
Simulation of the effect of wiggler imperfections on harmonic generation
in two-beam free-electron lasers

M. Zahedian* and B. Maraghechi

Department of Physics, Amirkabir University of Technology, P.O. Box 15875-4413, Tehran, Iran
(Received 19 December 2011; published 1 May 2012)

A three-dimensional simulation of a free-electron laser (FEL) with two beams is used to study the

sensitivity of the third harmonic due to wiggler imperfections. In the two-beam FEL, for a fundamental

wavelength of 107.5 nm, the power will be converted to the third harmonic at a shorter wavelength, in this

case in the extreme ultraviolet at 35.8 nm. In this arrangement, the fundamental resonance of the higher

energy beam coincides with the third harmonic of the lower energy beam, for this energy conversion to

take place. For enhanced focusing, a planar wiggler with parabolic pole face is considered. Investigation

of the effect of wiggler errors on the efficiencies of harmonic and fundamental resonance of the two-beam

and the one-beam FEL shows that the average efficiency for the third harmonic in the two-beam FEL is

decreased by 36% while the reduction of average efficiency for the fundamental of the two-beam is 55%

and for the third harmonic of the one-beam is 48%. This shows that the third harmonic radiation in the

two-beam FEL is less sensitive to wiggler imperfection compared to its fundamental as well as the third

harmonic in the one-beam FEL. The reason is that the energy that transfers to the third harmonic of the

two-beam FEL comes from both electron beams. It was also found that, for almost all cases, standard

deviation increases with an increasing level of wiggler imperfection while, for the two-beam FEL,

saturation length of the fundamental resonance decreases and the third harmonic increases with increasing

wiggler imperfection.
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I. INTRODUCTION

There are considerable interests in free-electron lasers
(FELs) to produce fully coherent, high-peak power elec-
tromagnetic radiation in the extreme ultraviolet (XUV) to
hard x rays for many areas of science and technology. The
diffraction limit of the x-ray FEL is 3 orders of magnitude
lower than that of the high-power optical laser. This makes
the x-ray FEL more favorable compared to the optical
laser, because the laser may be focused into a much smaller
size, which is of the order of 1 nm [1]. The most exciting
property of the x-ray FEL is its capability to image ultra-
small objects and record ultrafast events both on atomic
and molecular scales.

As the power of the fundamental resonance grows, the
electron beam develops a microbunching structure in the
pondermotive potential formed by the beating of the wig-
gler and radiation fields. This microbunching, in turn, gives
rise to enhanced nonlinear harmonic growth and can be-
come the dominant harmonic growth mechanism [2–7].
The alternative method of the two-beam FELwas proposed
to generate more intensified short wavelength power based
on harmonic generation mechanism [8,9]. The multiple

electron beam FEL has also been studied in Ref. [10] in
three dimensions but the harmonic up-conversion was not
considered.
At x-ray wavelengths, the FEL interaction is extremely

sensitive to wiggler imperfections [11]. It has been shown
in Ref. [11] that, since the nonlinear harmonics are driven
by the growth of the fundamental, the sensitivity of the
harmonics to wiggler imperfections mirrors that of the
fundamentals. At longer wavelengths, simulations of wig-
gler imperfections are also reported [12,13]. A random-
walk model for the electron trajectories has been exploited
to study the effects of random wiggler errors on sponta-
neous emission [14] and the linear gain [15,16]. In the
nonlinear modeling of wiggler field errors in Refs. [16–18],
an analytical model of the random walk is used in which
electron trajectories are averaged over the wiggler period.
The purpose of the present study is to use the three-

dimensional simulation code modified MEDUSA to study
the effects of wiggler imperfections on the third harmonic
of the two-beam FEL, at XUV, with the wavelength of
35.8 nm. Since we did not have access to the original
MEDUSA code [6], we first rewrote the code and then

modified it to study the two-beam FEL [9]. It was found
that the third harmonic radiation in two-beam FEL is less
sensitive to wiggler imperfection compared to its funda-
mental as well as the third harmonic in the one-beam FEL.
In Sec. II, the problem under consideration is described. In
Sec. III, simulation results for wiggler imperfection are
presented. In Sec. IV, concluding remarks are made.
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II. DESCRIPTION OF THE PROBLEM

In the two-beam frequency up-conversion, two relativ-
istic electron beams with different energies are used in a
FEL [8,9]. The lower energy beam is chosen so that its
third harmonic coincides with the fundamental resonance
of the higher energy beam. It has been shown in Ref. [8]
that, by seeding the fundamental resonance of the lower
energy beam, this beam will be bunched at its fundamental
resonance as well as at its harmonics. This will lead to a
strong coupling between the two beams because the fun-
damental resonance of one is the same as the third har-
monic of the other. Since the third harmonic is driven by
both electron beams, it will be strongly amplified.

This configuration will be simulated in three dimensions
using the modified MEDUSA code [9], which is based on the
source dependent expansion of radiation. Since the planar
wiggler is used, the Hermite-Gaussian model expansion
will be employed. The field equations along with three-
dimensional force equations for an ensemble of electrons
are integrated simultaneously. Orbit equations are not
averaged over the wiggler period and modified MEDUSA

treats the evolution of the electromagnetic fields self-
consistently and it can propagate the electron beam
through arbitrary magnetic structures.

The simulation code modified MEDUSA was first intro-
duced in [9] and is based on the three-dimensional code
MEDUSA [6]. Because MEDUSAwas not available, it was first

rewritten in [9] and its validitywas checked against [6]. Itwas
subsequently modified to be used for the two-beam FEL.

The specific example consists of a two-beam FEL with
the lower energy beam with an energy of 380.185 MeV, a
current of 300 A, and an initial radius of 0.02 cm and the
higher energy beam with an energy of 799 MeV a current
of 600 A, and an initial radius of 0.02 cm. In the case of
one-beam FEL only the slow beam will be considered. The
amplitude of the wiggler field is 10.06 kG, its period is
3.3 cm, and the length of the entry taper region is Nw ¼ 10
wiggler period. For these parameters, the wavelength of the
fundamental takes place at 107.5 nm and the third har-
monic is in XUV at 35.8 nm. The system is studied in the
absence of an energy spread while the electron beam
distributions are Gaussian and the normalized emittance
for both electron beams is chosen to be 3� mmmrad.

III. SIMULATION RESULTS WITH WIGGLER
IMPERFECTION

We consider a single-segment parabolic pole face (PPF)
wiggler so that its enhanced focusing will conveniently
eliminate the need for external focusing. Although other
designs for wiggler exist, the PPF wiggler will serve as a
convenient wiggler model to show the sensitivity of the
frequency up-conversion of the two-beam FEL to wiggler
imperfections. The three-dimensional PPF wiggler may be
written as [19–22]
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where kw ¼ 2�=�w is the wiggler wave number and �Bw

is the random variation in amplitude representing the wig-
gler error. BwðzÞ in Eq. (2) is the systematic (nonrandom)
variations in the amplitude and essentially describes the
injection of the electrons by an adiabatic entry taper over
the first Nw wiggler periods and a constant wiggler mag-
netic field afterwards.
The total length of the wiggler is divided into regular

intervals. The random component of amplitude is chosen at
points connecting these intervals using a random number
generator and two neighboring points are connecting by a
continuous curve. The interval between the random fluc-
tuations in the amplitude is assumed to be �z ¼ �w=2,
which assumes two pole faces per wiggler period.
Therefore, a random series of amplitudes f�Bng is gener-
ated, with �Bn � �Bwðz ¼ n�zÞ. The entry taper region
has been chosen to be free from fluctuations with �Bn ¼ 0
for 0 � n � 1þ 2Nw to make sure that amplitude is al-
ways positive. �BwðzÞ is assumed to vary between these
points by

�Bwðn�zþ�zÞ¼�Bnþ½�Bnþ1��Bn��sin2
�
�

2

�z

�z

�
;

(3)

where 0 � �z � �z. It needs to be mentioned that this
formulation can model the effects of pole-to-pole varia-
tions in any particular wiggler magnet.
Before analyzing the effects of the wiggler imperfec-

tions, it is useful to study the performance of the two-beam
FEL with an ideal wiggler �Bw ¼ 0. Figure 1 shows the
evolution of the power of the fundamental resonance and
harmonic up-conversion at the third harmonic of the two-
beam FEL with the distance along the wiggler. Contrary to
the nonlinear harmonic generation by a single beam, the
intensity of the third harmonic with shorter wavelength is
larger than that of the fundamental wavelength. This shows
that, when the fundamental resonance of the lower energy
beam is seeded, the larger portion of energy is up-
converted to the third harmonic to obtain higher power.
This is because the third harmonic is driven by both beams
and it consists of the superposition of two different kinds of
amplifying radiation; one being the fundamental resonance
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of the high energy beam and the other the third harmonic of
the low energy beam.

To study the wiggler imperfection effects, an rms fluc-
tuation level will be chosen and several fluctuating distri-
butions will be generated using a random number
generator. A complete analysis requires a large number
of simulation runs with different random wiggler fluctua-
tions to obtain statistically reliable results. We will use 30
different randomly generated fluctuation distributions to
obtain a good statistics for the ensemble average of the
saturated power.

Random number generator in FORTRAN produces ran-
dom numbers between 0 and 1 with uniform distribution
and with constant mean value and standard deviation of

1=2 and 1=
ffiffiffiffiffiffi
12

p
, respectively [23]. To generate a set of

random numbers f�Bng with optional mean value and rms,
we need to introduce rescaling y ¼ cxþ d, where x and y
are the old and new set of random numbers respectively,
and c and d are constants. By determining c and d for given
rms and mean value, the new set is obtained. It is most
natural to consider a random fluctuation which is relatively
uniform over the interaction region (i.e., h�Bwi ¼ 0) [12].
The mean value of the modified distribution is �y ¼ dþ
c�x [23], where �x is the mean value of the old distribu-
tion. For�y ¼ dþ c�x ¼ 0, a relation between c and d is

obtained as c ¼ �d=�x. Then we need to find standard
deviation as there is a relation between rms and standard
deviation. By doing some calculations, standard deviation

of the new set can be obtained as �y ¼ c
ffiffiffiffiffiffiffiffiffiffiffi
1=12

p
[23].

Definitions of root mean square and standard deviation
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
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, where

n is the number of poles along the wiggler length.

Therefore for �y ¼ 0, rms ¼ �y, c ¼ ffiffiffiffiffiffi
12

p
rms, and d ¼

� ffiffiffi
3

p
rms. Thus, by determining c and d and generating

random numbers by a random number generator, a distri-
bution with a given rms is obtained.
Fluctuation of the wiggler field from pole to pole is

shown in Fig. 2 for ð�Bw=BwÞrms ¼ 0:069%.

FIG. 2. Fluctuations in the wiggler field due to imperfections.FIG. 1. Evolution of power of the fundamental and third
harmonic for an ideal wiggler of the two-beam FEL.

(a)

(b)

FIG. 3. Variation in efficiency at the fundamental for the (a)
two-beam FEL and (b) one-beam FEL.
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Variation of the average efficiency (based on the peak
power at saturation) with the rms fluctuation level of the
wiggler imperfections ð�Bw=BwÞrms is shown in Figs. 3
and 4, where dots represent the average efficiency and error
bars denote the standard deviation. Figure 3 is for the
fundamental frequency and Fig. 4 is for the third harmonic.
Plot (a) is for the two-beam and plot (b) is for the one-beam
FEL. It can be seen that in general, except for a couple of
cases, average efficiency decreases with increasing
ð�Bw=BwÞrms. However, almost for all cases, standard
deviation increases with increasing level of wiggler imper-
fection. When ð�Bw=BwÞrms is increased to 0.069%, the
average efficiency for the fundamental is decreased by
55% and 11% for the two-beam and the one-beam (slow
beam) FEL, respectively, while for the third harmonic, this
drop is by 36% and 48%. The third harmonic in the two-
beam FEL in Fig. 4(a), which is of the main concern
herein, tolerates 0.046% of rms imperfection of the wig-
gler. In calculating the efficiency of the third harmonic in
the two-beam FEL, the input energy is taken as the sum of
the kinetic energy of both electron beams; however, only
the energy of the slow beam is used for calculating the

efficiency of the fundamental, so it can be compared with
that of the one-beam FEL. It can also be observed that the
largest efficiency drop belongs to the fundamental of the
two-beam FEL while its third harmonic is relatively less
sensitive to the wiggler imperfection. The saturation effi-
ciencies are calculated with the peak power at saturation.
It can be seen in Fig. 3 that the fundamental for the one-

beam FEL is much less sensitive to ð�Bw=BwÞrms as com-
pared to the one for the two-beam FEL and its efficiency
drops much less. The reason is that in the two-beam FEL
much more energy goes into the third harmonic compared
to the one-beam case. The fact that the variation of average
saturation efficiency for the third harmonic is not as regular
as that at the fundamental for the one-beam FEL is con-
sistent with Ref. [11] for shorter wavelength. For the two-
beam, however, the general behavior of the variation of
efficiency with ð�Bw=BwÞrms for the fundamental and the
third harmonic is much more similar. This is because
unlike the one-beam case, the saturated power levels for
both wavelengths are almost of the same order.
Figure 5 shows the variation of saturation length for

different rms fluctuations, for fundamental and third

(a)

(b)

FIG. 4. Variation in efficiency at the third harmonic for the (a)
two-beam FEL and (b) one-beam FEL.

(a)

(b)

FIG. 5. Variation of saturation length of the fundamental and
third harmonic of the two-beam FEL.
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harmonic of the two-beam FEL. It shows that by increasing
the level of imperfection, the saturation length of funda-
mental radiation decreases while the saturation length of
the third harmonic increases and for almost both cases the
standard deviation of the saturation lengths increases with
an increasing level of error.

Comparison of the results of the present study with other
works on investigating the effect of wiggler imperfection
on saturated powers [11–13] shows that, for shorter wave-
lengths, the FEL performance becomes more sensitive to
wiggler errors. In Ref. [11], for wavelengths in the
Angstrom region, the variations about the mean in the
magnetizations of the individual magnets comprising
the wiggler tolerates 0.015% of rms imperfection of the
wiggler [11] while in our study, in the 35.8 nm region, its
effect is ignorable if the error is less than 0.046% and in
microwave regions [12,13], 5% error is still benign and
does not have a noticeable effect on efficiency.

IV. CONCLUSION

A three-dimensional and nonlinear simulation MEDUSA

code is used to study the effect of wiggler imperfection on
harmonic up-conversion in a two-beam FEL. The results
demonstrate that the average efficiency of the third har-
monic in the two-beam FEL decreases 36% while the
reduction of average efficiency for the fundamental of
the two-beam is 55% and for the third harmonic of the
one-beam is 48%. Therefore, the third harmonic of the
two-beam FEL is somewhat less sensitive to the wiggler
imperfection compared to its fundamental as well as to the
third harmonic of the one-beam FEL, because it is fed by
both beams. This mode was however found to be much
more sensitive compared to the fundamental of the one-
beam FEL (the average efficiency drop for the third har-
monic of the two-beam is 36% while the drop for the
fundamental of the one-beam is 11%) as it is always the
characteristic of nonlinear harmonics.
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