
Very low velocity ion slowing down in binary ionicmixtures: Charge- andmass-asymmetry effects

Patrice Fromy

Direction de l’Informatique, Université Paris XI, 91405 Orsay, France
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A binary ionic mixture (BIM) in dense and hot plasmas of specific concern for inertial confinement

fusion and white dwarf crust is considered as a target for incoming light ions with a velocity smaller than

the thermal electron one. The given target stopping power, mostly BIM monitored, is specifically studied

in terms of charge and mass asymmetry in its ionic component. The classical plasma target is worked out

within a dielectric framework, and scanned with respect to density, temperature, and BIM composition.
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I. INTRODUCTION

Low velocity ion slowing down (LVISD) has been for a
long time a very important topic featuring the last stage of
the ion-dense target interaction. Initially, the given targets
were taken as cold ones, with projectile ion velocity Vp

currently contrasted to orbital velocities of electrons bound
to that target [1]. Here we address the LVISD issues in fully
ionized plasmas built on binary ionic mixtures (BIM) such
as the deuterium-tritium (DT) BIM of current interest in
thermonuclear fusion research. In particular, the control of
the resulting alpha particles, is of paramount significance
in the conduct of inertial fusion energy (IFE) as well as
magnetic fusion energy (MFE) senarii to economical suc-
cess. The given control demands a basic and fundamental
understanding of the �’s LVISD, which, produced at
3.5 MeV, lose most of their energy to the surrounding
plasma with a Vp � Vthe electron thermal velocity.

Similar considerations apply to the present U.S. program
devoted to the production of warm dense matter with low
velocity ions linearly accelerated, and fully stopped in
complex and initially cold targets [2]. Here, the accelerator
parameters are tuned so that the largest ion projectile
energy loss takes in the vicinity of the Bragg peak, near
the end of range [3]. In this latter case, the goal is to
produce plasmas with a density between 1=10 and 10 times
solid density, with a temperature below 10 eV, in order to
probe the whole scale of strongly coupled ions and arbi-
trary degeneracy in the neutralizing electron fluid.

Considering the BIM target with neutralizing electrons,
in a dielectric framework, the ion beam-target interaction is
essentially qualified through a dimensionless ratio of av-
erage collision parameter hboi and dynamical screening
length, �, given as [4]

hboi
�

¼ jZeftj
ND

� 1

3ð1þ V2
p

V2
the

Þ3=2
;

maximized at Vp ¼ 0 with ND ¼ ne�
3
D, in terms of target

electron density ne and Debye length �DðcmÞ ¼
743

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TðeVÞ

neðcm�3Þ
q

.

In the sequel, we shall restrict to weakly coupled plasma
targets with ND � 1, which nonetheless encompass most
plasmas of IFE and MFE interest. We shall work out
LVISD with Vp alternatively scaled to Vthe and Vthi, ion

thermal velocity, in order to probe its very low Vp specific

features, arising mostly from Coulomb interaction between
incoming ion projectile and target BIM.
The given ion beams are taken dynamically

uncorrelated.
The remaining part of this work is structured as follows.

Section II deals with LVISD technicalities considered
within dielectric formalism grounded on the Fried-Conte
[5] classical formulation used additively for the neutraliz-
ing electrons and BIM, as well.
Then, we develop a parameter study based on increasing

values of charge Z2=Z1 and mass M2=M1 ratios for the
target BIM built on pointlike classical ions ðZ1;M1Þ and
ðZ2;M2Þ. Section III is thus first devoted to the nearly
symmetric DT fuel. Section IV details asymmetries intro-
duced by arbitraryM2=M1 at fixes Z2=Z1. From Sec. V, we
investigate several BIM with Z2=Z1 > 1, of considerable
interest for thermonuclear fusion and astrophysics as well.
The specificities of neutral BIM including antiprotons
(pbars) are briefly sketched in Sec. VI. Outlooks are of-
fered in Sec. VII.
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II. DIELECTRIC STOPPING FORMALISM

We modelize dense and mostly hot plasma targets as
binary ionic mixtures (BIM) of pointlike and classical ions
ðM1; Z1Þ and ðM2; Z2Þ, neutralized by a classical electron
fluid described within the framework of the Fried-Conte
dielectric function [5].

In such an approach, it appears useful to work with the
overall dielectric function

"ð ~k; !Þ ¼ 1þ 1

k2

�
W

�
!

k

�
þW

� ffiffiffiffiffiffiffi
M1

p !

k

�
þW

� ffiffiffiffiffiffiffi
M2

p !

k

��
(1)

with the usual Fried-Conte dispersion function WðIm� �
0Þ

Wð&Þ ¼ 1ffiffiffiffiffiffiffi
2�

p lim
�!0þ

Z 1

�1
dx

xe�x2=2

x� &� i�
(2)

and Xð�Þ ¼ ReWð�Þ, Yð�Þ ¼ ImWð�Þ. Generalizing line-
arly through expression (2), the standard one-component
stopping quadrature [6,7]

�
�
dE

dx

�
¼ Z2ND

ð2�Þ2
Z kmax

0
dkk3

Z þ1

�1
d�

� �Yð�VpÞ
½k2 þ Xð�VpÞ�2 þ Y2ð�VpÞ

(3)

with Z ¼ Zeff=ND, where Zeff denotes the projectile effec-
tive charge at velocity vp, ND ¼ ne�

3
De in terms of target

electron density and corresponding Debye length. In the

sequel, vp will be scaled by vthe ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kBT=me

p
, thermal

electron velocity with T, thermalized target temperature.
In Eq. (3), we have to pay attention to the selection of
maximum cutoff kmax, taking into account quantum effects
diffraction ðkBT � 1RyÞ in a high temperature plasma. So,
one explicits [6,7]

kmax ¼ min

�
mðV2

p þ V2
the

Zeffe
2

;
2m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2
p þ V2

the

q
@

�

¼ min

�
4�

Z
ðv2

p þ 1Þ; 8� ffiffiffi
2

p
ND

�c

Vthe

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
p þ 1

q �
; (4)

where vp is now dimensionless on the second line on the

right-hand side. � ¼ 1=137 is the fine structure constant,
and c is light velocity. In this regard, it should be noticed
that the occurrence of quantum diffraction kmax is restricted
to the electron fluid component of the target. The corre-
sponding BIM will always appear as pointlike classical, as
long as one restricts to the velocity range Vthi � Vp � Vthe.

In adapting Eq. (3) to BIM stopping, it proves convenient
to introduce the relative ion concentration of species 1, i.e.,

� ¼ N1

N1 þ N2

; (5)

in terms of ion number Ni with i ¼ 1; 2, in target plasma,
so that BIM densities,

n1 ¼ ne�
�Z

; n2 ¼ neð1-�Þ
�Z

; �Z ¼ Z1�þ Z2ð1-�Þ;
(6)

are straightforwardly expressed in terms of electron den-
sity ne.
Then, we can estimate the stopping contributions of

every target component: electron (0), ion 1, and ion 2 as
follows:

�dE0

dx
¼ C0

Z kmax0

0
dkk3

Z þ1

�1
d�

�Y½�vp�
D½k;�vp� ; (7a)
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where

D½k;�vp� ¼ ðk2 þ X½�pvp� þ X½ ffiffiffiffiffiffiffi
M1

p
�vp�

þ X½ ffiffiffiffiffiffiffi
M2

p
�vp�Þ2 þ ðY½�vp�

þ Y½ ffiffiffiffiffiffiffi
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p
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C0 ¼ kBTZ
2
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4�2ne�
4
D

; (9a)

C1 ¼ C0Z
4
1�
�Z

; (9b)

C2 ¼ C0Z
4
2ð1� �Þ
�Z

; (9c)

altogether with

kmax0 ¼ min

�
kmax1

0
¼ ne�

3
D

4�ðv2
p þ 1Þ

Zeff

;

185:73ne�
3
D

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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TðeVÞ
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kmax1 ¼
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0

Z3
1
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�

�
1=2
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kmax2 ¼
kmax10

Z3
2

� �Z

1-�

�
1=2

: (10c)

Expressions (7a)–(7c) are in kBT=�D, with the Debye
screening length �D, respectively, adapted to electron,
ion 1, and ion 2. Vp is in Vthe.
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The target electron cutoff estimate (10a) shows that
corresponding @ � 0 corrections should be included for
equilibrium temperatures T ¼ Te ¼ Ti � 110 eV. Target
ion slowing down contributions remain classical as long as
T � 200 ðMi=1836Þ keV, provided the right-hand side of
Eqs. (10b) and (10c) replaces v2

p þ 1 by M1v
2
p þ 1 and

M2v
2
p þ 1, respectively, with Vp in Vthe. When target ions

enter the @ � 0 regime, the right-hand term within brackets

in Eq. (10a) becomes 7930
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðv2

p þ 1Þ
q

Mi

1836 TðeVÞ for ion

species i.
For kmax � 1, it appears convenient to extend a previous

analytic LVISD expression [6], to the present BIM situ-
ation with

� dE

dx
¼ Z2ND

12�
ffiffiffiffiffiffiffi
2�

p Vp

Vthe

ffiffiffiffiffi
�M

p
‘n

�
�M2 32�

2

Z2

�
; (11)

where Z ¼ Zeff=ðne�3
DÞ and �M ¼ �M1 þ ð1� �ÞM2

III. QUASISYMMETRIC BIM

We begin our analysis with the quasisymmetric BIM
Dþ-Tþ, of paramount significance in present thermonu-
clear fusion research [8]. Figure 1 features rather convinc-
ingly the expected quasisymmetric behavior � $ 1-�,
for the proton projectiles low ion velocity slowing down ,
for a rather dense plasma target of inertial fusion energy
(IFE) concern [8] with ne ¼ 1023 e-cm�3 and a rather
wide temperature range TðeVÞ"½10; 5000�. Stopping data

�dE=dx are given in TðeVÞ
�DðcmÞ , with �DðcmÞ ¼ 743

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TðeVÞ

neðcm�3Þ
q

,

target electron Debye length, in terms of Vp=Vthe. BIM

stopping contributions, light gray (green) for Dþ stopping,
and black (blue) for Tþ stopping, display mostly a negative
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FIG. 1. (Color) Proton particle projectile in a deuterium-tritium BIM with ne ¼ 1023 e-cm�3 and temperatures¼ ( ) 100 eV,
( ) 1 keV, ( ) 2 keV, and ( ) 5 keV with Dþ relative proportion: (a) � ¼ 0:2 and (b) � ¼ 0:8. Dark gray

(red) refers to electron stopping, light gray (green) to Dþ stopping, and black (blue) denotes Tþ stopping, �dE=dx (eV=cm) in terms
of Vp=Vthe.
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FIG. 2. (Color) Proton particle projectile in a deuterium-tritium
BIM with ne ¼ 1026 e cm�3 and temperatures ¼ ( )

1 keV, ( ) 2 keV, ( ) 10 keV withDþ relative

proportion: (a) � ¼ 0:4 and (b) � ¼ 0:6. Dark gray (red) refers
to electron stopping, light gray (green) to Dþ stopping, and
black (blue) denotes Tþ stopping, �dE=dx (eV=cm) in terms of
Vp=Vthe.
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slope, and cross the dark gray (red) electron-stopping con-
tribution for 0:05 � Vp=Vthe � 0:2, with an increasing

one.
It should also be appreciated that the least abundant i

component (smallest �) crosses the e contribution at lower
Vp values.

Best matching between Dþ—and Tþ—curves occurs
around � ¼ 0:4, for Vp=Vthe � 0:1. At � ¼ 0:5, the light-

est ion Dþ provides a stopping contribution (SC) slightly
above the Tþ one, in log scale, due to the modest
MDþ-MTþ mass difference. Switching the above explora-
tion to the core plasma envisioned in the fast ignition
scenario for IFE, one witnesses the pertaining LVISD
quantities in Fig. 2 for ne ¼ 1026 e-cm�3 with TðkeVÞ ¼
2, 5, and 10, in terms of Vth1 ¼ Vthe=60, on a range
equivalent to that of Fig. 1.

Again an excellent agreement between Dþ—and Tþ—
stopping is observed at Vp=Vthi � 1, i.e. ¼ Vp=Vthe �
0:016 (Fig. 1).

Figures 1 and 2 basically feature a linear in Vp � Vthe e

stopping, contrasted to strongly asymmetric bell-shaped
i-stopping curves, with a Bethe-like decay	V�2

p for Vp �
Vthi. The given bell shapes turn much more symmetrical
with �dE=dx in linear scale (Fig. 3), on a reduced
Vp=Vthi � 10 range. Then, the e stopping becomes hardly

noticeable, on the Vp axis. The optimized matching at � ¼
0:4 between Dþ—and Tþ—stopping is also very accu-
rately documented.

IV. MASS ASYMMETRY (Z1 ¼ Z2 ¼ 1, M2=M1 � 1)

The above Dþ-Tþ captions (Figs. 1–3) dedicated to
BIM with M1=M2 ¼ 2=3 feature parallel stopping contri-
butions with no crossing, except with the electron one.
Here, we enlarge considerably the M2=M1 ratio while
keeping same charge unity on Hþ and Uþ

238 (Figs. 4 and

5), in dense IFE plasmas with ne ¼ 1023 e-cm�3 and
TðkeVÞ ¼ 1, 5, and 10, submitted to proton projectiles.

Vp/Vthe

α = 0.4

2 4 6 108

2x109

4x109

6x109

8x109

Vp/Vthe

α = 0.5

2 4 6 108

2x109

4x109

6x109

8x109
- 

dE
/d

x 
(e

V
/c

m
)

- 
dE

/d
x 

(e
V

/c
m

)(a) (b)

FIG. 3. (Color) Proton particle projectile in a deuterium-tritium BIM with ne ¼ 1026 e cm�3 and temperatures ¼ ( ) 1 keV,
( ) 2 keV, ( ) 10 keV, with Dþ relative proportion: (a) � ¼ 0:4 and (b) � ¼ 0:5. Dark gray (red) refers to electron

stopping, light gray (green) to Dþ stopping, and black (blue) denotes Tþ stopping, �dE=dx (eV=cm) in terms of Vp=Vthe.
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FIG. 4. (Color) Proton particle projectile in a proton-Uþ
238 BIM with ne ¼ 1026 e cm�3 and temperatures ¼ ( ) 1 keV,

( ) 5 keV, ( ) 10 keV, with Hþ relative proportion: (a) � ¼ 0:25, (b) � ¼ 0:75. Dark gray (red) refers to electron

stopping, light gray (green) to Dþ stopping, and black (blue) denotes Tþ stopping, �dE=dx (eV=cm) in terms of Vp=Vthe.
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Then, the Uþ
238 (blue stopping contribution crosses the Hþ

green) at Vp=Vthe � 0:01.

Such a large M2=M1 ratio induces a strong localization
of the heaviest ion stopping efficiency very close to very
small ion projectile Vp values. Figures 4 and 5 clearly

demonstrate that as soon as � � 0, 5, the heaviest Uþ
238

stopping contribution can be quantitatively neglected in
front of the proton one. The latter (Fig. 5) extends over the
full Vp range, up to a crossing area with electron linear

curves. This phenomenon highlights a much easier energy
transfer between incoming proton projectile and target
protons than with the hardly mobileUþ

238 ions. Very similar

behaviors are featured by the same BIM immersed in much
more dilute plasmas of magnetic fusion energy (MFE)
concern with ne ¼ 1014 e-cm�3.

V. CHARGE ASYMMETRY

A. Proton-boron 11 (Z2=Z1 ¼ 5, M2=M1 ¼ 10:81) BIM

Switching interest to BIM with asymmetric charge dis-
tribution, we first pay attention to a specific fuel of alter-

native thermonuclear fusion significance [9] yielding no
neutron output, and immersed in a dense plasma surround-
ing with ne ¼ 1025 e-cm�3 and TðeVÞ ¼ 500, 1000, and
2000. An immediate inspection of Fig. 6 demonstrates that
the highest charge and heavies B5þ

11 BIM component pro-

vides, at all � values, the overwhelming stopping contri-
bution when the target is submitted to low velocity proton
beams. So, in the present situation, the target proton
LVISD may be safely neglected when contrasted to that
of B5þ

11 and the electrons.

B. Astrophysical BIM

We now turn attention to two BIM of very important
astrophysical pertinence,He2þ-C6þ featuring white dwarfs
(WD) crust [10] and Si14þ-Sn36þ relevant to ion interdif-
fusion issues in stellar envelopes [11]. Both BIM feature a
charge ratio 2:5 � Z2=Z1 � 3 and mass ratio M2=M1 	 3,
in dense plasmas with IFE-like parameters. Considering
first, He2þ-C6þ, associated to the ‘‘carbon pollution’’ issue
in WD, one has ne ¼ 1026 e-cm�3 with TðkeVÞ ¼ 1, 2,
and 5 (see Fig. 7), which as the above proton-, B5þ

11 BIM

advocates that C6þ dominates LVISD, at any relative pro-
portion for T � 2 keV, when the target is exposed to
incoming protons. In Fig. 7, Vp is measured in Vth1 for� �
0:5, and in Vth2 for � � 0:5. Both scalings are compared in
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FIG. 6. (Color) Proton stopping in Hþ-B5þ BIM in terms of
Vp=Vthe ne ¼ 1025 e cm�3. Alpha denotes proton concentration

in BIM. TðeVÞ ¼ ( ) 500, ( ) 1000, and

( ) 2000. Dark gray (red) pertains to e stopping, light

gray (green) to Hþ stopping, and black (blue) to B5þ stopping.
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FIG. 5. (Color) Proton stopping in Hþ-Uþ
238 BIM in terms of

Vp=Vthe. ne ¼ 1023 e cm�3. Alpha denotes proton concentration

in BIM. TðeVÞ ¼ ( ) 500, ( ) 1000, and

( ) 5000. Dark gray (red) pertains to e stopping, light

gray (green) to Hþ stopping, and black (blue) to Hþ stopping.
Uþ

238 stopping.
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Fig. 8 for � ¼ 0:5. As above, the electron LVISD does not
show up on these very low velocity linear scales, while the
He2þ contribution hardly appears when Vp is scaled by

Vthi2.
Turning to Si14þ-Sn36 BIM immersed also in a dense

plasma impacting � particles and advocated neðcm�3Þ ¼
1026 and TðkeVÞ ¼ 100 and 200, with pertaining to LVISD
pictured on Figs. 9 with linear �dE=dxðeV=cmÞ. Within

the very low Vp=Vthi considered range, electron contribu-

tion has vanished and the Si14 one should be quantitatively
included only for � ¼ 0:9 and Vp=Vth2 � 4. It should be

recalled that in Fig. 9 as well as in many previous ones, we
intend to contrast LVISD through the � , 1-� exchange,
and so depart to a certain extent from the usual increasing
� monotone presentation.
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FIG. 8. (Color) Proton �dE=dx (eV=cm) with respect to Vp=Vthi in a He2þ-C6þ BIM at ne ¼ 1026 e cm�3 with TðkeVÞ ¼
( ) 1, ( ) 2 ( ) 5. � ¼ He2þ concentration. Dark gray (red) denotes e stopping, light gray (green)

pertains to He2þ stopping, and black (blue) to C6þ stopping.
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FIG. 7. (Color) Proton�dE=dx (eV=cm) with respect to Vp=Vthi in a He
2þ-C6þ BIM at ne ¼ 1026 e cm�3 with TðkeVÞ ¼ ( ) 1,

( ) 2, and ( ) 5. � ¼ He2þ concentration. Dark gray (red) denotes e stopping, light gray (green) pertains to He2þ

stopping, and black (blue) to C6þ stopping.
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VI. PBAR-Dþ (Z2=Z1 ¼ �1, M2=M1 ¼ 2)

If one pushes the BIM charge dissymmetry up to includ-
ing negatively charged ions, one reaches novel LVISD
behaviors as displayed in Fig. 4 by the antiproton
(pbar)-Dþ mixture submitted to He2þ projectiles. In con-
tradiction to the previous patterns (Figs. 6–9), one now
witnesses a rather well approximated quasisymmetry be-
tween � ¼ 0:4 and� ¼ 0:6 (see Fig. 10). The conspicuous
feature now arises at � ¼ 0:5, when the two target ion
LVISD exactly compensate each other, leaving only a
much reduced electron stopping, within the given overall
charge neutral target BIM.

The slight remaining asymmetric discrepancy arises
from the mass ratio M2=M1 ¼ 2 rendering Dþ a little
less mobile than the pbar in a dense and hot plasma [ne ¼
1023 e-cm�3 with TðkeVÞ ¼ 0:1 and 1]. So the �-pbar
attraction results in a noticeable larger LVISD at � ¼ 0:6
compared to that for deuton stopping at � ¼ 0:4.

VII. SUMMARIES AND OUTLOOK

As a first conclusive remark, we can notice that Eq. (11)
usually fits rather well the linearly rising part of the LVISD
curves.

The rather detailed exploration of low velocity ion stop-
ping in several BIM of potentially high interest in thermo-
nuclear fusion and astrophysics should allow a novel
reinvestigation of the nuclear reaction rates at work in
these systems. Moreover, the present dielectric formulation
albeit restricted to a dense and classical electron fluid,
could be easily extended to partially Fermi degenerate
situations of obvious practical interest, by introducing the
corresponding @ � 0 Fried-Conte extension [12,13].
In this regard, the matching of LVISD in these targets

with an estimate of low ion velocity multiple scattering
would also be of high interest [14].
In these regards, the ion projectile scattering probability

writes as [14]

dP

dq?
¼ Vp �G8 Tðq?Þ; (12)

where

G8 Tðq?Þ ¼ 4Z2e4m2
e

@
4�

q?
Z 1

q?

1

ðq2 þ q2sÞ2

� 1

1þ expð @
2

8meT
q2 � �Þdq (13)
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FIG. 9. (Color) Alpha particle projectile in a Si14þ-Sr36þ BIM with a ne ¼ 1026 e cm�3 and temperatures ¼ ( ) 100 keV,
( ) 200 keV with Si14þ relative proportion: (a) � ¼ 0:1, (b) � ¼ 0:4, (c) � ¼ 0:9, and (d) � ¼ 0:6. Dark gray (red) refers to

electron stopping, light gray (green) to Dþ stopping, and black (blue) denotes Tþ stopping, �dE=dx (eV=cm) in terms of Vp=Vthi.
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with q?, transverse projectile (charge Z) momentum,
while q2s qualifies target electron density and temperature
with the usual � ¼ �� normalized chemical potential.

Equation (12) advocates the Vp-linear dependence al-

ready featuring LVISD. However, the projectile-target
mechanisms are markedly distinct, LVISD is monitored
by target ion stopping, while present multiple scattering is
essentially operated by target electrons.
Finally, inclusion of dynamical intrabeam correlations

should document a realistic ion beam-plasma interaction at
low velocity [15].
Starting with the charge quasisymmetric DT BIM, one

perceives the charge asymmetry as an organizing concept
in the data analysis.
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FIG. 10. (Color) He2þ �dE=dx (eV=cm) in terms of Vp=Vthe in
a pbar-Dþ BIM with total ion density ¼ 1023 e cm�3. � denotes
relative pbar concentration. Dark gray (red) refers to e stopping
light gray (green) to pbar stopping, and black (blue) Hþ stop-
ping. TeV ¼ ( ) 100, and ( ) 1000.
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