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Within the framework of plane-wave angular spectrum analysis of electromagnetic fields, a solution for

the field of a tightly focused radially polarized (RP) chirped laser pulse is presented. With this solution,

direct laser acceleration of protons by this kind of RP laser pulses is investigated numerically. It is found

that a RP laser pulse with proper negative frequency chirps can lead to efficient proton acceleration,

reaching sub-GeV at the laser intensity of 1022 W=cm2 from its injection energy of 45 MeV.
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I. INTRODUCTION

High-energy protons and heavier ions are widely used in
many areas, such as proton cancer therapy [1], proton
imaging [2], ion lithography [3], and fast-ion ignition
fusion research [4], etc. With the development of high
power lasers, a few schemes have been proposed to obtain
high-energy proton beams based upon relativistic laser-
plasma interaction, such as target normal sheath accelera-
tion [5,6], and radiation pressure dominated acceleration
[7–9]. In these schemes, protons are accelerated by electro-
static fields arising from the charge separation between
protons and the laser-pushed electrons. During the accel-
eration process, the development of Rayleigh-Taylor or
Weibel-like instability [10] may abate proton acceleration
at a later time [11–13]. On the other hand, it is well known
that charged particles may be accelerated directly by in-
tense lasers. However, due to the small charge-to-mass
ratio for protons compared to electrons, usually it cannot
be accelerated directly by lasers. Simple estimation shows
that the kinetic oscillation energy of a proton approaches
Mpc

2 only when laser intensity is up to 1024 W=cm2,

where Mp is the rest mass of a proton.

Recently, it is proposed to accelerate charged particles
especially electrons in vacuum by radially polarized (RP)
intense laser beams. This kind of laser beams can accel-
erate electrons along the beam axis by its strong longitu-
dinal electric field and meanwhile confine them by its
transverse electric and magnetic fields [14–18]. A RP laser
pulse can be focused to the order of a laser wavelength,
which significantly increases the longitudinal electric field
at focus [19,20]. Furthermore, it is found that a frequency

chirp may contribute to the synchronization between the
accelerating laser field and the accelerated electrons to
prolong the acceleration distance [21,22]. In most existing
work, paraxial solutions for the RP laser fields have been
used and the pulse duration effect has been treated simply
by multiplying a temporal profile, which are usually not
accurate enough to study laser acceleration at extremely
high intensity.
In this paper, a new solution for tightly focused chirped

RP laser pulse is presented based on plane-wave angular
spectrum analysis (ASA) [17,18,23,24] and the Taylor
expansion [16,23–25]. Using our new solution, we inves-
tigate proton acceleration by this kind of RP laser pulses
with peak intensity around 1022 W=cm2. It is found that a
RP laser pulse with proper negative frequency chirps may
lead to efficient proton acceleration.

II. RADIALLY POLARIZED CHIRPED
LASER PULSES

We start by calculating the field structure of a tightly
focused chirped RP laser pulse. It is well known that the
laser pulse fields can be expressed generally by [16,23–25]

Fðr; �; z; tÞ ¼
Z þ1

�1
~f½!ð�Þ �!0ð�Þ�F̂½r; �; z; !ð�Þ�

� exp½i!ð�Þ��d½!ð�Þ�; (1)

where r, z, and � denotes radial, axial, and azimuthal
coordinates in a cylindrical coordinate system, respec-

tively, ~f½!ð�Þ �!0ð�Þ� denotes the normalized spectral
distribution function and � ¼ z=c� t, and !0 is the cen-
tral frequency, assuming the laser propagates along the z
axis. For the case of a RP laser pulse, the variable

F̂½r; �; z; !ð�Þ� representing the field components Êr, Êz,

and B̂� are given in ASA representation as [17,18,23]
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Ê r½r; �; z; !ð�Þ� ¼ 2�i
Z 1

0
b½!ð�Þ; ��

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� �2

q
J1

�
!ð�Þ
c

r�

�
exp

�
i
!ð�Þ
c

z

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� �2

q
� 1

��
�d�; (2)
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where b½!ð�Þ;��¼Að�Þ�exp½��2=4�ð�Þ2�L1
n½�2=2�ð�Þ2�=ffiffiffiffiffiffiffiffiffiffiffiffi
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iE0=½8��ð�Þ3�, and �ð�Þ ¼

1=½kð�Þw0� ¼ c=½!ð�Þw0�. Here L1
n is the associated

Laguerre polynomial of the radial mode number n and the
angular mode number 1 (we set n ¼ 0 throughout this paper
in the following), J0 and J1 refer to the Bessel function
of the first kind of order 0 and 1, respectively, E0 is an
arbitrary amplitude constant, � is the planar polar coordi-
nates related to the Cartesian Fourier transform as defined in

Refs. [17,18,23], w0 is the beam waist radius, and here we
have considered that the waist spot size is the same for all
spectral components of the pulse. Also !ð�Þ ¼ !� g� is
the linearly chirped frequency [22,26,27], where ! is the

frequency at � ¼ 0, g ¼ C!2, and C is the chirp parameter.

Assuming that F̂½r; �; z; !ð�Þ� are slowly varying functions

of !ð�Þ with respect to the e�i!ð�Þt term, then ~f½!ð�Þ �
!0ð�Þ� is sharply peaked around the center frequency!0ð�Þ.
One can evaluate Eq. (1) using the Taylor expansion [16,25]
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If adopting a Gaussian spectral distribution ~f½!ð�Þ �!0ð�Þ� ¼ t0 expf�½!ð�Þ �!0ð�Þ�2t20=2g=
ffiffiffiffiffiffiffi
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p
, where t0 is the laser

pulse duration, then one can obtain the second-order temporal corrected fields
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Notice that the nth term in Eq. (6) scales as "n ¼ 1=ð!0t0Þn, and " ¼ 1=ð!0t0Þ is a small quantity as long as t0 � 1=!0.
With the help of
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one can obtain the second-order temporally corrected fields as
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where the three terms in each equation above represent the zeroth order, the first order, and the second order of the Taylor
expansion, and variables G1, G2, G3, G4, Q, T, and R are given by
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the frequency chirp in the field phase is represented
through the variable T. The variables G1, G2, G3, G4, Q,
andR are introduced to simplify the writing and they do not
have real physical meanings.

Figure 1 shows the normalized axial electric field Ez=E0

along the z axis (i.e., r ¼ 0) at time t ¼ 0, t ¼ 5T0, t ¼
10T0, and t ¼ 13T0. The laser parameters are with
laser waist radius w0 ¼ 1:5�0, the laser pulse duration
t0 ¼ 20T0, the initial phase �0 ¼ 0, and the chirp parame-
ter C ¼ 0:006 42, where �0 ¼ 2�c=!0 is the central

wavelength and T0 ¼ 2�=!0 is the central laser period.

One can see that the low frequency section of the axial field

continuously moves forward along the positive direction of

the z axis with time and its positive value increases with

time. This positive part of the low frequency section may

accelerate protons, which are charged positively. The main

idea of this paper is that protons can be efficiently accel-

erated by an intense chirped RP laser pulse in vacuum

when a proper chirp is adopted. A proper chirp can greatly

improve the synchronization between the accelerating

laser field and the protons to prolong the acceleration

distance.
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FIG. 1. The normalized axial electric field Ez=E0 along the z axis at different times t ¼ 0 (a), t ¼ 5T0 (b), t ¼ 10T0 (c), and t ¼
13T0 (d). The laser parameters are with the waist radius w0 ¼ 1:5�0, pulse duration t0 ¼ 20T0, the initial phase �0 ¼ 0, and the chirp
parameter C ¼ 0:006 42.
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Figures 2(a) and 2(b) show the surface plots of the
dimensionless amplitude of the radial field Er=E0 and the
axial field Ez=E0, respectively, on the r-z plane at t ¼
13T0. Figures 2(c)–2(f) show the radial distributions of
the normalized intensity of jEr=E0j2 and jEz=E0j2 on
different z planes at z ¼ �10�0, z ¼ �5�0, z ¼ 0, and
z ¼ 5�0. All the laser parameters are the same as in Fig. 1.
One can see that the radial field intensity exactly disap-
pears at the z axis while the axial field intensity reaches its
maximum value there. One also notices that the intensity of
both the radial and axial fields decay rapidly along the r
axis and the axial field decreases more dramatically than
the radial field. The axial field always reaches its peak at
the z axis; meanwhile, the peak of the radial field gradually
runs away from the z axis as the energy of the radial field
disperses along the radial direction. The above results
are consistent with the basic features of the RP
laser fields as discussed in previous work [14,17,20]. It
indicates that the frequency chirp does not change the main

characteristics of the radial distributions of both the radial
and axial electric fields of the RP laser pulse.

III. PROTON ACCELERATION BY RADIALLY
POLARIZED LASER PULSES

In the following, we calculate proton acceleration with

the equation of motion d ~p=dt ¼ eð ~Eþ ~v� ~B=cÞ, where e
is the proton electric charge, p and v are the proton mo-
mentum and velocity, respectively, and E and B are the
electric andmagnetic fields described byEqs. (7)–(9). In the
following, length, time, velocity, momentum, proton en-
ergy, electric field strength, and magnetic field strength are
normalized by �0, T0, c, mec, mec

2, me!0c=e, and
me!0c=e, respectively, where me is the rest mass of
electrons. The equation of motion in dimensionless form
becomes

d ~p=dt ¼ 2�ð ~Eþ ~p� ~B=�Þ=Mp; (10)
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FIG. 2. The surface plots of the dimensionless amplitude of the radial field Er=E0 (a) and the axial field Ez=E0 (b), respectively, on
the plane z ¼ 0 and the radial distribution of the normalized intensity of jEr=E0j2 and jEz=E0j2 on different z planes at z ¼ �10�0 (c),
z ¼ �5�0 (d), z ¼ 0 (e), and z ¼ 5�0 (f). All the laser parameters are the same as in Fig. 1.
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here we adoptMp ¼ 1836, which is the mass ratio between

proton and electron. The proton energy is determined by

d�=dt ¼ 2�ð ~v � ~EÞ=Mp, where � ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2

r þ p2
z

q
.

Figure 3 plots the final spatial distribution as well as
energy gain, scattering angle, and ejection angle statistics
for the accelerated proton ensemble initially located near
the laser focus. The proton ensemble is consisted of 1000
protons, which are initially uniformly distributed within a
cylinder of length L ¼ 0:6 	m and radius R ¼ 0:3 	m.
The center of the ensemble of protons is initially located
at ðr; �; zÞ ¼ ð0; 0;�3:7�0Þ with the initial velocity
ðvr; v�; vzÞ ¼ ð0; 0; 0:3cÞ, which corresponds to initial in-
jection energy of 45 MeV. There are no electrons present in
this proton system. The laser parameters are with a0 ¼
eE0=me!0c ¼ 100, corresponding to laser intensity I �
1:38� 1022 W=cm2, laser power P ’ 1:32 PW for laser
wavelength �0 ¼ 1 	m and laser waist radius w0 ¼
1:5�0. Here we take the initial phase �0 ¼ 0, the laser
pulse duration t0 ¼ 20T0, and the chirp parameter C ¼
0:006 42. Notice that the normalized laser field amplitude
with the laser intensity mentioned above is just ap ¼
eE0=Mp!0c 	 0:05 in the light of protons with mass

Mpð¼ 1836meÞ. The laser pulse focus is initially located

at the origin of coordinate system ðr; �; zÞ ¼ ð0; 0; 0Þ. We
have ignored particle-particle interaction completely in
calculation. The ejection angle and scattering angle are
defined as �ejection ¼ atan�1ðprf=pzfÞ and �scattering ¼
atan�1ðrf=zfÞ, respectively, where prf and rf are the final

radial momentum and position of protons, pzf and zf are

the final axial momentum and position of protons, respec-
tively. Figure 3(b) shows that the proton energy gain is
usually larger than 300 MeV and about 43% protons gain
energy more than 600 MeV. Figures 3(c) and 3(d) show
that both ejection angles and scattering angles are very
small and about 59% protons are found in angles smaller
than 5
. This result shows that the accelerating effect is
perfectly good even if the proton is placed within a limited
size of space in chirped RP laser fields. As for the maxi-
mum number of protons that can be accelerated without
considering collective effects, we can make a simple esti-
mation here. First, we estimate the maximum proton den-
sity np with which many-body effects can be ignored.

Because @Ep=@z� enp="0, one gets Ep � enp�0="0,

where Ep is the electrostatic field between protons.

Second, in our case the peak laser field EL � 1014 V=m,
where EL is the axial electric field intensity of laser. Note
that the maximum of EL is comparable to the radial field. If
the collective field Ep is negligible as comparable to EL, np
should be much less than �6� 1027 m�3. Thus, taking
np ¼ 6� 1026 m�3, a radius R ¼ 1 	m, and a length

of L ¼ 1 	m, one estimates that the maximum
number of protons in the ensemble can reach N ¼
np�R

2L� 2� 109.

In order to ascertain the scaling relations of proton
energy gain with various laser parameters, we shall only
consider the acceleration mechanism of a test single proton
initially located on the laser axis in the following. First, to
understand why a proper negatively chirped RP laser pulse
is beneficial for proton acceleration, one needs to know the
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FIG. 3. Spatial distribution shown by the red dots in (a) as well as energy gain (b), ejection angle �ejection (c), and scattering angle
�scattering (d) of 1000 protons initially uniformly distributed within a cylinder of length L ¼ 0:6 	m and radius R ¼ 0:3 	m [shown

by the black dots in (a)] after 1000T0. The laser pulse focus is initially located at the origin of coordinate system ðr; �; zÞ ¼ ð0; 0; 0Þ.
The center of the ensemble of protons is initially located at ðr; �; zÞ ¼ ð0; 0;�3:7�0Þ with the initial velocity ðvr; v�; vzÞ ¼ ð0; 0; 0:3cÞ.
The laser parameters are with a0 ¼ eE0=m!0c ¼ 100, laser waist radius w0 ¼ 1:5�0, the laser pulse duration t0 ¼ 20T0, the initial
phase �0 ¼ 0, and the chirp parameter C ¼ 0:006 42.
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acceleration process. Figure 4(a) shows the proton energy
gain as a function of the acceleration time. It shows that
significant proton energy gain occurs within the first 20
laser wavelengths. The electric field experienced by the
test proton is shown in Figs. 4(b)–4(d) for three cases of
negatively chirped, nonchirped, and positively chirped.
Figure 4(b) shows that the proton experiences only a short
period of oscillation and then a long time large positive
acceleration field. However, Figs. 4(c) and 4(d) show that
the proton experiences acceleration and deceleration al-
most symmetrically for the laser pulse either without fre-
quency chirp or with a positive chirp, resulting in
negligible energy gain. One can simply estimate the
proton energy gain of these three cases from longitudinal
ponderomotive force effect and the axial electric
field direct acceleration effect. In the ponderomotive
potential model, the time-averaged force experienced
by the proton is FpondðtÞ¼�rVpondðr;�;z;tÞ, where

Vpond¼½ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þjAðr;�;z;tÞj2=2p �1�Mpc

2 and jAðr;�;z;tÞj=2
is the normalized time-averaged laser intensity profile. If

simply choosing jAðr; �; z; tÞj as ap=2 	 0:025 for estima-

tion, then one can obtain this ponderomotive potential
energy as Vpond 	 0:146 MeV, which is exactly the same

as the case of positively chirped and nonchirped pulses.
Meanwhile, for the case of a negatively chirped pulse, the
proton energy gain can be simply estimated from the time-
averaged acceleration field times the acceleration distance.
If simply taking an accelerating distance D 	 6�0 and an
average accelerating field �E 	 0:3E0 ¼ 30me!0c=e for
estimation according to Figs. 4(a) and 4(b), then one can
obtain this energy gain as G 	 578 MeV, which is ap-
proximately the same as our numerical result.
Figures 5(a) and 5(b) show the energy gain as a function

of the chirp parameter C for different pulse durations. It
appears that the energy gain is very sensitive to the chirp
parameter. One can only choose some special values of C,
at which the phase variation of the laser field and proton
motion are matched for efficient acceleration. From the
perspective of analytic analysis, the proton energy gain is

G¼½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þð2�R

t
0Ezdt

0Þ2
q

�1�Mc2. Since the main part of

Ez is its 0th order term proportional to the term

b½!ð�Þ; �� ¼ � ffiffiffi
2

p
iE0� exp½��2=4�ð�Þ2�=½8��ð�Þ3�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 � �2
p �, where �ð�Þ ¼ c=½!ð�Þw0�, then one can see
that Ez / !ð�Þ3 exp½�!ð�Þ2�. Therefore a slight change in
!ð�Þ ¼ !þ C!2� can bring a considerable change in Ez

and its time integral as well as the proton energy gain.
Meanwhile, the choice of C should make the part of
frequency variation C!2� smaller than ! in the range of
� 2 ½�t0; t0�, otherwise the laser frequency changes
its sign within the laser pulse which is unrealistic.
Figures 5(c) and 5(d) show the variation of proton energy
gain with the waist w0. One notices that there exists an0 10 20 30 40 50 60
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FIG. 4. (a) Energy gain of a test single proton as a function of
acceleration distance for the laser pulse with different frequency
chirp parameters. The initial coordinates of the test proton is
ðr; �; zÞ ¼ ð0; 0; 0Þ and it starts from rest. The laser parameters
are the same as in Fig. 3. Plots (b), (c), and (d) show the
longitudinal electric fields experienced (normalized by
me!0c=e) by the test proton when the laser pulse is either
negatively, positively chirped, or not chirped, respectively.
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FIG. 5. Energy gain of a test single proton as a function of the
chirp parameter C for the pulse duration t0 ¼ 20T0 (a) and t0 ¼
2T0 (b). The energy gain of a test proton as a function of the laser
beam waist w0 is plotted in (c) and (d) for t0 ¼ 20T0 (C ¼
0:006 42) and t0 ¼ 2T0 (C ¼ 0:046), respectively. The red line
and the black line represent results obtained by adopting laser
field accurate to 0th order and 2nd order, respectively. Other
parameters are the same as in Fig. 3.
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optimal value of w0 	 1:53�0 for the case of the laser
duration t0 ¼ 20T0 (C ¼ 0:006 42) and w0 	 1:15�0 for
the case of the laser duration t0 ¼ 2T0 (C ¼ 0:046). This
can be understood that a larger beam waist can provide a
longer acceleration distance for a longer Rayleigh length,
whereas a large beam waist leads to a smaller axial field for
acceleration. Therefore there exists an optimal value of w0

balancing those two competing factors to produce the
maximum proton energy gain. Figures 5(a) and 5(c)
show that the results for t0 ¼ 20T0 are almost the same
with the field accurate to the 0th order and 2nd order, while
Figs. 5(b) and 5(d) show an apparent difference for
t0 ¼ 2T0. This can be understood that the nth term in
Eqs. (7)–(9) scales as 1=ð!0t0Þn, which is negligibly small
as long as t0 � 1=!0. One also notices that energy gain for
t0 ¼ 20T0 is significantly large than that of t0 ¼ 2T0 when
adding appropriate chirp. This can be interpreted that
proper long pulse duration can prolong acceleration time
as also shown in Fig. 6(b) below.

Figure 6(a) shows that the proton energy gain increases
with the increase of incident peak laser amplitude E0.
Generally the proton can gain higher energy in more
intense laser fields, while for E0 > 100, there exists some
platforms, where the proton energy changes weakly with
E0. This can be understood from the oscillating form of the
longitudinal field Ez. On the one hand, with the increase of
E0, the proton longitudinal momentum is enhanced. On the
other hand, the fast motion of proton easily brings a phase
slip causing the proton from the acceleration phase into the
deceleration phase and terminating the energy gain pro-
cess. Figure 6(b) shows that properly long pulse durations
can prolong acceleration time as also shown in Fig. 5.
Figure 6(c) shows that the proton energy gain is sensitive
to the field initial phase. The regions 0 � �0 � 0:09� and
1:8� � �0 � 2� are proper for acceleration in negatively
chirped field. Figure 6(d) shows that proton energy gain
decreases rapidly with the increase of its offset from
laser focus z0 ¼ 0. The change of initial axial position is

equivalent to the change of the field amplitude and phase,
which should result in a periodic variation. However, in the
case of a chirped field, there is no periodic variation which
is different from the case of a nonchirped one (not shown in
this figure) because the frequency chirp breaks the periodic
change of the field phase seen by the proton.

IV. CONCLUSION

In conclusion, we have shown that protons can be effi-
ciently accelerated by an intense radially polarized chirped
laser pulse in vacuum. This is found only when a proper
negative chirp is adopted for the laser pulse, which can
greatly improve the synchronization between the acceler-
ating laser field and the particles to prolong the accelera-
tion distance. The obtained single proton energy gain can
be at sub-GeV level for the peak laser intensity around
1022 W=cm2 when the protons are injected with initial
energy of 45 MeV. The accelerated protons are well colli-
mated due to the field structure of the adopted laser pulse.
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