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Helmholtz-Zentrum Berlin, Albert-Einstein-Straße 15, 12489 Berlin, Germany
(Received 31 January 2011; published 6 April 2011)

In first approximation storage ring multipole magnets are described as simple two-dimensional magnet

structures and many linear and nonlinear beam optic features of a magnet lattice can already be derived

from this model. In contrast, undulators, and in particular variably polarizing devices, employ complicated

three-dimensional magnetic fields which may have a severe impact on the electron beam, in particular, in

low energy third generation storage rings. A Taylor expanded generating function method is presented to

generate a fast, flexible, and symplectic mapping routine for particle tracking in magnetic fields. This

method is quite general and is based on the solution of the Hamilton-Jacobi equation. It requires an

analytical representation of the fields, which can be differentiated and integrated. For undulators of the

APPLE II type, an accurate analytic field model is derived which is suitable for the tracking routine. This

field model is fully parametrized representing all operation modes for the production of elliptical or linear

polarized light with an arbitrary inclination angle or even arbitrary polarization. Based on this field model,

analytic expressions for 2nd order kicks are derived. They are used to estimate the influence of APPLE II

undulators on the electron beam dynamic. Furthermore, an analytic model for the description of shims is

given. The shims are needed for field and performance optimization. Passive and active shimming

concepts for the compensation of linear and nonlinear effects of variably polarizing undulators are

discussed.
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I. INTRODUCTION

Planar undulators for the production of synchrotron
radiation have been built for more than 30 years. The
vertical focusing is well understood and the linear term
can be compensated with an appropriate tuning of storage
ring quadrupoles. The linear term of a horizontal defocus-
ing can be compensated with ring quadrupoles as well.
Higher order terms can be minimized either by choosing an
appropriate undulator pole width or a special transverse
pole shape or by implementing additional correction mag-
nets at the undulator ends [1]. A superconducting double
helix undulator has been used already in the first FEL
experiments at SLAC [2,3]. This design provides photons
with a fixed helicity. It cannot be operated in a storage ring
where a larger horizontal aperture for injection is required.
Planar helical or elliptical devices have to be used instead.
Over the past 20 years, various permanent magnet based
undulator designs for the production of elliptically polar-
ized light have been proposed and built: The Helios design
as built at the ESRF [4] employs a functional separation
for the field production. Upper and lower magnet girders
produce pure horizontal and vertical on-axis fields,

respectively. With the implementation of an additional
longitudinal movement of one of the girders any state of
polarization is realized. Because of the functional separa-
tion the independent focusing of upper and lower beam
produces an electron beam steering which scales inversely
with the square of the electron energy. It can be tolerated at
the ESRF 6 GeV machine. The ELETTRA design [5]
delivers circularly polarized light at all magnet gaps.
However, other states of polarization are not accessible.
Usually, elliptically polarizing devices have the drawback
of a small transverse good field region for the horizontal
field component. At SPRING-8 [6] a magnet design has
been optimized for an enlargement of the good field region
sacrificing field amplitude.
The highest magnetic field among all existing planar

elliptically polarizing undulators is produced by a so-called
advanced polarizing photon light emitter (APPLE II)
which has been proposed by Sasaki [7]. Today, most of
the third generation storage rings rely on the APPLE II
design for variably polarizing photon sources. The flexi-
bility of this device provides also other operation modes
such as linear polarized light with an inclination with
respect to the midplane. Any arbitrary polarization ellipse
can be produced if more degrees of freedom are introduced
in the mechanic design (see Sec. III A for universal mode).
The small transverse good field region of APPLE II undu-
lators has a severe impact on the electron beam dynamics
of low electron energy rings which has to be minimized.
Starting from the APPLE II design more sophisticated

undulators with even higher fields have been developed for
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the use in fourth generation light sources such as free-
electron lasers (FELs) or energy recovery linacs. These
light sources do not require a large horizontal aperture for
injection. Hence, more compact designs like the APPLE III
[8] or DELTA undulator [9] can be realized. Being single
pass machines, the multipole requirements are relaxed as
compared to a storage ring.

The operation of undulators in a low energy third gen-
eration electron storage ring requires a thorough under-
standing of the impact of theses devices to the electron
beam dynamic. In contrast to conventional accelerator
magnets, undulators have a complicated three-dimensional
field distribution and the dynamic behavior is dominated
by effects introduced by the oscillating electron trajectory
caused by the periodic undulator fields. These effects are
usually called dynamic kicks or 2nd order kicks because
they scale inversely with the square of the particle energy.
They cannot be derived from straight line field integrals
and, hence, they cannot directly be measured by moving
wires, pulsed wires, rotating coils, search coils, or Hall
probes. In contrast, the so-called vibrating wire method is
capable to measure the field integrals along a wiggling
trajectory [10]. The wire is powered with a DC current
and the Lorentz-force deforms the wire in a periodic man-
ner mimicking the electron trajectory. On the other hand,
the dynamic field integrals can be evaluated with an accu-
racy of a few percent from the measured undulator field.

The electron beam dynamic is studied in tracking simu-
lations where electron trajectories through the accelerator
magnets are evaluated for thousands of subsequent turns.
Tracking codes use one of two approaches or a combina-
tion of both to construct the magnetic field: (1) The fields
are described explicitly in terms of measured or evaluated
field maps. (2) Analytic models are used for the description
of the fields. The pure numeric approach (1) determines the
electron trajectory from a symplectic twofold integration
of the magnetic fields. This approach is adequate for
devices with only a few poles such as wavelength shifters
but it is less efficient for undulators with dozens of periods
because several integration steps are needed for each un-
dulator period. The analytic approach (2) offers the chance
to perform an analytic integration. The accuracy is deter-
mined by the quality of the model (expansion order and
integration step size). For a comparable accuracy, the speed
can be significantly faster as compared to the numeric
algorithm because the step size can be as large as many
undulator periods. This allows for a detailed scanning of a
large parameter space with a reasonable effort.

In Sec. II we review an analytic, symplectic and fast
tracking algorithm as developed at BESSY. The fast track-
ing algorithm is based on analytic field descriptions. The
analytic field model includes a full parametrization with
respect to various operation parameters of the insertion
devices (ID). Thus, tracking in a wide parameter space is
decoupled from field simulations. This is in contrast to

methods where the insertion device is represented by a kick
map [11]. These maps have to be evaluated for each
operation mode which can be time consuming in particular
for complicated magnet structures such as helical or ellip-
tical undulators.
In Sec. III we present analytic expressions of the fields of

a variably polarizing undulator of the APPLE II type.
Though wewill concentrate on this device type, the method
can easily be adapted to other magnet designs. The analytic
field model is used in the tracking algorithm of Sec. II.
Based on the analytic field description of Sec. III we

derive an analytic model of 2nd order kicks in APPLE II
type undulators in Sec. IV. It will be discussed that, princi-
pally, 2nd order kicks cannot be compensated with usual
shims. However, their influence on beam dynamics can
significantly be reduced.
In low energy rings such as BESSY II the dynamic field

integrals are shimmed to minimize the impact of the un-
dulators in terms of lifetime and injection efficiency. In the
beam decaying mode every several hours the undulator
gaps are opened for injection. A long lifetime keeps the
number of injections low. In the top-up mode electrons are
injected every few minutes with undulator gaps closed. A
high injection efficiency is crucial in this mode. For real-
istic tracking studies the shims have to be implemented
into the model. In Sec. V an analytical parametrization of
passive and active shims is given which is used in the
tracking scheme of Sec. II. The shimming techniques
used at BESSY II are described.

II. SYMPLECTIC PARTICLE TRACKING
BASED ON GENERATING FUNCTIONS

In this section, a Taylor expanded generating function
(GF) is presented, to generate a symplectic mapping routine
for particle tracking in magnetic fields. It is an iterative
solution of the Hamilton-Jacobi equation. This method is
quite general, extremely fast, and very flexible. It requires
an analytical representation of the magnetic vector poten-
tial, which can be differentiated and integrated. This ana-
lytic vector potential can, for example, be derived from a
Fourier series expansion of the magnetic fields (see
Sec. III). The method shown here is a series expansion of
the GF with respect to the particle momenta. For tracking
the 2nd order is applied. It can be extended to higher orders.
The tracking routine is given in an explicit form, trans-
forming the initial canonical variables to the final variables.
This method is very well suited for fields, described by
‘‘Halbach’’-type field harmonics (see Sec. III), commonly
applied to wigglers and undulators.
The method of numerical and analytical based approxi-

mated GF is applied at BESSY II for particle tracking
passing insertion devices. This method goes back to [12],
where a numerical based GF was applied to simulate full
turn, transverse beam dynamics in fixed field alternating
gradient (FFAG) accelerators. Here we are specifically
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interested in an analytical GF over a limited section of the
ring, such as wigglers or undulators. Applications of this
method are published in several conference proceedings. In
[13,14] the GF for a planar undulator was presented. In [15]
a general method for a GF of magnetic fields was derived,
and in [16] the Hamilton-Jacobi method was applied to
derive an iterative solution for the GF. Helical undulators
are discussed in [17,18], with special emphasis on entrance
and exit poles [19]. For a numerical fit of a Taylor expanded
GF with respect to transverse position and momentum
variables, see [20]. This section is intended to summarize
the method of constructing the GF for particle tracking
from analytical descriptions of the magnetic fields. A type
of GF is chosen, commonly called F3, which results in
an explicit, approximated transformation, of very good
accuracy.

Publications of other authors on GF for particle tracking
are not discussed here. However, there are at least two early
papers which should be mentioned, which present applica-
tions of the GF. In one paper a method of symplectic
integration is derived [21], in the other one a GF expansion
in action and angle variables is applied for studying full
turn maps of a storage ring [22]. For simulations of undu-
lator and wiggler effects also a kick map is often applied, as
developed, for example, by [11].

A. A Taylor expanded generating function

We describe the particle motion in a Cartesian coordi-
nate system with x, y, and z as the horizontal, vertical, and
longitudinal direction, respectively. The Hamiltonian, a
function of the local particle variables of a particle in a
magnetic field, is given by [23]:

~H ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð ~p� e ~AÞ2c2 þm2

0c
4

q
; (1)

where ~p ¼ ð~px; ~py; ~pzÞ is the canonical particle momen-

tum and ~A ¼ ð ~Ax; ~Ay; ~AzÞ the vector potential of the mag-

netic field. A new Hamiltonian, which is the negative of the
longitudinal momentum [23], can be defined in a form,
which is more convenient for particle tracking. It describes
the transverse canonical particle variables ðx; px; y; pyÞ in
phase space with the longitudinal position z as independent
variable. This Hamiltonian is derived by solving the
Hamiltonian of Eq. (1) for �pz and a Taylor series expan-
sion of the square root with respect to px, py and Ax, Ay up

to second order [23],

H¼�pz¼�1þðpx�AxÞ2=2þðpy�AyÞ2=2�Az; (2)

where we normalized the momenta by the total particle

momentum p0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~H2=c2 �m2

0c
2

q
, px ¼ ~px=p0, py ¼

~py=p0, pz ¼ ~pz=p0 and the vector potential by the mag-

netic rigidity B�, Ax ¼ ~Ax=B�, Ay ¼ ~Ay=B�, Az ¼
~Az=B�. These normalized expressions are in general small
quantities and can be used as expansion variables. The

deviation of the particle from the nominal momentum is
taken into account by different B� and p0 values.
Between the canonical momenta ðpx; py; pzÞ and the

slope of the trajectory with respect to the beam reference
axis �x ¼ dx=dz ¼ x0 and �y ¼ dy=dz ¼ y0, the following
relation holds:

px ¼ �x=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2x þ �2y

q
þ Ax; and

py ¼ �y=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2x þ �2y

q
þ Ay;

(3)

and from the canonical momenta the kinematic momenta

ðpðkÞ
x ; pðkÞ

y ; pðkÞ
z Þ are calculated (normalized by p0),

pðkÞ
x ¼ px � Ax; pðkÞ

y ¼ py � Ay; (4)

yielding the slopes as

�x ¼ pðkÞ
x

pðkÞ
z

¼ pðkÞ
x =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� pðkÞ2

x � pðkÞ2
y

q
and

�y ¼ pðkÞ
y

pðkÞ
z

¼ pðkÞ
y =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� pðkÞ2

x � pðkÞ2
y

q
:

(5)

For small momenta we approximate �x ¼ pðkÞ
x and �y ¼

pðkÞ
y . The expansion of the Hamiltonian of Eq. (1) into the

form of Eq. (2) can be done with respect to five dimension-
less variables, ðpx; py; Ax; Ay; AzÞ. We can summarize the

expansion by ðAx; Ay; AzÞ by the following trick.

We introduce a new variable x3, attached as a factor to
Ax, Ay, and Az, which counts the order of these vector

potential terms. For the linear terms we have Ax ! Axx3,
Ay ! Ayx3, Az ! Azx3, for the second order terms, for

example, A2
x ! A2

xx
2
3, AxAy ! AxAyx

2
3, and so on. We

will use x3 like an expansion variable, and in the final result
replace it by x3 ¼ 1. The components of the vector poten-
tial become part of the coefficient terms. Then, the
Hamiltonian of Eq. (2) can be derived from Eq. (1) by
expansion with respect to three variables, ðpx; py; x3Þ.
From the Hamiltonian Eq. (2) the differential increment
of the variables is given by

x0 ¼ @H=@px y0 ¼ @H=@py

px
0 ¼ �@H=@x py

0 ¼ �@H=@y;
(6)

where the prime indicates the change of the variable with
respect to the longitudinal z position, e.g. x0 ¼ dx=dz.
A given set of initial variables can be uniquely transferred
along a specified longitudinal distance by integration
of Eq. (6) to a set of final variables, by applying
Hamiltonian mechanics,

ðx; px; y; pyÞ ! ðxf; pxf; yf; pyfÞ: (7)

This is a commonly applied variable transformation. Any
other appropriate subset of variables can be chosen, such as
initial position and final momenta,
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ðx; pxf; y; pyfÞ ! ðxf; px; yf; pyÞ; (8)

and completed (in a more complicated way) to the full set
by Hamiltonian mechanics. This last variable set is of
interest for the present discussion.

Numerical integration methods are commonly applied to
calculate the particle trajectories inside magnetic fields. To
perform the calculation, the differential steps of Eq. (6) are
approximated by various methods as difference steps, e.g.
x0 ¼ dx=dz ! �x=�z, for numerical orbit integration.
Because Eq. (6) shows differential expressions, these dif-
ference approximations could lead to nonphysical behavior
and require correction methods [21]. But in any case, a
small step length �z is required. Instead of using the
transformation of Eq. (6), one might perform first the
integration of H with respect to z and then directly derive
the new particle variables. This method is developed by
means of generating functions (GFs). In general, the GF is
not known, different to the Hamiltonian, beside special
cases. Here, we present a general, but iterative method to
construct the GF. This method requires that the fields can
be well described by mathematical functions, which can
be integrated and differentiated. The advantage of using
the GF is that it leads to a symplectic transformation for
arbitrary step lengths. However, in the presented method
the step length is still involved, it limits the accuracy of the
applied Taylor approximation, but the steps could be
chosen much longer than by the integration method. The
GF describes phase space variables of two phase spaces
which are connected by a canonical transformation. One of
the special features of the GF is that it mixes variables from
the initial phase space with variables from final phase
space. It transforms, for example, the initial position and
the final momenta to the initial momenta and final posi-
tions, independent on the chosen step length.

To derive the GF we start with the Hamilton-Jacobi
equation (HJE) [24]. This equation states that the partial
derivative of the GF, F, with respect to the longitudinal
position yields the Hamiltonian

@F=@z ¼ �H: (9)

This equation demonstrates that the GF is closely linked to
the Hamiltonian. There are several types of GF which
could be chosen. Here we take the GF of type F ¼ F3,
which is a function of the initial position and final mo-
menta, F3 ¼ F3ðx; pxf; y; pyfÞ. The reason for this choice

will become clear later on. As a property of the GF the
following particle variables can be derived from it:

xf ¼ �@F3=@pxf yf ¼ �@F3=@pyf

px ¼ �@F3=@x py ¼ �@F3=@y:
(10)

This is the corresponding form of Eq. (6), but now the
variables are derived directly from F3. Only, if the GF is
dependent on the correct set of variables, it satisfies these
relations. It is the partial derivative of F3 with respect

to z which is required for the HJE, not the total one, see
Eq. (9). This implies that the reverse operation, to construct
the GF from the Hamiltonian, would be the integration
along z at fixed transverse positions, formally written as

F3¼�
Z
Hdz

¼�
Z
½1�ðpx�AxÞ2=2þðpy�AyÞ2=2�Az�dzþ ~F;

(11)

where ~F ¼ ~Fðx; pxf; y; pyfÞ is a z independent integration
constant, which has to be defined. All integrations are
performed over the considered step length range.
If the Hamiltonian is derived from the GF as the HJE (9)

shows, it would be also a function of the local position
and the final momenta, H ¼ Hðx; pxf; y; pyfÞ. This

Hamiltonian, expressed by these variables, is not known.
Normally, the Hamiltonian is given as a function of the
local variables, see Eq. (2), where the momenta and the
vector potential are depending on the local position varia-
bles. We can construct the Hamiltonian with the required
variables by applying the properties of F3: px ¼
�@F3=@x ¼ �F3x, py ¼ �@F3=@y ¼ �F3y which gives

Hðx; px; y; pyÞ ! Hðx; px ¼ �F3x; y; py ¼ �F3yÞ
¼ Hðx; pxf; y; pyfÞ: (12)

This yields the GF and the Hamiltonian in the same,
correct variables set,

Hðx; pxf; y; pyfÞ þ @F3ðx; pxf; y; pyfÞ=@z ¼ 0: (13)

If the momenta in the HJE are replaced by F3x and F3y, we

achieve a first order differential equation for F3, by apply-
ing the Hamiltonian of Eq. (2), now including the order
counting variable x3,

�1þðF3xþAxx3Þ2=2þðF3yþAyx3Þ2=2�Azx3þF3z¼0;

(14)

with @F3=@z ¼ F3z. This differential equation depends on
the minimal set of coordinate variables; they are indepen-
dent on each other. To solve this equation, we choose as an
ansatz a Taylor series expansion of the GF of the following
type:

F3 ¼
X
ijk

fijkp
i
xp

j
yfx

k
3: (15)

The fijk coefficients are functions of the local position

variables x, y, z, the expansion order is given by iþ jþ k.
A partial derivative of fijk with respect to the position

variables will be indicated by an additional variable index.
An algebraic routine [25] which solves an equation as in
Eq. (14) for arbitrary vector potentials ðAx; Ay; AzÞ by

iteration is given in [16] for the similar equation based
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on F2. For the present choice of F3 the algebraic routine is
given in Appendix A.

B. Transformations in drift sections

The first terms of Eq. (15) are defined by the drift
transformation. In this case there are no vector fields, there
are only fijk terms involved with k ¼ 0, and the

Hamiltonian of Eq. (2) becomes

H ¼ �1þ p2
x=2þ p2

y=2: (16)

From @H=@x ¼ �px
0 ¼ 0 (and similar for py

0) follows

that the momentum is constant, and we can replace
px ¼ pxf and py ¼ pyf to express the GF of Eq. (11) in

the correct variables and directly integrate over the step
length zf:

F3 ¼ �
Z
ð�1þ p2

xf=2þ p2
yf=2Þdzþ ~F

¼ zf � zfðp2
xf þ p2

yfÞ=2� ðxpxf þ ypyfÞ; (17)

where we added the integration constant ~F ¼ �ðxpxf þ
ypyfÞ. This integration constant is z independent and

introduces the position variables ðx; yÞ at the starting point.
From this solution a first set of expansion coefficients is
derived:

f000 ¼ zf f100 ¼ �x f010 ¼ �y

f200 ¼ �zf=2 f110 ¼ 0 f020 ¼ �zf=2:
(18)

From the solution for the drift the conjugated variables are
derived,

xf ¼ �@F3=@pxf ¼ xþ pxfzf

px ¼ �@F3=@x ¼ pxf

yf ¼ �@F3=@pyf ¼ yþ pyfzf

py ¼ �@F3=@y ¼ pyf;

(19)

which can be arranged to an explicit mapping routine.
These expansion coefficients are independent on the mag-
netic field, they stay unchanged if field dependent terms are
included.

C. Transformations in magnetic fields

Further fijk terms of the GF are derived by inserting the

expanded expression of the GF of Eq. (15) into Eq. (14)
and comparing coefficients of equal order in pxf, pyf,

and x3. Up to second order there will be four additional
terms, f001, f002, f011, and f101, describing the interaction
with the magnetic field. The GF is then

F3 ¼ zf � ðpxfxþ pyfyÞ � ðp2
xf þ p2

yfÞzf=2þ f101pxfx3

þ f011pyfx3 þ f002x
2
3 þ f001x3 (20)

and the partial derivatives become

F3z¼1�ðp2
xfþp2

yfÞ=2þf101zpxfx3þf011zpyfx3

þf002zx
2
3þf001zx3

F3x¼�pxfþf101xpxfx3þf011xpyfx3þf002xx
2
3

þf001xx3

F3y¼�pyfþf101ypxfx3þf011ypyfx3þf002yx
2
3

þf001yx3:

(21)

This is inserted into Eq. (14) of the HJE and, if only up to
2nd order terms are included, the expanded form of the
HJE becomes

� 1þ ð�pxf þ f001xx3 þ Axx3Þ2=2
þ ð�pyf þ f001yx3 þ Ayx3Þ2=2� Azx3

þ 1� ðp2
xf þ p2

yfÞ=2þ f101zpxfx3 þ f011zpyfx3

þ f002zx
2
3 þ f001zx3 ¼ 0: (22)

By comparing terms of equal order we get

f001z ¼ Az

f011z ¼ f001y þ Ay

f101z ¼ f001x þ Ax

f002z ¼ �ðf001x þ AxÞ2=2� ðf001y þ AyÞ2=2:

(23)

By integration over the z position of the specified step
length follows

f001 ¼
Z

Azdz f101 ¼
Z �

Ax þ
Z
ð@Az=@xÞdz0

�
dz

f011 ¼
Z �

Ay þ
Z
ð@Az=@yÞdz0

�
dz

f002 ¼ �ð1=2Þ
Z ��

Ax þ
Z
ð@Az=@xÞdz0

�
2

þ
�
Ay þ

Z
ð@Az=@yÞdz0

�
2
�
dz: (24)

This yields the GF F3 up to second order. If required, the
numerical convergence can be improved, if the following
third order terms are included:

f003¼1

2

Z � @

@yi

�Z
A2
ydz

��
Aydzþ1

2

Z � @

@xi

�Z
A2
ydz

��
Axdz

þ1

2

Z � @

@yi

�Z
A2
xdz

��
Aydz

þ1

2

Z � @

@xi

�Z
A2
xdz

��
Axdz: (25)

The f003 term is here expressed with the special choice
Az ¼ 0, to simplify the result. The full term can be gen-
erated by applying the routine of Appendix A. From this
GF F3 the variable transformation is derived as shown in
Eq. (10) without x3 terms:
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xf ¼ xþ pxfz� f101

px ¼ pxf � f101xpxf � f011xpyf � f002x � f001x

yf ¼ yþ pyfz� f011

py ¼ pyf � f101ypxf � f011ypyf � f002y � f001y:

(26)

The equation system is only of linear character in the
momenta, but nonlinear in the position variables. This
can be solved for the final variables. Applying the abbre-
viation pn ¼ ð1� f011yÞð1� f101xÞ � f011xf101y for the

denominator, we achieve the following explicit mapping
routine:

pxf ¼ ½ð1� f011yÞðpx þ f002x þ f001xÞ
þ f011xðpy þ f002y þ f001yÞ�=pn

xf ¼ x� f101 þ pxfzf

pyf ¼ ½ð1� f101xÞðpy þ f002y þ f001yÞ
þ f101yðpx þ f002x þ f001xÞ�=pn

yf ¼ y� f011 þ pyfzf:

(27)

All the fijk terms and their derivatives are only dependent

on the initial position coordinates of the particle. They can
be easily calculated by numerical methods also in the case
of complex field descriptions. This was the reason to
choose the GF of type F3. A higher order expansion only
in the x3 variable will increase the accuracy of the approxi-
mation and still could be solved in a similar way. A higher
order expansion in the momenta makes the solution of the
equation system more complicated, but still could be
solved by a Newton Raphson method. A general method
to generate higher order terms is given in Appendix A.

The vector potential is a key function for the calculation
of the GF. More common is the scalar potential function of
the magnetic field. A relationship between both types of
potentials is given here. There is some freedom in defining
the vector potential; we choose a form with the gauge
Az ¼ 0; this simplifies the formulas without limiting the
validity. The scalar potential is related to the vector poten-
tial as

Ax ¼ �
Z
ð@V=@yÞdzþ C1

Ay ¼
Z
ð@V=@xÞdzþ C2

Az ¼ 0:

(28)

In this case the integration constants C1 ¼ C1ðx; yÞ, C2 ¼
C2ðx; yÞ need to be specified. They have to be defined in

such a way that the magnetic field components ~B

are correctly derived from the vector potential, by ~B ¼
~r� ~A, and agree with the fields derived from the scalar

potential ~B ¼ � ~rV. This integration is similar but
different to the first field integrals Ix ¼

R
z2
z1
ð@V=@xÞdz or

Iy ¼
R
z2
z1
ð@V=@yÞdz. In the case of the field integrals, the

integration limits are explicitly defined and there are no
integration constants.
As a summary, the achieved mapping routines are

approximated, but still physically correct within the
Hamiltonian mechanics, i.e., the approximated expansion
of the GF is still symplectic. A further advantage of the GF
method is that a longer step length compared to integration
methods can be applied, which reduces the numerical
calculation time. This method is especially useful for
particle tracking in wiggler and undulators, where an aver-
aging over fast oscillating fields is achieved. A numerical
integration along the particle orbit would require short
steps to resolve the field oscillations, whereas the discussed
GF averages analytically over the oscillations. The re-
quired vector potential terms can be calculated from
Fourier harmonics of the magnetic field (see Appendix D
for an APPLE II undulator). Typically about 30 harmonics
yield a good approximation. One set of harmonics is
sufficient to simulate all operation modes of an APPLE II
undulator, producing arbitrary states of polarization. The
scaling parameter B� takes different particle momenta into
account.

D. Applications

1. The undulator

To demonstrate the method we calculate the GF for a
planar undulator. For simplicity the undulator is described
by a single harmonic Halbach expansion of the scalar field
potential with a field strength parameter B0,

V ¼ �ðB0=kyÞ cosðkxxÞ sinhðkyyÞ cosðkzþ ’Þ: (29)

This yields the vector potential

Ax¼ðB0=kzÞcosðkxxÞcoshðkyyÞsinðkzþ’Þ
Ay¼½ðB0kxÞ=ðkykzÞ�sinðkxxÞsinhðkyyÞsinðkzþ’Þ
Az¼0:

(30)

From the scalar and the vector potential the correct
longitudinal B field is derived, if the relation k2x þ k ¼ k2y
holds. By applying our formulas [Eq. (24)], we get for the
field dependent fijk terms integrated over N multiples of a

full period �z, zf ¼ N�z,

f101 ¼ 0

f011 ¼ 0

f002 ¼ �zfB
2
0½k2ycos2ðkxxÞcosh2ðkyyÞ

þ k2xsin
2ðkxxÞsinh2ðkyyÞ�=ð2kykÞ2:

(31)

This result is used to derive the transformation of the
particle coordinates applying Eq. (27),
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pxf ¼ px þ f002x

xf ¼ xþ pxfzf

pyf ¼ py þ f002y

yf ¼ yþ pyfzf

f002x ¼ zfB
2
02kx sinðkxxÞ cosðkxxÞ½k2ycosh2ðkyyÞ

� k2xsinh
2ðkyyÞ�=ð2kykÞ2

f002y ¼ �zfB
2
02ky coshðkyyÞ sinhðkyyÞ½k2ycos2ðkxxÞ

þ k2xsin
2ðkxxÞ�=ð2kykÞ2:

(32)

The achieved GF is independent on the phase shift term ’;
this dependency did vanish by the integration procedure.
This phase shift becomes involved again, if one changes
from the canonical momenta px; py to x0; y0 where the

vector potentials are required, which are still dependent

on ’. The field integrals
RN�z

0 Bydz and
RN�z

0

R
z0
0 Bydzdz

0

and similar for Bx vanish only, if ’ ¼ 0. In this case, the
beam distortion by the undulator is minimal. The resulting
transformation depends on the number of periods N per
step length. For N ¼ 1 the convergence in most cases is
very good. More complicated fields, composed by super-
position of higher field harmonics as discussed in Sec. III,
can be easily performed by numerical methods. A step
length of half, one or more integer periods results in
simplified expressions.

In the case of a helical undulator the handling of the
phase shift term ’ is more complicated. A careful match-
ing by end poles is required [19]. Outside of the undulator
the reference beam orbit is a straight line with x ¼ y ¼ 0.
Inside of the helical undulator the reference beam orbit is a
helical orbit. The transition between these two sections of
the reference orbits is performed by the end poles. The end
poles are dependent on the tuning of the helical device. A
possible approach for the end poles is the following. The
undulator consists of the sequence of equal poles of am-
plitude factorsþ1 and�1. There are two poles per period.
The B fields oscillate inside the undulator periodically with
equal field shape of period length �0. The end pole en-
trance into the undulator starts with the same pole shape,
but the first pole has an amplitude strength of þ1=4, the
second one a strength of �3=4. The first pole of the
periodic section has a strength of þ1. The exit is done
the opposite way around. These end poles can be applied
for the helical undulators for any tuning of the phase shifts
yielding vanishing field integrals, as required.

2. Transverse dynamic kicks

In a second example the transverse momentum kicks of a
particle passing through the magnetic field of the undulator
are calculated. The vector potentials of the undulator fields
performed sinlike oscillations with vanishing average value
over multiples of a period. With the choice of Az ¼ 0 the
remaining field dependent terms of F3 simplify to

f101 ¼
Z zf

0
Axdz ¼ 0 f011 ¼

Z zf

0
Aydz ¼ 0; (33)

f002 ¼ �
Z zf

0
ðA2

x þ A2
yÞdz=2: (34)

Applying the 2nd order expansion, only the f002 term stays
different from zero. The change of the particle momenta
�px;;�py; for an on-axis particle (x ¼ y ¼ 0) is then

given as

�px ¼ pxf � px ¼ F3x þ pxf ¼ f002x

�py ¼ pyf � py ¼ F3y þ pyf ¼ f002y:
(35)

For further discussion of undulator fields we assume a
periodically vector potential similar as given in the example
of the planar undulator,

Ax¼ax sinðkzþ’Þ Ay¼ay sinðkzþ’Þ Az¼0; (36)

where the transverse potential dependencies are included in
the factors axðx; yÞ, ayðx; yÞ and an arbitrary phase shift ’.

The magnetic fields Bx and By are then derived as

Bx=B� ¼ �@Ay=@z ¼ �ayk cosðkzþ ’Þ
By=B� ¼ @Ax=@z ¼ axk cosðkzþ ’Þ: (37)

The coefficients axðx; yÞk and ayðx; yÞk can be considered

as the peak value of the magnetic fields Bx;0ðx; yÞ=B� and

By;0ðx; yÞ=B� along the undulator period. The integral

along the z direction of period length zf is then easily

performed,

f002¼�1

2

zf
2
ða2xþa2yÞ¼� zf

ð2kB�Þ2 ðB
2
x;0þB2

y;0Þ: (38)

The transverse canonical momentum kicks of the particle
are derived from the transverse derivatives taken at the peak
fields,

�px¼f002x¼�1

2

zf
2
@ða2xþa2yÞ=@x

¼� zf

ð2kB�Þ2 ð2Bx;0@Bx;0=@xþ2By;0@By;0=@xÞ

�py¼f002y¼�1

2

zf
2
@ða2xþa2yÞ=@y

¼� zf

ð2kB�Þ2 ð2Bx;0@Bx;0=@yþ2By;0@By;0=@yÞ:

(39)

These canonical kicks are the same as the dynamic kicks
~�x ¼ �x=�z and ~�y ¼ �y=�z, because the values of the

periodical vector potential at the entrance and exit points
are the same. It will be shown in Sec. IV that these kicks
cannot be derived from 2D magnetic fields.
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The integrated kicks per period of Eq. (39) do agree with
results from the kick code, as presented in Eq. (5) of
Ref. [11]. However, the applied series expansion Eq. (15)
is more general and is developed within the Hamiltonian
mechanics. The achieved mapping routine Eq. (27) is valid
over a finite step length and it does include the expansion
for small initial transverse momenta px and py, different to

[11]. The chosen tracking step length defines the accuracy
of approximation, but it is always symplectic. Strong fields
require shorter steps, weak fields permit longer steps. For
vanishing magnetic fields the long lens turns into a drift of
equal length. This mapping routine is comparable to a
nonlinear long lens approximation whereas the kick map
approximation [11] is based on a sequence of infinitely thin
lenses and drifts in between. The speed of the two tracking
methods is comparable.

III. ANALYTIC DESCRIPTION OF THE
APPLE II UNDULATOR FIELD

In the last section, a procedure for an analytic and
symplectic particle tracking through arbitrary magnetic
fields has been presented. This method is extremely useful
for an application in complex 3D undulator magnet fields.
The procedure has been illustrated for the example of a
planar undulator. The fields of variably polarizing undu-
lators are far more complicated but the procedure is appli-
cable as well if an analytic undulator field model is
available. Starting from field descriptions of simple struc-
tures an analytic field model for an APPLE II undulator is
derived by linear superposition of permanent magnet sub-
units. The linear superposition is a good approximation
since the parallel and perpendicular permeabilities of
typical permanent magnet material of �par ¼ 1:04 and

�perp ¼ 1:17 are small and the fields are overestimated

by about 2%–3%, only. This field model is used in the
tracking algorithm as described in Sec. II.

A. Operation modes of an APPLE II undulator

An APPLE II magnetic structure consists of four magnet
rows (Fig. 1). Horizontal or vertical linearly polarized light
as well as elliptically polarized light is produced with a
parallel longitudinal motion of two diagonal rows. In this
mode the horizontal and vertical field components are al-
ways 90� out of phase and the projection of the trajectory
onto the x-y plane is an ellipse with the principle axes
parallel to the x and the y axis. This operation mode
is called elliptical mode since the emitted light is ellipti-
cally polarized. Moving two diagonal rows in opposite
directions, the horizontal field and the vertical field are in
phase. The trajectory projection is a straight line where the
inclination angle to the midplane is determined by the
amplitude ratio of the fields. This mode is called inclined
mode because now linearly polarized light with an incli-
nation angle to the midplane is emitted. We chose the

operation parameters ’1 and ’2 with the following mean-
ing: In the elliptical mode rows 1 and 2 are shifted by
s1 ¼ s2 ¼ �’1=2k and rows 3 and 4 are shifted by
s3 ¼ s4 ¼ �’1=2k with 0 � ’1 � �, k ¼ 2�=�0, and
�0 ¼ undulator period. Alternatively, rows 1 and 2 could
be shifted by s1 ¼ s2 ¼ �’1=k keeping rows 3 and 4
fixed. In the inclined mode row 3 is moved by s3 ¼
�’2=k and row 4 by s4 ¼ ’2=k with 0 � ’2 � �.
Beam lines operated in the energy regime below 100 eV

suffer from polarization dependent reflectivities, thus,
modifying the polarization state of the radiation in a
wavelength dependent manner. Contaminations on optical
surfaces contribute to polarization changes and may vary in
time. In other words, the state of polarization produced by
the insertion device is modified by the beam line, e.g.,
circularly polarized light as produced by the undulator is
transformed into light with a tilted polarization ellipse and
an amplitude ratio of the principle axes different from one
[26]. The characterization of this beam line effect at the
experimental station with a polarimeter [27] provides the
possibility to precompensate this effect with an appropriate

FIG. 1. Operation modes of an APPLE II undulator: In the
elliptical mode rows 1 and 2 are moved in one direction
(þ ’1=2) and rows 3 and 4 in the opposite direction
(� ’1=2) (red arrows). In the inclined mode row 3 is moved
in one direction (� ’2) and row 4 in the opposite direction
(þ ’2) (blue arrows). In the universal mode both movements are
combined. To cover all inclination angles between 0� and�90�,
row 1 and row 2 are moved in the opposite direction.
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setting of the undulator. This is accomplished with an
elliptical mode motion by ’1 and simultaneously an in-
clined mode motion by ’2 which we call universal mode
(Fig. 1) [26,28]. The movements of the individual rows are
given by s1 ¼ s2 ¼ �’1=2k, s3 ¼ ð�’1=2� ’2Þ=k, and
s4 ¼ ð�’1=2þ ’2Þ=k.

Various mechanical designs for APPLE II structures
have been realized all over the world. Some of them can
be operated only in the elliptical mode. In these cases it is
sufficient to move only two rows. A stiffer mechanical
layout is required in the inclined mode where strong mag-
netic forces in all three directions show up and the support
and drive system has to be capable to handle these forces.
The so far largest APPLE II undulator (5 m) employing the
strongest magnetic forces (70 kN) is the PETRA III un-
dulator UE65, which has been built by Helmholtz-Zentrum
Berlin [29,30].

Once all four magnet rows can be moved independently,
the energy tuning can be done purely by magnet array
phasing as done in an adjustable phase undulator [31].
Three degrees of freedom are necessary to adjust the
energy and the tilt and the ellipticity of the polarization
ellipse. The three independent operation parameters are
related to the individual phases of the four rows via

pp ¼ ðs1 þ s2Þ=2� ðs3 þ s4Þ=2
pa ¼ js1 � s2j=2� js3 � s4j=2
pe ¼ ðs1 þ s3Þ=2� ðs2 þ s4Þ=2:

(40)

pp describes the elliptical mode and pa the inclined mode.
The third parameter pe is used for an energy tuning if a gap
drive is not implemented. At the Swiss Light Source a fixed
gap APPLE II undulator has been built providing the full
flexibility [32,33].

The universal mode for the production of any arbitrary
state of polarization needs also four movable rows (gen-
erally, three rows are sufficient, however, more longitudi-
nal space is needed in this case). The BESSY II UE112 has
four movable rows but the motions are coupled by software
and only two independent parameters are implemented
which permit a parallel motion of two diagonal rows and
an opposite motion of the other two rows. The energy is
adjusted by a gap variation. In Sec. III C we give the recipe
to derive the gap and the phases from the energy and the
polarization ellipse.

Figure 2 shows the parameter space of an APPLE II
undulator with two movable rows. The tilt angle c in
the inclined mode (0� phase difference between field
components) is limited to 0 � c � �=2. When switching
to the other pair of magnet rows the tuning range is

changed to �=2 � c� �. For any magnetic field ampli-

tude ratio all relative phases between the fields can be
achieved (Fig. 2, left). The effective field which determines
the photon energy (Fig. 2, right) can be adjusted by choos-
ing an appropriate magnet gap.

B. Parametrization of the APPLE II
field in three dimensions

Halbach proposed the following general representation
for the fields of a planar vertical field undulator [34]:

Bx ¼ �B0kx
ky

sinðkxxÞ sinhðkyyÞ cosðkzÞ

By ¼ B0 cosðkxxÞ coshðkyyÞ cosðkzÞ
Bz ¼ �B0k

ky
cosðkxxÞ sinhðkyyÞ sinðkzÞ

� k2x þ k2y ¼ k2 ¼ ð2�=�0Þ2:

(41)

The parameters kx, ky, and k are related via Maxwell’s

equations (last line). kx can be either real or imaginary,
representing a horizontally defocusing or focusing device,
respectively. Similar expressions can be found for a 90�
rotated planar device producing horizontal fields. In
principle, helical or inclined linear on-axis fields can be
constructed via a linear superposition of these fields.
However, the complicated off-axis field distribution which
causes the influence on the electron beam dynamics is
difficult to describe in such an approach. Furthermore,
the specific on-axis field dependence on the magnet row
movement in an APPLE undulator cannot be described.
In the following we will present an extended model

which is well adapted to the specific design of an
APPLE II type undulator and easily applicable to other
magnet designs. A parametrization of the fields of one
individual magnet row permits the extrapolation of the
fields of the complete undulator by linear superposition
of the contributions from all four rows. The parametriza-
tion of one magnet row follows the ansatz of Halbach with
an additional term accounting for the gap dependency
[Eq. (42)]. The functions on the right-hand side of
Eq. (42) form a complete and orthogonal basis for all
functions (Bx; By; Bz) which are periodic in the x-z plane

(By symmetric in x) and which obey the 3D Maxwell
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FIG. 2. Parameter space of an APPLE undulator: phase be-
tween transverse magnet field components (left) and effective
fields (right). The field ratio By;0=Bx;0 varies between infinity at

s1 ¼ s2 ¼ 0 and zero at s1 ¼ �0:5 and simultaneously s2 ¼
�0:5. The data are evaluated for a period length of 56 mm and a
gap of 15 mm and they change slightly for other parameters.
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equations. The row is symmetric in x and it is located
below the midplane. The field at y ¼ 0 corresponds to a
given distance to the magnet surface of g0=2, where g0 is
the vertical distance between the upper and lower magnet
row, the so-called magnet gap of the complete device. �g
is the deviation from the nominal gap of g0:

Bx ¼
Xn
i¼0

Xm
j¼1

kxi
kyi;~j

ci;~j sinðkxixÞ expð�kyi;~jyÞ cosðk~jzþ ’Þ

� expð�kyi;~j�g=2Þ

By ¼
Xn
i¼0

Xm
j¼1

ci;~j cosðkxixÞ expð�kyi;~jyÞ cosðk~jzþ ’Þ

� expð�kyi;~j�g=2Þ

Bz ¼
Xn
i¼0

Xm
j¼1

k

kyi;~j
ci;~j cosðkxixÞ expð�kyi;~jyÞ cosðk~jzþ ’Þ

� expð�kyi;~j�g=2Þ
~j ¼ 1þ lðj� 1Þ kxi ¼ kx1i ¼ ð2�=�x0Þi

kyi;~j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2~j þ k2xi

q
k~j ¼ k � ~j: (42)

For a list of abbreviations see Appendix B. These expres-
sions assume an easy axis rotation between subsequent
magnets of 360�=l (l magnets of identical shape per pe-
riod). It is worth noting that, in a pure permanent magnet
undulator with four blocks of identical shape per period
and under the assumption � ¼ 1, only the harmonics 1, 5,
9, . . . show up in the longitudinal field distribution [34].
Otherwise, all odd harmonics are present (1, 3, 5, . . .).
Equation (42) describes magnet blocks with a symmetric
shape in transverse direction. If this is not the case (e.g. the
magnet blocks have cut outs for clamping) additional terms
have to be added (see scalar potential in Appendix C).
Equation (42) is a Fourier series expansion of the field of
one individual magnet row with respect to transverse and
longitudinal coordinates. �x0 is the range for the transverse
Fourier decomposition. The Fourier coefficients ci;~j are

determined as follows: The transverse vertical field distri-
bution of a single row at the z position of maximum field
and the nominal vertical distance of g0=2 is evaluated
numerically (e.g. with RADIA [35,36]) and decomposed
into a Fourier series with coefficients Ci;1. The same pro-

cedure is applied to field distributions at other distances
g0=2þ�yj yielding m sets of coefficients Ci;j. Using

Eqs. (42) and (43) a set of ðnþ 1Þ �m linear equations

correlating the constants Ci;j and the unknowns ci;~j is set

up and solved for the coefficients ci;~j:

C0;1 ¼
Xm
j¼1

c0;~j

� � �

Cn;1 ¼
Xm
j¼1

cn;~j

� � �

Cn;m ¼ Xm
j¼1

cn;~j exp

�
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2~j2 þ k2xn

q
�ym

�
: (43)

m defines the accuracy in the y-z plane and n the accuracy
in x.
Based on the field expressions of Eq. (42), the complete

APPLE II undulator field is derived via an appropriate
transverse positioning and longitudinal phasing of the
four individual rows. The scalar potential of a complete
APPLE II structure is given in Appendix C. The fields as
determined by derivation are given in Appendix D. The gap
difference to the nominal gap g0 is included with �g. The
fields have the following phase dependence: In the ellip-
tical mode (’2 ¼ 0) each transverse field component con-
sists of two terms proportional to cosð’1=2Þ and sinð’1=2Þ.
In the inclined mode (’1 ¼ 0) the field components
are sums of three terms proportional to cos2ð’2=2Þ,
sin2ð’2=2Þ, and cosð’2=2Þ sinð’2=2Þ.
In Sec. II analytic expressions of the vector potential are

used for particle tracking through undulators. The vector
potential is related to the scalar potential via Eq. (28). The
input parameters for the tracking are the gap and the phases
of the magnet rows and a table of typically 30 Fourier
coefficients describing the main undulator field. These
coefficients are evaluated numerically. A single table of
coefficients is sufficient to simulate all operation modes,
i.e., all phases and all gaps of the undulator. If needed, a
second table with the same number of Fourier coefficients
describing correction magnets (see Sec. V) is provided.
Thus, the tracking studies are very flexible and can be
performed over a large parameter space without repetitive
numeric field simulations.

C. On-axis field of an APPLE II undulator

The spectral performance of an undulator is defined by
the on-axis fields as derived from Appendix D:

Bx ¼
Xn
i¼0

Xm
j¼1

4ci;~j
kxi
kyi;~j

ei;~jð�sxi0cz~jcpps
2
pa � sxi0sz~jsppc

2
paÞ By ¼

Xn
i¼0

Xm
j¼1

4ci;~jei;~jðcxi0cz~jcppc2pa þ cxi0sz~jspps
2
paÞ

Bz ¼
Xn
i¼0

Xm
j¼1

4ci;~j
k

kyi;~j
ei;~jð�cxi0cz~jcppcpaspa þ cxi0sz~jsppcpaspaÞ:

(44)
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The abbreviations are defined in Appendix B. The ac-
curacy of the Fourier decomposition with n ¼ 60 and
various values of m is demonstrated in Fig. 3 which gives
the results for the BESSY UE112 APPLE II undulator.
Even 8 mm off axis within a 20 mm gap the field errors are
below 3%.With this set of coefficients we have an accurate
and fully parametrized model for all gaps and all operation
modes such as the helical, inclined, and universal mode.
We remind that this model is based on the linear superpo-
sition of the fields from the four rows.

The user of a synchrotron radiation light source specifies
the photon energy E and a state of polarization as defined
by the normalized Stokes parameters S1, S2, and S3. These
parameters, E, S1, S2, and S3, have to be translated into the
undulator settings. Assuming a degree of polarization of
100% the Stokes parameters have to satisfy S21 þ S22 þ
S23 ¼ 1 and, thus, we have three independent parameters.

The electron trajectory has to be adjusted according to the
state of polarization. The polarization ellipse is defined by
two parameters, the angle of inclination and the ellipticity.
The third parameter is the undulator gap which has to be
adjusted for the chosen energy. The inclination of the
polarization ellipse c is related to the Stokes parameters
and the ratio of the vertical and horizontal electric field
component via

Ey0

Ex0

¼ tanðc Þ ¼ tan

�
0:5 arctan

S2
S1

�
: (45)

The ellipticity of the polarization ellipse is defined by
the phase relation � ¼ �y � �x between the two orthogo-

nal electric field components which is related to the Stokes
parameters via

� ¼ arctan
S3
S2

: (46)

The ratio of the electric field components and their phase
difference defines the required electron trajectory in terms
of the ratio of the two orthogonal magnetic field compo-
nents and the phase relation between them. The third
parameter is the effective magnetic field which defines
the photon energy. These three parameters, By;00=Bx;00 ¼
By;0ðx ¼ 0; y ¼ 0Þ=Bx;0ðx ¼ 0; y ¼ 0Þ, �, and Beff;00 ¼
Beff;0ðx ¼ 0; y ¼ 0Þ, are translated into the undulator op-

eration parameters ’1, ’2, and �g.
The user is only interested in photon energies. These are

related to the path length of the electrons within one
undulator period. The path length is evaluated from the
effective fields. The effective vertical and horizontal fields
are given by quadratic sums over the longitudinal Fourier
components and the total effective field is a quadratic sum
of the transverse components:

Beff;00 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXm
j¼1

B2
x;~j;00

þ B2
y;~j;00

~j2

vuuut ; (47)

where Bx;~j;00, By;~j;00 are the maxima of the ~jth longitudinal

Fourier component of the transverse fields. The higher field
harmonics contribute only weakly to the effective field
Beff;00 since (i) they are added quadratically and (ii) they

are suppressed with the factor 1=~j2. Therefore, in the
following we will discuss only the first longitudinal har-
monic. Nevertheless, a Fourier decomposition with respect
to the longitudinal coordinate has to be done beforehand in
order to determine the coefficients of the first harmonic.
The field equations can be rewritten in the general form:

Bx ¼ Dð�gÞðcpps2pacz þ sppc
2
paszÞ

¼ Bx;00ð’1; ’2;�gÞ cos½kzþ �xð’1; ’2Þ�
By ¼ Eð�gÞðcppc2pacz þ spps

2
paszÞ

¼ By;00ð’1; ’2;�gÞ cos½kzþ �yð’1; ’2Þ�
B2
x;00 ¼ D2½ðcpps2paÞ2 þ ðsppc2paÞ2�

B2
y;00 ¼ E2½ðcppc2paÞ2 þ ðspps2paÞ2�

D ¼ �Xn
i¼0

4cisxi0
kxi
kyi

ei E ¼ Xn
i¼0

4cicxi0ei

�x ¼ arctan½�ðsppc2paÞ=ðcpps2paÞ�
�y ¼ arctan½�ðspps2paÞ=ðcppc2paÞ�:

(48)

The operation parameters ’1, ’2, and �g required to
produce a specified photon energy and state of polarization
are evaluated as follows:
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FIG. 3. Accuracy of field prediction from analytic model at
large vertical offsets depending on the number of Fourier
components used. The magenta curve corresponds to numeric
simulations.
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cos2ð’2=2Þ ¼ 1

2
� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2B2

eff;00ðPþQÞ
ðE2PþD2QÞ � 1

s

cos2ð’1=2Þ ¼ �Pcos4ð’2=2Þ þQ½1� cos2ð’2=2Þ�2
½1� 2cos2ð’2=2Þ�ðPþQÞ

P ¼ ðBy;00=Bx;00Þ2 Q ¼ ðE=DÞ2: (49)

These expressions of ’1 and ’2 are inserted into Eq. (50)
which is an implicit equation of the third parameter �g:

fð�gÞ ¼ arctan½tanð’1=2Þtan2ð’2=2Þ�
� arctan½tanð’1=2Þ=tan2ð’2=2Þ� � � ¼ 0

� ¼ �y � �x: (50)

�g is evaluated iteratively from Eq. (50) using the
Newton Raphson method. The algorithm makes use of
the first derivative of fð�gÞ with respect to �g which is
evaluated from the analytic form of Eqs. (49) and (50) with
an algebraic code like REDUCE [25]. The derivatives of D
and E with respect to �g are given by

@D

@�g
¼Xn

i¼0

2cisxi0kxiei
@E

@�g
¼�Xn

i¼0

2cicxi0kyiei: (51)

In the elliptical mode the phase ’1 required to produce an

amplitude ratio of
ffiffiffiffi
P

p ¼ jBy;00=Bx;00j is evaluated from

’1 ¼ 2 arccos

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P

PþQ

s
: (52)

In the inclined mode the phase ’2 for the production of a
tilt angle between the wiggling plane and the midplane of
c ¼ arctanðBy;00=Bx;00Þ is given by Eq. (53). The equation
includes two solutions. Only one of them is real and
represents the desired parameter:

’2 ¼ 2 arccos

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�P

P�Q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PQ

ðP�QÞ2
svuut

: (53)

The phases in Eqs. (52) and (53) are gap dependent. This
dependency is included in the terms P andQwhich include
�g in the exponential factors.

IV. ANALYTIC MODEL OF DYNAMIC
FIELD INTEGRALS

The analytic field description of the last section permits
an analytic particle tracking based on the generating func-
tion algorithm of Sec. II. For tune feed forward schemes
and for the use in active shimming concepts (they will be
discussed in Sec. V), analytic expressions are needed for
the evaluation of dynamic field integrals which are related
to the wiggling motion of particles in an undulator. Static
field integrals are defined as straight line integrals which
can be measured with a wire or similar equipment. In
contrast, the straight line integrals of 2nd order kicks are

zero. Their effect to the beam is represented by so-called
dynamic field integrals. These dynamic field integrals do
not fulfill the 2D-Maxwell equations and even on a circular
disk within the free aperture they cannot be described with
a two-dimensional multipole expansion as it is usually
done for accelerator magnets. In this section we derive
analytic expressions of dynamic field integrals in two
dimensions and expressions for tune shifts and coupling
terms between planes. The discussion will concentrate on
APPLE II structures but it can be applied easily also to
other designs.

A. Definition of dynamic field integrals

Dynamic field integrals can be observed in the fringe
fields of dipole magnets. Undulators or wigglers which are
basically a sequence of alternating dipole magnets have a
strong influence on the electron beam dynamic. In

Sec. II D 2 the dynamic kicks ~�x and ~�y of a particle

moving through a planar undulator, represented by one
longitudinal and one transverse Fourier component, are
derived [Eq. (39)]. For a realistic model of an undulator
more Fourier components in transverse and longitudinal
direction have to be included (Sec. III). Further terms have
to be added in complex structures such as an APPLE II
undulator. The validity of linear superposition of the vector
potential terms justifies a simple summation over all con-
tributions. The complete expressions of the dynamic kicks
of an APPLE II undulator operated in the universal mode
are given in Appendix E. The contributions from the field
harmonics in longitudinal direction scale with 1=k2i ¼ð�0=i � 2�Þ2, where i is the order of the harmonic (only
odd harmonics appear). Thus, close to the midplane higher
longitudinal harmonics contribute only little to the kicks
and can usually be neglected.
We define the dynamic field integrals ~Bx and ~By (in

Tmm) such that straight line integrals with equal values
produce kicks ��x and ��y with the same strength as the

dynamic kicks ~�x and ~�y. From the Lorenz equation
~F / ~v� ~B / ð ~By;� ~BxÞ we find the relation between the

dynamic field integrals and the dynamic kicks:

f002x¼ ~�x¼ ~By=B� f002y¼ ~�y¼� ~Bx=B�: (54)

B. Comparison of static and dynamic multipoles

The discussion of this section is limited to the region of a
circular disk within the free aperture in the undulator gap.
It is well known that two-dimensional (2D) real multipoles
(multipoles of a 2D distribution of straight line field inte-
grals) obey the 2D-Maxwell equations. In other words, an
analytic function �F ¼ �Bx � i �By can be constructed from

the static field integrals �Bx=y ¼
R1
�1 Bx=ydz. The Cauchy

Riemann relations of
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@ �Bx

@x
¼ @ð� �ByÞ

@y
� @ð� �ByÞ

@x
¼ @ �Bx

@y
(55)

are another formulation ofMaxwell’s equations ~r� ~�B ¼ 0

and ~r � ~�B ¼ 0 with ~�B ¼ ð �Bx; �ByÞ. In contrast, the complex

function ~F ¼ ~Bx � i ~By is not an analytic function.

We examine the divergence and the rotation of the
dynamic field integrals. The kick of a particle passing
through an undulator is given in Eq. (39) as

�px ¼ f002x �py ¼ f002y: (56)

These dynamic kicks are related to dynamic field inte-
grals via Eq. (54). With Eq. (54) the Maxwellian character
of these terms can be checked. The divergence of the
dynamic field integrals is given as

~r � ð ~Bx; ~ByÞ ¼ @ ~Bx=@xþ @ ~By=@y / �f002yx þ f002xy

¼ 0; (57)

and the rotation is

½ ~r� ð ~Bx; ~ByÞ�z ¼ @ ~By=@x� @ ~Bx=@y / f002xx þ f002yy

� 0: (58)

These expressions show that the divergence of dynamic
field integrals is always zero whereas the rotation is gen-
erally nonzero. To stress this difference we call the expan-
sion terms of the transverse distribution of dynamic field
integrals ‘‘dynamic multipoles’’ as opposed to static multi-
poles. Static and dynamic multipoles represent different
sets of functions and, therefore, it is impossible to com-
pensate dynamic multipoles with shims which are repre-
sented by static multipoles.

For an illustration of the dynamic field integrals we
examine a planar undulator. We consider only one
Fourier component and we restrict the discussions to the
relevant dynamic multipoles of an ideal undulator. These
are regular dynamic quadrupoles, octupoles, dodecapoles,
etc. We use similar names as for the static multipoles to
indicate identical exponents of the transverse coordinates x
and y though the prefactors behave differently from static
multipoles. The field integrals of the transverse field com-
ponents of the static regular multipoles are described by

�BðnÞ
y ¼ Xbn=2c

i¼1

ð�1Þi�1 �ayni � xnþ1�2iy2ði�1Þ

�BðnÞ
x ¼ Xbn=2c

i¼1

ð�1Þi�1 �axni � xn�2iy2ði�1Þþ1;

(59)

where n is the order of multipole (n ¼ 1; 2; 3; . . . means
dipole, quadrupole, sextupole, . . .). All prefactors �axni, �ayni
have the same sign for a given n. In an ideal undulator we

have �BðnÞ
y ¼ 0; 8n.

The dynamic multipoles of a planar undulator with one
longitudinal and one transverse Fourier harmonic are de-
rived from Eq. (39). As usual, we have k2x > 0 for a
horizontal defocusing and k2x < 0 for a horizontal focusing
undulator:

~BðnÞ
y ¼��0;modðn;2Þ

L

8B�k2

�
�
�
k3x
k2y
þkx

�
ð�1Þn=2�1

� 1

ðn�1Þ!ð2kxÞ
n�1xn�1þ

�
k3x
k2y
�kx

�Xn=2
i¼1

ð�1Þiþ1

� 1

ð2i�1Þ!
1

ðn�2iÞ!ð2kxÞ
2i�1ð2kyÞn�2ix2i�1yn�2i

�
;

(60)

~BðnÞ
x ¼ �0;modðn;2Þ

L

8B�k2

�
� k2x
k2y

ky
Xn=2
i¼1

ð�1Þiþ1 1

ð2i� 2Þ!

� ð2kxÞ2i�2x2i�2 1

ðn� 2iþ 1Þ! ð2kyÞ
n�2iþ1yn�2iþ1

þ ky
Xn=2
i¼1

ð�1Þiþ1 1

ð2i� 2Þ! ð2kxÞ
2i�2x2i�2

� 1

ðnþ 1� 2iÞ! ð2kyÞ
nþ1�2iynþ1�2i

þ
�
k2x
k2y

ky þ ky

�
1

ðn� 1Þ! ð2kyÞ
n�1yn�1

�
: (61)

In the following we will consider three limiting cases:
(1) The undulator focuses horizontally with �k2x ¼ k2y ¼
k2=2 which requires a specific pole shaping in planar
undulators. With ~ayni; ~axni > 0; 8 n we have

~B ðnÞ
y / �Xn=2

i¼1

~aynix
nþ1�2iy2ði�1Þ

~BðnÞ
x / Xn=2

i¼1

~axnix
n�2iy2ði�1Þþ1:

(62)

(2) The undulator defocuses horizontally and the period
length is long as compared to transverse field profile:

k2x 	 k2y. With ~byn; ~bxn > 0; 8n the dynamic field inte-

grals are

~B ðnÞ
y / ~bynð�1Þn=2�1xn�1 ~BðnÞ

x / ~bxny
n�1: (63)

(3) The undulator poles are assumed to be infinitely wide:
k2x ¼ 0. With ~cxn > 0; 8n we have

~B ðnÞ
y / 0 ~BðnÞ

x / ~cxny
n�1: (64)

The prefactors ~ayni, ~axni, ~byn, ~bxn, ~cnx follow from

Eqs. (60) and (61).
In the first case all terms of the static multipoles

[Eq. (59)] show up also in the dynamic multipoles
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[Eq. (62)]. However, the signs are different. In the second
case the cross terms of the static multipoles do not
show up in the dynamic multipoles [Eq. (63)] and the
remaining terms appear with different signs. In the third
case one component is always zero [Eq. (64)] which is
never the case for static multipoles. These differences
illustrate the non-Maxwellian character of the dynamic
multipoles.

C. Dynamic field integrals in the midplane

For the elliptical and the inclined mode, it has been
demonstrated numerically [37] that for a specific gap and
arbitrary row phases the dynamic field integrals in the mid-
plane can be representedwith a fewgeneric functions. In the
elliptical case two generic functions, f0 and f�, describe
the horizontal kicks whereas the vertical kicks are zero. In
the inclined mode three generic functions, f0, f�, and f�=2,
describe the horizontal kicks and another function, g�=2, the
vertical kicks. Based on the field expressions given in
Appendix D analytic expressions of the dynamic field in-
tegrals in two dimensions are derived using Eq. (39).
General expressions for the universal mode are given
in Appendix E. The following four generic functions are
special cases of the general equations: elliptical mode
(’2 ¼ 0):

cpa ¼ 1 spa ¼ 0 �x ¼ f0c
2
pp þ f�s

2
pp

�y ¼ 0 f0 ¼ L8

k2ðB�Þ2
Xn
i¼0

Xn
j¼0

cicjeiejkxjcxi0cxicxj0sxj

f� ¼ L8

k2ðB�Þ2
Xn
i¼0

Xn
j¼0

cicjeiej
kxi
kyi

k2xj
kyj

sxi0cxisxj0sxj; (65)

inclined mode (’1¼0):

cpp¼1 spp¼0 �x¼f0c
4
paþf�s

4
paþf�=2c

2
pas

2
pa

�y¼g�=2c
2
pas

2
pa

f�=2¼� L8

k2ðB�Þ2
Xn
i¼0

Xn
j¼0

cicjeiej

�
�
kxi
kyi

k2xj
kyj

cxi0sxicxj0cxjþkxjsxi0sxisxj0cxj

�

g�=2¼� L8

k2ðB�Þ2
Xn
i¼0

Xn
j¼0

cicjeiej

�
�
kxi
kyi

kxjðsxi0cxicxj0sxj�cxi0sxisxj0cxjÞ

þkyjð�cxi0cxisxj0sxjþsxi0sxicxj0cxjÞ
�
: (66)

The shape of the generic functions is gap dependent
since the higher order Fourier terms decrease faster with

gap than the lower order terms. The generic functions of
the UE112 at gap ¼ 20 mm are plotted in Fig. 4. This
representation can be used for an online evaluation of the
dynamic field integrals in an active compensation scheme
(see Sec. V).

D. Linear terms in the midplane

The partial derivatives of the dynamic field integrals are
related to the horizontal and vertical tune shifts via

�Qx¼� 1

4�

@�x
@x

h�xiL �Qy¼ 1

4�

@�y
@y

h�yiL; (67)

where the average is taken over the undulator length.
The kicks for the universal mode are given in

Appendix E and the evaluation of the derivatives is
straightforward. In the elliptical mode the derivatives of
the dynamic kicks on axis are

@�x=@x ¼ � 8L

ðB�Þ2k2
Xn
i¼0

Xn
j¼0

cicjeiej

�
�
� kxi

kyi

k3xj
kyj

sxi0sxj0s
2
pp � k2xjcxi0cxj0c

2
pp

�

@�y=@y ¼ � 8L

ðB�Þ2k2
Xn
i¼0

Xn
j¼0

cicjeiej

�
�
kxi
kyi

kxjkyjsxi0sxj0s
2
pp þ k2yjcxi0cxj0c

2
pp

�
@�x=@y ¼ @�y=@x ¼ 0: (68)

The coupling terms are zero and, thus, the planes are
decoupled. The kick derivatives in the inclined mode on
axis are
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FIG. 4. Generic functions f0, f�, f�=2, g�=2 for the description
of the dynamic multipoles in the elliptic and inclined mode. The
values are given for the BESSY II UE112 at smallest gap of
20 mm in the midplane.
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@�x=@x ¼ � 8L

ðB�Þ2k2
Xn
i¼0

Xn
j¼0

cicjeiej

�
��

k2xi
kyi

k2xj
kyj

cxi0cxj0 þ kxikxjsxi0sxj0

�
c2pas

2
pa

� kxi
kyi

k3xj
kyj

sxi0sxj0s
4
pa � k2xjcxi0cxj0c

4
pa

�

@�y=@y ¼ � 8L

ðB�Þ2k2
Xn
i¼0

Xn
j¼0

cicjeiej

�
�
ðkxikxjsxi0sxj0 þ kyikyjcxi0cxj0Þc2pas2pa

þ kxi
kyi

kxjkyjsxi0sxj0s
4
pa þ k2yjcxi0cxj0c

4
pa

�
: (69)

In this mode the horizontal and vertical planes are coupled:

@�x=@y¼@�y=@x¼� 8L

ðB�Þ2k2
Xn
i¼0

Xn
j¼0

cicjeiej

�
�
�kxi

k2xj
kyj

sxi0cxj0þkxi
kyi

k2xjsxi0cxj0

þkyikxjcxi0sxj0�kxjkyjcxi0sxj0

�
c2pas

2
pa: (70)

These terms can be used for an on-line compensation of
the tune shifts using storage ring quadrupoles. The cou-
pling in the inclined mode can be minimized as well to
keep the vertical emittance small (see Sec. V).

The rotation of the dynamic field integrals is given by

ðr � ~~BÞz / @�x=@xþ @�y=@y. This function is plotted for

various phases in Fig. 5. For zero phase (nearly planar
device) the rotation is constant over a large transverse
region. The term cannot be compensated with a single
quadrupole; however, this can be achieved with two quad-
rupoles with an appropriate phase advance in between. For
a finite phase the rotation shows a significant fine structure
in transverse direction and a compensation with quadru-
poles is impossible. The fine structure is independent from
the properties of 2D-correction elements such as shims (see
the next section) since their contribution is rotation free.

V. SHIMMING OF DYNAMIC FIELD INTEGRALS

In Sec. III, we presented analytic descriptions of ideal
periodic undulator fields. Real undulators employ field
errors due to magnet block errors (dipole component and
inhomogeneities) and geometric errors (fabrication and
assembling errors). These effects which can be described
by a 2D distribution of static field integrals have to be
minimized, i.e., shimmed. The evaluation of a shim distri-
bution for a given distribution of field integral errors is
done via the solution of a set of linear equations which is a
fast algorithm. For this purpose the response function of
various shims at different transverse positions has to be

evaluated on the same grid as the error distribution. The
shim response function can be obtained either by numeri-
cal techniques (e.g. with RADIA [35,36]) or by measure-
ments. Principally, there is no limitation regarding the
shimming accuracy since the shim response is represented
by static 2D-field integrals as well. The shimming tech-
nique is well established and we do not want to go into
detail. However, we want to discuss the shim representa-
tion as used for tracking.
An expansion of insertion device field integral errors

with respect to 2D multipoles in analogy to storage ring
magnets is not appropriate since the expansion converges
only on a source free disk. The radius of this disk is defined
by the distance of the closest error to the undulator axis,
e.g., half the magnetic gap g. In storage rings the horizontal
travel of electrons reaches much further out than g=2 and
the multipole expansion diverges in this regions. We will
present a field integral description which is not limited in
the horizontal direction. This description is used in the
particle tracking of Sec. II.
The dynamic field integrals can be compensated only by

part with shims as discussed in Sec. IV. Nevertheless,
shims reduce the dynamic effects significantly. The dy-
namic field integrals are shimmed in the midplane and the
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FIG. 5. Top left: Sum of dynamic and static field integrals of
the unshimmed device (dashed) and the shimmed device (solid)
for various phases. The Fe shims have a negligible effect at
phase ¼ 0. Top right: Rotation of the dynamic field integrals
(rotation of the shim contribution is zero) for the phases of the
figure top left. Bottom left and right: Contributions to
the rotation of the sum of dynamic and static field integrals of
the unshimmed device (dashed) and the shimmed device (solid).
All data are given for the UE112 at a gap of 20 mm in the
midplane.
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shim strength and shape are optimized for this case. In
principle, a perfect compensation in the midplane is pos-
sible. This includes the horizontal and vertical dynamic
field integrals as well as all derivatives with respect to the
horizontal coordinate. The derivatives in the vertical direc-
tion are nonzero. However, usually the vertical emittance
and betatron function are small and the residual errors are
tolerable.

Shim field integrals for the compensation of static and
dynamic field integrals have to be included in a particle
tracking scheme to achieve realistic results. In the follow-
ing we will derive analytic expressions for various types of
shims which are suited for the tracking scheme of Sec. II.

A. Analytic shim model

Undulator fields have to meet two independent require-
ments: (i) The local on-axis field distribution has to be
optimized with respect to the phase error [38] to provide
highest photon brightness even at higher harmonics.
(ii) The off-axis field integrals have to be minimized for
a negligible impact of the undulator on the electron beam
dynamics. This requirement is more stringent for storage
ring devices and less critical for single pass devices.

Local field errors as well as field integral errors can be
compensated, with pieces of iron [39–42], with permanent
magnets [43], via a transverse movement of magnets, the
so-called virtual shimming [44], or with special coils close
to the electron beam [45]. Generally, the effect of a shim is
the introduction of local transverse kicks (in horizontal and
vertical direction) where the kick amplitudes depend on the
transverse shim position and shim shape. A thorough mag-
net block characterization and sorting (based on dipole
errors and inhomogeneities) and an accurate assembly
provides already small phase errors [43]. The shimming
effort concentrates on the 2D distribution of the integrated
kicks.

Within a certain gap range g ¼ g0 � �g the field inte-
grals of any individual shim or shim distribution is ap-
proximately written as [18]

�Bx ¼
Xn
i¼0

kxi
kyi

½ �ci sinðkxixÞ coshðkyiyÞ þ �si cosðkxixÞ

� sinhðkyiyÞ� exp½�kyi�g=2�
�By ¼

Xn
i¼0

½� �ci � cosðkxixÞ sinhðkyiyÞ þ �si sinðkxixÞ

� coshðkyiyÞ� exp½�kyi�g=2�
kxi ¼ kyi:

(71)

At a given gap g ¼ g0, i.e. �g ¼ 0, the expansion
converges since the expansion functions represent a com-
plete set of functions for all 2D distributions of field
integrals which obey the 2D-Maxwell equations. For other
gaps (�g � 0) the accuracy depends on the specificity of
the shim (see below).

The number of terms is reduced if a specific shim
symmetry is assumed. In the elliptical mode of an
APPLE II undulator, the required shim configuration for
the minimization of the dynamic field integrals follows
Eq. (71) with �ci ¼ 0; 8 i (point symmetry with respect
to the undulator axis). For this specific case the shims are
grouped in quadruples. One quadruple consists of four
shims, one shim on each of the four magnet rows. Each
quadruple is described by Eq. (71).
Usually, the coefficients �si and �ci are evaluated at the

smallest operation gap g0 because then, the simulation
accuracy is highest in the gap regime where the dynamic
field integrals and the response of the shims are largest.
The shim field integrals are evaluated at y ¼ 0 within
a transverse range of �x1 ¼ 2�=kx1 and the Fourier
components are derived from this distribution where
kxi ¼ kyi ¼ i � kx1.
Equation (71) is well suited for situations where a linear

superposition of fields is justified such as permanent mag-
net shims on top of the periodic structure [37], magic
fingers at the undulator ends [43], virtual shims [44], or
flat wires as realized for the BESSY II UE112. Fe shims
have a small coercivity and, thus, have a response function
which depends strongly on the magnetic environment, i.e.,
the shim response is magnet row phase dependent. In fact,
this behavior is used to compensate for phase dependent
static field integrals of APPLE II undulators which are
due to a finite magnetic susceptibility [43]. Furthermore,
due to the cross talk between the upper and lower magnet
girders the gap dependence of Fe shims deviates from
Eq. (71).
We extend the ansatz of Eq. (71) in order to describe Fe

shims within the complete phase and gap range of an
APPLE II undulator. Without losing generality we regard
only the field integral differences with respect to the ’1 ¼
’2 ¼ 0 geometry, where the field integrals are usually
compensated with permanent magnet shims (see
Sec. VB). At a given gap the phase dependent transverse
distribution of the dynamic field integrals in the elliptical
(inclined) mode can be described by two (four) generic
functions [Eqs. (65) and (66)]. The vertical field integrals
increase from zero to a maximum going from ’1 ¼ 0 to
’1 ¼ �. In the inclined mode the horizontal field integrals
are zero for ’2 ¼ 0 and ’2 ¼ � and have a maximum in
between. We are seeking a Fe-shim configuration with
approximately the same phase dependence. Chavanne
et al. proposed L-shaped Fe shims to compensate the
dynamic field integrals in the elliptical mode [46]. In the
inclined mode the L shims enhance the dynamic field
integrals, however. Following Chavanne’s idea, four iden-
tical shims with a length of half a period are placed at the
magnet edges close to the undulator axis (standard L-shim
quadruple). The shims are centered on the vertically mag-
netized blocks. Looking downstream the shims are placed
on negative blocks (producing a negative vertical field on
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axis) at the right-hand side and on positive blocks at the
left-hand side (an electron machine is assumed). The static
field integrals of this shim configuration have the required
point symmetry. Numerical simulation shows that an
L-shim quadruple can be represented by two generic func-
tions which represent the vertical field integral distribution
at ’1 ¼ � (elliptical mode) and the horizontal field inte-
gral distribution at ’2 ¼ �=2 (inclined mode). A Fourier
decomposition of the two functions yields two sets of
Fourier coefficients �ci and �si, where the �ci terms are zero
in this geometry. An example of the generic functions for
the UE112 is given in Fig. 6.

The generic L-shim functions have to be scaled appro-
priately with phase and gap dependent functions R and S,
where R and S are related to the regular and skewmultipole
components. We chose the following ansatz for the L-shim
quadruple description:

�Bx ¼
Xn
i¼0

½S �ci sinðkxixÞ coshðkxiyÞ þ R�si cosðkxixÞ

� sinhðkxiyÞ� exp½�kxi�g=2�
�By ¼

Xn
i¼0

½�S �ci cosðkxixÞ sinhðkxiyÞ þ R�si sinðkxixÞ

� coshðkxiyÞ� exp½�kxi�g=2�
Rð’;�gÞ ¼ a1ð’Þfb1ð’Þ þ ½1� b1ð’Þ� exp½�c1ð’Þ�g�g
Sð’;�gÞ ¼ a2ð’Þ exp½�c2ð’Þ�g�: (72)

Equation (72) includes different Fourier coefficients and
different functions R and S in the elliptical and inclined
mode. a1ð’Þ and a2ð’Þ describe the phase dependency at
smallest gap g0 and they have to be determined from
numeric field simulations at this gap. For parametrization
they can be decomposed into Fourier components with
respect to the phase parameter. Numerical simulations
show that the functions a1ð’Þ are similar in the elliptical
and inclined mode. a2ð’Þ is nonzero only in the inclined
mode. At larger gaps the field integrals of Eq. (72) scale
with an exponential expression containing the factors kxi.
Residual errors are visible in Fig. 7. They can be described
by the phase dependent function b1 and the gap dependent

functions c1=2. The functions a1;2, b1, and c1;2 are plotted in

Fig. 8 for the BESSY II UE112 undulator. With a gap of
g0 ¼ 20 mm and �x0 ¼ 400 mm, 80 Fourier coefficients
have been derived for the UE112. Using these coefficients
the field integrals in the midplane are evaluated with an
accuracy well below 1% for vertical field integrals and 2%
for the horizontal field integrals in the inclined mode over a
gap range of 20–100 mm (Fig. 9). These errors are related
to the maximum field integral value for all phases at g0 ¼
20 mm. The errors decrease for increasing gaps.
In tracking simulations this model should be checked for

the most critical situations (e.g. smallest gap and ’1 ¼ �)
versus a simulation based on Fourier coefficients specifi-
cally derived for this gap and phase. Figure 10 shows errors
of only 10% even 8 mm above midplane for specifically
evaluated coefficients (gap ¼ 20 mm, inclined mode,
’2 ¼ �=2). With smaller vertical offsets the errors
decrease.
In other cases, e.g., during evaluation of the correction

currents for active compensation of the dynamic field
integrals (see Sec. VC), only the field integrals in the
midplane are required. Then, it is adequate for accuracy
and advantageous concerning CPU time (no numeric field
simulation required) to extrapolate the field integrals at
various gaps g ¼ g0 þ�g from the coefficients derived
for smallest gap g0 using Eq. (72).
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B. Passive shimming in the elliptical mode

The passive shimming of APPLE II undulators is done in
four steps [43]: (i) virtual shimming for trajectory straight-
ening; (ii) shimming of phase dependent field integrals
with flat Fe shims of 4 mm width which are distributed
in transverse direction on a grid with a grid size of 4 mm;
(iii) shimming of static field integrals using so-called
magic fingers at either end of the undulator. The magic
fingers are arrays of permanent magnets with a cross
section of 4� 4 mm2 and variable length distributed on
a transverse grid with grid size of 4 mm; (iv) passive
shimming of the dynamic field integrals with L shims.
The L shims are glued onto the structures in the storage
ring tunnel. This procedure has successfully been applied
to all BESSY II APPLE II undulators [37]. The geometri-
cal shape of the L shims has been optimized such that the
transverse distribution of the dynamic field integrals is
minimized at the smallest gap of the individual undulator.
The horizontal and vertical sizes of the BESSY-II L shims
are 2 and 4 mm, respectively. The influence of the shape is
discussed in detail for the BESSY II UE112 in [18]. Shims
with varying thicknesses and lengths for the elliptical mode
are discussed in that paper but it has been concluded that
the additional effort with different shim types does not pay
since the L shims do not help in the inclined mode. The
strong dynamic field integrals in the inclined mode have to
be compensated actively (Sec. VC), and once an active
compensation scheme is available also the residual errors
in the elliptical mode can be minimized. Nevertheless, the
passive shims are extremely useful in the elliptical mode
since the main part of the dynamic multipoles is canceled
even if the active compensation fails due to a hardware
error. The spectral power of the optimized L-shim configu-
ration in the midplane at smallest gap and maximum phase
is plotted in Fig. 11.
The L shims are optimized for smallest gap and’1 ¼ �.

In the following we estimate the quality of the L-shim
compensation at other gaps g ¼ g0 þ�g. We assume
equal expansion ranges of the Fourier decomposition for
the shims and the single magnet row (needed for evaluation
of dynamic field integrals). The considerations are based
on the assumption of R 	 1 which is accurate within 5% at
maximum shift and a gap range between 20 and 40 mm.
For small period lengths the approximation is not valid, but
in that case the dynamic field integrals are small and,
usually, are not shimmed.
In the vertical linear mode with ’1 ¼ � the static kicks

��x in the midplane which are due to the shim field integrals
have a gap scaling of [Eq. (71)]

�� x /
Xn
m¼1

�Ame
�mkx1�g=2 sinðmkx1xÞ: (73)

On the other hand, the kicks of the dynamic field inte-

grals ~�x scale with [Eq. (65)]
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~�x¼
Xn
i¼0

Xn
j¼1

� ~Aijð’1Þ �e�½ðkyiþkyjÞ�g=2�

�cosði �kx1xÞsinðj �kx1 �xÞ

¼Xn
i¼0

Xn
j¼1
j
i

�2�l � ~Aijð’1Þ �e�½ðkyiþkyjÞ�g=2�

�sin½ðiþjÞ �kx1 �x�
l¼1; 8 j¼ i l¼2; 8 j>i

~�x¼
X2n
m¼1

~Amð’1Þsinðm �kx1 �xÞ

~Amð’1Þ¼
Xn

i¼0;j¼1
j
i

iþj¼m

2�l �Aijð’1Þ �e�½ðkyiþkyjÞ�g=2�: (74)

The shim shape is optimized such that the dynamic field
integrals at smallest gap are compensated in the midplane:

Xn
m¼1

�Am sinðm �kx1 �xÞ	
X2n
m¼1

~Amð’1Þsinðm �kx1 �xÞ; (75)

which requires for each individual term �Am 	 ~Amð’1Þ.
The gap dependence of the kicks is included in the expo-
nential terms:

�Am � e�m�kx1��g=2 	 ~Amð’1Þ � e�ðm�ky1Þ�g=2: (76)

For small k which means large period lengths we
expand:

m �ky1¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 �k2x1þk2

q
	m �kx1 �

�
1þ k2

2 �m2 �k2x1

�
: (77)

As an example we examine the BESSY UE112 with
�0 ¼ 112 mm. With a region for the transverse Fourier
expansion of �100 mm we can set m � ky1 	 m � kx1 with
an error below 18% (10%) for the Fourier terms m 
 3
(m 
 4). According to Eq. (76) we have the same gap
dependence of the Fourier components m 
 3 of the dy-
namic field integrals and the static field integrals of the
shims. Restricting the discussion to the disk of conver-
gence the multipole content of the terms in Eq. (75) is
derived from Eq. (78):

sinðm �kx1 �xÞ¼
X1
i¼1

ð�1Þim~i

~i!
ðkx1xÞ~i ~i¼2 � i�1; (78)

where the terms proportional x, x3, x5, x7 are attributed to a
quadrupole, octupole, dodecapole, and hexadecapole.
Numerical simulations show that only the coefficients
m 
 3 contribute significantly to the multipoles higher
than the quadrupole (Fig. 12). This is the reason for a
similar gap dependence of the static and dynamic multi-
poles for long period devices. The quadrupole terms scale
differently, but they can easily be compensated with a tune
feed forward scheme.
Figure 13 compares theUE112with aUE56with the same

length. The L shims of both devices have roughly the same
gap dependence. Differences are due to the different cross
talk between upper and lower girder. The strength of the
dynamic field integrals scales quadratically with the period
length. The dynamic field integrals of the UE56 drop much
faster than those of the UE112. As expected the L shims
compensate the dynamic multipoles of the UE112 over a
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considerable gap rangewhich is not the case for theUE56. At
large gaps the relative accuracy gets worse even for the
UE112; however, the absolute values are small. As expected,
the compensation of the dynamic multipoles of short period
devices is less accurate; however, the terms are smaller.

As an example for the generating function-based track-
ing routine of Sec. II and the analytic models of the
undulator and the L shims of Secs. III and V we present
results from the UE112. The dynamic aperture of the
UE112 undulator was explored at smallest gap of 20 mm
and at maximum shift without and with L shims [17]. The
dynamic kicks to a particle when passing the undulator
with different initial conditions are plotted in Fig. 14. The
initial horizontal phase space variables x and x0 of the
particles were equally distributed on a phase space ellipse
with semiaxes of 30 mm and 2 mrad. The kicks can be
reduced significantly with the implementation of L shims
(Fig. 14). Only a linear dependence on the transverse
displacement with a minor modulation is left which can
be compensated with an appropriate quadrupole tuning.
The horizontal phase space without L shims is reduced by
about a factor of 2 as compared to the case with undulator
gap open. The horizontal dynamic aperture is below 15mm
and a spurious dilution of the phase space is observed at
even smaller displacements (Fig. 15). The horizontal phase
space can be recovered with L shims as shown in Fig. 15.

C. Active shimming in the inclined mode

As shown in Sec. IV the dynamic field integrals scale
with the square of the period length and inversely with the
square of the beam energy. The UE112 operated at
BESSY II (beam energy of 1.7 GeV) produces dynamic
field integrals up to 3 Tmm. They can be compensated with
L shims in the elliptical mode. In the inclined mode no
passive compensation scheme is available and an active
scheme has to be adopted. The highest flexibility is pro-
vided by a set of wires with an individual excitation. At
BESSY two sets of 14 wires each are glued to the vacuum
chamber above and below midplane. The transverse width
of the wires is 3 mm allowing for a relative distance of
4 mm. The wires are grouped in pairs and operated by 14
power supplies. In this geometry point symmetric field
integral distributions of nearly arbitrary shape can be pro-

duced [18,45]. The complex field integrals �̂B of a wire
depending on the complex coordinates r̂ð0Þ are given by

�̂Bð ~rÞ ¼ id
r̂0 � r̂

jr̂0 � r̂j2
�̂B ¼ �Bx � i �By

r̂ð0Þ ¼ xð0Þ � iyð0Þ d ¼ �0

2�
IL:

(79)

I is the current and L is the length of the wire. The
field integrals can be decomposed into regular and skew
multipoles [Eqs. (80) and (81)] [45]. The multipole expan-
sion of Eqs. (80) and (81) converges only on a source-free
circular disk. At distances larger than the distance to the
wire it diverges [45]. Outside the disk of convergence the
wires have to be described by Eq. (71):
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FIG. 13. Dynamic multipoles (black) and L shims (red) for the
UE112 (solid) and a UE56 with the same length (dashed) in
the midplane for different gaps. Dynamic multipoles and shims of
the UE56 are scaled with a constant factor for better comparison.
The shim configuration (number of standard L-shim quadruples
and shim shape) has been optimized for the UE112 at a gap of
20 mm.

FIG. 14. Horizontal kick in mrad and displacement in mm for
an electron passing the UE112 at 20 mm gap and maximum
phase for initial variables x and x0 equally distributed on a phase
space ellipse (see text). The red line corresponds to the un-
shimmed device and the blue line shows the results with an
L-shim compensation.

JOHANNES BAHRDT AND GODEHARD WÜSTEFELD Phys. Rev. ST Accel. Beams 14, 040703 (2011)

040703-20



�By¼�X1
m¼0

xm �d
0
@ Xmþ1

i¼istart

cij

r2i0
�x2½dm=2eþi�m�1��modðm;2Þþ1

0 �hðmÞ Xm
i¼istart�modðm;2Þ

cij1
r2i0

�x2½dðm�1Þ=2eþi�m��mod½ðm�1Þ;2�
0

1
A

�Bx¼
X1
m¼0

xm �d�y0 �
Xmþ1

i¼istart

cij � 1
r2i0

x2ðdm=2eþi�m�1Þ�modðm;2Þ
0 ; (80)

istart ¼ dm=2e þ 1 r20 ¼ x20 þ y20 j ¼ modðm; 2Þ þ 2ði� istartÞ þ 1 j1 ¼ modðm; 2Þ þ 2ði� istartÞ þ 2

cijð1Þ ¼
i� 1

jð1Þ � 1

 !
� ð�1Þiþjð1Þ�2 � 2jð1Þ�1 hðmÞ ¼ 1� �m;0: (81)

In Sec. IV the dynamic field integrals are derived quanti-
tatively. Based on these values the excitation patterns for
the correction wires have been evaluated. The successful
operation of the wires has been demonstrated for the
UE112 [45]: In the elliptical and inclined mode the tune
variations in the midplane are compensated, the coupling
between planes in the inclined mode is minimized, and the
injection efficiency in the inclined mode is recovered.

Below 100 eV beam lines operated at APPLE II undu-
lators profit from the universal mode. In this energy regime
the optical elements in a beam line significantly change the
polarization state of the incoming light. These modifica-
tions may change over time if the mirrors or gratings get
contaminated. In the universal mode the undulator is ca-
pable to produce any state of polarization thus compensat-
ing polarizing beam line effects. As pointed out in Sec. IV
this operation mode introduces a complicated dynamic
field integral distribution lacking any symmetry. Pairing
the correction wires as realized for the UE112 does not
provide enough flexibility for the compensation. An indi-
vidual powering of each wire is required. In the case of the

BESSY II UE112 the maximum correction current in the
universal mode at a gap of 20 mm amounts to 25 A,
whereas in the inclined mode it is limited to 12 A [28].
The wires have been tested up to 16 A, and, maybe, the
wire thickness has to be increased slightly for the universal
mode (2011, the wire thickness is 0.3 mm). Within the
limitations already discussed in Sec. IV the dynamic field
integrals can be compensated with the wires. In practice it
is not feasible to set up feed forward tables for the correc-
tion currents which span the whole parameter space in the
universal mode (three parameters: two phases and gap). A
better way is the on-line evaluation of the dynamic field
integrals and the on-line derivation of the correction
currents. Based on the equations in Appendix E a fast
evaluation of the dynamic kicks is possible and the deter-
mination of the corrections currents requires only a matrix
inversion. The UE112 has been operated in the universal
mode and the impact on the storage ring has been studied in
detail by measuring the tune shifts for a transversally
displaced electron beam [28]. Extracting the dynamic
kicks from the tune shifts, the agreement between

FIG. 15. Horizontal phase space plot of 1000 turns and increasing horizontal starting amplitude at nominal momentum. The vertical
starting amplitude is always 1 mm. The dynamic field integrals are not compensated, left, and compensated by L shims, right.
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prediction from the analytic model and the measurements
is found to be better than 20% (normalized to the maxi-
mum values). Uncertainties of the analytic model and the
measurements are the total strength of the L shims (geo-
metric errors are within 10%), the actual betatron function
at the undulator location, and the calibration of the beam
position monitors at large horizontal displacements of the
electron beam. Further improvements of the model are
expected from a fine-tuning of the shim strength based
on a higher measurement accuracy. The test of the im-
proved model on the basis of tune measurements with a
displaced electron beam as well as the implementation and
operation of 28 independent correction wires will be the
subject of future studies.

VI. CONCLUSION

A symplectic, analytic, and fast particle tracking scheme
which is based on generating functions has been presented.
The schememakes use of an analytic magnetic field model.
Accurate analytic field descriptions of an APPLE II undu-
lator as well as of shims for field compensation have been
developed. Different undulators require only related
Fourier coefficients. Different undulator settings such as
undulator length, peak fields, magnetic gap, and magnet
row phase (APPLE II) parameters are handled by the
tracking routine in a parametrized model. This flexibility
together with the fast tracking algorithm makes a scan of

undulator parameters very efficient. The high accuracy
permits the prediction of many features of the undulator
electron beam interaction from tracking simulations.
Furthermore, analytic expressions of dynamic field inte-
grals, tune shifts, and coupling terms have been derived.
These equations are essential for a fast active compensa-
tion of tune and higher order dynamic multipoles in arbi-
trary operation modes of complex undulators. Passive and
active shimming concepts have been presented and it is
concluded that APPLE II undulators with a long period
length of 112 mm can be operated in a low energy storage
ring such as BESSY II.
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APPENDIX A: REDUCE ROUTINE TO
EVALUATE GENERATING FUNCTIONS

FOR ARBITRARY FIELDS

This REDUCE code solves iteratively the series
expanded Hamilton-Jacobi equation to order ‘ord’. The
procedure ‘tay3ðfunc;var1;var2;var3;nÞ’ is a self-
written Taylor series expansion (not part of the REDUCE

package). It expands the function ‘func’ with respect to
the variable ‘var1’, ‘var2’, ‘var3’ to the order ‘n’.

% order of the solution
ord :¼ 3 $

% declaration of vector potential terms
% Axðxi;yi;zÞ, Ayðxi;yi;zÞ, Azðxi;yi;zÞ
depend ax;xi;yi;z $
depend ay;xi;yi;z $
depend az;xi;yi;z $

% setup of series expansion; see Eq. (12)
operator f $
F3 :¼ 0 $
for ic :¼ 1: ord do for ix :¼ 0: ord do
for iy :¼ 0: ord do for i3 :¼ 0: ord do
if ixþ iyþ i3 ¼ ic then
� depend fðix;iy;i3Þ, xi, yi, z $
F3 :¼ F3þ fðix;iy;i3Þ�pfx��ix�pfy��iy�x3��i3 
 $

% definition of initial values, see Eq: (15)
fð1; 0; 0Þ :¼ �xi $ fð2; 0; 0Þ :¼ �z=2 $
fð0; 1; 0Þ :¼ �yi $ fð0; 2; 0Þ :¼ �z=2 $

% limitation of higher order terms
for ix :¼ 0 : ordþ 1 do for iy :¼ 0 : ordþ 1 do
for i3 :¼ 0 : ordþ 1 do if ixþ iyþ i3> ord then
let pfx��ix�pfy��iy�x3��i3 ¼ 0 $
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% Taylor expansion of Hamiltonian to order ’ord’
hamc :¼ �ðsqrtð�ðpix� x3�axÞ��2� ðpiy� x3�ayÞ��2þ 1Þ þ az�x3Þ $
ham :¼ tay3ðhamc;pix;piy;x3;ordÞ $
% substitution of the momenta
ham :¼ subðpix ¼ dfð�F3;xiÞ, piy ¼ dfð�F3;yiÞ;hamÞ $
% Hamilton-Jacobi equation
hamjac :¼ hamþ dfðF3;zÞ $
% iterative solution of the equation:
for ic :¼ 1: ord do
for ix :¼ 0: ord do for iy :¼ 0: ord do for i3 :¼ 0: ord do
if ixþ iyþ i3 ¼ ic then
� term :¼ coeffnðcoeffnð
coeffnðhamjac;pfx;ixÞ;pfy;iyÞ;x3;i3Þ $
if term neq 0 then �
sol1 :¼ solveðterm ¼ 0;dfðfðix;iy;i3Þ;zÞÞ $
sol2 :¼ rhs (partðsol1; 1Þ) $
sol3 :¼ int (sol2;z) $
fðix;iy;i3Þ :¼ sol3 $ 

 $

% printing of nonvanishing terms
% results for ord ¼ 2 see Eqs: (15) and (21)
for ic :¼ 1: ord do
for ix :¼ 0: ord do for iy :¼ 0: ord do for i3 :¼ 0: ord do
if ixþ iyþ i3 ¼ ic then
if fðix;iy;i3Þ neq 0 then write ‘‘ f“;ix;iy;i3; ” ¼’’,

subðx3 ¼ 1;fðix;iy;i3ÞÞ $
end;

APPENDIX B: LIST OFABBREVIATIONS

ciðjÞ; siðjÞ ¼ Fourier coefficients

kxi ¼ kx1 � i ¼ ð2�=�x0Þ � i

~j ¼ 1þ lðj� 1Þ

kyi;~j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2~j þ k2xi

q
k~j ¼ k � ~j ¼ ð2�=�0Þ � ~j

sxi0 ¼ sinðkxix0Þ
cxi0 ¼ cosðkxix0Þ
sxi ¼ sinðkxixÞ
cxi ¼ cosðkxixÞ

shyi;~j ¼ sinhðkyi;~jyÞ

chyi;~j ¼ coshðkyi;~jyÞ

sz~j ¼ sinðk~jzÞ

cz~j ¼ cosðk~jzÞ
sz ¼ sinðkzÞ
cz ¼ cosðkzÞ

spp ¼ sinð’1=2Þ
cpp ¼ cosð’1=2Þ
spa ¼ sinð’2=2Þ
cpa ¼ cosð’2=2Þ

ei;~j ¼ expð�kyi;~j � �g=2Þ
ei ¼ expð�kyi � �g=2Þ
B� ¼ beam stiffness

L ¼ undulator length

x0 is the absolute value of the horizontal displacement of
magnet row centers with respect to the undulator axis. B�
is the product of the magnetic field and the bending radius
for a given electron energy. It characterizes the electron
beam stiffness. l is the period length divided by the magnet
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block length. Magnets of equal shape are assumed. For a
Halbach I undulator we have l ¼ 4.

APPENDIX C: ANALYTIC APPLE II SCALAR
POTENTIAL FOR THE UNIVERSAL MODE

1. Analytic scalar potential as a linear superposition
of four magnet rows

The equation represents the universal mode. The cos and
sin terms are related to the transverse field expansion of a
single row. The sin terms appear when the magnet blocks
are not symmetric with respect to the center (e.g. cut outs
for clamping). n is the number of Fourier coefficients. Only
one longitudinal Fourier component is regarded. The
magnetic fields are derived from the scalar potential via
~B ¼ � ~r � V:

V ¼ Xn
i¼1

ðV1i þ V2i þ V3i þ V4iÞ

V1i ¼ �½ðeþkyiy=kyiÞ � ðBcyicxi� � Bsyisxi�Þ
þ B0e

þkzy=nkz� � cz1

V2i ¼ þ½ðe�kyiy=kyiÞ � ðBcyicxiþ þ BsyisxiþÞ
þ B0e

�kzy=nkz� � cz2

V3i ¼ �½ðeþkyiy=kyiÞ � ðBcyicxiþ þ BsyisxiþÞ
þ B0e

þkzy=nkz� � cz3

V4i ¼ þ½ðe�kyiy=kyiÞ � ðBcyicxi� � Bsyisxi�Þ
þ B0e

�kzy=nkz� � cz4

cxi� ¼ cos½kxiðx� x0Þ�

sxi� ¼ sin½kxiðx� x0Þ�

cz1 ¼ cosðkzþ ’1=2Þ

cz2 ¼ cosðkzþ ’1=2Þ

cz3 ¼ cosðkz� ’1=2þ ’2Þ

cz4 ¼ cosðkz� ’1=2� ’2Þ

kxi ¼ kx1 � i

kyi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2xi þ k2

q

2. Complete analytic scalar potential of an
APPLE II undulator

Starting from C 1 we add more longitudinal Fourier
components and simplify the expressions. In the following
~j is the Fourier harmonic in longitudinal direction. For a
pure permanent magnet configuration with four magnets
per period and equal shape of all magnets only the har-
monics ~j ¼ 1; 5; 9 . . . show up. Then the scalar potential is
written as

V ¼ �Xn
i¼0

Xm
j¼1

4ci;~j
1

kyi;~j
ei;~jfcpp � ½cxi0 � cxi � shyi;~j � cz~j � c2pa � sxi0 � sxi � chyi;~j � cz~j � s2pa

þ ð�cxi0 � cxi � chyi;~j � sz~j � sxi0 � sxi � shyi;~j � sz~jÞ � cpa � spa� þ spp � ½�sxi0 � sxi � chyi;~j � sz~j � c2pa
þ cxi0 � cxi � shyi;~j � sz~j � s2pa þ ð�cxi0 � cxi � chyi;~j � cz~j � sxi0 � sxi � shyi;~j � cz~jÞ � cpa � spa�g

APPENDIX D: ANALYTIC APPLE II FIELD REPRESENTATION IN SHORT NOTATION

From Appendix C the expressions of the fields are derived:

Bx ¼
Xn
i¼0

Xm
j¼1

4ci;~j
kxi
kyi;~j

ei;~j½�F5 � cssc� F1 � scccþ F3 � ðcscs� scssÞ � F2 � sccs� F6 � csssþ F4 � ðcscc� scscÞ�

By ¼
Xn
i¼0

Xm
j¼1

4ci;~jei;~j½F5 � cccc� F1 � sssc� F3 � ðccssþ sscsÞ � F2 � ssssþ F6 � cccs� F4 � ðccscþ ssccÞ�

Bz ¼
Xn
i¼0

Xm
j¼1

4ci;~j
k

kyi;~j
ei;~j½�F5 � ccssþ F1 � sscs� F3 � ðccccþ ssscÞ � F2 � ssccþ F6 � ccscþ F4 � ðcccsþ ssssÞ�
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with the abbreviations

cscs ¼ cxi0 � sxi � chyi;~j � sz~j

. . .

F1 ¼ cpp � s2pa

F2 ¼ spp � c2pa

F3 ¼ cpp � cpa � spa

F4 ¼ spp � cpa � spa

F5 ¼ cpp � c2pa

F6 ¼ spp � s2pa:

APPENDIX E

1. Dynamic kicks in the universal mode in 2D

In the following wewill give only the expressions for the
universal mode. The expression for the elliptical and in-
clined mode can be derived from the universal mode ex-
pressions by setting F1 ¼ F3 ¼ F4 ¼ F6 ¼ 0 for the
elliptical mode and F2 ¼ F4 ¼ F6 ¼ 0 for the inclined
mode. We regard only the first Fourier harmonic in the
longitudinal direction:

�x ¼ � 8L

ðB�Þ2k2
Xn
i¼0

Xn
j¼0

cicjeiej

�
kxi
kyi

k2xj
kyj

f½�F5 � css� F1 � sccþ F4 � ðcsc� scsÞ�i � ½�F5 � ccsþ F1 � ssc

þ F4 � ðcccþ sssÞ�j þ ½F3 � ðcsc� scsÞ � F2 � scc� F6 � css�i � ½F3 � ðcccþ sssÞ þ F2 � ssc� F6 � ccs�jg
þ kxjf½F5 � ccc� F1 � sss� F4 � ðccsþ sscÞ�i � ½�F5 � csc� F1 � scsþ F4 � ðcss� sccÞ�j
þ ½�F3 � ðccsþ sscÞ � F2 � sssþ F6 � ccc�i � ½F3 � ðcss� sccÞ � F2 � scs� F6 � csc�jg

�

�y ¼ � 8L

ðB�Þ2k2
Xn
i¼0

Xn
j¼0

4cicjeiej

�
kxikxj
kyi

f½�F5 � css� F1 � sccþ F4 � ðcsc� scsÞ�i � ½�F5 � csc� F1 � scs

þ F4 � ðcss� sccÞ�j þ ½F3 � ðcsc� scsÞ � F2 � scc� F6 � css�i � ½F3 � ðcss� sccÞ � F2 � scs� F6 � csc�jg
þ kyjf½F5 � ccc� F1 � sss� F4 � ðccsþ sscÞ�i � ½F5 � ccs� F1 � ssc� F4 � ðcccþ sssÞ�j
þ ½�F3 � ðccsþ sscÞ � F2 � sssþ F6 � ccc�i � ½�F3 � ðcccþ sssÞ � F2 � sscþ F6 � ccs�jg

�
with the abbreviations

csc ¼ cxi0ðxj0Þ � sxiðxjÞ � chyiðyjÞ
. . .

The sin and cos terms in the first bracket have always the indices (i) and the terms in the second bracket the indices (j) as
indicated.

The derivatives with respect to x and y, @�x=@xðyÞ and @�y=@xðyÞ can easily be evaluated.

2. Kicks in the universal mode in the midplane

These expressions can be used for an on-line active compensation of dynamic kicks (e.g. using the UE112 wires):

�x¼� 8L

ðB�Þ2k2
Xn
i¼0

Xn
j¼0

cicjeiej

�
kxi
kyi

k2xj
kyj

½ð�F1 �scþF4 �csÞiðF1 �ssþF4 �ccÞjþðF3 �cs�F2 �scÞiðF3 �ccþF2 �ssÞj�

þkxj½ðF5 �cc�F4 �ssÞið�F5 �cs�F4 �scÞjþð�F3 �ssþF6 �ccÞið�F3 �sc�F6 �csÞj�
�

�y¼� 8L

ðB�Þ2k2
Xn
i¼0

Xn
j¼0

4cicjeiej

�
kxikxj
kyi

½ð�F1�scþF4�csÞið�F5�cs�F4�scÞjþðF3�cs�F2�scÞið�F3�sc�F6�csÞj�

þkyj½ðF5�cc�F4�ssÞið�F1�ss�F4�ccÞjþð�F3�ssþF6�ccÞið�F3�cc�F2�ssÞj�
�
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using the abbreviations

cs ¼ cxi0ðxj0Þ � sxiðxjÞ
. . .

3. Partial derivatives of dynamic kicks on axis

@�x
@x

¼ � 8L

ðB�Þ2k2
Xn
i¼0

Xn
j¼0

cicjeiej

�
�F12

kxi
kyi

k3xj
kyj

sisj � F22
kxi
kyi

k3xj
kyj

sisj þ F32
�
k2xi
kyi

k2xj
kyj

cicj þ kxikxjsisj

�

þ F42
�
k2xi
kyi

k2xj
kyj

cicj þ kxikxjsi�sj
�
� F52k2xjcicj � F62k2xjcicj

�

@�x
@y

¼ � 8L

ðB�Þ2k2
Xn
i¼0

Xn
j¼0

cicjeiej

�
F32

�
�kxi

k2xj
kyj

� sicj þ kyikxjF3
2cisj

�
þ F42

�
�kxi

k2xj
kyj

sicj þ kyikxjcisj

�

þ F1 � F5
�
kxi
kyi

k2xjsicj � kxjkyjcisj

�
þ F2 � F6

�
kxi
kyi

k2xjsicj � kxjkyjcisj

��

@�y
@x

¼ � 8L

ðB�Þ2k2
Xn
i¼0

Xn
j¼0

4cicjeiej

�
F32

�
� k2xi
kyi

kxjcisj þ kxikyjsicj

�
þ F42

�
� k2xi
kyi

kxjcisj þ kxikyjsicj

�

þ F1 � F5
�
kxi
kyi

k2xjsicj � kxjkyjcisj

�
þ F2 � F6

�
kxi
kyi

k2xjsicj � kxjkyjcisj

��

@�y
@y

¼ � 8L

ðB�Þ2k2
Xn
i¼0

Xn
j¼0

4cicjeiej

�
kxi
kyi

kxjkyjF1
2sisj þ F22

kxi
kyi

kxjkyjsisj þ F32ðkxikxjsisj þ kyikyjcicjÞ

þ F42ðkxikxjsisj þ kyikyjcicjÞ þ F52k2yjcicj þ F62k2yjcicjÞ
�
:

During phase motion of an APPLE II undulator (e.g. switching of helicity at the same energy) only the functions F1–F6
change their value. The other parameters are constant. The functions F1–F6 do not depend on i and j and they can be
factored out. Thus, the double sums can be evaluated beforehand and during the phasing only F1–F6 have to be evaluated
for the determination of the dynamic kicks and coupling terms.
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