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Short period, high field undulators can enable short wavelength free electron lasers (FELs) at low beam

energy, with decreased gain length, thus allowing much more compact and less costly FEL systems. We

describe an ongoing initiative to develop such an undulator based on an approach that utilizes novel

cryogenic materials. While this effort was begun in the context of extending the photon energy regime of a

laser-plasma accelerator based electron source, we consider here implications of its application to sub-fs

scenarios in which more conventional injectors are employed. The use of such low-charge, ultrashort

beams, which has recently been proposed as a method of obtaining single-spike performance in x-ray

FELs, is seen in simulation to give unprecedented beam brightness. This brightness, when considered in

tandem with short wavelength, high field undulators, enables extremely high performance FELs. Two

examples discussed in this paper illustrate this point well. The first is the use of the SPARX injector at

2.1 GeV with 1 pC of charge to give 8 GW peak power in a single spike at 6.5 Åwith a photon beam peak

brightness greater than 1035 photons=ðsmm2 mrad2 0:1% BWÞ, which will also reach LCLS wavelengths

on the 5th harmonic. The second is the exploitation of the LCLS injector with 0.25 pC, 150 as pulses to

lase at 1.5 Å using only 4.5 GeV energy; beyond this possibility, we present start-to-end simulations of

lasing at unprecedented short wavelength, 0.15 Å, using 13.65 GeV LCLS design energy.

DOI: 10.1103/PhysRevSTAB.13.070702 PACS numbers: 41.60.Cr, 41.20.Gz, 41.50.+h

I. INTRODUCTION

The x-ray free electron laser based on self-amplified
spontaneous emission (SASE FEL [1]) is a state-of-the-
art instrument for scientific research with enormous poten-
tial and an equally impressive footprint, both in physical
scale and cost. However, the cost and complexity of such
extensive scientific infrastructure limits the diffusion of
this revolutionary 4th generation light source, which prom-
ises to allow fundamental investigations of matter at the
length and time scale of Angstroms and femtoseconds. The
lengths of the LCLS and X-FEL undulators are well over
100 meters [2,3]; the multi-GeV electron injectors are
measured in km. The beam energy and thus the accelerator
size needed is a function of the desired short FEL wave-

length, �r ’ �u

2�2 ½1þ K2=2�, where �, �u, and K are

Lorentz factor, undulator period, and undulator strength
parameter, respectively. On the other hand, the overall
undulator length is a function of the large gain lengths
Lg, required to reach saturation. The gain length in the one-

dimensional approximation—appropriate to x-ray opera-
tion—is given by [4]

Lg;1D ¼ �u
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One can appreciate the scaling of the gain length with
relevant physical parameters from Eqs. (1) and (2), where
�x and Ie are the horizontal beam size and beam current, IA
is the Alfven current (� 17 kA for electrons), and [JJ] is
short-hand for [J0ð�Þ-J1ð�Þ] with � ¼ K2=ð4þ 2K2Þ for
the planar undulators used in this paper [5]. Before discus-
sing the beam parameters and their effect on FEL perform-
ance per se, we note that a shorter period undulator permits
a lower cost accelerator to be used, as one mitigates the
demanded value of the electron energy �mec

2. For a given

�r, this implies that � / ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ K2=2Þ�u

p
.

Recently, it has been appreciated that one may dramati-
cally increase the beam brightness Be ¼ ð2IeÞ=�2n, where
�n is the normalized beam emittance, by using lower
charge in the electron injector [6], thus allowing higher
quality, denser beams in the undulator. This density in-
crease is accomplished not through higher current—which
can be nearly preserved in low-charge operation—but by
lower beam sizes, �2

x ¼ �n ��=�, where �� is the Twiss beta
function. The higher brightness delivered to the undulator
is enabled by the inherent scaling of �n and the current at
the photocathode source, and also because emittance de-
grading collective effects are mitigated during emittance
compensation [7] and compression [8]. Thus, one may
preserve the low emittance obtained at the injector while
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enhancing the current, yielding unprecedented high
brightness.

Enhanced beam brightness has several important impli-
cations, arising from growth of the gain parameter �1D.
The first, emphasized in Eq. (1), is that the length of the
undulator will be shorter in this case. In this regard, we
note that a much more compact FEL undulator is obtained
by employing higher beam brightness, thus enhancing �1D,
while one simultaneously lowers �u. According to Eq. (2),
this implies not diminishing the value of K too dramati-
cally as �u is lowered, providing explicit motivation for
high field, short period undulators. Further, a compact
SASE x-ray FEL based on higher brightness beams is
inherently more efficient, as the energy extracted from a
beam of total energy Ub ¼ Nb�mec

2 is approximately
�1DUb. Thus, one may partially counteract the loss of
FEL output energy at lower bunch charge eNb by more
efficiently driving the lasing process. For many FEL ap-
plications this is a critical point to consider.

In this paper, therefore, we consider the use of a short
period length, �u ¼ 9 mm, cryogenic high field undulator,
in tandem with low-charge, high brightness beams, which
have been studied both theoretically [6] and experimen-
tally [9] previously. We discuss detailed design simulations
of the undulator performance, as well as practical impli-
cations surrounding undulator construction. We illustrate
by start-to-end simulations of the proposed SPARX FEL at
Frascati, the advantages in compactness, lowered beam
energy, ultrashort pulse operation and efficiency offered
by this combination of novel undulator design and ex-
tremely high brightness electron beams. It is shown that
the FEL radiation brightness in this case is 2 orders of
magnitude higher than that of the LCLS.

The key component of enhanced beam brightness in
low-charge operation is, as noted above, the decrease in
the emittance. For improved FEL gain the generalized
Pellegrini criterion should be followed, which states that

�n <
�r�
4�

��
Lg;1D

, where �� is the average beta function during

the lasing process. As �r � �u=�
2, this relation becomes

difficult for conventional photoinjector beams to obey at
short FEL wavelength, �r. If one can lower the emittance
dramatically, unprecedented short wavelengths may be
achieved. With a short wavelength undulator, operation at
extremely short wavelengths can be accomplished using
existing accelerators which produce extremely energetic
electron beams. In one example presented in this paper, we
show promising operation of a SASE FEL using the LCLS
injector in low-charge mode that yields lasing at 0.15 Å.
This represents a leap of 1 order of magnitude in photon
energy to 83 keV, a coherent x-ray source of unparalleled
capabilities in probing dense, high-Z materials.

Small emittance beams can potentially lengthen the
lasing gain length by not efficiently replenishing the laser
energy that diffracts away from axis. Therefore, the beam
emittance should be carefully chosen to balance decreasing

the gain length through emittance reduction and laser
energy loss through diffraction. The opposing emittance
conditions can be summarized with the following three-
part inequality [5]:

2Lg;1D

��
� 4��n

�r�
<

��

Lg;1D

: (3)

When the left inequality in Eq. (3) is strongly satisfied,
the electron beam can efficiently feed lasing modes and the
result is a potentially transversely incoherent beam in the
far field, as undesired higher order transverse modes may
be amplified. Barely satisfying this condition means that
only the mode with the strongest gain will exist in the far
field, presumably the TEM00 mode, and transverse coher-
ence is obtained. Strongly violating the left inequality
means that diffraction plays a large role in the FEL gain,
diminishing it by providing a non-negligible mechanism
for the near-axis field to weaken. When the right side of the
inequality is violated the electron beam rms divergence is
sufficient to introduce significant red shifting of the near-
axis emitted photons, thus introducing longitudinal inco-
herence and damping the gain process, as we shall see.
Equation (3) may be used to guide the selection of the
undulator and external focusing parameters given an input
beam, or vice versa. In this paper we will encounter a
variety of design scenarios that illustrate a range of cases
in the triple inequality.
As an aside, we note that the combination of the small

physical aperture of the undulator and the very short elec-
tron beam presents a novel problem in wakefield calcula-
tion. Not only does the anomalous skin effect become
important [10], but the frequency composition of the
charge distribution, and thus the fields, enters the infrared
and optical frequencies nearing the transmission window
of metals. In addition, the length of the beam and the
natural spread of the velocity fields at the metal walls of
the undulator become comparable for multi-GeV, fs long
beams. An estimate of when the fields become ‘‘velocity
field dominated’’ can be found by comparing the width of
the velocity fields at the wall versus the length of the beam,
S ¼ a=ð��zÞ. The beams we present here all have S� 1
with the tabletop FEL dominated by the bunch length. The
wakefields created under the conditions presented here are
currently under investigation.
We begin our discussion in the following section with a

description of the undulator design. It should be noted that
this design was stimulated first by application to a laser
wakefield accelerator (LWFA)-driven FEL at MPQ-
Garching [11]. This initiative, in which one is aggressively
applying the principle of making the injector compact
(� cm), one is presently limited in beam energy to
�1 GeV [12]. Thus, in order to produce lasing at short
wavelength, a high field, short period undulator is needed.
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II. UNDULATOR DESIGN

All magnets are limited in the strength of the on-axis
field they can produce by their magnetic properties.
Modern undulators are limited in parameter space ð�u;KÞ
by available materials. To decrease the period while main-
taining large undulator parameter, the remanence of the
available magnetic materials must be increased. A some-
what recent approach adopted to solve this problem is to
cool the magnets. Both neodymium-iron-boron (NdFeB)
and samarium-cobalt (SmCo) magnets make gains in en-
ergy product as they are cooled as cooling limits the size of
the domains with undesired magnetization directions.
While SmCo’s gains are relatively small, continuing to
4.2 K, NdFeB sees large increases in energy product as
the material is cooled down to 135 K. At this point the
material undergoes a spin-axis reorientation due to com-
petition between anisotropy and exchange forces, the latter
being dominant at room temperature, and the useful field
created by the magnet begins to drop with continued
cooling [13]. Cryogenic undulators using NdFeB have
been built, cooling to above the spin-axis reorientation
onset [14–16].

The remnant field is not the principal consideration; in
order for an in-vacuum undulator to withstand the radiation
environment within the vacuum chamber, the coercivity of
the material must be sufficiently high. This is a well-known
facet of undulator design, with magnet suppliers offering a
variety of grades of NdFeB, differing principally in the
dysprosium content [17,18]. Because dysprosium in-
creases coercivity at the cost of remanence at room tem-
perature, typically coercivity and remanence are roughly
inversely proportional [19]. While permanent magnets
show negative temperature gradients of both the rema-
nence and coercivity [18,20], the temperature coefficient
of coercivity is much larger than that of remanence. As
such, if the magnets are going to be cooled the trade of
higher remanence for lower coercivity at room temperature
is usually sound as cooling will cause larger gains in
coercivity as opposed to remanence.

A recent collaboration has produced a praseodymium
(Pr) based permanent magnet that can be cooled to 30 K
without the spin-axis reorientation of neodymium magnets
[20]. As presented above, the increase in remnant field is
accompanied by an even larger increase in coercivity
which has been linked to higher radiation resistance [21].
Because of the ability to cool praseodymium magnets to
well below the temperatures of NdFeB, these magnets have
much higher radiation resistance and, therefore, offer the
best performance in in-vacuum insertion devices. Use of
these magnets in extremely high brightness electron beam
free electron lasers can significantly decrease the length of
the undulators required to reach saturation, the magnets are
also extremely useful, because of their increased durability,
for insertion devices used in high average current synchro-
tron light sources.

The undulator magnets are a rare-earth mix of 80%
praseodymium and 20% neodymium added to iron and
boron, ðNd0:2; Pr0:8Þ2Fe14B, which are sintered. This is in
contrast to the previous praseodymium material used to
produce prototype undulators which simply substituted
praseodymium in place of neodymium [22–24]. The ma-
terial has shown modest gains in remnant field and large
gains in both coercivity and energy product when cooled to
30 K (see Fig. 1) [20,25]. The undulator poles will be made
from vanadium permendur, an alloy with equal parts of Co
and Fe and a few percent vanadium, with a saturation
induction of 2.34 T.
The undulator is a hybrid design in-vacuum device to

allow a very small undulator gap. The hybrid design was
chosen because it shows modest gains over a pure perma-
nent magnet device at small gap-to-period ratios [26]. To
model the undulator, two 3D codes have been used: RADIA
and MAXWELL 3D [27,28]. The result of many simulation
and parameter permutations is that the unique combination
of small gap, high permeability steel and strong magnets
poses a particularly difficult problem for modern magneto-
static solution methods, see Fig. 2. The material magneti-
zation curves are defined identically in MAXWELL 3D and
RADIA, with the iron pole magnetization curves taken from

RADIA and the magnet magnetization curves coming from

fits to measurement [25], indicating that the effects are
indeed solution dependent and not the result of differences
in material properties. One source of difference between
the two packages is the length of the simulated undulator.
Because MAXWELL 3D accepts boundary conditions, the
model simulated is infinitely long while the RADIA model
can only be 4–5 periods long because the segmentation
required to accurately model the field in a �2 mm gap
undulator is very large and one quickly runs into onerous

FIG. 1. Magnetization curves for the ðNd0:2; Pr0:8Þ2Fe14B mag-
nets at 30 K (dashed line) and 300 K (solid line). The large
increase in coercivity and energy product when the magnet is
cooled can be seen.
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memory limits. Previous simulations with larger segmen-
tation and larger gaps indicate that the cross talk between
magnets diminishes to below simulation precision at about
five periods. Therefore, in order to account for all the
effects of magnet and pole coupling the simulation region
should be at least ten periods long. After the undulator
length is taken into account there is still a sizable differ-
ence between the simulation results at the smallest gaps
which is also likely due to segmentation limits. Because of
these factors we have decided to use the Maxwell simula-
tions as the basis for the following FEL simulations.

For the calculations below, the undulator parameter is
assumed to be K ¼ 1:7, with a 1.6 mm gap, which is
indicated in Fig. 2 by the black diamond. A prototype
undulator is currently being constructed to measure the
effective field. Should the Maxwell results be overly opti-
mistic there are a few techniques for increasing on-axis
field, such as side magnets, yet to be employed in the
design.

The principal obstacles in undulator construction are the
material’s coercive weakness at room temperature (see
Fig. 1) and the large forces between poles when the un-
dulator gap is small. Two methods have been developed to
cope with the coercive delicacy of the magnets during
room temperature assembly. The first, more technically
challenging, method is to surround the magnets in a
SmCo sheath. The second method is to first fill the magnet
lattice with dummy magnets which will be replaced one by
one with the praseodymium magnets.

A. Samarium-cobalt sheaths

It is well known that the edges and corners of high
permeability materials will act as high flux points when
the material is not saturated [29,30]. Because of this,
bringing strongly magnetized materials with relatively
weak coercivity in contact with iron pieces with sharp
edges can result in demagnetized regions. Further, these
regions can grow during many heating and cooling cycles
as long as the domain walls do not encounter blocking sites
whose potential energy prohibits further movement. This
can be prevented by properly pre-aging the material, a very
common procedure, through higher temperature baking or
exposure to external field. In a 9 mm period hybrid undu-
lator the weak coercivity is compounded by the thin mag-
nets: strong, thin magnets act like two narrowly separated
plates of charge with fields that attempt to short the poten-
tial difference.
The most obvious solution to the so-called corner prob-

lem is first to soften the corners and edges with chamfers
and then to move the edges of the iron away from the
magnets by enlarging the poles. Efficient undulator design,
however, requires that the iron poles be smaller than the
magnets along any given dimension away from the undu-
lator axis to prevent the iron poles from directing flux away
from the beam. The response to this is to replace the

FIG. 3. (Color) Praseodymium magnet design with samarium-
cobalt sheath. Part (a) shows one quarter of an undulator period.
The red samarium-cobalt sheath surrounds the more easily
demagnetized, at room temperature, orange praseodymium mag-
net. Half of the blue steel pole has been cut away to reveal the
structure of the assembly. Part (b) is an exploded view of (a)
which shows that the bottom pieces of samarium-cobalt are used
to fill in the chamfers of the praseodymium magnet. This is
useful because having more strong magnet material near the
beam axis promotes field quality. Although the chamfer
samarium-cobalt fill-ins are naturally attracted to the praseody-
mium magnets, some form of adhesive or mechanical restraint
will be required. From an engineering standpoint it is easier to
replace the fill-ins with a full strip of samarium-cobalt and make
the praseodymium magnet a simple block.

FIG. 2. (Color) Simulation results for the 9 mm period undulator
when cooled to 30 K, showing the effective magnetic field, given

by Beff ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPðB2

n=n
2Þ

q
. The difference between the two curves at

large gap can be nearly entirely accounted for by the difference
in simulated undulator length while segmentation limits in
RADIA prevent more accurate comparison at the small gap

(< 2 mm). The black diamond shows the assumed working
point. Keff ¼ 0:84Beff .
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magnets near the high flux regions with more resilient
magnets (cf. Fig. 3). In this case samarium-cobalt is used
because it does not have a spin-axis reorientation down to
4.2 K [20], and it has the highest coercivity of commonly
used magnetic materials.

The drawback to this design is finding a reliable way to
sheath the magnet using either vacuum, cold safe glue, or
mechanically. This problem has yet to be solved. The
benefit, however, is a dependable magnet lattice which
need not be handled any differently than any other in-
vacuum undulator.

B. Magnetic material replacement

Because of the large forces on the iron poles, when the
undulator gap is small, they must be firmly secured to the
undulator mounting beam. This means that when this
hybrid undulator is assembled the poles are first fixed
and then the magnets are inserted. Simulation has shown
that this method also results in smaller reverse fields in the
inserted magnets. Further, simulation has shown that the
insertion of the magnets into a partially empty lattice leads
to unacceptably large reverse fields. These increased re-
verse fields are caused when inserting the ith magnet, while
the previous slot (i� 1) has been filled and the next slot
(iþ 1) remains empty. To correct for this imbalance, all
the slots will first be filled with neodymium magnets of
comparable strength at room temperature which will then
be replaced by the praseodymium magnets. While the
neodymium magnets are replaced by the praseodymium
magnets, shield plates will be used to further reduce the
reverse fields in the praseodymium magnets.

The drawbacks to this design are the construction of
throwaway neodymium magnets and the proximity of the
edges of the iron poles to the delicate praseodymium
magnets. During uncooled periods, the undulator’s tem-
perature should be controlled to ensure that the magnets do
not get warm enough to demagnetize small regions near the
high flux points of the steel poles. Room temperature is
acceptable but the quickly diminishing coercivity of the
material demands that the temperature not become very
much higher.

C. Field errors and correction

The interference effects of incoherent undulator x-ray
sources and the relative phase slip of the microbunching
electrons in a free election laser are very sensitive to phase
errors caused by errors in the path of the electrons as they
pass through the undulator. The relative phase of the far
field radiation incident on a detector located on the axis of
the undulator is

	½z� ¼ !ðt0 � z=cÞ ¼ 2�

�r

�
z

2�2
þ 1

2

Z z

0
�2

xðz0Þdz0
�
; (4)

where the angle of the particles emitting the radiation is �x

with �x � 1 and z is the distance along the undulator. The

phase is a linearly increasing function of distance with a
small oscillatory term overlaid. Neglecting the first and
second integrals of the particle motion which result in
angle and path offset errors, respectively, and can be cor-
rected by appropriate undulator entrance and exit design,
we focus here on localized, random path errors which lead
to errors in the integral term of Eq. (4) which can be much
more pernicious and are more difficult to correct.
Following Halbach [31], we fit the MAXWELL 3D curve in
Fig. 2, and estimate that a gap error of 13 
m results in an
absolute 0.5% field error between for all sub-�u gap set-
tings. Because the phase error is cumulative, all random
distributions of field error do not equally effect the inten-
sity of the output radiation and the figure of merit that
should be used is adequate radiation properties.
To obtain such small gap error there are several ap-

proaches that should be used in concert: precision machin-
ing of the individual parts, sufficient sorting of pole pieces
and pole clamps, and careful undulator support design to
ameliorate or even take advantage of thermal effects. The
first two methods for coping with gap errors go hand in
hand as the small differences in even precision machined
parts can be used to compensate for errors in gap that are
additive, for instance a depression in the in-vacuum beam
can be matched with a taller pole piece. At the same time a
special set of pole clamps can be created, either intention-
ally or otherwise, with an assortment of differing heights to
hold the poles in place at the desired height as the poles are
naturally pulled out by the forces between the undulator
halves. To compensate for the materials shrinking during
cooling, it may be necessary to employ mechanical dis-
torting techniques to the undulator such as that used in the
SPring-8 design [32].
We note that traditional shimming of the undulator is

very difficult as this would require 
m thick foils of
magnetically conductive material to be placed with high
precision.
Lest the tolerances required to build this undulator seem

overwhelming, we note that when compared to the other
high field option available at this period length the total
tolerances are quite similar while the hybrid device under
consideration here has a higher peak field (Bpeak ¼ 0:6 T)

given the same 4.4 mm gap [33]. Although the supercon-
ducting design benefits from fewer pieces, high radiation
environments will require a great deal of cooling power at
the very low superconducting temperatures while a hybrid
device cooled to 30–80 K is much easier to keep cool.

III. EXAMPLES OF FEL PERFORMANCE WITH
CRYOGENIC PR-BASED UNDULATOR

As discussed above, there are a wide variety of FEL
scenarios that benefit from use of the short period, high
field undulator. Further, these FELs have in common the
use of very high brightness electron beams. In this section,
we illustrate such application in five distinct cases: (1) the
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SPARX FEL, in which a �2 GeV, 1 pC beam is used to
create an extremely compact hard x-ray FEL, with har-
monics reaching to the current LCLS wavelength; (2) the
LCLS beam run at 0.25 pC charge and 4.5 GeV energy, in
which one obtains saturation at the current LCLS wave-
length in a fraction of the undulator length; (3) the same
beam run at 13.65 GeV energy, which enables a >80 keV
x-ray FEL; (4) the experimentally studied moderate charge
(20 pC) beam case at LCLS, which is compressed to 2 fs, in
which the emittance effects are notable, and (5) the original
LWFA case, in which one may have a compact ‘‘tabletop
terawatt’’ FEL.

A. SPARX

We discuss here a first example of the exploitation of the
9 mm period, high field undulator introduced above, that of
its utilization in the SPARX FEL, currently under design in
Frascati. For the beam simulations, we follow the accel-
eration, compression, and lattice program used in the
SPARX technical design report [34]. We concentrate on
the case of 1 pC operation, in which sub-fs pulse, single-
spike operation at 2 nm fundamental wavelength has been
predicted in previous analysis with the standard �u ¼
2:8 cm undulator [6]. The electron beam is first com-
pressed to �z ¼ 4:7 
m using velocity bunching, and
then chicane compressed to an rms bunch length of �z ¼
0:21 
m (0.7 fs) at 1.2 GeV, on the way to acceleration up
to a final energy of 2.1 GeV. The beam in this case has
extremely low emittances, �n;xðyÞ ¼ 7:5ð3:3Þ � 10�8 mrad,

and over 700 A peak current after final compression.
The larger horizontal emittance is due to coherent synchro-
tron radiation effects in the chicane. With this limit, the
electron beam brightness at the undulator is Be ¼
2� 1020 A-m�2 rad�2, which should be compared with

the nominal high charge (Q ¼ 1 nC) baseline design value
of Be ¼ 2:8� 1015 A-m�2 rad�2. This dramatic differ-
ence in brightness produces quantitatively different behav-
ior in the FEL gain process.
The beam’s longitudinal phase space displays multi-fs

tails outside of the lasing core, and thus the rms length of
the radiation pulse is yet smaller than that of the electron
beam, see Fig. 4. In the reference design case discussed
in Ref. [6], where an undulator with �u ¼ 2:8 cm and
K ¼ 1:67, the 2 nm FEL pulse given in GENESIS simula-

FIG. 4. Beam profile of the SPARX ultrashort beam as gen-
erated with start-to-end simulations.

(a)

(b)

(c)

FIG. 5. (Color) GENESIS simulation results for the SPARX ultra-
short low-charge case. Part (a) shows the exponential high gain
regime saturating at 10 m of undulator, the regions of zero gain
are due to the significant gaps between undulators reserved for
the strong focusing quadrupoles and diagnostics. Part (b) shows
the gain as a function of distance along the beam, the knee in the
charge profile (Fig. 4) creates a similar knee in the radiation
longitudinal profile. Part (c) shows the spectrum of the output
radiation. The radiation has extremely narrow bandwidth.
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tions has an rms length of�t ¼ 0:48 fs. This pulse displays
only a single spike at saturation, which is achieved in
simulation after 30 m. As the beam is significantly higher
brightness than that of the high charge baseline design, the
saturation length is indeed shorter, decreasing from 50 m in
the baseline design case, despite running at higher energy
and shorter wavelength, which is 3 nm in the standard case.

With our high field cryoundulator, we employ the same
simulation beam particles as utilized in Ref. [6] to evaluate
the SASE FEL performance. In comparison to the baseline
design, we have decreased the average beta function in the
undulator, from 5.5 to 2 m. The tighter focus implied is
encouraged by the use of lower emittance beams, as one
does not encounter gain degradation from excessive trans-
verse angular motion. The fundamental wavelength is, in
this case, 6.56 Å, or a factor of nearly 5 shorter than
obtained with the standard undulator. The spectrum at
saturation, given by GENESIS simulation, is shown in
Fig. 5(c). The evolution of the power along the undulator
is illustrated in Fig. 5(a), showing a gain length of 43 cm,
and saturation of the fundamental at 10 m. Indeed, with
such a short gain length, one may in principle decrease the
average beta function in the undulator further. In practice,
the lower limit on the beta function is given by the practical
consideration of our choice of 1 m undulator sections.
Quadratic pole faces will allow for strong focusing and a
further decrease in the beta function [35,36]. Nonetheless,
the presented scenario is a strikingly compact, high gain
system. Despite such a short cooperation length, with a
well sub-fs electron beam, quasi-single-spike operation
[cf. Fig. 5(b)] is obtained, with an rms x-ray pulse length
of 0.35 fs. The peak power is over 2 GW, giving 6� 109

photons at 1.8 keV, a photon beam peak brightness of 3�
1035 photons=ðsmm2 mrad2 0:1% BWÞ.

Because of the strong gain on the fundamental interac-
tion, the beam is microbunched ever more strongly in the
undulator, and the possibility of observing gain on the odd
harmonics presents itself [37]. We have studied this phe-
nomenon with GENESIS as well, with the results summa-
rized in Fig. 6. Note that in this case the 5th harmonic has a
wavelength of only 1.3 Å; we may create a SASE FELwith
wavelength below that of the LCLS using only 2.1 GeV
electrons in this short period, high field, high brightness
electron beam scenario. This 10-m undulator system pro-
duces over 106 coherent hard x-ray photons.
This compact SASE FEL system illustrates well the

marriage of our novel cryoundulator design with ultrahigh
brightness electron beams produced at low charge. In the
following example, we emphasize the possibilities opened
not just by the beam brightness, but by the achievement of
lower emittance per se. We will, from this viewpoint,
examine opportunities for pushing the frontier in coherent
x-ray production to ever shorter wavelengths.

B. LCLS ultralow charge, high brightness
beam scenario

In order to study possible single-spike behavior in the
LCLS, we have examined scenarios based on use of
0.25 pC beams, in which case yet shorter pulses can be
achieved. This shortening, in comparison with the SPARX
case discussed above, is demanded for single-spike per-
formance at shorter wavelength because the cooperation
length is much reduced at the LCLS wavelength of 1.5 Å.
In the context of the LCLS injector and linac, we have
performed start-to-end simulations in which the beam is
compressed to �t ’ 0:2 fs with a peak current of �350 A.
With such small charge, the beam longitudinal phase space
is quite compact, and no significant tails arising from
coherent synchrotron radiation during compression are
observed in the ELEGANT simulations. The transverse phase
space is also more well behaved in the compressor, with all
significant emittance growth occurring during velocity
bunching; no focusing solenoids are available in the post-
gun section of the injector, and the final emittance in both
transverse planes is in this case �n ¼ 3:3� 10�8 mrad.
Thus the beam is slightly brighter than in the 1 pC case
discussed above, while the four-dimensional transverse
phase space area is diminished by over half. This will
prove to be a key advantage in pushing the FEL to lase at
unprecedented short wavelengths, well sub-Angstrom.
To illustrate first the effect of beam brightness and a

short period undulator, we study the use of the cryogenic
undulator in the same configuration as in the previous
section to investigate SASE FEL performance near the
nominal LCLS wavelength, but obtained at a lower energy
of 4.5 GeV. The results of the GENESIS simulation of this
scenario are shown in Figs. 7(a)–7(c). Figure 7(a) shows
the evolution of the SASE power along the undulator, in
which case we note saturation achieved within 15 m, with a

FIG. 6. (Color) Harmonic gain of the SPARX ultrashort low-
charge beam lasing in the cryogenic hybrid praseodymium
undulator.
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gain length Lg ¼ 70 cm. These parameters are a factor of

6–7 shorter than achieved in the LCLS standard undulator,
high charge case. Despite use of charge 3 orders of magni-
tude smaller than in the LCLS nominal operating regime, a
peak power of 5 GW is achieved in this simulation, corre-
sponding to 2� 109 1.42 Å photons in less than 0.5 fs
FWHM.

With such high gain, and thus shortened cooperation
length, the beam does not lase in single-spike mode in

this case, as seen in Fig. 7(b), but rather has roughly three
spikes. These spikes are also displayed, as expected, in the
wavelength spectrum shown in Fig. 7(c). One may recover
single-spike performance by running at higher charge, with
(perhaps purposefully enlarged) higher emittance.
We note that in this case the electron beam emittance

remains a factor of �25 below the generalized Pellegrini
criterion. Thus, one may envision use of higher energy
beams with shorter wavelength operation than that ex-
pected of the LCLS. In fact, what is particularly striking
about the LCLS-derived examples is perhaps not the pos-
sibility of dramatic shortening of the undulator and use of
lower energy beams, but extending the wavelength reach of
the FEL. As an aside we see that, given the scaling of
Eq. (3) with energy, the middle term is the fastest growing
term and that means that increasing the energy of the beam
cannot decrease the transverse coherence of the output
radiation, if all the other factors are held constant. As
such, we have studied use of a nearly full energy,
13.65 GeV, electron beam at the LCLS in tandem with
the cryogenic undulator. In this case we expect lasing at a
fundamental wavelength of 0.15 Å, or exactly 1 order of
magnitude shorter than the LCLS design. At this energy
and wavelength, the beam used is much closer to the
Pellegrini emittance limit, about a factor of 4. The photons
at this wavelength have an energy of 83 keV, and lie in a
spectral region of high interest for studies of dense, high-Z
materials, and may form the basis of large future FEL
initiatives [38]. Such incredible x-ray energy can only be
achieved by an electron beam with a very small emittance,
such as the beams we present here, in order to prevent
energy spread caused by quantum fluctuations in the emit-
ted synchrotron radiation to quench the lasing process
[39,40].
To simulate this ultrashort wavelength system, we in-

troduce 2.27 m long undulator sections, with quadrupole
focusing to give an average focusing �� ¼ 4:8 m. The
performance of this FEL is a prime example of the new
possibilities afforded by use of high brightness beam, short
period undulator system: the gain length at 0.15 Å is only
2.46 m [Fig. 8(a)], and yielding saturation in 40 m. The
saturated power in this case is over 2 GW, with about 108

photons per pulse. The spectral coherence of this source is
as expected for SASE, with the temporal [Fig. 8(b)] and
wavelength power distributions both showing approxi-
mately eight spikes, reflecting the number of cooperation
lengths (4 nm, or 14 attoseconds) inside of the lasing pulse.
Lasing at such short wavelengths is indeed predicated on

the emittance being as small as predicted from the start-to-
end simulations. To illustrate this, we utilize the beam
parameters achieved at SLAC in the first attempt to exam-
ine low-charge, high brightness beam performance [41]. In
this case, while the peak current is increased to an esti-
mated 8 kA, the geometric mean of the transverse emit-
tances is also over an order of magnitude higher, as noted

(a)

(b)

(c)

FIG. 7. (Color) (a) GENESIS simulation results for the 4.5 GeV
LCLS beam. The saturation length of the fundamental mode is
15 m with a gain length of 70 cm. (b) At saturation the beam
shows three spikes in the longitudinal profile, consistent with a
11 nm cooperation length [45]. (c) The fundamental interaction
wavelength is just over 1.42 Å.
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above. Thus the beam brightness is degraded, and more
importantly, the Pellegrini criterion is quite strongly vio-
lated. As such the SASE FEL gain simulated in GENESIS

using our cryoundulator design is also degraded, with the
results shown in Fig. 9. Here one would need a 150 m
undulator to approach saturation, which is a much less
desirable scenario than given by use of the higher bright-
ness beam. Thus it is advisable to push towards lower
charges and therefore emittances, as studied in Ref. [6].

Alternatively, one can regain compliance with the gen-
eralized Pellegrini criterion by lowering, as studied in the
extreme low-charge case above, the beam energy. With the
electron energy set to 4.5 GeVand the same emittance and
peak current, one lases at the nominal LCLS wavelength
(1.5 Å), as before, and saturates the FEL at approximately
15 GW peak power in 20 m of undulator. The evolution of
the SASE FEL power in GENESIS simulation of this case is
shown in Fig. 10. A similar exercise in examining the

performance of the 20 pC beam was reported in Ref. [41]
using the existing LCLS undulator. In this case, the
4.3 GeV beam produces a saturating FEL within 25 meters,
at a wavelength of 1.5 nm. This comparison nicely dem-
onstrates the advantage of using the short wavelength
cryogenic undulator.

C. Tabletop FEL based on laser wakefield accelerator

The original motivation of the undulator design work
discussed in Sec. II was the desire to build an x-ray SASE
FEL with a very compact footprint by utilizing a laser

FIG. 9. (Color) GENESIS simulation of the 20 pC, 2 fs rms pulse
length beam at LCLS, full LCLS energy (14.3 GeV). Violation
of the Pellegrini criterion causes dramatic growth in the gain
length.

FIG. 10. (Color) GENESIS simulation of the LCLS 20 pC beam at
derated energy of 4.5 GeV, compliance with Pellegrini criterion
reestablished.

(a)

(b)

(c)

FIG. 8. (Color) (a) GENESIS simulation of a 13.65 GeV LCLS
beam traveling through the cryogenic high field undulator.
Saturation occurs in 40 m. The incredibly short fundamental
wavelength, 0.15 Å (c), does not allow single-spike operation
(b).
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wakefield accelerator (LWFA) as the injector. This injector
is currently being used in a soft x-ray undulator light
source [42]. In such a scheme, one with >10 GV=m
field driven by an ultrashort (10’s of fs) laser pulse,
may create > GeV electron beams in a dense plasma a
few cm in length. This approach is discussed in depth in
Refs. [11,43]. To explore the performance of the current
undulator design as applied to this scheme, we use the
beam parameters given in [11] for the beam expected from
the LWFA driven by a 1 PW laser pulse: 160 kA peak
current contained in a 4 fs rms pulse, �n ¼ 1� 10�6 mrad,
energy of 1.74 GeV, with rms energy spread of 0.1%. The
beam here is quite bright, competitive with the 0.25 pC
LCLS case given above, due to the extremely high pre-
dicted current. This is an important distinction. The pre-
vious examples show the importance of meeting the
Pellegrini criterion by controlling the electron beam emit-
tance and thus settling for lower total bunch charge. The
result of using only these electrons best tuned to the
exponential gain process is a quickly saturating free elec-
tron laser. In the current tabletop case, however, the oppo-
site approach of brute force has been taken. This free
electron laser saturates in a short distance because an
enormous number of electrons have been crowded into a
rather typical emittance. Therefore, the electrons can con-
structively add energy to the fundamental mode much
faster than diffraction effects can take energy away. This
further means that there will be many transverse radiation
modes in the far field.

The GENESIS simulation results for this case are given in
Figs. 11(a)–11(c). They display extremely high gain at a
wavelength near 0.95 nm, with a peak saturation power of
over 1 TW, well in excess of the 58 GW predicted for the
design discussed in Ref. [11]. The total saturated pulse
energy is impressive, reaching 6.5 mJ, or 3� 1013 soft x-
ray (1.3 keV) photons. This highly energetic saturation
state, further, occurs within 3 m of the undulator.
Because of the enormous current in this example and the
small undulator gap assumed (1.6 mm), the wakefields
produced by the front of the beam will disrupt the lasing
process. To avoid this problem the undulator will need to
be tapered. This presents the opportunity to use the natural
dependence of the remnant field on the temperature of the
magnets to adjust the field in sections of the undulator,
temperature tapering. Care must be taken to account for the
expansion of the materials as a function of temperature
[32].

This example serves well in illustrating a vision of an
ultracompact FEL design, one in which the injector is a
compact LWFA section, and an undulator that is over an
order of magnitude shorter than those in use today. This
compelling scenario, should it be realized, will produce the
first ever terawatt FEL, and it will fit in a university-scale
lab. One might term it, in the tradition of today’s ultrafast
laser systems and the LWFA initiative described in
Ref. [11], a tabletop terawatt (T3) SASE FEL.

IV. CONCLUSIONS

The cryogenic undulator under development for use as a
tabletop free electron laser has some challenging technical
difficulties but shows enormous promise to make the cur-
rent frontier of x-ray free electron laser brightness avail-
able to more users. Through careful electron beam
brightness control at the photocathode gun we have shown
a marked decrease in the saturation length of proposed free
electron lasers (Table I). Simulation shows a great deal of
flexibility of the undulator with operation modes that in-
clude harmonic generation (SPARX), few spike operation
(SPARX and LCLS operating at 4.5 GeV), ultrahard x-ray
operation (LCLS at 13.65 GeV), and terawatt soft x-ray
laser production (tabletop FEL).

(a)

(b)

(c)

FIG. 11. (Color) GENESIS results for the (T3) SASE FEL.
(a) Saturation occurs in 3 m. (b) The soft x-ray energy is
distributed fairly uniformly over the entire length of the pulse.
(c) The spectral makeup if the beam is noisy, expected from such
a large emittance beam.
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Recently, emittance exchange between a short longitu-
dinal slice and the horizontal has been proposed using a
TEM10 laser mode in an undulator [44]. We note that the
fundamental difference between this technique and the one
presented here is that emittance exchange uses a standard
photocathode beam and an extra element in the beam line
while we use high brightness electron beams produced at
the cathode. The principle result remains that higher
brightness beams allow higher brightness free electron
lasers produced in shorter undulators.
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