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To compensate the beam-beam tune spread and beam-beam resonance driving terms in the polarized

proton operation in the Relativistic Heavy Ion Collider (RHIC), we will introduce a low energy DC

electron beam into each ring to collide head-on with the opposing proton beam. The device to provide the

electron beam is called an electron lens. In this article, using a 6D weak-strong beam-beam interaction

simulation model, we will investigate the effects of head-on beam-beam compensation with electron

lenses on the proton beam dynamics for the RHIC 250 GeV polarized proton operation. Frequency maps,

dynamic apertures, and proton beam loss rates are calculated for this study. Key beam parameters involved

in this scheme are varied to search for the optimum compensation condition. The sensitivities of head-on

beam-beam compensation to beam imperfections and beam offsets are also studied.
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I. INTRODUCTION

The working point in the polarized proton operation in
the Relativistic Heavy Ion Collider (RHIC) is chosen to
provide a good beam-beam lifetime and to maintain the
proton polarization during the energy acceleration and at
the physics store. The current working point is constrained
between 2=3 and 7=10 [1,2]. 2=3 is a strong third order
betatron resonance. 7=10 is a 10th order betatron resonance
and a depolarization resonance [3]. Experiments and simu-
lations have shown that the beam-beam lifetime and the
proton polarization are reduced when the vertical tune of
the proton beam is close to 7=10.

To further increase the luminosity in the polarized
proton operation in RHIC, it is planned to increase the
proton bunch intensity from currently 1:65� 1011 up to
3:0� 1011 with an upgraded polarized proton source [4].
However, with such a high proton bunch intensity, the
linear incoherent beam-beam tune shift and the amplitude
dependent beam-beam tune spread will be about 0.03. To
hold the large beam-beam tune spread in the current tune
space and to compensate the large beam-beam resonance
driving terms, we are planning to install head-on beam-
beam compensation in RHIC [5–7].

Head-on beam-beam compensation in proton colliders
with electron beams was first proposed and studied by
Tsyganov in 1993 [8,9]. The idea is to introduce a low
energy electron beam to collide head-on with the opposing
proton beam to compensate the beam-beam nonlinear ef-
fects. The device to provide the electron beam is called an

electron lens (e-lens). A pulsed e-lens had been success-
fully installed and operated in the Tevatron to compensate
the long-range beam-beam tune shifts [10–13].
In our current design for the RHIC head-on beam-beam

compensation [14], two e-lenses are needed. One for the
blue ring and one for the yellow ring. They will be installed
on either side of the interaction point (IP) IP10. The two
proton beams collide at IP6 and IP8 with �� ¼ 0:5 m. The
� functions at the e-lenses are 10 m. The transverse rms
beam size of the proton beam at the e-lenses is 310 �m.
In the following, we will first present the physics of

head-on beam-beam compensation. Then we introduce
the beam and lattice parameters for its application in
RHIC. To investigate its effects on the proton beam dy-
namics in RHIC, we calculate frequency maps, dynamic
apertures, and proton beam loss rates. Key beam parame-
ters involved in this scheme are varied to search for the
optimum compensation condition. The sensitivity of head-
on beam-beam compensation to beam imperfections and
beam offsets are also studied.

II. HEAD-ON BEAM-BEAM COMPENSATION

In this section we will present the physics of head-on
beam-beam compensation with e-lenses. For illustration,
we assume that both the proton bunch and the electron
beam have a round Gaussian transverse distribution, which
is the case in RHIC. We model the interaction between a
test proton and the opposing proton bunch or electron beam
as a 4D weak-strong beam-beam thin-lens kick.
In the following, we will calculate the linear incoherent

beam-beam tune shift, the amplitude dependent beam-
beam tune shift, and the beam-beam resonance driving
terms. We will discuss the conditions for head-on
beam-beam compensation for the case of one head-on
beam-beam interaction point and one e-lens in the ring.
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A. Linear incoherent beam-beam tune shift

For head-on beam-beam compensation in RHIC, we will
introduce a low energy DC electron beam into each ring to
collide head-on with the opposing proton bunch. The
kinetic energy of electrons is 5–10 keV. The speed of the
electrons is �ec, c is the speed of light. For an ultrarela-
tivistic test proton going through one slice of the electron
beam, the Lorentz forces Fx;y are
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Here r ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
, ne is the line particle density of the

electron beam, and �e is the transverse rms beam size of
the electron beam in the e-lens. �e in Eq. (1) comes from

the fact that B ¼ ~�e �E=c, where E and B are the
electric and magnetic fields generated by the electron slice.

The total transverse kicks on the test proton for one
passage through the e-lens are
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Here r0 is the classic proton radius, � is the Lorentz
relativistic factor of the test proton, and the effective
electron intensity of the e-lens is N�

e ¼ Neð1þ �eÞ. Ne is
the total number of electrons in the e-lens. The electron
beam current is Ie ¼ eNe�ec=Le, Le is the effective length
of the e-lens.

Similarly, for the proton-proton beam-beam interaction,
the total transverse beam-beam kicks on an ultrarelativistic
proton after one passage through a round Gaussian proton
bunch are [15]
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Here Np is the proton bunch intensity, �p;IP is the proton

bunch’s transverse rms beam size at the interaction point.
Comparing Eqs. (3) and (2), the transverse kicks given by a
round Gaussian proton bunch and a round Gaussian elec-
tron beam of an e-lens have the same dependence of the
strong beam’s particle intensity, beam size, and the test
proton’s coordinates, except for the sign.

To calculate the linear incoherent beam-beam tune shift
for a proton with a very small amplitude, we take the
approximations that r=�p;IP � 1 and r=�e � 1 in

Eqs. (2) and (3),

�x0

�y0

 !
p�p

¼ Npr0

��2
p;IP

x

y

 !
: (4)

�x0

�y0

 !
p�e

¼ �N�
er0

��2
e

x

y

 !
: (5)

Therefore, the linear tune shifts due to the head-on beam-
beam interaction and the e-lens are

�Qx;yjp�p ¼ � Npr0�
�
IP

4���2
p;IP

; (6)

�Qx;yjp�e ¼ N�
er0�e-lens

4���2
e

: (7)

Here ��
IP and �e-lens are the proton beam’s betatron ampli-

tude functions at the beam-beam interaction point and at
the e-lens.
According to Eqs. (6) and (7), to cancel the linear

incoherent beam-beam tune shift from one proton-proton
interaction with one e-lens, we need N�

e ¼ Np and

�2
e=�e-lens ¼ �2

p;IP=�
�
IP. Considering �2

p;IP=�
�
IP ¼

�2
p;e-lens=�e-lens, where �p;e-lens is the proton bunch’s rms

transverse beam size at the e-lens, we have �e ¼ �p;e-lens,

which means the electron beam should have the same
transverse beam size as the proton beam at the e-lens.

B. Nonlinear beam-beam tune
shift and resonance driving terms

The beam-beam interaction and e-lenses also introduce
nonlinear amplitude dependent tune shift and beam-
beam resonance driving terms. To calculate them, we use
the Hamiltonian perturbation approach [15–20]. The
Hamiltonian of the ring in action-angle variables is given by

HðJx; Jy;�x;�yÞ ¼ 2�QxJx þ 2�QyJy þ
XN
i¼1

Viðxn; ynÞ;

(8)

where Jx;y and �x;y are the horizontal and vertical actions

and angles. Viðx; yÞ is the ith beam-beam interaction poten-
tial. In our case, it can be from the proton-proton interaction
or from the proton–e-lens interaction. The input variables of
Viðxn; ynÞ in Eq. (8) are the normalized coordinates xn ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Jx�xi

p
cosð�x þ�xiÞ and yn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Jy�yi

p
cosð�y þ�yiÞ,

where �xi;yi and �xi;yi are the betatron functions and phase

advances at the ith beam-beam interaction point. In Eq. (8),
we excluded the effects of nonlinear magnetic fields in the
ring.
For simplicity, we only discuss a 2D situation and con-

sider only horizontal motion. Then, the Hamiltonian is
simplified to

HðJx;�xÞ ¼ 2�QxJx þ
XN
i

ViðxnÞ: (9)

The 2D beam-beam potential is given by

ViðxnÞ ¼ �
Z x

0
�x0dx: (10)
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�x0 is the horizontal beam-beam kick. According to
Eqs. (2) and (3), for the proton-proton beam-beam inter-
action and proton–e-lens interaction,
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�

1

x
ð1� e�x2=2�2
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Plugging them into Eq. (10) and changing the integral
variable, their potentials are [17]

VðJx;�xÞjp�p ¼ �Npr0
�

Z Jx�
�
IP=2�

2
p;IP

0

� d�

�
ð1� e�2�cos2ð�xþ�x;p�pÞÞ; (13)

VðJx;�xÞjp�e ¼ N�
er0
�

Z Jx�e-lens=2�2
e

0

� d�

�
ð1� e�2�cos2ð�xþ�x;p�eÞÞ: (14)

Equations (13) and (14) have the same structures and the
same dependence on the beam parameters, except for the
sign. With one beam-beam interaction and one e-lens
in the ring, to completely cancel their potentials, we
obtain the following conditions: (1) N�

e ¼ Np,

(2) �2
e=�e-lens ¼ �2

p;IP=�
�
IP, which means that the electron

beam has the same transverse size as the proton beam at the
e-lens, and (3) �x;p�p ��x;p�e ¼ k�, where k is an in-

teger, that is, the betatron phase advances between the
beam-beam and the e-lens should be multiples of �.

To first order of the strengths of beam-beam interaction
and e-lens, phase advances k� with k even between the
beam-beam interaction point and the e-lens may introduce
dispersion beat between them. Therefore, to compensate
both the beam-beam tune shift and beam-beam resonance
driving terms without dispersion beat between the beam-
beam interaction point and the e-lens, we would like to
choose odd multiples of � phase advances between them.

The beam-beam potentials in Eq. (9) are functions of Jx
and �x. To isolate the different resonances, for a certain
action Jx, we expand the beam-beam potentials into
Fourier series of �x,

XN
i

ViðxnÞ ¼ h0ðJxÞ þ
X
n�0

hnðJxÞe�in�x : (15)

Then the 2D Hamiltonian is simplified to

HðJx;�xÞ ¼ 2�QxJx þ h0ðJxÞ þ
X
n�0

hnðJxÞe�in�x : (16)

Finally, we obtain the amplitude dependent beam-beam
tune shift as

�QxðJxÞ ¼ 1

2�

@h0ðJxÞ
@Jx

: (17)

When Jx ¼ 0, �Qxð0Þ gives the total linear incoherent
beam-beam tune shift from the beam-beam interaction
and e-lens. hnðJxÞ, where n � 0, is the beam-beam reso-
nance driving term. hnðJxÞ will drive the resonance nQx ¼
p, p is an integer. With a round Gaussian beam, only even
order beam-beam resonance driving terms are generated
[15,17]. Following Refs. [15,16], we also define the width
of the beam-beam resonance as dhnðJxÞ=dJx. According to
Refs. [16,18,21], resonance overlapping will cause chaotic
motion and reduce dynamic aperture.
In the above discussion, we assumed that the proton

bunch length is much smaller than the betatron amplitude
function �� at the proton-proton interaction point.
However, in the RHIC 250 GeV polarized proton opera-
tion, the proton bunch length is about 0.45 m which is
comparable to �� ¼ 0:5 m at IP6 and IP8 [22]. We also
ignored the magnetic nonlinearity [23] in the proton ring
and the proton particle’s longitudinal motion. To fully
study the effects of head-on beam-beam compensation on
the proton beam dynamics through simulation, a 6D sym-
plectic beam-beam interaction model and 6D symplectic
magnet transfer maps are needed.

III. APPLICATION IN RHIC

A. Layout

There are two rings in RHIC: the blue ring and the
yellow ring. The proton beam in the blue ring circulates
clockwise, while the proton beam in the yellow ring circu-
lates counterclockwise. The two beams collide at IP6 and
IP8. Normally the ��s at the two IPs are same. To com-
pensate head-on beam-beam interaction in both rings, we
plan to install two e-lenses, one for each ring. The e-lens in
the blue ring is on the south side of IP10 and the e-lens in
the yellow ring is on the north side of IP10. They are 1.5 m
away from IP10. The effective compensation length of e-
lenses is 2 m. Figure 1 shows the layout of head-on beam-
beam compensation in RHIC.
In the operation of head-on beam-beam compensation

with the e-lenses, the two proton beams will be separated
vertically by 10 mm in the e-lenses. 10 mm is about 32�
with �e-lens ¼ 10 m. Operational experience and beam
experiment studies show that the long-range beam-beam
forces between the proton bunches and the electron beams
in the e-lenses are negligible [24,25]. To stabilize the
electron beam, each compensation region is surrounded
by a superconducting solenoid. The magnetic field of the
solenoids ranges from 3 to 6 T. To cancel their effect on the
global betatron coupling and spin dynamics for the polar-
ized proton beams, the two solenoids are powered with
opposite polarities.
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B. Lattice and beam parameters

In the following simulation, we use a proposed blue ring
lattice for 250 GeV RHIC polarized proton operation.
Table I lists the lattice and beam parameters. RHIC has
not yet operated with �� ¼ 0:5 m. ��s in the 2011 RHIC
250 GeV polarized proton run were 0.6 m. A low �� lattice
will increase off-momentum tune shift and off-momentum
� beat and reduce the momentum aperture. In RHIC, we

use 8 families of arc chromatic sextupoles to correct the
global second order chromaticities [26]. In this article,

second order chromaticities are defined as 	ð2Þ
x;y ¼

1
2 ½ðd2Qx;yÞ=ðd
2Þ�, where 
 ¼ dp=p0. For this lattice, the

second order chromaticities are about 2800 without cor-
rection. With correction, they are below 500.

C. Compensation strength

In Sec. II, we discussed the head-on beam-beam com-
pensation scheme with one beam-beam interaction and one
e-lens. In RHIC, there are two proton-proton beam-beam
interaction points at IP6 and IP8 and one e-lens close to
IP10. According to Eq. (6), the total linear incoherent
beam-beam tune shift with two collisions is

	2IP ¼ 	1IP � 2 ¼ � Npr0�
�
IP

4���2
p;IP

� 2 ¼ � Npr0
2��n

: (18)

Here 	1IP is the linear incoherent beam-beam tune shift
from one collision, �n is the normalized transverse rms
emittance of the proton beam. From Eq. (18), the total
linear incoherent beam-beam tune shift is about �0:015
and�0:03 for bunch intensities 1:5� 1011 and 3:0� 1011,
respectively.
We define the head-on beam-beam compensation

strength as the fraction of the linear incoherent beam-
beam tune shift that is compensated. According to
Eqs. (7) and (18), the compensation strength � is

� ¼ ðN�
e=2NpÞ=ð�e=�p;e-lensÞ2: (19)

�e and �p;e-lens are the transverse rms electron beam size

and the transverse rms proton bunch size at the e-lens.
For simplicity, we define that half and full beam-beam

compensation compensate the half and full total linear
incoherent beam-beam tune shift. Their compensation
strengths are 0.5 and 1, respectively. If the electron beam
has the same transverse rms beam size as the proton beam
at the e-lens, that is, �e ¼ �p;e-lens, we have N

�
e ¼ Np and

N�
e ¼ 2Np for half and full beam-beam compensation,

respectively. In the following, except in the scan of the
electron beam size, the electron beam always has the same
transverse rms beam size as the proton beam at the e-lens.

D. Phase advances between IPs and e-lens

As discussed in Sec. II, we can adjust the betatron phase
advances between the IPs and the e-lens to compensate the
beam-beam resonance driving terms. For RHIC, all the arc
focusing and defocusing quadrupoles are currently on the
same power supply circuits. All the inner arcs and the outer
arcs have almost the same phase advances. We only could
slightly change the phase advances between IPs with the
gamma-T jump quadrupoles. The gamma-T jump quadru-
poles are used for the transition in the RHIC heavy ion
runs.

TABLE I. Lattice and beam parameters used in this study.

Parameter Value

Ring circumference 3833.8451 m

Energy 250 GeV

Relativistic � 266

Working point Qx;y (28.67, 29.68)

Linear chromaticities 	ð1Þ
x;y (1, 1)

Second order chromaticities 	ð2Þ
x;y (2800, 2900)

Normalized transverse rms emittance �n 2:5 mmmrad
��

x;y at IP6 and IP8 0.5 m

�x;y;e-lens at the e-lens 10.0 m

Transverse rms beam size at IP6 and IP8 68 �m
Transverse rms beam size at e-lens 310 �m
Phase advances between IP6 and IP8 ð10:6�; 9:7�Þ
Phase advances between IP8 and e-lens ð8:5�; 11:1�Þ
Optimized phase advances

between IP8 and e-lens

ð9:0�; 11:0�Þ

Harmonic number 360

rf cavity voltage 300 kV

Longitudinal rms bunch area 0:17 eV s
Bucket height ðdp=p0Þmax 1:1� 10�3

Relative rms bunch momentum

spread ðdp=p0Þrms

1:4� 10�4

rms bunch length 0.45 m

β∗=10 β∗=10

β∗=10β∗=0.5

β∗=0.5

beam−beam
interaction

beam−beam interaction

m

m

m

m

m

m

β∗=10

electron lens

IP12

IP2

IP4

IP6 STAR

IP8 PHENIX

IP10

FIG. 1. Layout of head-on beam-beam compensation in RHIC.
The two proton beams collide at IP6 and IP8. The e-lens in the
blue ring is on the south side of IP10, and the e-lens in the yellow
ring is on the north side of IP10.
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To cancel the nonlinear beam-beam tune shift and reso-
nance driving terms introduced from IP8 with the e-lens at
IP10, we decided to add two shunt power supplies to the
main quadrupoles in the arc to allow us to change the phase
advances between them [27,28]. Without adjustment, the
horizontal and vertical phase advances between them are
(8:5�, 11:1�). In this simulation study, we set the phase
advances between IP8 and the e-lens to be ð9�; 11�Þ.

In the case of half beam-beam compensation, with the
phase advances ð9�; 11�Þ between IP8 and the e-lens, the
e-lens will completely compensate the beam-beam tune
shift and beam-beam resonance driving terms from IP8 to
the first order of linear incoherent beam-beam tune shift. In
operations, the beam lifetime with collision is mainly
determined by the beam-beam nonlinearity. We observed
that the beam lifetime of bunches with one collision is
about double the beam lifetime of bunches with two
collisions.

For full beam-beam compensation, to compensate all the
linear incoherent beam-beam tune shift and the beam-
beam resonance driving terms from IP6 and IP8 with one
e-lens, the phase advances between IP6 to the e-lens also
need to be odd multiples of �. This will require more
independent arc quadrupole power supplies. In our current
design, for minimum changes in hardware and lattices, we
focus on half beam-beam compensation and the k� phase
advance adjustment between IP8 and the e-lens.

Following the procedure outlined in Sec. II, we numeri-
cally calculate the 2D beam-beam resonance driving terms
and resonance widths. As an example, Figs. 2 and 3
show the horizontal 10th order beam-beam resonance driv-
ing terms and its resonance widths without beam-beam
compensation (‘‘No BBC’’), with half beam-beam com-
pensation (‘‘Half BBC’’), full beam-beam compensation

(‘‘Full BBC’’), and half beam-beam compensation with the
phase advances ð9�; 11�Þ between IP8 and the e-lens
(‘‘Half BBC, k�’’).
For the 10th order beam-beam resonance, half beam-

beam compensation without phase advance adjustment
gives larger beam-beam resonance driving terms than
without compensation. Full beam-beam compensation
gives the largest beam-beam resonance driving terms.
Half beam-beam compensation with phase advances
ð9�; 11�Þ between IP8 and the e-lens compensates about
half of the beam-beam resonance driving term and reduces
the beam-beam resonance width by about half. We also
calculated the beam-beam resonance driving terms and
resonance widths for other orders. We found that, for the
most of orders, full beam-beam compensation gives the
largest beam-beam resonance driving terms.

E. Simulation model

In the following simulation study, we track the proton
particles element by element [29]. The nonlinear magnetic
field errors in the triplets and separation dipoles in the
interaction regions are included. Each magnetic element
is modeled with a 6D symplectic transfer map. We adopted
the 4th order symplectic integration by Ruth [30]. To save
time in the long-term particle tracking, we model the
magnetic multipoles as thin lens kicks. Tunes and chroma-
ticities are rematched before tracking.
Considering that �� is comparable to the proton bunch

length, we use the 6D weak-strong synchrobeam map
[31,32] to model the proton-proton beam-beam interaction
at IP6 and IP8. In the code, the strong bunch is split into 11
slices.
In our case, since the e-lens is working in a DC mode, its

electric and magnetic fields are static. In the code, we split
the 2 m long e-lens into 8 slices. Each slice is modeled as a
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under different beam-beam conditions. The vertical axis is in
units of the incoherent beam-beam tune shift 	1IP with one IP.

 0

 0.01

 0.02

 0.03

 0.04

 0.05

 0.06

 0.07

 0.08

 0  1  2  3  4  5  6

 2
*|

h 1
0|

  [
 N

p 
r 0

 / 
γ 

]

 x / σx

No BBC
Half BBC
Full BBC

Half BBC, kπ

FIG. 2. 10th order horizontal beam-beam resonance driving
terms under different beam-beam conditions. The horizontal
axis is the particle’s amplitude in units of �x. The vertical axis
is the resonance driving term in units of Npr0=�.

SIX-DIMENSIONALWEAK-STRONG SIMULATION OF . . . Phys. Rev. ST Accel. Beams 15, 051004 (2012)

051004-5



drift—a 4D weak-strong beam-beam kick—a drift. The 4D
weak-strong beam-beam kick is given by Bassetti and
Erskine [33].

To fully use the available tune space between 2=3 and
7=10 and for better comparison of the simulation results
under different beam-beam conditions, we fix the zero-
amplitude particle tunes at (0.67, 0.68) under different
beam-beam conditions, except in the proton working point
scan. The RHIC polarized proton operation experience
shows that a lower working point between 2=3 and 7=10
is preferable to obtain a better beam-beam lifetime and to
preserve the proton polarization at store. In the simulation,
the linear chromaticities are set to (1, 1).

IV. FREQUENCY MAP ANALYSIS

In this section, we use frequency map analysis [34,35] to
calculate the tune footprint and tune diffusion of the proton
beam. We focus on three beam-beam conditions: without
beam-beam compensation, with half and full head-on
beam-beam compensation. Four proton bunch intensities
are used: 1:5� 1011, 2:0�1011, 2:5�1011, and 3:0� 1011.
For each beam-beam condition, we track single protons up
to 2048 turns.

The area occupied by the beam in the tune space is
called the tune footprint. In our case, with beam-beam
interaction, the tune spread is determined by beam-beam.
To quantify the stability of single particle motion, we
measure the tune diffusion in the 2048 turns through the
observation of

j�Qj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j�Qxj2 þ j�Qyj2

q
; (20)

where j�Qxj and j�Qyj are the horizontal and vertical

betatron tune differences between the first and second
1024 turns. Normally, the smaller the tune diffusion is,
the more stable the particle motion.
Tune diffusion of particles can be plotted with different

colors in the ðQx;QyÞ plane or in the ðx=�x; y=�yÞ plane
[36,37]. In our convention, the deep blue dots mean
that j�Qj< 10�6. The light blue dots mean that 10�6 <
j�Qj< 10�5. The green and the yellow mean 10�5 <
j�Qj< 10�4 and 10�4 < j�Qj< 10�3, respectively. In
the ðQx;QyÞ plane, the betatron resonance lines up to 13th

order are plotted.
In this study, the initial coordinates of protons are uni-

formly sampled from 0 to 6� with a step size of 0:05� in
the first quadrant of the ðx=�x; y=�yÞ plane. The initial
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conjugate momenta are set to zero. The betatron tunes of
single particle motion are determined with an interpolated
fast-Fourier transform and a Hanning window [38]. To
avoid tune modulation due to synchrotron motion, the rf
is turned off in this section. In the following, we only
provide the frequency map analysis for on-momentum
particles. The footprint of off-momentum particles is
slightly shifted in the tune space by the off-momentum
tune shifts. The tune diffusion for the off-momentum par-
ticles is different from that of on-momentum particles.

A. Without compensation

Figure 4 shows the tune footprints and tune diffusion
only with beam-beam interaction at IP6 and IP8 only. With
the zero-amplitude particle tunes fixed at (0.67, 0.68), the
tunes of large amplitude particles are higher than the zero-
amplitude tunes. With the increase of the proton bunch
intensity, the tune spread gets bigger and the footprint
stretches up to the 13th order resonance lines crossing
(9=13, 9=13) and even to the 10th order resonance lines
crossing (7=10, 7=10). From the simulation calculation,
the beam-beam tune spreads from 0 to 6� are 0.016, 0.020,
0.024, and 0.028 for the proton bunch intensities 1:5�1011,
2:0�1011, 2:5�1011, and 3:0�1011, respectively. The

beam-beam tune spreads are close to the total linear inco-
herent beam-beam tune shifts given by Eq. (18).
The figure of merit of the RHIC polarized proton opera-

tion with longitudinally polarized beams is LP4, where L is
the luminosity and P is the polarization of the proton
beams. From Fig. 4, when the bunch intensity is bigger
than 2:0� 1011, the tune footprint up to 6� will touch or
cross 7=10. 7=10 is not only a 10th order betatron reso-
nance line but also a spin depolarization resonance line.
Experiments and simulations have shown that the beam-
beam lifetime and the proton polarization are reduced
when the vertical tune of the proton beam is close to
7=10. With an upgraded polarized proton source, the pro-
ton bunch intensity in RHIC will reach 3:0� 1011. To
reduce the large beam-beam tune spread and to compen-
sate the large beam-beam resonance driving terms with
such a high proton bunch intensity, we planned to install
head-on beam-beam compensation in RHIC.

B. Half compensation

Figure 5 shows the tune footprints and tune diffusion
with half head-on beam-beam compensation. Compared to
Fig. 4, the tune footprints are squeezed towards the zero-
amplitude particle tunes (0.67, 0.68). For the same proton
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bunch intensity, the beam-beam tune spread is reduced
roughly by half. Even with the bunch intensities
2:5� 1011 and 3:0� 1011, their tune footprints with half
head-on beam-beam compensation are well below the
resonance line Qy ¼ 7=10.

In Fig. 5, some resonance lines, such as ð5;�2Þ,
ð6;�3Þ, ð7;�4Þ, and ð8;�5Þ, can be clearly identified
with tune diffusion. They do not necessarily cause direct
particle loss since they are difference resonances.
Foldings in the tune footprints [39] are observed at larger
particle amplitudes. They are caused by the different signs
of the detunings from the beam-beam interaction and the
magnetic nonlinearity in the lattice. With half beam-beam
compensation, the most important resonances in the tune
space are the horizontal third order resonance 3Qx and the
13th order resonances. Both of them are not excited by the
beam-beam interaction and beam-beam compensation.
However, according to Refs. [16,21], high order beam-
beam resonances still can cause resonance overlapping
and chaotic motion even in a low order resonance free
tune space.

C. Full compensation

With full beam-beam compensation, the size of the tune
footprint is greatly reduced and is comparable to that
without any beam-beam interaction. As an example,
Fig. 6 shows the tune footprint (left) and the tune diffusion
map (right) with the bunch intensity 2:5� 1011 in the
ðQx;QyÞ and ðx=�x; y=�yÞ planes. The right plot shows

that there are particles lost in 2048 turns.
With full beam-beam compensation, the large amplitude

particles have lower tunes than the zero-amplitude tunes.
With the zero-amplitude tunes fixed at (0.67, 0.68), the
horizontal tunes of large amplitude particles are close to or
even cross the horizontal 3rd order betatron resonance at
Qx ¼ 2=3. The width of Qx ¼ 2=3 is given by the mag-
netic nonlinearity in the lattice. Experimentally, without

any beam-beam interaction, we measured the stop band of
this resonance about 0.005 [40].
Since the beam-beam tune spread is largely reduced

with half and full head-on beam-beam compensation, it
is possible to scan the proton working point in the tune
space between 2=3 and 7=10 to search for a good working
point with a better beam lifetime.

D. Summary

From the above frequency map analysis, we conclude
that there is not enough tune space between 2=3 and 7=10
to hold the large beam-beam tune spread when the proton
bunch intensity is higher than 2:0� 1011. Head-on beam-
beam compensation is very effective to reduce the beam-
beam tune spread and is needed for high proton bunch
intensities. However, considering that the e-lens is a non-
linear element, direct long-term particle tracking is needed
to determine the effects of head-on beam-beam compensa-
tion on the proton dynamic aperture and beam lifetime.

V. DYNAMIC APERTURE CALCULATION

In this section, we show calculations of the proton
dynamic aperture with head-on beam-beam compensation
in RHIC. The dynamic aperture is defined as the maximum
betatron amplitude within which particles are not lost after
a certain number of tracking turns [41]. The long-term
dynamic aperture converges to the boundary between regu-
lar and chaotic motion [42].
For a lower proton bunch intensity, the dynamic aperture

is mainly decided by the magnetic nonlinearity. For a
higher proton bunch intensity, the dynamic aperture will
be reduced by beam-beam interaction.With head-on beam-
beam compensation, the proton particle’s dynamic aper-
ture is determined by the beam-beam interaction and
beam-beam compensation, the nonlinear magnetic fields
in the lattice, and the working point choosing.

 0.674

 0.676

 0.678

 0.68

 0.682

 0.684

 0.664  0.666  0.668  0.67  0.672  0.674

Q
y

Qx

(6
, -

3)

(5
, -

2)(9
, -

3)

(8
, -

2)

(1
1,

 -
2)

(7
, -

1)

(1
0,

 -
1)

(3
, 0

)

        |∆Q|< 10-6

10-6<|∆Q|< 10-5

10-5<|∆Q|< 10-4

10-4<|∆Q|< 10-3

 0

 1

 2

 3

 4

 5

 6

 7

 0  1  2  3  4  5  6  7

y/
σ y

x/σx

        |∆Q|< 10-6

10-6<|∆Q|< 10-5

10-5<|∆Q|< 10-4

10-4<|∆Q|< 10-3

FIG. 6. Tune footprint (left) and tune diffusion map (right) of full head-on beam-beam compensation with the proton bunch intensity
2:5� 1011. The fractional zero-amplitude tunes are (0.67, 0.68). Particle loss is observed in 2048 turns.

Y. LUO et al. Phys. Rev. ST Accel. Beams 15, 051004 (2012)

051004-8



Wewill track single proton particles up to 106 turns. The
zero-amplitude particle tunes are set to (28.67, 29.68)
under all beam-beam conditions except during the tune
scan. The linear chromaticities are corrected to (1, 1)
before tracking. For each beam-beam condition, we search
the dynamic aperture in 10 equally spaced angles in the
first quadrant in the ðx=�x; y=�yÞ plane. We focus on

comparing the minimum dynamic aperture among the 10
angles. The dynamic aperture is given in units of rms
transverse beam size �.

In this study, the rf is turned on. The relative rf momen-
tum acceptance is ðdp=p0Þmax ¼ 1:1� 10�3. The initial
relative off-momentum deviation is set to 0.000 42, which
is 3 times of the rms relative momentum spread of the
proton beam. For comparison, we also used smaller or
larger initial relative off-momentum deviation for some
cases. The tracking results with different initial
off-momentum deviation will not affect our conclusions.

A. Without and with compensation

First, we calculate the dynamic apertures without, with
half, and full head-on beam-beam compensation. The pro-
ton bunch intensity varies from 1:0� 1011 to 3:0� 1011.
In this calculation, the betatron phase advances between
IP8 and the e-lens are the default ones (8:5�, 11:1�).
Figure 7 shows the results.

Without beam-beam compensation, the dynamic aper-
ture declines with increasing proton bunch intensity. With a
higher proton bunch intensity, the tune footprint and tune
spread get bigger. With the zero-amplitude tunes fixed at
(0.67, 0.68), the tunes of large amplitude particles move up
to the 13th and even 10th resonances. Another reason is
that the beam-beam resonance driving terms and resonance
widths increase with the bunch intensity.

Compared to the case without beam-beam compensa-
tion, half head-on beam-beam compensation improves the

dynamic aperture for a proton bunch intensity above 2:0�
1011. With half beam-beam compensation, the beam-beam
tune spread of a higher bunch intensity is reduced and the
tune footprint is located below the resonance line Qy ¼
7=10. For a proton bunch intensity less than 2� 1011, half
compensation does not increase the dynamic aperture. This
may be explained by the fact that half beam-beam com-
pensation with the default phase advances between IP8 and
the e-lens increases the beam-beam resonance driving
terms and resonance widths as shown in Figs. 2 and 3.
From Fig. 7, full beam-beam compensation gives the

smallest dynamic apertures. With full beam-beam com-
pensation, the beam-beam tune spread is largely compen-
sated. With the zero-amplitude tunes fixed at (0.67, 0.68),
the horizontal tunes of large amplitude particles are very
close to the 3rd order betatron resonance line Qx ¼ 2=3.
Even without any beam-beam interaction, with the zero-
amplitude tunes fixed at (0.67, 0.68), the dynamic aperture
is only 3�. Another reason for the small dynamic aperture
is that full beam-beam compensation generates the largest
beam-beam resonance driving terms and widest beam-
beam resonance widths.

B. Compensation strength

Here we scan the compensation strength of head-on
beam-beam compensation. In this study, we assume that
the electron beam size is the same as the proton bunch
beam size at the e-lens. We adjust the electron beam
intensity to change the beam-beam compensation strength.
The betatron phase advances between IP8 and the e-lens
are not optimized here. Figure 8 shows the results.
From Fig. 8, for all of the four proton bunch intensities,

the dynamic apertures begin to drop sharply when the
compensation strength exceeds 0.7. For the bunch inten-
sities 2:5� 1011 and 3:0� 1011, head-on beam-beam
compensation with a compensation strength less than 0.6

 0

 1

 2

 3

 4

 5

 6

 7

 1  1.5  2  2.5  3

D
yn

am
ic

 a
pe

rt
ur

e 
[σ

]

 Bunch intensity [ 1011 ]

No BBC
Half BBC
Full BBC

FIG. 7. Dynamic apertures without beam-beam compensation
and with half and full beam-beam compensation. The proton
bunch intensity ranges from 1:0� 1011 to 3:0� 1011. The phase
advance adjustment between IP8 and the e-lens is not included.

 0

 1

 2

 3

 4

 5

 6

 7

 0  0.2  0.4  0.6  0.8  1

D
yn

am
ic

 a
pe

rt
ur

e 
[σ

]

Compensation strength

1.5×1011

2.0×1011

2.5×1011

3.0×1011

FIG. 8. Dynamic apertures of four proton bunch intensities
versus head-on beam-beam compensation strength. For half
and full beam-beam compensation, the compensation strengths
are 0.5 and 1.0, respectively.

SIX-DIMENSIONALWEAK-STRONG SIMULATION OF . . . Phys. Rev. ST Accel. Beams 15, 051004 (2012)

051004-9



improves the proton beam dynamic aperture. The peak
dynamic apertures occur at the compensation strength
around 0.5–0.6. The peak dynamic apertures are about
1:0� higher than that without beam-beam compensation.

C. Half and full compensations

Here we calculate the dynamic apertures of half and full
beam-beam compensation with the betatron phase advance
adjustment between IP8 and the e-lens. Before adjustment,
the phase advances between them are ð8:5�; 11:1�Þ. With
adjustment, they are ð9�; 11�Þ. We also apply second
order chromaticity correction on top of the phase advance
adjustment. Before correction, the second order chroma-
ticities are around 2800. With correction, they are below
500.

Figure 9 shows the dynamic aperture of half beam-beam
compensation with the phase advance adjustment.
The proton bunch intensity is varied from 1:0� 1011 to
3:0� 1011. With the phase advance adjustment, the dy-
namic aperture of half beam-beam compensation is im-
proved for all bunch intensities. Even in the lower proton
bunch intensity range, the dynamic aperture of half head-
on beam-beam compensation with the phase adjustment is
better or comparable to that without compensation. The
reason for this improvement is that the beam-beam reso-
nance driving terms and resonance widths are better com-
pensated between IP8 and the e-lens with ð9�; 11�Þ phase
advances between them.

Figure 10 shows the dynamic aperture of full beam-
beam compensation with the above phase advance adjust-
ment between IP8 and the e-lens. The phase advance
adjustment improves the dynamic aperture too, especially
for the lower proton bunch intensities. However, even with
the phase advance adjustment, the dynamic aperture of full
beam-beam compensation is still much smaller than that
without compensation. The main reason is that the working
point is close to theQx ¼ 2=3 resonance line. The dynamic
aperture versus the working point will be studied later.

Figures 9 and 10 also show the dynamic aperture with
second order chromaticity correction. The goal of second
order chromaticity correction is to reduce the off-
momentum tune shift and the off-momentum � beat. In
our current second order chromaticity correction scheme,
we do not optimize the sextupole resonance driving terms
at the same time. From Fig. 9, the second order chroma-
ticity correction further improves the dynamic aperture of
half beam-beam compensation for a proton bunch intensity
between 2:0� 1011 and 2:5� 1011, but reduces the
dynamic aperture for a proton bunch intensity between
2:5� 1011 and 3:0� 1011.

D. Proton working point

In the above calculation, the zero-amplitude tunes of the
proton beam are fixed at (0.67, 0.68). With beam-beam
compensation, the tune footprint becomes smaller and it is
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possible to scan the proton working point between 2=3 and
7=10 to search for a better working point to maximize the
dynamic aperture. In this study, the phase advance adjust-
ment between IP8 and the e-lens are included.

Figure 11 shows the dynamic aperture of half beam-
beam compensation in the tune scan. The horizontal axis is
the horizontal zero-amplitude tune. The vertical zero-
amplitude tune is always 0.01 higher than the horizontal
one. From Fig. 11, the dynamic aperture decreases for all
the four bunch intensities when the tunes are moved up
from (0.67, 0.68) to (0.685, 0.695). The reason is that the
tune footprint with higher zero-amplitude tunes will move
up to the 10th order resonance lines.

Figure 12 shows the dynamic aperture of full beam-
beam compensation in the tune scan. The dynamic aperture
increases when the zero-amplitude tunes are moved up
from (0.67, 0.68) to (0.685, 0.695). The reason is that the
tune footprint with higher zero-amplitude tunes moves
away from the 3rd order resonance line Qx ¼ 2=3.

Comparing Fig. 11 with Fig. 12, we find that for proton
bunch intensity from 1.5 to 3:0� 1011 and the shown tune
range, a larger dynamic aperture can be reached with
half beam-beam compensation than with full beam
compensation.

E. Mismatched electron beam size

In the above calculation, we assume that the electron
beam always has the same transverse rms beam size as the
proton bunch at the e-lens. In the following, we first vary
the electron beam size from 40% to 160% of the proton
beam size for half beam-beam compensation. In this study
we keep the electron bunch intensity constant. Therefore,
the beam-beam compensation strength will be changed
when we change the electron beam size. The zero-
amplitude tunes are always rematched to (0.67, 0.68)
before tracking.

Figure 13 shows the results. The dynamic aperture drops
for all the four bunch intensities when the electron beam
size is 20% smaller than that of the proton bunch. With an
electron beam size smaller than that of the proton bunch,
the beam-beam compensation strength is increased. On the
other hand, if the electron beam size is larger than that of
the proton bunch, the beam-beam compensation strength is
reduced and the beam-beam tune spread is not effectively
compensated, although the dynamic aperture does not
decrease.
Figure 14 shows the dynamic aperture in a 2D scan of

the electron beam intensity and its beam size. The proton
bunch intensity is 2:5� 1011. The zero-amplitude tunes are
fixed at (0.67, 0.68). In this plot, the red and the blue curves
represent full and half beam-beam compensation. Full and
more than full beam-beam compensation gives dynamic
aperture less than 2�. The area with a larger dynamic
aperture is around half beam-beam compensation with
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the electron beam size slightly larger than the proton beam.
To keep the same compensation strength, according to
Eq. (19), we have to increase the electron beam intensity
quadratically when we increase the electron beam size.
Therefore, the optimum electron beam size for half
beam-beam compensation ranges from 1 to 1.2 �p;e-lens.

F. Summary

With the zero-amplitude tunes fixed at (0.67, 0.68), we
found that half head-on beam-beam compensation im-
proves the proton dynamic aperture and full head-on
beam-beam reduces the dynamic aperture. The optimal
compensation strengths for the proton bunch intensities
2:5� 1011 and 3:0� 1011 are around 0.5–0.6. The k�
betatron phase advances between IP8 and the e-lens further
improve the dynamic aperture of half beam-beam compen-
sation. Tune scans show that half head-on beam-beam with
a lower working point and full head-on beam-beam com-
pensation with a higher working point give larger dynamic
apertures. The scan of the electron beam intensity and its
beam size shows that the optimum compensation is around
half beam-beam compensation with the electron beam size
slightly larger than the proton beam size.

VI. BEAM LOSS RATE CALCULATION

In this section, we calculate the proton beam loss rate
with multiparticle tracking in the presence of head-on
beam-beam compensation. Different from the above dy-
namic aperture calculation, the initial coordinates of mac-
roparticles are sampled from a 6D Gaussian distribution.
Limited by computing capacity, in most cases we track
4800 macroparticles up to 2� 106 turns. 2� 106 turns are
24 seconds.

A. Simulation setup

The initial coordinates of macroparticles are generated
with a Gaussian distribution generator [43]. Particles with
large transverse amplitudes and large momentum devia-
tions are likely lost in long-term tracking. However, for a
limited number of macroparticles sampled from a solid
Gaussian distribution, there are only a few macroparticles
in the Gaussian bunch tail. To detect a small beam loss in
2� 106 turns without increasing the number of macro-
particles, we track particles with an initial hollow
Gaussian distribution [44–48].

In this approach, we assume that the particles in the
bunch core are stable and will not be lost in 2� 106 turns.
To save computing time, we only track macroparticles
whose transverse or longitudinal amplitudes are bigger
than a certain rms beam size. The boundary between the
stable core and the unstable bunch tail is carefully chosen.
We first calculate the dynamic aperture and set the bound-
ary well below it. After tracking, we will check if there are
lost particles whose initial amplitudes are close to the

boundary. If so, we must lower the boundary and track
again.
The amplitude distribution of the particles in a 6D

Gaussian bunch is

�ðnx; ny; nzÞ ¼ nxnynze
�ðn2xþn2yþn2z Þ=2; (21)

where nx;y;z are the horizontal, vertical, and longitudinal

amplitudes in units of �. n2x;y;z ¼ 2Jx;y;z=�rms;x;y;z, where

Jx;y;z and �rms;x;y;z are the particle’s actions and the beam’s

rms emittances. For a hollow 6D Gaussian distribution, if

we choose the transverse boundary nt�, where nt ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2x þ n2y

q
, and the longitudinal boundary nl�, the fraction

of the particles to be tracked is

P ¼ 1�
Z nt

0

Z ffiffiffiffiffiffiffiffiffiffi
n2t�n2y

p

0
nxnye

�ðn2xþn2yÞ=2dnxdny

�
Z nl

0
nze

�n2z=2dnz: (22)

For example, if we choose nt ¼ 3:5 and nl ¼ 3:5, 4800
macroparticles of the hollow distribution represent 270 586
macroparticles of a solid 6D Gaussian distribution.

B. An example

Here we give an example of the proton beam loss rate
calculation with an initial hollow Gaussian distribution.
The proton bunch intensity is 2:5� 1011 and half head-
on beam-beam compensation is included. If we track with
4800 macroparticles of a solid 6D Gaussian distribution,
there is only 1 macroparticle lost in 2� 106 turns. The
calculated beam loss rate is 3.1%/hour. For comparison, we
track only macroparticles whose transverse amplitude or
longitudinal amplitude is above 3:5�.
Figure 15 shows the initial transverse amplitudes of the

4800 macroparticles with red dots. There are some macro-
particles below transverse amplitudes of 3:5� because
their longitudinal amplitudes are larger than 3:5� so that
they will be tracked too. In the simulation, we set the
physical aperture to 6� which is close to the RHIC actual
collimation settings. After 2� 106 turns, 17 out of
4800 macroparticles are lost in the example. In Fig. 15,
the initial transverse amplitudes of the lost macroparticles
are shown in blue. All the lost macroparticles have initial
transverse amplitudes above 3:5�.
Since the 4800 macroparticles represent 270 586 macro-

particles of a solid 6D Gaussian distribution proton bunch,
the percentage of particle loss of the proton bunch in
2� 106 turns is 17=270 586 ¼ 0:006%. The proton beam
loss rate is 0.97%/hour. For the same beam-beam condi-
tion, Fig. 16 shows the particle loss in 2� 106 turns with 5
different sets of initial macroparticle coordinates. The
vertical axis is the relative intensity of the proton
beam. The calculated beam loss rate from the 5 cases is
ð1:1%� 0:2%Þ=hour.
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Tracking a hollow Gaussian distribution is efficient
when the dynamic aperture is between 2:5� to 5�. When
the dynamic aperture is less than 2:5�, we simply track
with a solid 6D Gaussian distribution. When it is above 5�,
a special Gaussian tail generator may be needed [43]. The
good store beam decay is a few percent per hour in the
RHIC polarized proton operation with proton bunch inten-
sities around 1:5� 1011. Currently, the calculated beam
loss rate from our simulation is about 10 times smaller than
the actual beam decay measurement in RHIC. To bridge
the gap between the simulation and measurement, a more
realistic magnetic lattice model together with the beam and
parameter modulations or noise [49,50] should be included
in the simulation.

In the following, we will focus on comparing the relative
beam losses in 2� 106 turns under different beam-beam
conditions. For each beam-beam condition, we normally
track with different sets of initial particle distribution. For
some condition, we double the number of macroparticles
or the maximum number of tracking turns.

C. Tracking results

We first calculate the relative proton beam losses in
2� 106 turns under different beam-beam compensation
conditions. In this study, the zero-amplitude tunes of the
proton beam are still set to (0.67, 0.68). The linear chro-
maticities are (1,1). Three proton bunch intensities are
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FIG. 17. Relative proton beam losses in 2� 106 turns for the
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beam compensation, with half beam-beam compensation, with
the betatron phase advance adjustment, and with the global
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used: 2:0� 1011, 2:5� 1011, and 3:0� 1011. The proton
bunch intensity 1:5� 1011 is not used here because its
beam loss is too small to be detected precisely even with
the above hollow Gaussian distribution tracking method.

For each proton bunch intensity, we compare the relative
proton beam losses in 2� 106 turns without beam-beam
compensation, with half beam-beam compensation, with
the optimized betatron phase advances ð9�; 11�Þ between
IP8 and the e-lens, and with the global second order
chromaticity correction. Figures 17–19 show the results
for the three proton bunch intensities. The vertical axis is
the relative proton bunch intensity. Table II lists the calcu-
lated proton beam loss rates. For all three bunch intensities,
full head-on beam-beam compensation gives a much big-
ger beam loss than the other beam-beam condition and
therefore its beam loss is not plotted.

In Figs. 17–19, comparing the green curves with half
head-on beam-beam compensation with the red curves
without beam-beam compensation, half head-on beam-
beam compensation gives less proton particle loss in
2:0� 106 for the proton bunch intensities 2:5� 1011 and
3:0� 1011. However, it does not increase the proton beam
lifetime for the bunch intensity 2:0� 1011. The result

agrees with the dynamic aperture calculation shown in
Fig. 7.
On top of half head-on beam-beam compensation, we

optimize the betatron phase advances between IP8 and the
center of the e-lens to be ð9�; 11�Þ. In Figs. 17–19, the
blue curves show the relative beam loss with the phase
advance adjustment. For all three proton bunch intensities,
the k� betatron phase advances increase the proton beam
lifetime of half beam-beam compensation. With the phase
advance adjustment, the beam-beam resonance driving
terms from beam-beam interaction at IP8 are better com-
pensated with the e-lens near IP10.
We continue to correct the global second order chroma-

ticities on top of betatron phase advance adjustment. As
shown with the pink curves in Figs. 17–19, for all the three
proton bunch intensities, the second order chromaticity
correction further improves in the proton beam lifetime
of half beam-beam compensation. Second order chroma-
ticity correction reduces the off-momentum tune shift and
the off-momentum � beat.
Table III shows the calculated proton beam loss versus

the beam-beam compensation strength. In this study, to
adjust the beam-beam compensation strength, we change
the electron beam intensity but keep the electron beam size
constant. From Table III, the optimal compensation
strengths for proton bunch intensities 2:5� 1011 and
3:0� 1011 are around half compensation, which agrees
with the above dynamic aperture calculation as shown in
Fig. 8.
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FIG. 19. Relative proton beam losses in 2� 106 turns for the
proton bunch intensity 3:0� 1011 without beam-beam compen-
sation, with half beam-beam compensation, with the betatron
phase advance adjustment, and with the global second order
chromaticity correction.

TABLE II. Proton beam loss rates (in units of %/hour) under
different beam-beam compensation condition.

Beam-beam Proton bunch intensity

Condition 2:0� 1011 2:5� 1011 3:0� 1011

No BBC 0.06 1.5 16.0

Half BBC 0.9 1.0 10.8

Half BBC, k� 0.3 0.2 1.5

Half BBC, k�, 	ð2Þ corr. 0.15 0.04 0.4

TABLE III. Proton beam loss rates (in units of %/hour) in the
scan of head-on beam-beam compensation strength.

Compensation Proton bunch intensity

Strength 2:5� 1011 3:0� 1011

0 (no BBC) 1.5 16.0

0.2 0.5 2.1

0.4 0.01 2.1

0.5 (half BBC) 0.04 0.4

0.6 0.06 2.3

0.8 23.1 13.4

1.0 (full BBC) 3895 4420

TABLE IV. Proton beam loss rates (in units of %/hour) of half
head-on beam-beam compensation in the proton working point
scan.

Zero amplitude Proton bunch intensity

tunes 2:5� 1011 3:0� 1011

(28.670, 29.680) 0.04 0.4

(28.673, 29.683) 0.02 1.3

(28.676, 29.686) 0.63 5.5

(28.679, 29.689) 3.8 12.9

(28.682, 29.692) 10.2 10.0
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Table IV shows the proton loss of half head-on beam-
beam compensation in the proton working point scan along
the diagonal in the tune space. The betatron phase advance
adjustment and second order chromaticity correction are
included. In this study, the fractional vertical tune is always
0.01 higher than the fractional horizontal one. From it, for
the proton bunch intensities 2:5� 1011 and 3:0� 1011,
with half beam-beam compensation, a higher working
point gives more proton beam loss, which also agrees
with the above dynamic aperture calculation.

We also scanned the proton working point with full
head-on beam-beam compensation with the proton bunch
intensities 2:5� 1011 and 3:0� 1011. As an example,
Fig. 20 shows the proton beam loss of full head-on
beam-beam compensation with the proton bunch intensity
2:5� 1011. Simulation shows that full beam-beam com-
pensation gives a smaller beam loss with a higher working
point between 2=3 and 7=10.

For the same bunch intensity, the minimum proton beam
loss rate in the tune scan with full beam-beam compensa-
tion is much higher than that with half beam-beam com-
pensation. For example, for the proton bunch intensities
2:5� 1011 and 3:0� 1011, the minimum proton beam loss
rates with full beam-beam compensation are 25.2%/hour
and 60.8%/hour with the working point (28.682, 29.692),
while the minimum proton beam loss rates with half beam-
beam compensation are below 1%/hour.

D. Summary

In this section we calculated the proton beam loss in
2� 106 turns with multiparticle tracking. Simulation
results show that half beam-beam compensation im-
proves the proton beam lifetime for the bunch intensities
2:5� 1011 and 3:0� 1011. The ð9�; 11�Þ phase advances
between IP8 and the e-lens and the global second order

chromaticity correction further increase the proton
beam lifetime of half beam-beam compensation. The
optimum compensation strengths for the bunch intensities
2:5� 1011 and 3:0� 1011 are around half beam-beam
compensation. Half beam-beam compensation is most
efficient with a lower working point between 2=3 and
7=10. Full beam-beam compensation gives a large proton
beam loss. Even with a higher working point, the proton
beam loss with full beam-beam compensation is still
above 25%/hour for the bunch intensities 2:5� 1011 and
3:0� 1011.

VII. SENSITIVITY STUDY

In the following, we will study the sensitivity of head-on
beam-beam compensation to the beam imperfections and
beam noise [51]. We will focus on the Gaussian tail trun-
cated electron beam, the random noise in the electron beam
current, and the static and random offsets between the
electron and proton beams. The baseline for this study is
with the proton bunch intensity Np ¼ 2:5� 1011 and half

beam-beam compensation. The betatron phase advance
adjustment and second order chromaticity correction are
included.

A. Tail truncated Gaussian distribution

In the above simulation study, we assume that the
electron beam has a perfect transverse Gaussian distribu-
tion. Simulation of the electron gun for the RHIC e-lens
system shows that the electron beam has a Gaussian tail
cutoff at 2:8�. This is determined by the electric field
distribution on the cathode [52]. If the Gaussian tail of the
electron beam is truncated at a radius a, the kicks on the
proton are
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Figure 21 shows the calculated relative proton beam loss
in 2� 106 turns with the electron beam’s Gaussian tail
cutoff at 3�, 2:5�, and 2�. Comparing to the baseline with
a prefect Gaussian distribution, the proton beam loss rate
does not increase until the electron beam’s Gaussian tail is
cut off at 2�e. The Gaussian tail cut at 2:8� from the
current electron gun design is acceptable.

B. Noise in electron beam current

Because of the instability of the power supplies of the
electron gun, there is noise in the electron beam current.
We define the relative noise ratio j�I=I0j as the maximum
amplitude of random noise in the electron current divided
by the nominal current. Figure 22 shows the relative proton
beam loss in 2� 106 turns versus the random electron
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FIG. 20. Proton beam loss of full head-on beam-beam com-
pensation in the tune scan. The bunch intensity is 2:5� 1011.
The betatron phase adjustment and the global second order
chromaticity correction are included.
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current noise. The proton beam loss with a random noise
below 0.1% in the electron current is comparable to the
baseline without current noise. 0.5% random noise in the
electron beam current almost doubles the baseline’s proton
beam loss. In the design of the RHIC electron gun system,
we require that the stability of the power supplies of the
electron gun should be better than 0.1%.

C. Offsets between electron and proton beams

Overlapping of the electron and proton beams in the
e-lens plays a crucial role in the head-on beam-beam
compensation. A transverse offset of electron beam with
respect to the proton beam center will cause losses of
beam-beam tune spread compensation and beam-beam
resonance driving term cancellation. In the operation of
the e-lens in RHIC, we will use beam position monitors,

together with an electron halo monitor [53] to overlap the
electron and proton beams in the e-lens.
Figure 23 shows the calculated relative proton beam

losses with static offsets between the electron and proton
beams. In this study, the electron beam is offset trans-
versely from the proton beam center by 30, 60, 90, and
120 �m. From Fig. 23, when the electron beam is offset by
90 �m which is about one-third of a rms beam size in the
e-lens, the proton loss is doubled compared to that without
offset. In the RHIC e-lens design, we set the tolerance of
the static offset error to 30 �m which is a tenth of a rms
beam size in the e-lens.
Figure 24 shows the calculated proton beam loss with

random electron beam offset. We vary the amplitude of
the random offset between the electron and proton beams
from 3 to 15 �m with a step size of 3 �m. The random
offset is mainly determined by the stability of the power
supply of the bending magnets which bend the electron
beam into the e-lenses. In the current design, we set the
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tolerance of the random offset to be 9 �m, which re-
quires the stability of the bending magnet’s power supply
better than 0.01%.

D. Summary

In this section, we studied the sensitivity of head-on
beam-beam compensation to the electron beam’s
Gaussian tail cutoff, the random electron current noise,
and the static and random offsets between the electron
and proton beams. Based on the proton beam loss calcu-
lation in 2� 106 turns, the Gaussian tail cutoff at 2:8�
from the current electron gun design is acceptable. The
random noise in the electron current should be better than
0.1%.We set the tolerances of the static and random offsets
between the electron and proton beams 30 and 9 �m,
respectively.

VIII. CONCLUSION

To further increase the luminosity in RHIC polarized
proton operation, it is planned to increase the proton bunch
intensity from currently 1:5� 1011 up to 3:0� 1011. To
hold the large beam-beam tune spread in the current
tune space between 2=3 and 7=10 and to compensate the
large beam-beam resonance driving terms, head-on beam-
beam compensation with e-lenses is implemented in
RHIC.

With a 6D weak-strong beam-beam interaction model,
we investigated the effects of head-on beam-beam com-
pensation with electron lenses on the proton beam dynam-
ics in RHIC polarized proton operation. Frequency map
analysis, dynamic aperture, and proton beam loss rate
calculations are used.

The frequency map analysis shows that there is not
enough tune space between 2=3 and 7=10 to hold the large
beam-beam tune spread when the proton bunch intensity is
higher than 2:0� 1011. Head-on beam-beam compensa-
tion with electron lenses is effective to reduce the beam-
beam tune spread.

Both dynamic aperture and proton beam loss rate calcu-
lations show that half head-on beam-beam compensation
increases the proton particle’s dynamic aperture and
beam lifetime when the proton bunch intensity is above
2:0� 1011. The ð9�; 11�Þ betatron phase advances be-
tween IP8 and the center of e-lens and the global second
order chromaticity correction further improve the proton
dynamic aperture and beam lifetime. Full head-on beam-
beam compensation reduces the proton particle’s dynamic
aperture and increases the proton beam loss rate.
The optimum compensation for the bunch intensities
2:5� 1011 and 3:0� 1011 is around half beam-beam com-
pensation with a slightly larger electron beam size than the
proton beam size. The tune scan shows that half beam-
beam compensation is most effective at a lower working
point between 2=3 and 7=10.

We also calculated the proton beam loss with various
beam errors and noises. The electron beam’s Gaussian tail
cutoff at 2:8� from the current electron gun design is
acceptable. The random noise in the electron current
should be better than 0.1%. The tolerances of the static
and random offsets between the electron and proton beams
are 30 and 9 �m, respectively.
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