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We demonstrate a sharp density transition for electron injection in laser wakefield acceleration through

numerical study. This density transition is generated by a detached shock wave induced by a cylinder

inserted into a supersonic helium gas flow. In a Mach 1.5 flow, the scale length of the density transition

Lgrad can approximately equal to plasma wavelength �p at the shock front, and can be further reduced with

an increase of the flow Mach number. A density down ramp with Lgrad � �p can reduce the phase velocity

of the wakefield and lower the energy threshold for the electrons to be trapped. Moreover, the quality of

the accelerated beam may be greatly improved by precisely controlling of Lgrad to be one �p. For an even

sharper density down ramp with Lgrad � �p, the oscillating electrons in the plasma wave will up shift

their phase when crossing the ramp, therefore a fraction of the electrons are injected into the accelerating

field. For this injection mechanism, there is no threshold requirement for the pump laser intensity to reach

wave breaking, which is a big advantage as compared with other injection mechanisms.
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I. INTRODUCTION

In laser wakefield accelerators (LWFA), a wakefield
driven by a high intensity laser can sustain an extremely
high electric field up to 100 GV=m, 3 orders of magnitude
larger than those obtained in conventional radio-frequency
linear accelerators [1]. LWFA typically have a density
of 1018–1019 cm�3, and a plasma wavelength �p of

30–10 �m. If an electron bunch is injected into a wakefield
such that it is accelerated while maintaining a small energy
spread, then it is necessary for the bunch to be a fraction of
�p and located at the appropriate phase of the wakefield

with sufficient initial energy. This requires the femtosec-
ond electron bunch to be injected with femtosecond timing
accuracy.

Several ways can fulfill these requirements and realize
the injection of electrons: (1) self-injection in the so-called
bubble region; (2) optical injection by colliding laser
beams; (3) injection in a density down ramp.

The most basic and simplest method of injection is the
self-trapping in the so-called bubble region [2,3]. When a
laser pulse has a duration � � �p=c, it will undergo self-

focusing and compression until the resonant condition is
met, resulting in a large amplitude nonlinear plasma wave.
The pulse can evolve into a state where its ponderomotive
force causes electron cavitation. As the radially expelled
electrons flow along the cavity boundary and collide at the
bubble base, transverse breaking occurs and a bunch of

electrons are injected into the plasma wave. These elec-
trons produce a field that terminates further injection of
electrons and damps the plasma wave, resulting in very
localized injection and thus formation of a monoenergetic
electron beam. This phenomenon was observed and mono-
energetic beams were reported for the first time in 2004
[4–6]. However, in the self-injection experiment, injection
and acceleration are interdependent, which limits tunabil-
ity and control of the bunch quality. The monoenergetic
electron bunch was only observed in a narrow parameter
window.
Optical injection by colliding counterpropagating laser

pulses has been demonstrated experimentally [7,8], result-
ing in stable, high quality, and tunable electron beams [9].
This approach works well but is not easy to implement
experimentally. The multiple laser beams are required to be
synchronized at femtosecond level and overlapped at mi-
crometer level.
Injection in a downward density ramp could be a prom-

ising way as it does not involve temporal and spatial
restriction on the laser beams; it is easier to implement
experimentally. Injection by phase upshift of the back-
ground electrons in a very sharp density down ramp
(Lgrad � �p) has been proposed by Suk et al. [10]. This

injection process can be described in a simple picture.
Electrons in the low density region have a long oscillation
period; when these electrons pass the boundary into the
high density region where electrons experience short os-
cillation period, the intruders are forced to oscillate faster.
When they return to the low density region, their wave
phase is ahead of the electrons remaining in this region and
thus become trapped. For significant injection to occur, the
plasma must have a sudden density transition with Lgrad �
�p. Theoretically, this is a very effective way for control
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injection since it is not necessary for the pump laser
intensity to reach wave breaking. However, a sharp density
transition is not the easiest to implement experimentally.
The commonly used laser heating method shows their
weakness in realizing a very sharp density transition
[11,12], and a density down ramp with Lgrad < �p is not

yet demonstrated experimentally.
Bulanov [13] proposed an injection method by lowering

the threshold for trapping the plasma background electrons
in a density down ramp with Lgrad > �p. The phase veloc-

ity of the plasma wave is slowing down at the density ramp
and can be expressed as [14]

vp

c
¼

�
1þ �

kp

dkp
dz

��1
; (1)

where � ¼ z� ct and kpðzÞ depends on z through the

plasma electron density neðzÞ and dkp=dz ¼ ðkp=2neÞ�
ðdne=dzÞ. From the above equation, one can see that, for a
down ramp density dne=dz < 0 behind the pulse, � < 0,
the phase velocity vp slows down. The minimum energy an

electron needs to be trapped in a wakefield of amplitude
�’ is given by

�min ¼ �pð1þ �p��Þ
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2
pð1þ �p��Þ2 � ð�2

p þ �2
p��

2 þ 2�p��Þ
q

;

(2)

where �p ¼ ð1� v2
p=c

2Þ�1=2 is the Lorentz factor associ-

ated to the phase velocity of the plasma wave, �’ ¼
’max � ’min is the wakefield amplitude in focusing and
accelerating phases. For a given �’, the threshold for
trapping decreases as �p decreases. A decreasing plasma

density slows down the phase velocity of the plasma wave,
which reduces the threshold for trapping by reducing the
velocity that the electrons must achieve to be trapped. For
the injection to occur, it was shown that the density tran-
sition could have a scale length Lgrad � �p [13].

Making use of a Gaussian density distribution of a gas
jet, Geddes [15] achieved a density ramp by focusing a
laser pulse at the downstream of the gas jet transverse to the
pump pulse. The scale length of the density down ramp,
depending on the initial density profile of the gas jet, is
almost unchangeable unless one can change the jet profile.
The Lgrad obtained by Geddes is about 100 �m, 10 times

longer than �pð� 10 �mÞ. By using this density ramp, a

rather stable injection performance was demonstrated.
Recently, the gas jet implemented via a laser machined
nozzle and a capillary separated trapping and acceleration,
and gave excellent charge and energy stability [16]. Faure
et al. [17] shorten Lgrad to 30 �m by using an intense laser

(I ¼ 1:5� 1017 W=cm2) to heat a helium gas jet (ne ¼
1019 cm�3) transversely. A density ramp was formed dur-
ing the plasma expansion process. This 30 �m scale length

can give simultaneously low energy spread, good emit-
tance, and stable performance.
Different from the laser heating method, here we pro-

pose a shock wave scheme to achieve a sharp density ramp
required by the injection methods of Suk [10] and Bulanov
[13]. Suggested by Schmid’s work [18], a detached shock
is generated by introducing a cylinder into a supersonic
helium gas flow. The flow variables including the density
have a big jump at the shock front. This jump happens
within a distance roughly 1 order of magnitude larger than
the molecular mean-free path, which means that we can
have a density ramp within a few micrometers (for helium
gas with density of 1019 cm�3).

II. METHOD FOR THE GENERATION
OF A SHARP DENSITY RAMP

To generate a shock wave, the gas flow must be super-
sonic. Figure 1(a) shows schematically the setup for
the generation of a uniform supersonic flow [19]. We
first study a modest supersonic flow with a Mach number
M ¼ 1:5. A convergent-divergent nozzle with an area ratio
of the exit to a throat Ae=A

� ¼ 1:176 is used. Moreover, we
need to establish a pressure ratio of the nozzle inlet to the
exit, p0=pe ¼ 3:671, a temperature ratio, T0=Te ¼ 1:45,
across the nozzle to obtain a free jet toM ¼ 1:5 at the exit.
In order to achieve a 1:735� 104 Pa and 250 K supersonic
flow at the nozzle exit (the corresponding helium number
density nHe ¼ 5� 1018 cm�3), we need a reservoir with a
pressure p0 ¼ 6:47� 104 Pa and a temperature T0 ¼
362:5 K at the inlet to the nozzle. The nozzle is smoothly
connected to a tunnel. The back pressure pB at the nozzle
exit must be kept at 1:735� 104 Pa which is essential in
achieving a uniform supersonic flow. Directly exposing the
nozzle to a vacuum will result in jet expansion. Once
formed, the uniform supersonic gas flows in the tunnel
where a cylinder is inserted laterally to block the flow
and induce a detached shock wave. The pump laser beam
is sent from the vacuum into the test section through side
windows of the tunnel (see Fig. 1).

III. SIMULATION RESULTS

The computational domain used for modeling a uniform
supersonic helium gas passing a cylinder is shown in

FIG. 1. (a) Schematic diagram of a supersonic nozzle and a
cylinder inserted laterally into the supersonic flow to generate a
detached shock. (b) Computational region of the gas flow.
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Fig. 1(b), which is a 500� 500 �m dashed box. The 2D
box is separated into 49 000 cells. The radius R of the
cylinder is 50 �m. Boundaries I, II, III, and IVare defined
as pressure far-field boundaries, and the cylinder surface is
defined as a solid wall. The pressure far-field condition is a
characteristic boundary condition; it uses characteristic
information (Riemann invariants) to determine the flow
variables at the boundary. Two-dimensional Navier-
Stokes equations are employed in our simulation. The
governing equations are numerically solved by the finite
volume method; a 2nd order upwind scheme is used for
spatial discretization of the flow. Temporal integration is
performed using an implicit method. For the residual
monitors, the convergence criterion is set to be 10�4;
only when the errors is reduced to 10�4 can the simulation
go to the next time step. For this physical problem, my
co-authors from the shock wave group at USTC and I
studied independently with two computational fluid
dynamics codes, and we arrive at the same results.

Figure 2 shows the calculated velocity contours 100,
300, and 500 ns after inserting the cylinder into the flow.
A curved bow shock stands a distance in front of the
cylinder, and moves away from the solid cylinder with
time. The three snapshots show a similar feature: in front
of the cylinder nose, the velocity drops dramatically to
subsonic flow (the initial local sound speed is
925:6 m=s), away from the nose region, the shock wave
gradually becomes curved and weaker, eventually evolving
into supersonic flow at large distances from the cylinder.

Figure 3 shows the density contour 500 ns after inserting
the cylinder into the supersonic flow. In front of the shock,
the flow has a uniform density nHe ¼ 5� 1018 cm�3.
Point a corresponds to a normal shock wave, the density
jump is strong there. The shock at point c becomes rela-
tively weak. The arrows in Fig. 3 indicate the pump laser
propagation direction. Supposing that the laser propagates
at 40� to the horizontal through points a, b, and c (see
Fig. 3), the laser pulse will experience different density
ramps which are shown in Figs. 4(a)–4(c), respectively. In
Fig. 4(a), the density decreases slowly from 1:1� 1019 to
9� 1018 cm�3, and then suddenly drops to 5� 1018 cm�3

within 10 �m in the �x direction, so that the laser expe-
riences a sharp density down ramp within 13 �m. In
Fig. 4(b), the density experiences a density plateau, and

then drops from 9� 1018 to 5� 1018 cm�3 within 10 �m
in the �x direction, this plateau has a width of around
100 �m [Fig. 4(b) only shows part of the plateau]. The
scale lengths Lgrad along arrows a and b are in between a

double ionized (ne ¼ 1:0� 1019 cm�3) plasma wave
length (� 10 �m), and are slightly shorter than a single
ionized (ne ¼ 5� 1018 cm�3) plasma wave length
(� 15 �m). In Fig. 4(c), the density drops from
7:8� 1018 to 5� 1018 cm�3 within 15 �m, so the Lgrad

along arrow c is 20 �m, slightly longer than a single
ionized plasma wave. The scale lengths of the density
ramp in Figs. 4(a)–4(c) are all on the same order of the
plasma wave length, Lgrad � �p. Such density down ramps

can reduce the phase velocity of the wakefield and lower
the energy threshold for the electrons self-injection. More
importantly, the beam quality might be greatly improved in
a density down ramp with Lgrad � �p.

We now increase the flow Mach number to 3. The
pressure ratio and the temperature ratio of the nozzle in
Fig. 1 have to be changed accordingly. An area ratio
Ae=A

� ¼ 4:235, a pressure ratio, p0=pe ¼ 36:73, and a
temperature ratio T0=Te ¼ 2:8 across the nozzle are
needed to obtain a Mach 3 flow at the exit. The pressure
and the temperature at nozzle outlet are still fixed at
1:735� 104 Pa and 250 K (nHe ¼ 5� 1018 cm�3), the
same as in the Mach 1.5 case. So the reservoir at the nozzle
inlet should have a pressure p0 ¼ 6:37� 105 Pa and a
temperature T0 ¼ 700 K.
The Mach 3 flow reaches steady state much faster than

the Mach 1.5 flow. A steady flow is fully developed 200 ns
after inserting the cylinder into the helium gas. Thereafter,
the shape and location of the shock wave does not change
with time. The velocity and density of the steady flow are
shown in Fig. 5. The velocity drops dramatically from
supersonic to subsonic flow in front of the cylinder nose.
Away from the nose region, the shock wave becomes
curved and weaker. With the increase of the Mach number,
the shock front moves closer to the tip of the cylinder. The

FIG. 2. The evolution of the velocity 100, 300, and 500 ns after
inserting a cylinder into a Mach 1.5 free stream.

FIG. 3. The density contour 500 ns after inserting the cylinder
into the supersonic helium gas flow, corresponding to the last
snapshot of velocity shown in Fig. 2. Arrows indicate laser
propagation direction.
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distance � in between the shock front and the cylinder nose
reduced from 2:5R in Mach 1.5 case to around 0:8R in the
Mach 3 case (see Figs. 3 and 5).

Supposing that the laser propagates at 40� to the hori-
zontal through points A and B at 30� to the horizontal
through point C (see Fig. 5), the laser pulse will experience
different density ramps which are shown in Figs. 6(a)–6(c),
respectively. In the frame A, the density drops from
1:5� 1019 to 5� 1018 cm�3 within 6 �m in the �x di-
rection. So that along the arrow A, Lgrad is 7:8 �m, 1=2 of

the single ionized plasma wavelength. The density contrast
increase from 2 in the Mach 1.5 case to 3 in the Mach 3

case. In the frame B, the density drops from 1:4� 1019 to
5� 1018 cm�3 within 8 �m in the �x direction, so that
Lgrad along arrow B is 10 �m, and the shock is still very

strong. In the frameC, the density drops from 1:2� 1019 to
5� 1018 cm�3 within 20 �m in the �x direction.
Comparing Fig. 4 with Fig. 6, one can see that the
Mach 3 flow has greater density contrast and steeper
gradient than the Mach 1.5 flow. The shock has a symmet-
ric structure, and away from the cylinder nose, it becomes
curved and weaker. If we send a laser at 40� to the
horizontal, Lgrad is shorter than the plasma wavelength in

the interval y ¼ ½150 �m; 350 �m	.

FIG. 5. The contours of the velocity (left frame) and the density (right frame) 200 ns after inserting the cylinders into the Mach 3
flow. Arrows indicate laser propagation direction.

FIG. 6. The density transitions along the x direction through points Aðx; y ¼ 250Þ, Bðx; y ¼ 150Þ, and Cðx; y ¼ 50Þ of Fig. 5,
respectively.

FIG. 4. The density distribution along the x direction through points a (x, y ¼ 250), b (x, y ¼ 150), and c (x, y ¼ 50) of Fig. 3,
respectively.
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IV. CONCLUSION

The shock structures for Mach 1.5 and Mach 3 flows are
studied numerically. A sharp density down ramp is gener-
ated in a detached shock wave. Depending on the Mach
number and the location in the shock wave, the density
gradients with Lgrad � �p and Lgrad < �p are achieved. For

the Mach 1.5 case, Lgrad at the shock front is approximately

equal to �p in the whole computational domain. For the

Mach 3 case, the shock is strong at the cylinder nose
region. As the shock bends and extends on both sides,
Lgrad increases from �p=2 at the center (y ¼ 250 �m) to

2�p at y ¼ 50 �m. A density gradient with Lgrad < �p is

achieved in the interval y ¼ ½150 �m; 350 �m	. These
density ramps provide a simple and reliable method for
threshold controlled and nonthreshold controlled electron
self-injection. Moreover, by precisely controlling Lgrad to

be one plasma wave length, the beam quality may be
greatly improved for threshold controlled self-injection.
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