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Simple formulas for theoretical minimum emittance in storage rings
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We present an analytical calculation of the theoretical minimum emittance in storage rings with
arbitrary but nonreversing bending magnets. Our derivation is based on a dipole with a short segment of
constant bending radius and linear ramps at the ends, which has been shown to be very close to the optimal
bending profile. The analytical results confirm and extend the previous ones obtained by numerical
optimizations (except for a minor uncertainty on the profile for minimum effective emittance). Simple
approximate formulas are given for calculating the theoretical minimum emittance and the parameters of
the required bending profile and optics functions, which are of practical value for storage-ring designs. To
facilitate designs of linear optics using the optimal bending profiles, we derive a closed expression for the
transfer matrix of a linear-ramp dipole. Besides that, the minimum emittance theory is further refined,
especially with more rigorous proof of the theory and parameter ranges.
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L. INTRODUCTION

The theoretical minimum emittance sets the emittance
limit a storage ring can possibly achieve (without damping
wigglers). It is of both theoretical interest and practical
importance, thus was investigated over the years by many
authors [1-13]. This paper is intended to be the third of our
trio of papers on the theoretical minimum emittances for
common lattices involving arbitrary dipole bending pro-
files. The first one [11] established a general formalism to
compute the theoretical minimum emittance and optimal
lattice parameters for a given dipole bending profile. The
second one [12] used numerical optimization to investigate
the optimal bending profile to yield the lowest possible
emittance. This third paper analytically derives the theo-
retical minimum emittance based on the linear-ramped
bending profile model, which consists of a short segment
of constant bending radius and linear ramps at the ends,
and was found to be sufficiently close to the optimal
profile. Our new analytical work confirms the previous
nondeterministic numerical findings in [12] and covers
the whole range of potentially interesting peak field, com-
plementary to the three isolated data points found by
computation-intensive numerical optimizations. Simple
practical formulas are given for determining the theoretical
minimum emittance, corresponding bending profile pa-
rameters, as well as lattice parameters such as beta function
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and dispersion. In addition, the closed-form transfer matrix
of a linear-ramp dipole is given, which is necessary for
linear optics designs that involve the optimal bending
profile.

Since this paper is the third of a trio, here we will skip
introduction on the subject of theoretical minimum emit-
tance in storage rings. However, in the next section, we will
first present a brief review of our refined minimum emit-
tance theory to help readers follow the new development,
especially the discussions in Sec. II B, which provides
critical proofs and bounds on various parameters to make
the theory more rigorous, and in Sec. I C, which clarifies
some complications associated with using a reference point
other than the dipole entrance for computation. Section III
derives the absolute theoretical minimum emittance and
simple formulas for practical applications. Sections IV and
V present similar results for the theoretical minimum
emittance in lattices requiring achromatic arcs and mini-
mal effective emittance, respectively. Section VI gives
the exact transfer matrix for dipoles with linearly changing
field.

II. MINIMUM EMITTANCE THEORY

A. Brief review of theory
The theoretical minimum emittance with arbitrary di-
poles was established [11] as

C,y’ ..
€ = qy j:'mm, (1)
p
where C, = 3.84 X 10~ ' m; v is the Lorentz factor; and
J, is the horizontal damping partition number, which we
will not consider here. The lattice-dependent factor F is a
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function of bending profile as well as lattice type. Three
commonly interested lattice types have been studied:
(i) lattices with achromatic arcs, which are useful in pro-
viding dispersion-free straight sections for light sources, rf
cavities, injection/ejection, and so on; (ii) lattices without
any constraints except for minimizing the natural betatron
emittance, which is the figure of merit for damping rings of
linear colliders [14]; and (iii) lattices without any con-
straints but minimizing the effective emittance at the
straight sections, which is often the figure of merit for light
sources because it takes into account the effects of disper-
sion and beam energy spread [5]. We label these three
lattice types with AME (achromatic minimum emittance),
TME (theoretical minimum emittance), and EME (effec-
tive minimum emittance), respectively. The minimal F for
these lattices reads

1 TME

j:'mm — 2,/ 1 +a AME (2)
[1+(g+3)ge/2][1H{(1+7)q+3]9c/2}  BEME
1—c)(1+qc) ’

where |E|, a, and ¢ = a/(a + 1) are parameters solely
determined by the dipole profile; 7 = J,/Jg is the ratio
of horizontal to longitudinal damping partition numbers;
and the g parameter is determined by the cubic equation

A+7¢+2Q+71¢*+B3+ Q2+ 1)/clg+2/c=0.
)

For conventional uniform dipoles of bending angle 6,
2VIE] = 63/124/15, a = 8, and ¢ = 8/9 under the usually
good small-angle approximation.

Equation (2) results from minimizing the following
well-known expression

(H/1pl*)

F =

= (), 4

where (- - -) stands for the bending-radius (p) weighted
average, and the well-known dispersion action H reads

H =yn* +2ann' + 0"
= Tr{(nonf + noés + émb + £u€Dog). 5

The subscript 0 indicates values at the dipole entrance s or
reference with respect to (wrt) the entrance. 3, «, and 7y are
the usual Courant-Snyder parameters; 1o = [10, 751" is
the initial dispersion vector; éo(s) is the dispersion gener-
ated in the dipole and projected back to the dipole entrance,
which relates to the dispersion vector i via the linear
transfer matrix M as n(s) = M(s)[n, + &(s)]; and og
is the symplectic conjugate of the initial normalized beam
matrix 0. More explicitly,

ot =—-JolJ= v
a B
Ea
o= )
—a Y (6)

0 1
J= .
-1 0
Equations (4) and (5) yield

F = Tr(Goyoy), (N

where

Go = pmoml + nokéo)” + (Eodml + (€.€0),  (8)

and p = (1) = (1/|pl*)/(1/p* = I;/1,.*> I, and I; are
the well-known radiation integrals.

For a given dipole and initial dispersion, G, is deter-
mined and F is minimized to 2\/|_G_(;_| with the optimal
lattice parameters given by oy = G,/+/]G,| at the dipole
entrance. From Eq. (8) it is easy to see that |G| (thus F)
can be further minimized by choosing the initial dispersion
vector along the average of the projected dispersion {&,).
Let o = q{£,)/p, then G, reduces to

G=E+(q+ 1), 9

where the matrix E and vector { are given by

E= (&) — (ENE/p and £—W
(10)

We dropped the subscript O since these expressions are
valid for any reference point, as discussed in Sec. II C. The
determinant of Eq. (9) can be reduced to

|Gl = |EI[1 + (¢ + 1)*a], (11)
where
_ _ _T(ETLLT)  (JOTEUL)
a=TrE'¢LT) = IE] = ] . (12)

The quadratic form (JO)TE(JE) = Exnd? —2E, 06 +
E|;{3. Note that although the matrix E, G, and vector ¢
depend on the reference point, their determinants and the
parameter a do not. It can be shown that both |E| and a
are non-negative quantities. Therefore, F™" is given by
g = —1 for TME and ¢ = 0 for AME lattices, as shown
in Eq. (2). The derivation for EME is more involved [11].

>This was mistakenly written as I, instead of I3/I, after
Eq. (8) in [12]. We take this opportunity to correct a few other
overs1ghts in our previous publications. In [11], the two a
entries in Table 1 should be switched. In both [11,12], f stands
for the second component of § which is not the derivative of the
first component_ f To avoid confusion, we use .f p for the second
component of & in this paper.
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The expressions in Egs. (2), (10), and (12) have the
advantage of applying to any reference point. However,
when using the dipole entrance as the reference point, the
original expressions [11] can be more convenient for com-
putation, especially for the AME emittance, which simply
reads

min. = 2W/[Al,  where A = (&,£0).

The other drawback is that |E| can approach 0, but AME
and EME emittances cannot, which is not obvious in
Eq. (2). Since |E| = |Al(1 —¢) and |A| >0, |E| ap-
proaches 0 via the factor 1 — ¢, which is canceled by
factors in the right-hand-side expressions in Eq. (2).

13)

B. Parameter ranges
For a more rigorous theory, we show that |E| =0,
[A] >0, |G| =0,a>0,and 0< ¢ = 1.
We have been using |G| = 0, without proof [11], to
derive ™" = 24/|G|. Here we provide the necessary

proof. Since G = E + p(n + (£)/p)(n + (£)/p)", we
will first show that |E| = 0. Consider the dot product ®
of any two real integrable functions u and v defined by

u 0 v = (uv) — (uh{v)/p. (14)

The linear, symmetric properties of ©® are obvious. Its
positive-definite property can be shown as

u®u =) = (u)*/p

- L[l )
(=0

where the quantity in the square bracket is non-negative
due to Cauchy-Schwarz inequality. Thus © is a valid inner
product,” via which and along with & = [, £ »1T we can
write

(15)

El=((0d¢,0¢,) - (o) =0 (16)
which is again due to Cauchy-Schwarz inequality. Note
that |A| can also be written in the same form with the inner
product defined by u © v = {uv). Thus |A| > 0, unless
&§=¢&p

For a general G matrix, it can be written as G = E +
vvT where v is some vector. If |E| =0, the non-
negative symmetric matrix E can also be written as
uu”; therefore, G =uu’ + vv’ =[u, v]u, v]” and
|G| = |[u, v]|*> = 0. If |E| # 0, we can use EE" = |E|
to rewrite |G| as

*Rigorously speaking, © is only a semi-inner product since it
is semidefinite, i.e., there is a nonzero u that yields u © u = 0
(e.g., 1 ©1 = 0). Nonetheless, Cauchy-Schwarz inequality still
holds.

Tr(ET T TE+
61 = 11 1 ¢ TWE vv) )] = g1+ 2

|E| |E|

The quadratic form wv’E*wv is non-negative since
E, thus E*, is a positive-definite matrix (|E| > 0).
Therefore |G| = 0. Setting v = £, it is clear that a > 0,
unless ¢ = 0. Furthermore, ¢ = a/(a + 1) € (0,1]. (In
fact, a brute force expansion of Eq. (16) yields the same
result.) The upper bound is reached when |E| = 0.

The bounds on the dipole parameter ¢ lead to bounds on
the optimal ¢ parameter for minimum EME Ilattices.
Solving the cubic equation in Eq. (3) for ¢ and imposing
the bounds 0 < ¢ = 1 yields —4/3 =< g, < —4/5 for the
nominal damping partition 7 = 1/2. When ¢ = 125/126,
three real solutions exist. However, it can be shown that
this region is not favored for minimum EME emittance
lattices.

]. 17)

C. Reference point

The minimum emittance theory [11] was developed
with the dipole entrance as the implied reference point.
Sometimes it may be desirable to use other locations as the
reference (e.g., using the center of a symmetric dipole as
the reference for easier integration). The refined theory
presented above applies to any reference point. Here we
clarify the details.

At first glance, the original theory seems to apply to any
reference point, as implied in [11]. However, this is true
only for TME lattices, but not for the AME and EME
lattices where the dispersion at the dipole entrance must
satisfy specific conditions. Inside a dipole the dispersion
vector propagates as

0 (s) = M(slsg)ng + &(s) = M(slso)mo + &(s)]
(18)

where £(s) = M~1£; the transfer matrix M(s|so) and the
dispersion-generating vector &,(s) are determined by
the dipole magnet. To use another reference point, say s,
the dispersion can be rewritten as

N (s) = M(sls))[n; — &o(s1)] + &(s)
= M(sls))[my + & (s)) (19)

with

£1(s) = M(s,150)€o(s) — &(sy). (20)

Note that &(sp) = 0 and thus £,(s;) = —&,(so). Using
the average of Eq. (20), the dispersion at s; resulting from

10 = q{&,)/p can be written as

N, = M(sls0)(q{&o)/p) + &o(s))

= g€/ p — (g + DE (s0)- Q1)
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Inserting 1, into G, = pyym{ + (&) + (£ +
(£,£Y, after some algebra, we end up with the
reference-point-covariant form in Eq. (9). Note that one
cannot set B, = ¢{£,)/p, which is true only for TME
lattices with g = —1 or for &,(s;) = 0, which means no
bending between the two reference points.

Note that the projected dispersion-generating vector f
wrt any reference point s; can be computed directly using

g = ‘f =M—1[ 0} £(s)) =0 (22
&, 1/p | ’

where M is the transfer matrix starting from s,.

III. THEORETICAL MINIMUM EMITTANCE

In this section we analytically derive the theoretical
minimum emittance (TME) using the linear-ramp model
with bending radius p given by

PRI Po {l-l—g(lsl/Lo—l) L=isl=z @
where g = (r —1)/(L/Ly — 1) and r = pp,./po. This
symmetric dipole extends from —L to L with a uniform
central segment from —Lg to Ly and linear ramps at the
ends. This profile is of particular interest because it is
sufficiently simple for analytical treatment yet has been
shown to be very close to the optimal profile for TME
emittance, i.e., the absolute theoretical minimum.

The bending angle 6(s) = [} ds/p is given by

= Is| = Ly
=1" 4)
0(s) =
sgn(s)%(l 1 1%) Ly=Isl =L,
and half of the total bending angle is given by
emax = 00(1 + lnr/g), (25)

where 6, = L,/ py is the angle contribution from the cen-
tral constant field. The ratio of maximum dipole field
strength to that of the equivalent uniform dipole with the
same length and bending angle reads
= Bo b L 6 _gtr—]

Bref Pmin LO emax
Since the emittance can potentially reach zero as k — oo,
we choose k as a given parameter and optimize r € [1, o]
for the minimum emittance. The other parameters can be
rewritten as

. 2
g+ Inr (26)

@Zr—l—Klnr’ 6o :@K’ 27
L «k(r—1-1Inr) Omax L

and

r—1— klnr
g="——" (28)
Kk — 1

Since r — 1 — Inr = 0, Ly/L > 0 implies a minimum r for
a given «, which is the solution of r — 1 — kInr = 0, i.e.,
Fain = —KW(—e /% /k), where W is the Lambert W
function.

For computing the TME emittance and optimal lattice
parameters, we take advantage of the symmetry and use the
dipole center as the reference. For simplicity, we ignore the
weak focusing effects of the dipole* and use Eq. (22) with
M = My, to compute é, which yields ép = [Sds/p =
6(s) and & = — [3sds/p, ie.,

—52/2pq
$= L2
—2_;0{1 +g%|:(g ~ DI + £ - 1]} Lo=lsl=L.

(29)

ls| = Lo

Inserting £ into Eq. (10), we can compute the matrix E as
well as emittance and Twiss parameters at the dipole
center. Thanks to the symmetry, f is an even function
and & » is an odd function, thus E reduces to a simple
diagonal matrix

E = diag({&®) — (E0*/B.(EDN). (30)

Carrying out the straightforward
Appendix A), we have

integrations (see

£, =50 N 31)
ps 360g*r[(g + 1)r — 1][(2g + )r? — 1]
and
LZ
Ey=-9— f2 , (32)
po 12¢°r(gr+r—1)
where

f1=16g°r*+24g*(2g +5)r*(r*— 1)
+60g°r2(r— 1)(5r—3) +45¢%(r— 1)*(17r* +2r + 1)
—90g(r—1)(197* =92 +3r—1)
—45(r— 122372 + 6r— 1)
—180(rlnr)*(g — 1)>(2g + 1) — 120/ 1Inr{ g + 2g*
+3(r—1)(4g>—r—3)—3g2r* +2r—1)]

and

“*Focusing in uniform (including combined-function) dipoles
was found to have small higher-order effect on the minimum
emittance [11], which is probably true for variable bending as
well, although the field can be much stronger (but shorter).
Combined-function dipoles could be more useful in terms of
manipulating partition numbers, implementing a low-beta lat-
tice, and designing more compact lattices.
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fr=4gr* +312g* +2g+ (P — 1)
—6lnr(2g + 1 + Inr).

The TME emittance is simply 2+/E ;| E»,, which reads

63 fif2
6g°r(g + Dr — 11Y30[(2g + 1)r? — 17
(33)

FTME —

Normalizing this expression by the TME emittance of a
uniform dipole with the same bending angle, which is
0°/124/15 = 863,,,/12V/15 = (2/3V/15)[6y(1 + Inr/g) P,

we obtain the emittance reduction factor

1 Si/2
r(g +Inr)[(g + Dr — 1132[(2g + D) — 1]

(34)

FTIME _

It is easy to see that as r — 1, j:TME — 1, as it should

reduce to the uniform dipole. It is not so obvious but
confirmed that, as Ly — 0, Eq. (34) reduces to the result
of the symmetric-linearly increasing profile given in the
Appendix of [12]. Note thatas L, — 0, g — Oand L,/g —

L/(r — 1). It can also be shown that F™E — 0 as k — o,
which is why « has to be given.

Inserting Eq. (28) into Eq. (34) we obtain F™E(k )
whose inverse is shown in Fig. 1. The existence of optimal
profiles is evident and can be determined by numerically
solving the equation d?’/ dr = 0 for a given k. The result-
ing absolute minimum emittance and the required optimal
rope are plotted in Figs. 2 and 3, respectively. Simple
approximate formulas are also given in the figure captions
for practical applications.

The optimal Twiss parameters at the dipole center are

a. = 0and B, = yE||/E,, which is

FIG. 1. TME emittance improvement factor 1/ j’TME as a

function of k = B,y /By and r = pp.c/po. The obvious ridge
indicates the maximum emittance reduction.

10, T T T T ]

TME emittance reduction factor

K

FIG. 2. Maximum TME emittance improvement factor as a
function of k = Bj,«/Bs. The blue dots are the exact values.
The red curve is given by the approximate expression 1/F(x) =
—1.389 + 2.981k — 0.4428«> + 0.040 12x> — 0.001 437«*.
The values at k = 2, 4, and 6 agree with the results in [12].

Be _ 1 \/ fi/fa
Lgipole g +r—1Y120[2g + 1) — 17

where Lgipoe = 2L is the total length of the dipole. The
optimal B./Lgipor is plotted in Fig. 4. Note that the re-
quired small beta function represents the intrinsic chal-
lenge for implementing minimum emittance lattice in
practice. We will comment more on this point later.

The dispersion reaches a minimum at the dipole center,
whose value is given by 7, = —(£)/p, i.e.,

(35)

ne 2>+ 31 +g+g2—%+w]
Lapoicl — ~ 24(g + Inr)(g + r— D(2g +1—1/r7)
(36)

where 6 is the total bending angle. Figure 5 plots the factor
¢/ 0/ Laipore for the minimum TME lattice.

To close our discussion on the TME emittance, we
consider the increase of beam energy spread due to bend-
ing profile variation. The enlargement factor is given by

50 j' T T T T T T T T T T T T T T T T T ]
40F ]

30F 1

optimal r

20F ]

10F 1

K

FIG. 3. The optimal bending profile parameter 7o, = Pmax /po
as a function of k. The red curve is given by the approximate
expression roy (k) = —3.21 + 4.36x + 0.0909x%.
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0.12 ¢
0.10
0.08

0.06

ﬂc / Ldipole

0.04

0.02

0.00 t

K

FIG. 4. The beta minimum over dipole length for the absolute
minimum emittance. The red curve is given by the approximate
expression B/Lgipole = 0.12/k.

0.04 | ]
0.03 ]

0.02 A

nmin/L/e

0.01 A

000 b e ssennnssccstisnnneaass |

FIG. 5. The dispersion minimum over dipole length and bend-
ing angle for the absolute minimum emittance. The red curve is
given by 7/6/Laipole = 0.059/k* — 0.077/k3 + 0.059/k*.

energy spread enlargement factor

FIG. 6. Beam energy-spread enlargement factor (o over o
of the reference uniform dipole) for the absolute minimum
emittance lattice. The red curve is given by the approximate
expression 0.655 + 0.365« — 0.0242«% + 0.000 885«>.

P g+tr—1g+(1—-1/r%)/2 37)
1/ pyes g+ 1nr g+1—-1/r "’
which is plotted in Fig. 6 under the minimum TME
conditions.

IV. MINIMUM AME EMITTANCE

Because of the zero dispersion requirement at the dipole
entrance (or exit), AME lattices require a different optimal
bending profile from that of TME lattices. It is asymmetric
and consists of a constant field followed by a linear ramp.
In other words, it basically is one-half of the TME profile.
Thus, much the computation for the TME profiles can be
used for AME emittance computation. In the above TME
computation, the profile extends from —L to L, and the
center was used as the reference point. For AME compu-
tation, we can simply use the same profile and various
integrals but limit to s = 0 and use the dipole entrance as
the reference point. The major difference is that, due to the
asymmetry, (£¢& ») is not zero anymore and needs to be

computed to obtain the minimum AME emittance 24/|A].
The results reads

FAME ib
r(g + Inr)[(g + Dr — 1]

(38)

where

fi3 =g +2¢°Q2g + 7)r2(r* — 1) + 4¢°[g*r*(13r — 7)
+ 53577 = 1772 +9r — 3)](r — 1)
+ 5[g*(43r% + 6r + 3) + 242g%s?
+ 24g(g — 1)(13r> = 2r + 1) — 12(1572 = 2r — 1)]
X (r—1)*> = 4rinr{(7g + 6)g°r + 100g*r(r — 1)
— 4083 X 2r + 1) — 60(r — 1)[g*(2r* + 5r — 1)
+2¢(rPP +4r+ 1)+ +7r— 2]}
+ 4(rlnr)?(16g° — 35g* — 20g°
+ 360g + 180) — 4807%(Inr)>.

Again, it is easy to see that j:AME—>1 as r— 1. As

Lo — 0 it reduces to the result of the linearly increasing
profile given in the Appendix of [12].

The parametric plot of the AME emittance improvement
factor 1/ F*ME is similar to Fig. 1 with a flatter ridge. The
maximum enhancement factor for AME emittance and the
corresponding optimal r are plotted in Figs. 7 and 8. We
see that the AME improvement factor is about half of the
TME improvement factor.

The Twiss parameters at the dipole entrance are given by

BO = All/\/ |A| and ay = _AIZ/VlAl’ which ylelds

014001-6
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—— —— —— —— —— —

AME emittance reduction factor
W
T
1

‘2“‘4“‘6“‘8“‘10

FIG. 7. Maximum improvement factor for AME emittance as a
function of k = By,,./Byes. The blue dots are the exact values.
The red curve is given by the approximate expression 1/F(k) =
—0.504 + 2.08x — 0.389x% + 0.0383«> — 0.001 43«*. The val-
ues at k = 2, 4, and 6 agree with the results in [12].

optimal

FIG. 8. The optimal bending profile parameter 7oy = Pmax/Po
as a function of k for minimum AME emittance. The red curve
is given by the approximate expression ry,(x) = —4.49 +
5.81x + 0.101% + 0.003 79«3 — 0.000 364x*.

% 2¢° + (r — 1)z, — 201nrz, + 20(g — 1)*(Inr)?
20g+r—DJfs ’
(39)
where  z; = 50 — 40g — 20g> + 10g> + 5g* + 2g° +
(—110 + 40g + 20g> + 10g> + 5g* +2¢°)r and =z, =
g>+3+4g(r—1)—2r(r +2), and

g — \/Bg“rz +4(g+ D(r— 1>+ g2 +29)(? — 1).

ViB

(40)

The optimal values of By/L and «, are plotted in
Figs. 9 and 10. Ignoring focusing, the corresponding mini-
mum beta is given by Bun = 1/v0= Bo/(1 + af).
Furthermore, the phase advance A across the dipole is
given by

14 F ) T T T i

1.0F ]
0.8 F ]
0.6 F E

Bo /L

04F ]
02F ]
0.0 E

T
G

K

FIG. 9. The initial beta over dipole length for the minimum
AME emittance. The red curve is given by the approximate
expression By/Lgipoe = 0.383/k + 1.03/x%.

@y

FIG. 10. The initial o for the minimum AME emittance.
The red curve is given by the approximate expression ay =
2.09 + 1.72/k — 0.029«.

Ay = tan" Y (yoL — ay) + tan" ' . 41)

The energy-spread enlargement factor for AME lattices
is still given by Eq. (37), but the optimal r value is some-
what different, which yields a slightly different energy-
spread enlargement factor given by the approximate
expression 0.72 + 0.32x — 0.011«2.

V. MINIMUM EME EMITTANCE

The optimal bending profile for minimum EME emit-
tance is more complicated. Available numerical optimiza-
tions [12] suggest an asymmetric bending profile starting
with a drift, then a fast linear ramp in magnetic field
leading to the main constant bending field, followed by a
linear ramp in bending radius to the end of the dipole. If we
ignore the short segment of linear ramp in magnetic field,
the profile is the same as the optimal AME profile except
for the initial drift, which yields a larger reference bending
radius p.r and thus higher « for the same performance.
Thus, the optimal profile should have no drift, contradict-
ing the numerical optimization. To resolve this, further
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investigation is needed to refine both the simulation with
an increased number of slices and the analytical computa-
tion by taking the linear magnetic field ramp into account.
However, since the emittance appears insensitive to such
details, we consider only a constant field followed by a
linear ramp in bending radius for minimum EME emit-
tance computation, i.e., the same profile as in the AME
emittance but with different parameters.

To compute the EME emittance, using the dipole en-
trance as the reference, we need to compute the para-
meter ¢ = —Tr[JAJB]/|A| with A = (£,£) and B =

(€0)(€0)"/ p, which gives

168°7% + (> — 1)cy + (r — 1)*cy + (r — 1)c3 + ¢4 Inr
c=
9[(2g + )r* —1]f3

>

(42)

where ¢ to ¢, are messy polynomials of g and r that are
found in Appendix B. Clearly c¢ reduces to the uniform
dipole value 8/9 as r — 1.

Using the expression for ¢, we solve the cubic equation
in Eq. (3) for the optimal dispersion parameter ¢, assuming
the common damping partition 7 = 1/2. Then the mini-
mum EME emittance can be determined by Eq. (2). The
parametric plot of the EME emittance improvement factor
1/ FEME §g again similar to Fig. 1. The maximum EME
emittance improvement as a function of « is plotted in
Fig. 11, while the optimal r parameter is plotted in Fig. 12.

The optimal Twiss parameters can be computed via o =
G/4/IG| with G given by Eq. (9). We skip the messy
analytical result and simply plot the optimal initial 8/L
and « in Figs. 13 and 14. Again, B.,i, = 1/7, and the
phase advance across the dipole is given by Eq. (41).

The optimal dispersion at the dipole entrance is given by

Nopt = qut<<$0>>/ﬁa which yields

T T T T T

e
8
g

= 41 ]
2
31
=
=

g 3t ]
3
g

E 2r 1
(5]
m
=
m

1 Co 1 1 1 L L 17

2 4 6 8 10

K
FIG. 11. Maximum improvement factor for EME emittance as

a function of k = By,,x/Bret. The blue dots are the exact values.
The red curve is given by the approximate expression 1/F (k) =
—0.349 + 1.9« — 0.366K> + 0.0364x> — 0.001 37«*. The val-
ues at k = 2, 4, and 6 agree with the results in [12].

70 F T T T T 3

optimal r

FIG. 12. The optimal bending profile parameter 7,y =
Pmax/ Po as a function of k for minimum EME emittance. The
red curve is given by the approximate expression ropt(K) =
—5.03 + 6.37k + 0.103x% + 0.004 26> — 0.000 389«*.

1.0 1

optimal By / L

05} 1

00k . . . . e

FIG. 13. The initial beta over dipole length for the minimum
EME emittance. The red curve is given by the approximate
expression By/Lgipoe = 0.593/k + 1.22/k%.

35) ]

300 1

Qo

251 1

FIG. 14. The initial & for the minimum EME emittance. The
red curve is given by the approximate expression ay = 2.23 +
1.48/k — 0.04k.
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FIG. 15. [Initial dispersion 1,/(L6) for minimum EME emit-

tance. The red curve is given by the approximate expression
0.298/k* — 0.448/1> + 0.292/ k2.

_0-20 F T T T T =
-0.25}
S
~
—~ -030}
=
-0.35}
2 &6 8 10
K
FIG. 16. [Initial dispersion slope 7}/6 for minimum EME

emittance. The red curve is given by the approximate expression
—0.281 — 0.122k + 0.0105«% — 0.000 389> + 0.276 In[k].

mo  2¢7+3[1 +g+g2—%+w]
qopLO B 6(g+Inr)(g+r—1DQRg+1—-1/r)
(43)
and
M _ 26241 Qg+ 1t2mn/R

Gopt 2(g + InnQRg +1—1/77)

Note that, although the right-hand side of Eq. (43) has the
same expression as that of Eq. (36) except for a —4 factor,
the optimal profile parameters g and r are different for
TME and EME lattices. Figures 15 and 16 plot the optimal
values of initial dispersion for minimum EME lattices.

VI. TRANSFER MATRIX OF A
LINEAR-RAMP DIPOLE

Transfer matrices are essential for lattice designs. To
facilitate investigation of lattices using the optimal dipole
profile with linear ramps, we present the exact transfer
matrix of a linear-ramp dipole whose bending radius

changes linearly inside the dipole. What needs to be solved
is the dispersion equation

d’D 1 1
ao g D=—
ds*  p(s)* pls)

with p(s) = pg + p’s, and the initial condition D, =
Dj, = 0 at the entrance.

An obvious special solution of this inhomogeneous dif-
ferential equation is D = p. The general solution is a
summation of this special solution with the general solu-
tion of the corresponding homogenous equation. It is in-
teresting to note that this homogeneous equation is the
same as the equation of motion (in the reduced coordi-
nates) for a particle passing an accelerating rf cavity, as
discussed in Appendix D of [15]. The solution is given by
the transfer matrix

(45)

L cosu — 5= sinu VO sinu
Po 2w w@p
M = ,
— @ 1) [0 1
W(l + 4w2> sinu p (cosu + 55 smu)
(46)
where u = wn” and w = ﬁ — 1. To get the dispersion-

generating vector &, we only need to pick the special
solution with the initial condition £(0) = 0, which is & =
Lo, p'T" — M[py, p']" and reads

p— ,/p0p<cosu + 4 sinu)
&= NC

p’{l — ‘/%I:cosu + <$ — w) sinu]}
In case p’ = 2, one has to take the limit @ — O for all
elements in M and £ given above.

VII. CONCLUDING REMARKS

Based on simple linear-ramped bending profiles that
have been shown sufficiently close to the optimal for
reaching the minimum emittance, we computed the theo-
retical minimum emittance for TME, AME, and EME
lattices with arbitrary bending profiles. For TME lattices,
the profile is symmetric with a constant field segment at the
center and linear ramps at both ends. For AME and EME
lattices it is asymmetric, starting with a constant field
segment followed by a linear ramp to the end. Suppose
the constant field is « times the reference uniform dipole
field, the optimal lengths of this constant segment for
TME, AME, and EME as a fraction of the dipole length
is given by Eq. (27) and are plotted in Fig. 17. The
corresponding theoretical-minimum-emittance improve-
ment factors over the reference dipole are summarized in
Fig. 18. Analytical formulas as well as approximate ex-
pressions are given for the theoretical minimum emittances
and required optics parameters.
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FIG. 17. Parameters of optimal linear-ramped bending pro-
files. The constant peak field segment is « times the reference
uniform dipole of the same length and bending angle, has a
fractional length L,/L given by the curves (red, blue, and green
for TME, AME, and EME, respectively), and contributes
(Ly/L)x percentage to the bending angle. The end field is
weaker by a factor of r, which is plotted in Figs. 3, 8, and 12.

10F T T T T |

emittance improvement factor

) IS o o0
\\\
I IS T SN T ST SR TR SN ST S SR S S S_—

FIG. 18. Summary of improvement factors in the theoretical
minimum emittances for TME (red), AME (blue), and EME
(green) lattices, resulting from the above optimal profiles.

replaces them with optimal dipoles but keeps the same
beta function, the gain in theoretical minimum emittance
is over k, but the loss in TME emittance due to beta
function mismatch is given by (8 + 1/8)/2 ~ k/2.
Thus, the net TME emittance reduction is about a factor
of 2. Further reduction has to rely on a better matched beta
function. Since the minimum beta is proportional to dipole
length, one may consider increasing dipole length, but
there are costs and other limitations to consider.

This paper explored the emittance reduction for a
given bending angle. The cubic dependence of emittance
on the bending angle motivated the development of multi-
bend-achromat lattice for future light sources using uncon-
ventional magnets [16,17]. It will be interesting to see
whether a combination of both approaches can yield lower
emittance and/or better lattices. Strong natural chromatic-
ity is a challenge for all low emittance lattice and thus
deserves systematic analysis, which is beyond the scope of
this paper.
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APPENDIX A: INTEGRALS USED
IN THE COMPUTATION

The integrals used to compute &) and {££7) are listed
here:

de_sz_g[H’ 1], (A1)
It is clear that, compared to the conventional uniform 0P Po &r
dipoles, a significant reduction in theoretical minimum 5
emittance can be achieved with optimal bending profiles. L @ _ ﬂ [ + r- 1] (A2)
However, there are challenges to implementing theoretical- 0 p pg 2gr* I
minimum-emittance lattices mainly due to the stringent
requirement of small beta function, even for uniform di- Lé,ds L2 (1+2g)(r*—1)—2Inr
poles. Nonetheless, it is still possible to gain even with .[o e = 2—p4|:1 + 27 :I (A3)
beta function mismatch. For example, if one starts with a 0
minimum emittance lattice with uniform dipoles, then
|
L £ 3 2\,2 _ o 2 _
/f_d::_L_oé‘{l_’_ﬂ(l—i-g—i-g)r 4r+332g g* +2(1 g)lnr]}, (Ad)
0o p 6p; 2g°r
Léds L3 3[(2g2 +2g + (2 — 1) — 2(2g + 1 + Inr) Inr]
[ = —5{1 + ) } (AS)
o p 3p5 4g°r
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L EE,ds L g+ D(r—12+ g22g +3)(2 — 1) — 2[3¢% + 4r — 4 + 2(g — 1) Inr]Inr
[t Ly ) - |
o p 805 g&r
L &ds L3 5{x(1 — r) + 4[g> + 3 + 4g(r — 1) — 2r(r + 2)]Inr + 4(g — 1)2(Inr)?}
f _ {1 _ } (A7)
o p* 20p; 2¢°1

where x = 10 — 22r + g(2 + g)[g> — 4 + (g% + 4)r].

APPENDIX B: EXPRESSIONS FOR THE ¢ PARAMETER

The ¢ parameter for a dipole starting with a constant bending radius followed by a linear ramp to the end is given by
Eq. (42), where the messy subexpressions are listed here:

) = 36{2g87% — g7r2(72 — 1) — 15(r — 1)[2g(1372 — 2r + 1) + 772 — 2r — 1]} (B1)

cy = 36g%{g*r?(99r% + 18r — 1) — 5¢(3r — 1)(417° + 257 + 3r + 3) — 30(24r* — 1172 = 2r + )]}  (B2)

c; = 3g*[2g>r*(151° — 4972 — 21r — 21) — 15(1677° — 65r* — 100> — 5212 — 3r — 3)] (B3)

cq = 432077 (Inr)> + 1272 Inrcs + 36rcq (B4)

cs = 540(r> — 1) + 5g(216 + 216g — 12g% — 39g% — 24g* + 16g°)r* + 3g(—360 + 20g> + 35¢> — 16g*)  (B5)

ce = —60(2 —2g + g2) + (510 + 360g + 360g> — 100g* + 6g° + 7g%)r
+20(—24 — 24g — 12g% + 2g° + 5g4)r?
— (60 + 480g + 840g> + 560g> — 100g* — 154g° + 17g° + 12¢7)r3
+20(1 + 2g + 2g2)(6 + 6g + 3g% — 4g3)r* + 30(1 + 2g + 2g%)*r. (B6)
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