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The process of photoproduction of electron-positron pairs in bent single crystals is considered. This

consideration is based on the theory of coherent pairproduction in straight single crystals and take into

account the linear polarization of the photon beam. In particular, it is shown that the probability of the

process for � quanta with energies from 100 GeV is significantly higher than the one in an amorphous

medium. The positive features of the photoproduction in bent crystals compared to straight ones are

underlined from the point of view of possible applications.
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I. INTRODUCTION

In recent years several experiments studying different
processes of charged particle interaction with bent single
crystals were performed [1–3]. In particular, the process of
radiation emission of ultrarelativistic electrons and posi-
trons moving in the planar fields of a bent single crystal
was investigated. The experiments have shown a signifi-
cant increase of the radiation energy losses of electrons and
positrons in conditions of volume reflection [2,3]. The
present paper considers the process of e�-pair creation
by high energy photons moving in a bent single crystal
with a constant curvature. This study is based on the theory
of coherent e� pair production [4,5] in straight single
crystals. The photoproduction of e� pairs in a periodically
deformed single crystal was studied in [6]. This study and
the consequent results depend essentially on the periodic
properties of the process and, hence, cannot be used di-
rectly for the case of a bent single crystal with a constant
curvature.

Sections II and III are devoted to the mathematical
description of the motion of charged and neutral particles
in bent crystals and of the photoproduction process while
Sec. IV describes the application of this model to two
possible photon energies (120 and 1000 GeV).

II. MOTION OF CHARGED AND NEUTRAL
PARTICLES IN THE BENT PLANAR FIELDS OFA

SINGLE CRYSTAL

The motion of ultrarelativistic charged particles in bent
single crystals can be described with the help of the follow-
ing equations [7]:

E0�
2v2

r=ð2c2Þ þUðrÞ þ E0�
2ðR� rÞ=r ¼ E ¼ const;

(1)

dy=dt ¼ vy ¼ const; (2)

vz ¼ rd�=dt � c

�
1� 1

2�2
� ðv2

r þ v2
yÞ

2c2

�
: (3)

These equations are valid in the cylindrical coordinate
system ðr; �; yÞ. vr is the component of the particle veloc-
ity in the radial direction, vy the one along the y axis, and

vz the tangential one; R is the bending radius of the single
crystal, E0 and � are the particle energy and its Lorentz
factor, E is the constant value of the radial energy, UðrÞ is
the crystal one dimensional potential, c the velocity of
light, and � the ratio of the particle velocity to the velocity
of light. This paper considers the planar case where the
scattering is due to the interaction of the particles with the
set of crystallographic planes located normally to the ðr;�Þ
plane. In practice it means that vy=c � �ac but vy=c � 1

for ultrarelativistic particles, where �ac is the critical angle
of axial channeling.
Equation (1) can be transformed in the following way:

E0�
2v2

x=ð2c2Þ þUðxÞ þ E0�
2x=R ¼ E; (4)

where x is the local Cartesian coordinate which is related to
the cylindrical coordinate r through the expression x ¼
R� r and vx ¼ vr, and the r value in the denominator of
Eq. (1) has been changed to R. This change introduces a
negligible error in the experimental measurement (of the
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order of x=R). Finally, E is the transversal energy. Figure 1
illustrates the geometry of the e�-pair production process
and the local coordinate system which will be used in the
following considerations. For neutral particles (� ¼ 1 for
photons) Eq. (4) should be substituted with

E�v
2
x

2c2
þ E�x

R
¼ E; (5)

where E� is the photon energy. This leads to

x ¼ x0 þ vot� t2c2

2R
; (6)

� ¼ 1

c

dx

dt
¼ �0 � ct

R
; (7)

where x0 and vo are the initial coordinate and velocity of
the photon in the local Cartesian coordinate system [t ¼ 0
corresponds to the x0 coordinate and vo ¼ c�0, and hence
E ¼ E�v

2
0=ð2c2Þ þ E�x0=R]. Equation (7) describes the

variation of the direction of the photon motion relative to
the planar electric field (in the local coordinate system) and
plays an important role in the description of the process.

The process of photoproduction in a bent single crystal
is very similar to the process of radiation emission of
electrons and positrons undergoing volume reflection in
such a crystal. The photoproduction probability depends on
the character of the electron (positron) motion. However,
differently from radiation emission, photoproduction is a
threshold process, which introduces some peculiarities.
The motion of charged particles was investigated in [7]
and those results will be used in the following.

III. PROBABILITY OF PHOTOPRODUCTION OF
e� PAIRS IN THE BENT PLANES OFA SINGLE

CRYSTAL

Let us consider the motion of a high energy photon
which forms an initial entrance angle �0 with the crystal
and moves towards the tangency point. During its motion,
the photon intersects the bent planes of the crystal (see
Fig. 1). In the local Cartesian coordinates, this motion is
described by Eq. (6). At a time t1 the photon has the
corresponding coordinate x0 < x< xc, where xc is the
coordinate of the tangency point. If it is assumed that the
bending radius of the single crystal is large enough, the
influence of the curvature on the process in some area x0 <
x1 < x< x2 < xc can be neglected allowing one to use the
theory of coherent pair production in straight crystals for
the description of the process in the area x1, x2. The theory
of coherent pair production in crystals requires the follow-
ing conditions to be respected [4,5]: (i) the mean angle of
particle deflection from the straight line on the formation
length lf should be � 1=�f, where �f ¼ E�=mc2 (m is

the mass of the electron); (ii) the differences of the periods
for neighboring crossings should be small; (iii) the char-
acteristic parameter � should be� 1. The first condition in
the case under consideration means that lf=R � 1=�f.

The formation length for the process may be written as

l�1
f ¼ mc2

2E��cxeð1� xeÞ �
2mc2

E��c

; (8)

where xe is the relation of the electron (or positron) energy
to the photon energy and �c is the Compton wavelength of
the electron. It follows that

R � �2
f�c=2: (9)

The second condition can be explained in the following
way. In a straight single crystal the coherent process of pair
production takes place because of the periodical perturba-
tion of the photon state at the crossing of the atomic planes.
The same explanation can be also applied to a bent crystal
in the limited area x1, x2. Finding t as a function of x [see
Eq. (6)] and taking into account that the atomic planes have
a period equal to d, it is possible to calculate the time
periods of the planes crossing during the photon motion.
The total number of periods (from the point of entrance to
the tangency point) is � �2R=ð2dÞ. With the help of
Eqs. (1)–(4), one can compute the parameter � ¼
2�2hðVx � hVxiÞ2i=c2 for positrons or electrons. Thus the
following approximate relation can be written

h ðVx � hVxiÞ2i � c2

8E0�
2

½hU2ðxÞi � hUðxÞi2�
ðE� E0�

2x=RÞ ; (10)

where hUðxÞi and hU2ðxÞi are the mean and mean square of
the planar potential and E � E0�

2
c=2þUðx1Þ, where the

�c angle corresponds to the x1 coordinate of the point of the
particle creation. This relation is violated in the region

FIG. 1. Production of e� pairs by a high energy photon mov-
ing in a bent single crystal. (xyz) is the local Cartesian coordinate
system. The y axis is directed perpendicularly to the plane of the
figure; d is the interplanar distance, �0 is the entrance angle, and
� is the variable angle relative to the (110) plane of the single
crystal.
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close to the tangency point; in this region in fact a more
exact calculation gives an approximately twice larger re-
sult. With the condition E0�

2x=R � E, it follows that

�e � ½hU2ðxÞi � hUðxÞi2�
2m2c4�2c

: (11)

Note that hU2ðxÞi � hUðxÞi2 ¼ 42:3 eV2 for the silicon
(110) plane.

It should be noted that, for coherent pair production, the
following limit on the angle holds:

�lðnÞ � 2mc2=ðE��cGnÞ; (12)

where n is a positive integer number and G ¼ 2�=d. n is
the number of the harmonics of the potential. It is well
known that the main contribution to the process is given by
the first harmonic, while the contribution of the fourth and
higher order harmonics is small. Thus, Eq. (12) shows that,
for small enough angles, the coherent process of pair
production is absent.

At this point, the conditions for coherent pair production
in the (110) bent silicon planes can be investigated. The
analysis will be performed for two photon energies equal to
120 and 1000 GeV. From Eq. (9) it follows that the bending
radius has to be R � 0:8 and 80 cm, respectively. With the
help of Eq. (12) it is found that �lð1Þ ¼ 0:4 and 0.04 mrad,
respectively, while the �e parameter should be �e � 1 at
�c � 0:01 mrad. The ratio of the neighboring periods for
R ¼ 250 cm at � � 0:05 mrad differs from 1% to 3%,
while for R ¼ 1000 cm it differs of 1%. Increasing the �
angle, this value becomes significantly better.

It is evident that also in bent crystals the conditions for
coherent pair production can be met in small areas:

dW ðL; �0Þ ¼ W½�ðtÞ�cdt; (13)

where W ðL; �0Þ is the total probability of pair production
on the full length L of a single crystal by a photon with an
entrance angle �0 and Wð�Þ is the probability of pair
production per unit length by a photon moving with an
angle �. Taking into account Eqs. (6) and (7) it is found that

W ðL; �0Þ ¼ R

��������
Z �0

�1

Wð�Þd�
��������; (14)

where �1 ¼ �0 � L=R in accordance with Eq. (7) and the
W functions are equal to (see for example [4,5])

W0ð�Þ ¼ Wjj þW?
2

¼ nB�0E��c

4mc2
X1
i¼1

�ðGiÞðGiÞ2F2ðziÞ þ n�A; (15)

Dð�Þ ¼ Wjj �W?
2

¼ nB�0E��c

16mc2
X1
i¼1

�ðGiÞðGiÞ2F1ðziÞ;

(16)

where �A is the cross section of pair production in a non-
oriented crystal [4], �0 ¼ 	eZ

2r2e, 	e is the fine-structure
constant, Z is the atomic number of the crystal material, re
is the classical electron radius, B ¼ 16�2=ðNS�Þ, NS is the
number of atoms per elementary cell (with a volume �) of
a crystal, n ¼ NS=� is the atomic density, G ¼ 2�=d, and
d is the interplanar distance. The variable zi is defined from
the relation

zi ¼ 2mc2

E��cGij�j : (17)

Other definitions are

�ðGiÞ ¼ jSðGiÞj2½1� FðGiÞ�2e�AðGiÞ2=ðGiÞ4; (18)

where SðGiÞ is the structure factor of the reciprocal vector
Gi, F is the atomic form factor, and A is the mean square of
the thermal atomic vibrations. The functions F1, F2 are the
following:

F1ðzÞ ¼ z4
�
ln
1þ ffiffiffiffiffiffiffiffiffiffiffiffi

1� z
p

1� ffiffiffiffiffiffiffiffiffiffiffiffi
1� z

p þ 2
ffiffiffiffiffiffiffiffiffiffiffiffi
1� z

p
z

�

ðzÞ
ð1� zÞ;

(19)

F2ðzÞ ¼ z2
�
ð1þ z� z2=2Þ ln1þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1� z

p
1� ffiffiffiffiffiffiffiffiffiffiffiffi

1� z
p

� ffiffiffiffiffiffiffiffiffiffiffiffi
1� z

p ð1þ zÞ
�

ðzÞ
ð1� zÞ; (20)

where the 
ðzÞ function is equal to 1 or 0 at z � 0 and
z < 0, respectively.
The equations presented here reflect the fact that the

crystal can feel the linear polarization of the photons and
hence Wjj and W? are the probabilities of pair production

per unit length for photons with a linear polarization along
a planar electric field and along a perpendicular plane,
respectively. Substituting these probabilities in Eq. (14),
one can obtain the total probabilities in a bent single crystal
for the corresponding photon polarization states. It is clear
that the W0 probability corresponds to an unpolarized
beam. After the integration [in accordance with Eq. (14)],
one has

D 0 ¼ W jj �W?
2

¼ nB�0R

8

X1
i¼1

�ðGiÞGijF 1½zið�0Þ� �F 1½zið�1Þ�j;

(21)

W 0 ¼ W jj þW?
2

¼ nB�0R

2

X1
i¼1

�ðGiÞGijF 2½zið�0Þ�

�F 2½zið�1Þ�j þ Rj�0 � �1jn�A; (22)
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where

F 1ðzÞ ¼ � 2

3

ffiffiffiffiffiffiffiffiffiffiffiffi
1� z

p � ð36zþ 4Þ
45

ð1� zÞ3=2

� 2

15
ð1� zÞ5=2 þ z3

3
ln
1þ ffiffiffiffiffiffiffiffiffiffiffiffi

1� z
p

1� ffiffiffiffiffiffiffiffiffiffiffiffi
1� z

p ; (23)

F 2ðzÞ ¼ � 8

3

ffiffiffiffiffiffiffiffiffiffiffiffi
1� z

p þ
�
47

45
þ 2

5
z

�
ð1� zÞ3=2

þ 1

15
ð1� zÞ5=2 þ

�
zþ z2

2
� z3

6

�
ln
1þ ffiffiffiffiffiffiffiffiffiffiffiffi

1� z
p

1� ffiffiffiffiffiffiffiffiffiffiffiffi
1� z

p :

(24)

The variable zi depends on the entrance angle �0 and on the
final angle �1 accordingly to Eq. (7). Besides, the functions
F 1,F 2 are¼ 0when jzj> 1. These relations are valid for
the case where �0 and �1 have the same sign. In the case
where these values have a different sign, the correct result

is the sum of the two values, with the first value equal to the
probability from �0 to 0 and the second value equal to the
probability from 0 to �1.
It should be noted that this description is valid for a thin

enough crystal whereWjj; W? � 1. For a thicker crystal, a
more complicated theory should be used (see for example
[8]) which takes into account the changing of the polariza-
tion states during the propagation of the photons. The
corresponding differential probabilities can be found in
the literature [4,5].

IV. EXAMPLES OF CALCULATION

The method has been applied to compute the expected
results with two different photon energies: 120 and
1000 GeV. The first value has been chosen given the
experimental possibility offered by the INSURAD test
setup on the CERN SPS H4 beam line, while the second
value represents approximately the limit of applicability of
the method. Figure 2 illustrates the behavior of the total

FIG. 2. Production of e� pairs by a high energy photon mov-
ing in a bent single crystal. (xyz) is the local Cartesian coordinate
system. The y axis is directed perpendicularly to the plane of the
figure; d is the interplanar distance, �0 is the entrance angle, and
� is the variable angle relative to the (110) plane of the single
crystal.

FIG. 3. Spectral distributions of the electrons (positrons) pro-
duced in a single bent silicon crystal at the conditions of Fig. 2,
for the two cases (a) and (b). The entrance angle is �0 ¼
þ1:5 mrad (a) and þ0:2 mrad (b). The numbers near the curves
indicate the probabilities as in Fig. 2. The black point curves are
the ones for nonoriented single crystals.
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probability of pair production as a function of the entrance
angle �0. One can see the nonsymmetrical curves with
respect to the entrance angle. At both energies the region
of orientation where the difference W jj �W? is a mea-

surable quantity is evident.
The differential spectra of the created positrons (elec-

trons) are shown in Fig. 3 for two different �0 entrance
angles. For positive angles smaller than the angle �0 cor-
responding to a maximum of the dW jj=dx� dW?=dx
value, the spectra have a bell-like shape [see Fig. 3(a)],
while for angles larger than this angle, the typical form is
presented in Fig. 3(b).

The spectra in Fig. 3 are valid for particles which were
created in the bulk of the crystal (at the moment of crea-
tion). After their creation, these particles (electrons and
positrons) can lose their energy due to coherent radiation
processes in the electric fields of the crystal. However,

these processes are relevant only for small angles with
respect to the tangency direction [9]. Hence, one can ex-
pect that the particles created at large enough �0 angles
have a large probability to conserve their initial energy
until their exit from the crystal.
Figure 4 illustrates the behavior of the W 0 probability

and the A ¼ W 0=D0 asymmetry for different bending
radii of the silicon single crystal [for a (110) planar
orientation].

V. CONCLUSIONS

This paper shows how high energy photons moving in
bent single crystals with large enough bending radii can
meet the local conditions for coherent photoproduction.
These conditions are violated only in a small range when
the direction of the photon motion is very close to the
tangent direction. According to our estimations [for a
(110) silicon plane, E� � 1000 GeV and R> 2 m], this

area is about �20 �rad. For photon energies �
1000 GeV, the pair production process is far from these
angles. However, with the increase of the photon energy
the first harmonic tends to zero and, moving towards the
TeV range, the character of the photoproduction process
will change [10,11]. We think that these considerations
may be extended to the axial case of bent single crystals.
It should be noted that the considered pair production

process in bent crystals analyzed in this paper is similar to
the process of radiation emission of overbarrier positrons
(electrons) experimentally investigated in [2,3]. The com-
parison with the theoretical predictions in that case was
satisfactory. Theory [9] predicts correctly the range and
form of the radiation energy losses spectra but with an
intensity 1.7 (1.2) larger than that experimentally measured
for positrons (electrons). The first calculations were per-
formed on the basis of the quasiclassical description which
was developed in [5]. Then in [12] it was demonstrated that
for not large energies the theory of coherent bremsstrah-
lung in a local longitudinal area of the bent crystal could be
used to describe radiation emission [see Eq. (13)]. A
similar approach was also proposed in [13,14] but without
taking into consideration the condition of volume reflec-
tion which accounts for the difference in the soft part of the
photon spectrum. However, the results presented in all
these papers (for large enough bending radii and not large
particle energies) demonstrate the validity of the coherent
bremsstrahlung theory in a local area of the bent crystal.
Considering the similarity between coherent pair produc-
tion and bremsstrahlung, the description presented in this
paper can be accounted for [15].
The pair photoproduction process in bent single crystals

may be used to obtain a linearly polarized high energy �
beam and to determine the degree of linear polarization of
such beams. In principle, there is the possibility of trans-
forming the linear polarization into a circular one [17,18],
but this requires further investigation. The study of this

FIG. 4. The probability W 0 (a) and asymmetry A (b) for a
0.5 cm single silicon crystal at different bending radii as func-
tions of the orientation angle �. Curves 1–5 correspond to R ¼
20, 10, 5, 2.5, and 1.25 m (� ¼ 0 for a symmetric orientation of
the single crystal). The point curves correspond to a nonoriented
crystal. The photon energy is equal to 500 GeV.
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field is interesting due to the new opportunity of searching
axionlike particles (see for example [19] and literature
herein), offered by the unique nature of birefringence for
light and high energy photons (the electromagnetic vac-
uum polarization). Another possible field of application of
the photoproduction process in bent single crystals is the
cleaning of the gamma part of the halos of future electron-
positron colliders. In fact, one may expect the electromag-
netic cascade in an oriented bent crystal to be significantly
shorter than in an amorphous medium. The use of a multi-
crystal system could be foreseen for this goal [20].

It should be also noted that the probability and asym-
metry functions presented in this paper are smoother and
broader in angle for bent crystals compared to straight ones
(R tends to 1). For this reason bent crystals are more
convenient for the applications described above.

The paper [21] presents also a possible experimental
setup to perform the measurements, on the basis of what
has already been done for the INSURAD experiment on
the CERN SPS extracted beam lines.
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