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Cavity accumulation of coherent undulator synchrotron radiation emitted by a train of periodic electron

bunches is investigated. Phase-matching conditions for accumulation of radiation emitted by successive

bunches are analyzed and numerically confirmed. While the coherent emission of a single bunch is

optimal at grazing resonance, the accumulated radiation targeted at the upper resonant frequency of the

waveguide mode is found to have much broader bandwidth and higher efficiency as the resonance steps

away from the grazing condition. Numerical results confirm that stimulated superradiance is responsible

for the accumulated radiation.
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I. INTRODUCTION

Coherent effect [1,2] or superradiance describes emis-
sion of radiation from a group of radiators whose individ-
ual fields are emitted in phase so that they may add up
constructively. While the power of usual incoherent radia-
tion is proportional to the number of radiators, that of
superradiant emission is proportional to its square.
Coherent emission of relativistic electrons bunched within
a length shorter than the wavelength of emitted radiation is
an example. Recently, Carr et al. [3] demonstrated that the
coherent effect in a subpicosecond electron bunch en-
hanced the power level of synchrotron radiation emission
in the terahertz (THz) frequency range [4] by many orders
of magnitude. Similar enhancement of radiation emission
has been observed in various other emission processes such
as transition radiation [5,6], undulator radiation [7,8], and
Cherenkov radiation [9].

Rather than the coherent emission of a single bunch,
the present work considers cumulative effect of repeated
bunches in a resonating cavity. Periodic microbunches
delivered from compact rf accelerators [10,11] can be
an example of such repeated bunches. The bunch interval
is typically in a nanosecond range. The beneficial effect
that is expected from repeated bunches is the stimulated
superradiance [12–15]. In other words, the radiation field
excited by earlier bunches may stimulate radiation emis-
sion of the following bunches, enhancing their individual

superradiance. The purpose of this paper is to describe the
required condition for it.
We imagine a rectangular cavity of length L immersed

in a plane-polarized undulator field of period �w ¼ 2�=kw.
Assuming that a single eigenmode in the transverse
direction is excited in the cavity, we write the vector
potential of the radiation field as a sum of the axial
Fourier components:

~A s ¼ x̂

2
Eðx; yÞ X1

n¼1

AnðtÞ sinðknzÞe�i!nt þ c:c:; (1)

where x̂ is the polarization unit vector, Eðx; yÞ is the
transverse eigenfunction of the excited modes, AnðtÞ, kn ¼
n�=L, and !n ¼ c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2n þ k2?

q
are the amplitude, the axial

wave number, and the frequency of the nth mode, respec-
tively, k? is the transverse wave number, and c.c. stands for
the complex conjugate.
Temporal evolution of each mode follows the well-

known free-electron laser dynamics [16]. The amplitude
of the nth mode is governed by [17]

d

dt
AnðtÞ ¼ CE

!n

�
1

�j

eic nðt;zjÞ
�
; (2)

where h� � �i denotes the average over all electrons in the
cavity, �j and zj are the normalized energy and axial

coordinate of the jth electron, respectively, and c nðt; zjÞ ¼
!nt� ðkn þ kwÞzj is the phase of electron oscillation rela-
tive to the nth mode. Moreover,CE is the coupling constant
given by

CE ¼ 2SEAw!
2
pðVb=VCÞ; (3)

where Aw is the undulator amplitude, !2
p ¼ 4�n0e

2=m0 is

the squared electron plasma frequency, n0 is the average

*yseo@kw.ac.kr
†ckim@gist.ac.kr

Published by the American Physical Society under the terms of
the Creative Commons Attribution 3.0 License. Further distri-
bution of this work must maintain attribution to the author(s) and
the published article’s title, journal citation, and DOI.

PHYSICAL REVIEW SPECIAL TOPICS - ACCELERATORS AND BEAMS 14, 060706 (2011)

1098-4402=11=14(6)=060706(7) 060706-1 Published by the American Physical Society

http://dx.doi.org/10.1103/PhysRevSTAB.14.060706
http://creativecommons.org/licenses/by/3.0/


electron density within the bunch, Vb and VC are the
volumes of the bunch and the cavity, respectively, and SE
is the average value of Eðx; yÞ over the cavity cross section.
For TE01 mode, SE ¼ 1=2.

II. CONDITIONS FOR RADIATION
ACCUMULATION

Let us now consider the mth bunch which enters the
cavity at time

tm ¼ mTb ðm ¼ 0; 1; 2; . . .Þ; (4)

where Tb is the bunch period. The average axial position of
each electron in the mth bunch at time t may be written as

zj ¼ c ��zðt� tmÞ þ �j; (5)

where c ��z is the axial speed averaged over an undulator
period, and �j is the position relative to the bunch center. In

the linear regime, temporal change of �j during travel may

be neglected. Superradiant emission occurs when �’s
distribute nonuniformly within a wavelength of excited
radiation. Inserting Eq. (5), we can rearrange the phase
c nðt; zjÞ as

c nðt; zjÞ ¼ !ntm þ �!nðt� tmÞ � ðkn þ kwÞ�j; (6)

where�!n � !n � ðkn þ kwÞc ��z is the detuning parame-
ter. When Eq. (2) is integrated for the phase of Eq. (6), we
obtain the increment of mode amplitude produced by the
mth bunch during tm < t < tm þ L=c ��z:

�An ’ CE

!n�0

gmðknÞei!ntm
Z L=c ��z

0
ei�!nt

0
dt0; (7)

where gmðknÞ ¼ hexp½�iðkn þ kwÞ�j�i works as the form

factor that measures the coherent effect in the mth bunch.
The integral in Eq. (7) is peaked at resonance points where
the detuning parameter vanishes. The resonant wave num-
bers that satisfy �!n ¼ 0 are

k� ¼ ð�z
��zÞ2kw

�
1� s

��z

�
; (8)

where �z ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ��2

z

q
and

s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

�
k?=kw
�z

��z

�
2

s
: (9)

The superradiant emission of each bunch will contain a
broad spectrum of axial modes around these resonant
modes. For a cavity of length L, its bandwidth is scaled
by �k=k� � �w=L. However, our interest is not in
this individual superradiance, but in its long-term
accumulation.

As seen in Eq. (7), the cavity modes emitted by each
bunch have a bunch-dependent phase factor, expði!ntmÞ.
For constructive accumulation over successive bunches,
this phase factor should be ignorable, i.e.,

!nTb ¼ 2�� integer: (10)

While the modes that satisfy Eq. (10) can accumulate their
growth provided by each bunch, those that do not will
experience oscillation over successive bunches with no
significant growth.
Targeting constructive accumulation of the modes near

the upper resonance frequency, !þ ¼ cðk2þ þ k2?Þ1=2,
we expand the mode frequency in powers of
�knð¼ kn � kþÞ:

!n ¼ !þ þ c�þ
g �kn þ

c4k2?
2!3þ

ð�knÞ2: (11)

Here, c�þ
g ¼ kþc2=!þ is the group velocity at kn ¼ kþ.

Broadband accumulation is expected when the zeroth and
the first order frequencies satisfy the accumulation condi-
tion [Eq. (10)] separately.
Substituting �kn ¼ �nð�=LÞ, where �n is an integer, we

obtain the condition for the first order frequency as
Tbðc�þ

g =2LÞ�n ¼ integer. This condition may also be

written as

Tb ¼ f1TR; ðf1 ¼ 1; 2; . . .Þ; (12)

where TR ¼ 2L=c�þ
g is the round-trip time along the

cavity at the group velocity, and f1 may be assumed as
an integer without loss of generality [18]. Equation (12)
can be interpreted as a synchronization condition. When it
is satisfied, bunches enter into the cavity in every f1
circulation time of the radiation pulse.
The condition for the zeroth order (resonant mode)

frequency, combined with the synchronization condition,
reads ð!þ=2�Þf1ð2L=c�þ

g Þ ¼ integer. Inserting here

!þ ¼ c ��zðkw þ kþÞ and kþ ¼ nþ�=L, we may rewrite
it as

ð2Nw þ nþÞf1ð1� "Þ ¼ integer; (13)

where nþ is the mode number at upper resonance, Nw ¼
L=�w is the cavity length in units of the undulator period,
and " ¼ 1� ��z=�

þ
g is the slippage parameter for the

upper resonant mode.
The range of accumulated modes is determined by the

second order frequency, !ð2Þ
n , which destroys phase match-

ing up to the first order. Suppose that the slight phase

mismatch introduced by !ð2Þ
n accumulates to reach 2� by

the time theMth bunch enters, i.e.,!ð2Þ
n tM ¼ 2�. Then, the

mode amplitude accumulated up to that bunch will be null,
simply because the relative phases of the wavelets excited
by M bunches distribute uniformly from zero to 2�. This
argument predicts that the excitation bandwidth at time t
should be

�k ’
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4�!3þ
c4k2?t

vuut : (14)
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Corresponding spatial width of the radiation pulse,

in units of the resonant wavelength, amounts �x=�þ �
c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk2?=4�!þÞt

q
. Hence, the pulse width disperses in pro-

portion to
ffiffi
t

p
.

The accumulation condition, Eq. (13), can be fulfilled in
a number of ways. The simplest case may be the one in
which " ¼ 0 and f1 ¼ 1. Zero slippage (" ¼ 0) occurs at
the grazing resonance (Fig. 1) where the two resonant wave
numbers of Eq. (8) overlap by s ¼ 0, i.e.,

k? ¼ �z
��zkw: (15)

Superradiance of an electron bunch at grazing resonance
has received some attention in a waveguide free-electron
laser. The zero-slippage condition allows continual energy
transfer from the electron bunch to the radiation pulse. The
pulse width is limited only by dispersion, resulting in ultra-
wide-band excitation [19,20]. In the resonating cavity,
coherent excitation of individual bunches can be accumu-
lated over a broadband if we assume Eq. (13), which
reduces in the grazing resonance case to

2Nw ¼ integer: (16)

In other words, accumulation of near-grazing modes over
successive bunches is achieved when the cavity length is an
integer or a half-integer multiple of the undulator period.

Zero slippage is a crucial condition for broadband exci-
tation in a long waveguide. However, in a cavity of short
length, broadband accumulation is not limited to the zero-
slippage grazing case. At the group velocity of the upper
resonant frequency, the slippage length ‘s in units of the
resonant wavelength �þ is estimated to be ‘s=�þ ¼
Nw�

þ
g s. Therefore, if the cavity length is confined within

just a few undulator periods, the effect of slippage should
not be a critical issue. Then, the advantage of stepping

away from grazing resonance is apparent. The emission
frequency (at upper resonance) can be much higher than
the frequency of the grazing mode, and at the same time, as
Eq. (14) predicts, radiation accumulation can proceed over
a much broader bandwidth.
One way to fulfill Eq. (13) for accumulation at an off-

grazing resonance and its neighborhood is to assume
2Nw ¼ integer and

ð2Nw þ nþÞf1" ¼ integer: (17)

Substituting 2Nw þ nþ ¼ 2Nwð1þ kþ=kwÞ ¼ 2Nw�
2
zð1þ

��zsÞ and " ¼ ð1=�2
zÞ½s=ð ��z þ sÞ�, we find that the require-

ment is equivalent to

2Nwf1
sð1þ ��zsÞ

��z þ s
¼ f2 ðf2 ¼ 1; 2; . . .Þ: (18)

Once f1 and f2 are chosen, Eq. (18) for s defines the
transverse dimension of the cavity. An approximate rela-
tion at relativistic electron energies ( ��z � 1), s ’
f2=ð2Nwf1Þ, suggests that several choices are available
for f1 and f2 in 0< s < 1. The case that brings the highest
resonant frequency will be the one with f2 ¼ 2Nwf1 � 1.

III. NUMERICAL RESULTS

In order to confirm the investigated conditions for radia-
tion buildup, a numerical code has been written. The code
injects electron bunches periodically into a cavity, and then
calculates evolution of the cavity modes by integrating
Eq. (2) along with the equations of motion for the bunch
electrons. Each bunch is consisted of a few hundred parti-
cles typically. Here we present the results of the following
three cases: (A) the grazing case with f1 ¼ 1 and f2 ¼ 0;
(B) an off-grazing case with f1 ¼ 2 and f2 ¼ 4;
(C) another off-grazing case with f1 ¼ 1 and f2 ¼ 3.
Parameter values used in simulation have been summa-
rized in Table I. If �w ¼ 10 cm, as an example, the actual
resonance frequencies of the three cases are 0.30, 0.45, and
0.53 THz, respectively. Each bunch contains 17. pC charge
in 0.53 ps duration. The bunch injection frequencies are
754, 376, and 750.5 MHz, respectively.

FIG. 1. Dispersion curves of the beam mode [broken line;! ¼
ðkz þ kwÞc ��z] and the waveguide mode (solid lines;

! ¼ c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2z þ k2?

q
). While two curves intersect at two points for

k? < �z
��zkw, the grazing resonance where two curves meet

tangentially occurs when k? ¼ �z
��zkw.

TABLE I. Input parameters used in simulation.

Physical quantity Symbola Value

Undulator strength eAw=mc2 1

Electron energy �0 12.31

Doppler parameter �z
��z 10

Bunch length kw‘b 0.01

Coupling constant ðe=mc4k2wÞCE 10�4

Cavity length Nwð¼ L=�wÞ 2

Cavity cross section k2wab �2=50
Cavity height (A/B/C) kwb 0:314=0:362=0:475
Exited cavity mode TE01n

aNormalized quantities used in simulation.
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Figure 2 shows the spectral distribution of the mode
amplitude in the three cases after 20 bunches have been
injected. The accumulation bandwidths are in good agree-
ment with Eq. (14). Figure 2(d) shows the actual pulse
shape of the case C, formed by over 400 modes within the
excitation band (�n ¼ �220). Resulting peak amplitude is
2 orders of magnitude greater than the amplitudes of the
individual modes.

The observed bandwidth ratio for the three cases is
A:B:C ’ 1:1:5:3:5. Consequences of this bandwidth differ-
ence appear in the peak power and duration of the radiation
pulse. Figure 3(a) compares the radiation power of the
three cases as a function of the bunch number. It is seen
that the power ratio of the three cases is approximately
equal to the square of the bandwidth ratio.

The power plotted in Fig. 3(a) is the Poynting vector
integrated and averaged over the cavity cross section that
follows the bunches during their flight. Hence, it is the
average background radiation power felt by bunch elec-
trons during their flight in the cavity. We argue that this
background radiation is stimulating the radiation emission
in successive periodic bunches. A convenient indicator for
the emission rate will be the energy loss of electrons during

their flight. Figure 3(b) shows the relation between the
electron energy loss and the background radiation power.
The log-log plots for the three cases distribute approxi-
mately on a line of slope 1=2, implying that the emission
rate is proportional to the square root of the background
radiation power. In fact, in the limit of zero bunch length,
the equation of motion for the bunch electrons estimates
the efficiency as

� ’ �Nwa0
��z

�0ð�0 � 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P½MW�
347:5S

s
; (19)

where S ¼ k2wab is the normalized cross-sectional area of
the cavity. For the assumed parameter values in simulation,
Eq. (19) corresponds to the broken line added in Fig. 3(b).
The square root dependence on power is a well-known
property of the stimulated superradiance [12,13]. From
Fig. 3(b), we conclude that stimulated superradiant emis-
sion is responsible for the radiation accumulated over
periodic bunches.
Several isolated peaks away from the resonant region are

seen in the spectral distributions shown in Fig. 2. Although
the total power contained in those modes is relatively

FIG. 2. Spectral distribution of the mode amplitude accumulated by the first 20 bunches in three simulated cases. ejEnj=mc2kw is the
normalized field (En ¼ !nAn=c) of the nth mode. (a) Case Awhere Tb ¼ TR and k? ¼ 10kw (a grazing resonance case). (b) Case B
where Tb ¼ 2TR and k? ¼ 8:86kw. (c) Case C where Tb ¼ TR and k? ¼ 6:620kw. (d) Actual pulse shape of radiation field produced
from the spectral distribution of (c).
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insignificant, it will be worthwhile to explain how they are
excited. The fact that these modes grow over a long period
of time implies that they are also satisfying the accumu-
lation condition. When Eqs. (12) and (13) are assumed for
the resonant and the near-resonant modes to be accumu-
lated, the accumulation condition [Eq. (10)] for an off-
resonant mode having a nonzero detuning parameter,�!n,
becomes

�!nf1TR=2�� ðnþ 2NwÞf1" ¼ p; (20)

where p is an integer. The wave numbers that satisfy
Eq. (20) are

kn ¼ ð�g�
þ
g Þ2kw

2
4�p � 1

�þ
g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2
p �

�
k?=kw
�g�

þ
g

�
2

s 3
5; (21)

where �g ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� �þ2

g

q
and �p ¼ 1þ p=2Nwf1. It can

be immediately identified that the peaks in Fig. 2(c), 87,

119, and 187, correspond to p ¼ 0, �1, and �2,
respectively.
Let us finally mention that, due to their long-term nature,

the accumulation conditions are rather sensitive to small
variations in k? and Nw, i.e., in the cavity dimension.
Figure 4 shows a result of small change in k? from the
case C: k? ¼ 6:569. It corresponds to�0:4% mismatch in
the cavity height. The accumulated field shows no signifi-
cant difference up to 20 bunches. However, as time goes
by, small phase mismatch accumulates to develop a hollow
structure in the mode spectrum as seen in Fig. 4(a).
Resulting radiation pulse disperses to split [Fig. 4(b)].
Similar sensitivity to Nw, the cavity length, is also seen
in Fig. 5.

IV. DISCUSSION AND CONCLUSION

Numerical results shown in the previous section do not
include the effect of finite cavity Q. For finite Q, we can
imagine a steady state in which stimulated superradiance is

FIG. 3. Power and efficiency evolution for cases A (squares), B (triangles), and C (circles). (a) Average radiation power measured at
each bunch. (b) Average energy loss of each bunch as a function of the radiation power. The broken line (in red) is an analytic
estimation [Eq. (19)] for a pointlike bunch.

FIG. 4. Radiation accumulated by 100 bunches in case C with a small mismatch in k?: k? ¼ 6:596kw. (a) Mode amplitude spectrum.
The broken line added for comparison is the exact case C (k? ¼ 6:620kw) at the same moment. (b) The pulse shape of radiation field
produced from (a).
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balanced with energy loss due to output coupling and wall
resistance. In such a steady state, the system loses its
memory beyond the characteristic decay time, 	d. In other
words, the radiation pulses are formed by emission which
occurred within the past time of order 	d. One of the
consequences that it brings concerns the long-term sensi-
tivity to the cavity dimension, seen in Figs. 4 and 5.
Permitted error ranges in the cavity dimension can be
determined in such a way that their significant effects do
not appear within the decay time. Another consequence
may be that the bandwidth of accumulation saturates and
that the corresponding pulse width stops to disperse in
space. The saturated bandwidth is given by Eq. (14) with
	d at the place of the time t:

�k ’
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4�!3þ
c4k2?	d

vuut : (22)

The cavity works as a stable oscillator in the steady state,
as long as periodic bunches are supplied. The saturated
radiation pulse(s) will circulate in the cavity, emitting
periodic bursts of high-power ultra-wide-banded THz
waves through an output coupling.

In conclusion, ultra-wide-band accumulation of coher-
ent undulator synchrotron radiation emitted by periodic
electron bunches in a resonating cavity has been investi-
gated. Phase-matching consideration over successive
bunches shows that broadband accumulation is possible
if the bunches are synchronized to the generated radiation
pulse. Conditions for accumulation targeted at the upper
resonant frequency have been obtained, and confirmed by
numerical simulation. While the ultra-wide-band emission
of a single bunch in a long waveguide is restricted around
the grazing resonance, ultra-wide-band accumulation of
superradiance in a short cavity is found to exhibit wider
bandwidth and higher power at off-grazing resonances.
The simulation results also reveal that the emission rate
is proportional to the square root of the background radia-
tion power, suggesting that the accumulated radiation is

due to stimulated superradiance of periodic bunches. When
cavity Q is included, the cavity can work as a stable
oscillator. The problem of sensitivity to the cavity dimen-
sion over a long period of time may not be an issue when
the cavity Q is finite.
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