have so far
considered the electromagnetic radiation as an externally
given function rather than as a dynamical variable of the
system. This greatly simplifies the modeling of IFEL’s and
is a very good approximation as long as the accelerated
charge is maintained low enough so that effects of beam
loading or pump depletion can be neglected. In this section
we will analyze the situation when this assumption is no
longer valid.

As a first step, it is instructive to look at the energy
balance of the system. The energy required to accelerate
1 pC of beam charge to 1 GeV is 1 mJ. This amount of
energy needs to be transferred from the laser beam to the
electrons. When the fraction of energy absorbed by the
beam is significant with respect to the total laser pulse
energy, the IFEL dynamics will be affected by the loading
of the accelerating gradient from the beam of the accel-
erating waves.

It is useful to consider a different point of view which
gives insight on the mechanism of energy transfer in the
undulator. A microbunched electron beam of 1 pC of
charge would emit 1 mJ of coherent radiation at the reso-
nant wavelength when traveling through the IFEL undu-
lator. This radiation is emitted at the resonant wavelength
of the undulator but at a phase opposite of the driver laser
so that the fields cancel and the radiation effectively loses
energy.

In order to describe in a quantitative way the beam
loading in an IFEL accelerator, we need to solve the
Maxwell equation for the electromagnetic field in presence
of a source term consisting in the beam current. The
equations are exactly the same as the FEL equations and
we can rely on an ample literature of algorithms and codes
which have been developed through the years and already
well benchmarked with experiments by the FEL
community.

For full three-dimensional simulations of the evolution
of both the beam as well as the radiation in an IFEL
accelerator, we chose one of the most used and bench-
marked FEL simulation codes publicly available, GENESIS
1.3 version 2.0 [29]. The code solves the period-averaged

equation of motion for the particles and the radiation field
equation in the slow-varying envelope approximation. The
equation for the longitudinal space charge force electric
field can also be solved.

Unfortunately GENESIS cannot be directly used to simu-
late nonlinearly tapered undulators since the period cannot
be changed. On the other hand, tapered undulators are
typically designed and built in a piecewise fashion so
that each period has a fixed length. Therefore we took
advantage of GENESIS’ options to import and export a

dump of the full 6D phase space of the particles and
radiation profiles. Phase space distributions for laser and
electrons at the end of each period are fed into a new
instance of GENESIS with the undulator vector potential
amplitude for the next period.
The simulations could also be run in time dependent

mode to simulate the effects of the finite laser pulse and
electron bunch lengths. In this case, it is important to shift
the radiation slices over the beam slices to take into ac-
count the slippage between each period. At the present
however, we have not yet implemented this feature.
With this self-consistent simulation tool we can analyze

the effects of beam loading in the GeV IFEL design dis-
cussed earlier. We take as a reference the undulator design
with NdFeB magnets (Br ¼ 1:22 T) and a fixed gap as
shown in Fig. 4 with the same input parameters but with the
ideally bunched distribution shown in Fig. 9. The accelera-
tor output parameters (final energy and fraction of trapped
particles) as a function of input beam current for the case of
a prebunched beam are shown in Fig. 10. The final output
laser power and beam power gain are also shown.
The final energy of the IFEL does not vary much with

beam current since this quantity is determined by the
choice of the undulator tapering and not by the dynamics
of the system. A significant decrease in the fraction of
accelerated particles only begins to occur for very large
currents (> 10 kA). A reference point is obtained by ob-
serving that the power required to accelerate 20 kA of
particles to 1 GeV would be 20 TW, or the full laser power.
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For this example, the maximum power gained by the beam
is 11.6 TW so the power transfer efficiency achieved is
58%. The relative energy spread and emittance remained
constant. It is also important to realize that the beam
loading is dependent on the bunching factor of the injected
beam. If the beam is microbunched, the fraction of trapped
particles is much larger and the current where the effects of
beam loading occur is lower.

For beam currents greater than 18 kA in Fig. 10, the laser
loses too much energy along the undulator and the
ponderomotive accelerating gradient decreases. The
consequence is that the electrons are no longer able to
follow the design resonant tapering trajectory and particle
detrapping from the stable potential bucket occurs.

Using a simple 1D model, it is possible to optimize the
IFEL tapering to take into account the depletion of the
IFEL driver and adjust the variation of period and magnetic
field amplitude to compensate for the losses in laser power
and minimize detrapping.

We can estimate the laser power absorbed in the IFEL
when we inject in the accelerator an electron beam of
current I since the energy gain is set by the resonance
condition,

PabsðzÞ ¼ 	Im0c
2ð�ðzÞ � �0Þ

¼ 	Im0c
2ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�wðzÞð1þ KðzÞ2Þ=2�

q
� �0Þ; (13)

where 	 is the fraction of particles trapped in the pondero-
motive bucket.

By scaling the laser electric field in Eq. (10) as

KlðzÞ ! KlðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P� PabsðzÞ

P

s
; (14)

where P is the input laser power, we can find the optimum
tapering for a loaded IFEL. The final resonant energy vs
design current is shown in Fig. 11. The relaxed tapering
towards the undulator’s exit allows for acceleration of a
larger beam current at the cost of a lower final beam
energy.

By using the compensated tapered undulator obtained
with this procedure for an example design current of
20 kA, we obtain an IFEL design with >70% efficiency
which improves on the 58% efficiency of the uncompen-
sated undulator. The results of the simulation for the com-
pensated undulator are shown in Fig. 12. Again we see a
nearly constant final energy for various beam currents. The
final relative energy spread and emittance are the same as
the loaded uncompensated undulator and independent of
beam current. In practice, this compensation is not perfect
as it assumes that only the trapped particles change energy,
and it completely neglects important effects such as har-
monic emission, slippage, and three-dimensional effects.
Furthermore, these time independent simulations do not
account for temporal envelope overlap inefficiencies.

One of the major limitations to the efficiency comes
from the fact that the electron beam has a much smaller
transverse size than the laser beam in order to experience a
nearly constant accelerating gradient. Because of this
mismatch, the radiation is not absorbed homogeneously
across its transverse cross section.
The laser develops a complex transverse mode as it

propagates while an intense electron beam basically burns
a hole in the center (see Fig. 13). For small enough beams,
the on-axis laser intensity is rapidly depleted, and the
electrons slip out of resonance. On the other hand, if the
transverse size of the beam is too large, only the fraction
of the beam in the region of the laser with sufficient electric
field will be accelerated. These competing effects are
shown in Fig. 14. In recirculating laser schemes where
in order to increase the efficiency the laser power is
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replenished by a laser amplifier, it will be important to
introduce optical elements in the recirculating cavity to
restore the transverse profile before reusing the power for
IFEL acceleration.

VI. CONCLUSION

IFEL acceleration schemes enjoy a period of rejuven-
ated interest due the feasibility of 1–2 GeV compact IFEL

injectors for light source applications. These include soft-
x-ray FEL amplifier and gamma-ray generation by inverse
Compton scattering [11,12]. At the moment, the control on
the beam quality offered by the IFEL does not have equal
among other laser acceleration schemes. For this reason,
IFEL is the best candidate to produce the most suitable
beams for advanced light source applications. In the next
few years, IFEL experiments at BNL and LLNL will pave
the way towards the design of an advanced light source
based on the IFEL acceleration scheme [13,14]. The
continuous progress of the laser technology has made tera-
watt tabletop systems available to a smaller scale univer-
sity size laboratory. In this paper it is shown that an IFEL
accelerator driven by a 20 TW laser system can accelerate
preserving the emittance to a 1 GeV beam with
<0:5 mmmrad normalized emittance, >1 kA in current
in 1 m. The final energy spread can be smaller than 0.2%.
One issue for the IFEL scheme is that the input electron
energy still needs to be quite high (100 MeV in our
example); however, novel undulators with mm period, or
the exploitation of the IFEL harmonic interaction could
offer a solution to this problem and further shrink the size
of IFEL based light sources.
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