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This paper proposes a new method for generating coherent radiation in the THz region from an electron

storage ring. When the vertical chromaticity is modulated by an ac sextupole magnet, a vertical beam

deflection caused by a kicker magnet produces a wavy spatial structure in the electron bunch after a

number of revolutions. The vertically polarized synchrotron radiation from the wavy bunch becomes

coherent at the wavelength of the spatial structure. This narrow bandwidth radiation is extremely strong,

can be tuned by controlling ring parameters, and is easy to generate. By appropriate choice of ring

parameters it is possible to generate radiation at 1 THz.
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I. INTRODUCTION

Applications and technologies of THz (terahertz) elec-
tromagnetic radiation is a rapidly progressing field of
research. Until the end of the last century, the lack of
suitable detectors and sources of radiation in this frequency
region resulted in what became known as the ‘‘THz gap.’’
However at present, several kinds of radiation sources and
detectors have been developed in this spectral region and
several applications are beginning to emerge. Of these new
radiation sources, particle accelerators are expected to be
of particular interest due to their ability to generate ex-
tremely strong and stable radiation. When the synchrotron
radiation from many electrons is in phase, it becomes an
extremely strong coherent synchrotron radiation (CSR).
One recent achievement in electron storage rings was the
quasi-isochronous operation at BESSY-II [1], which sup-
plied stable sub-THz radiation. However in this case, the
intensity was limited by a low threshold of electron beam
instability and the generation of shorter wavelength radia-
tion required extreme stability of a ring [2]. Some alter-
native ideas have been proposed to overcome these
limitations, including laser bunch slicing [3–6] and tem-
poral circulation of a short bunch [7,8]. This article pro-
poses a new and easy method for generating CSR in the
THz region using an electron storage ring.

To implement this new method two technical require-
ments must first be met. One is the production of a spatial
structure in an electron bunch by means of a kicker magnet
proposed by Guo et al. [9], intended for the emission of
short-pulsed x rays. Another is the production of betatron
tune spread using an ac sextupole magnet proposed by
Nakamura [10,11] intended for the suppression of beam
instabilities. The combination of these two elements en-
ables the production of a spatial wave structure in the
electron bunch. This spatial structure can be used as a
source of narrow band CSR. This radiation is extremely

strong, can be tuned by controlling ring parameters, is well
reproducible, and easy to generate. The hardware required
for this scheme consists of conventional magnets, which
are known to operate with high controllability and good
reproducibility. They are suitable to take full advantage of
a high stability of electron storage ring.

II. PRODUCTION OF WAVY BUNCH

In the following analytical calculations we will ignore
higher order and nonlinear contributions as well as the
negligible effect of radiation damping. The vertical beta-
tron motion yðtÞ produced by a vertical kicker magnet at
time t ¼ 0 is given as

yðtÞ ¼ y0 sin

�
2�

Z t

0

�y

Trev

dt

�
: (1)

Here y0 is the initial betatron oscillation amplitude, �y is

the vertical betatron tune, and Trev is the revolution time. In
our case the vertical chromaticity �y is modulated by the

synchrotron oscillation frequency as

�y ¼ �0 þ �1 sin!St: (2)

Here �0 and �1 are the amplitudes of the dc (off-set) and
ac (modulation) components and !S is the angular fre-
quency of the synchrotron oscillation. The chromaticity
produces a betatron phase shift �c y according to the

energy displacement ", which is given by

�c y ¼ 2�

Trev

Z t

0
�y"dt: (3)

The synchrotron oscillation of " and the time displace-
ment � are expressed by the following equations:
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" ¼ "0 cos!Stþ ð!S=�PÞ�0 sin!St; (4a)

� ¼ �0 cos!St� ð�P=!SÞ"0 sin!St: (4b)

Here �P is the momentum compaction factor, "0 and �0
are the initial parameters.

The betatron phase shift of a particle after many revo-
lutions is obtained by substituting Eqs. (4a) and (2) into
Eq. (3). When we use " and � as the beam parameters
instead of "0 and �0, the result is written as

�c y ¼ 2�

Trev

�
"

�
�0

!S

þ �1

2
t

�
sin!St

þ �

�
�0

cos!St� 1

�P

þ �1

!St cos!St� sin!St

2�P

��
:

(5)

This shows that at t ¼ n�=!S, where n is an integer, the
phase shift is independent of " and is proportional to �. The
vertical position can then be expressed as a function of � by

y ¼ y0 sinð!c �þ c y0Þ; (6)

where c y0 is the betatron phase at � ¼ 0. The coefficient

!c is given by

!c ¼ � 2�

Trev

1

�P

�
ð�1þ 1Þ�0 � 1

2
n��1

�

for t ¼ n�=!S; (7)

where plus and minus signs are for odd and even n,
respectively. For any t > 0 the angular frequency of the
wavy structure is given by

!c ¼ @�c y

@�

¼
�
2�

Trev

��
�0

cos!St� 1

�P

þ �1

!St cos!St� sin!St

2�P

�
:

(8)

As will be explained later, !c is the angular frequency of

CSR. Using the natural energy spread �", the variance of
the betatron phase shift produced by the energy spread is
given by

�2
cE ¼

�
@�c y

@"

�
2
�2

" ¼
�
2�

Trev

�
�0

!S

þ �1

2
t

�
sin!St

�
2
�2

":

(9)

III. RADIATION FROM WAVY BUNCH

In the following calculations of synchrotron radiation
we assume that the observation point is far enough away
from the charge such that the vertical angle, �, from the
light source to the observer is small. The calculations are
performed for free space and interference with the vacuum
wall is not considered. The radiation intensity, I, per unit

solid angle per angular frequency emitted by an electron in
a bending magnet is calculated from the Liénard-Wiecheld
potential [12] as

d2I

d!d�
¼ e2!2

4�2c

��������
Z 1

�1
n� ðn� �Þej!½t0�n�rðt0Þ=c�dt0

��������
2

:

(10)

Here � is the solid angle, ! is the angular frequency of
radiation, e is the electron charge, � is the particle velocity
vector normalized with the light velocity c, x and r are the
position vectors of the observer and the particle, n is the
unit vector in the direction of x� r. In the following
calculations � � j�j will be put equal to unity wherever
possible. In the limit of a continuous charge distribution of
Jðx; tÞ, the intensity distribution becomes

d2I

d!d�
¼ e2!2

4�2c

��������
Z 1

�1
n� ½n� Jðx; t0Þ��

� ej!½t0�n�rðt0Þ=c�dt0
��������

2

: (11)

Assuming a Gaussian distribution along the direction of
the beam, the continuous charge distribution of the wavy
bunch described by Eq. (6) can be expressed as

Jðx; tÞ ¼ eNecffiffiffiffiffiffiffi
2�

p
��

exp

�
� t2

2�2
�

�
	½y� y0 sinð�!c tþ c y0Þ�:

(12)

Here Ne is the number of electrons in the bunch and ��

is the natural bunch length.
The next assumption is that the radiation wave period

1=! is much longer than the radiation pulse length from a
single electron. If we use a time �t much longer than the
radiation pulse length, the integration in Eq. (10), which
we will refer it as A, can be approximated as

A ðtÞ �
Z 1

�1
n� ðn� �Þej!½t0�n�rðt0Þ=c�dt0

�
Z tþ�t

t��t
n� ðn� �Þej!½t0�n�rðt0Þ=c�dt0: (13)

In addition, !�t can be much smaller than unity, so that
J and !t are effectively constant in �t. The integration in
Eq. (11) can now be approximated as

Z
dt

Z
dx3n� ½n� Jðx; t0Þ��ej!½t0�ðn�xÞ=c�

�
Z

JAðtÞej!tdt: (14)

According to the well-known calculations [12], A is
calculated to be
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A � 1ffiffiffi
3

p 


c

�
�ell

�
1

�2
þ �2

�
K2=3ð�Þ

þ e?�
�
1

�2
þ �2

�
1=2

K1=3ð�Þ
�
; (15)

where ell is the unit vector in the y direction, corresponding
to horizontal polarization, and e? ¼ n� ell is the or-
thogonal polarization vector corresponding approximately
to vertical polarization. K2=3 and K1=3 are modified Bessel

functions and the parameter � is defined by

� ¼ !


3c

�
1

�2
þ �2

�
3=2

: (16)

Here � is the Lorentz factor and 
 is the radius of
curvature of the bending magnet. Assuming that the verti-
cal displacements of electrons are small, � can be approxi-
mated as

� � �0 � y=R; (17)

where R is the distance to the observer and �0 is the angle
at y ¼ 0. A can then be approximated as

A � Aj�¼�0 þ
@A

@�

���������¼�0

ð�y=RÞ: (18)

The differential in Eq. (18) is calculated to be

@A

@�
� 1ffiffiffi

3
p 


c

�
�ell3��K1=3ð�Þ

þ e?
��

1

�2
þ �2

�
K1=3ð�Þ � 3�2�K2=3ð�Þ

�

�
�
1

�2
þ �2

��1=2
�
: (19)

Consequently Eq. (14) can be written as

Z
dt

Z
dx3n� ½n� Jðx; t0Þ�ej!½t0�ðn�xÞ=c�

�
Z

dt
eNecffiffiffiffiffiffiffi
2�

p
��

exp

�
� t2

2�2
�

��
Aj�¼�0

þ
�
y0 sinð�!c tþ c y0Þ

R

�
@A

@�

���������¼�0

�
ej!t: (20)

The first term corresponds to CSR produced by the
longitudinal structure of the entire electron bunch with
the factor

F0 ¼
Z

dt
1ffiffiffiffiffiffiffi

2�
p

��

exp

�
� t2

2�2
�

�
ej!t ¼ exp

�
�!2�2

�

2

�
;

(21)

whose square is known as the CSR form factor. The second
term is the CSR produced by the spatial structure within the
bunch, which is proportional to the spatial form factor

F1 ¼
Z

dt
1ffiffiffiffiffiffiffi

2�
p

��

exp

�
� t2

2�2
�

�
sinð�!c tþ c y0Þej!t

¼ exp

�
�ð!2

c þ!2Þ�2
�

2

�
y0
R

� ½sinc y0 coshð!c!�2
�Þ � j cosc y0 sinhð!c!�2

�Þ�:
(22)

For !c!�2
� � 1, F1 can be approximated as

F1 � exp

�
�ð!c �!Þ2�2

�

2

�
y0
2R

: (23)

Finally the radiation intensity is given by

d2I

d!d�
¼ e2!2N2

e

4�2c

��������ðAj�¼�0ÞF0 þ
�
@A

@�

���������¼�0

�
F1

��������
2

:

(24)

IV. REDUCTION BY RADIATION EXCITATION

The spatial structure can be greatly reduced as a result of
the radiation excitation which is inherent in the system.
The displacement of the phase shift by the energy displace-
ment "N at t ¼ tN is given by substituting " ¼ �"N and
� ¼ 0 into Eq. (5) as

�c y�N ¼ � 2�

Trev

"N

�
�0

!S

þ �1

2
tN

�
sin!StN: (25)

The phase spread variance at t > tN is obtained by the
integration of �c y�N

2 from the deflection. When "N is a

random radiation loss, the expected phase shift variance
�cN

2 is given by

�2
cN ¼ h"2Ni

Z t

0

�
� 2�

Trev

�
�0

!S

þ �1

2
tN

�
sin!StN

�
2
dtN:

(26)

Here h"2Ni is the expected variance of "N given by the
longitudinal damping time �L and the natural energy
spread �" as

h"2Ni ¼ 4�2
"=�L: (27)

Equation (26) then becomes

�2
cN ¼

�
2�

Trev

�
2 �2
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�L!
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S
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�2
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4
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þ
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2
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: (28)
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The reduction of F1 by the phase spread �2
c ¼ �2

cE þ
�2

cN is obtained by replacing ej!x by the following con-

volution:

Z 1

�1
1ffiffiffiffiffiffiffi

2�
p

�c

exp

�
�!2ðx� tÞ2

2�2
c

�
ej!tdt

¼ exp

�
��2

c

2

�
ej!xdt: (29)

This means that the large intensity enhancement due to
coherence is obtained while �2

c < 1. The values of time

and !c which give �2
cN ¼ 1, referred to as tC and !cC,

are important parameters. For large values of tC these
parameters are given by

tC �
�
3

2
�L

�
1=3

�
Trev

��1�"

�
2=3

; (30)

!cC � 1

��

�
3�

2Trev

�1�"�L

�
1=3

: (31)

The FWHM spectral bandwidth is roughly given by

�!=!c � 2
ffiffiffiffiffiffiffi
ln2

p
=ð��!c Þ: (32)

V. CALCULATIONS USING PARAMETERS
OF NEWSUBARU

Wewill estimate the CSR power using the parameters of
NewSUBARU [13,14] listed in Table I. At an electron
energy of 1.0 GeV, �� ¼ 16 ps, which results in CSR
emission up to 0.01 THz (normal CSR). After the deflec-
tion by the kicker magnet, the phase fluctuation�2

c reaches

unity at tC � 13�=!S and !cC � 2�� 0:04 THz. This

means that coherent radiation with a wavelength 4 times
shorter is emitted. After another 6.5 synchrotron oscillation
periods (t ¼ 26�=!S), the center radiation frequency be-
comes 0.092 THz with a power reduction of expð��2

cNÞ ¼
4� 10�4 and spectral width of �!c =!c � 0:12. The

radiation power in this case is still 2 orders of magnitude

larger than in the case of horizontally polarized incoherent
radiation.
If we reduce the stored electron energy to 0.5 GeV and

increase the power of both the rf acceleration and the
sextupole as listed in Table I, the CSR frequency would
become higher. The shift of!c =2� and �c at t ¼ n�=!S

is shown in Fig. 1. The natural bunch length is �� ¼
3:2 ps, which emits CSR up to 0.05 THz. At tC �
22�=!S the CSR frequency is !cC � 2�� 0:68 THz.

Figure 2 shows the simulated bunch profile in the �-y
plane. The power spectrum and the spatial intensity distri-
bution at the observer calculated using the analytical for-
mulas are shown in Figs. 3 and 4, respectively. Unlike other
methods, the spectral line does not have higher harmonic
components. After more revolutions at tC � 33�=!S

(1.1 ms), the CSR frequency reaches 1 THz with a power
reduction of expð��2

cNÞ ¼ 0:04. However, in this situ-

ation, we need to consider some additional effects. One
effect is the transient bunch lengthening due to transverse
and longitudinal coupling [15], which can occur at 0.8 THz
in the worst case. The other effect which needs to be
considered is the phase variation caused by the energy

TABLE I. Parameter of NEWSUBARU12.

Stored electron energy 1 GeV 0.5 GeV

Momentum compaction factor (�P) 0.0013

Revolution frequency (1=Trev) 2525 kHz

Curvature of radius of bending magnet (
) 3.221 m

Natural energy spread (�") 0.047% 0.024%

Longitudinal damping time (�L) 12 ms 96 ms

Synchrotron oscillation frequency (!S=2�) 6 kHz 15 kHz

dc chromaticity (�0) 0 0

ac chromaticity amplitude (�1) 1.0 10

Number of stored electrons in a bunch (Ne) 1010

Vertical oscillation amplitude (y0) 2 mm
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FIG. 1. Evolution of the coherent radiation frequency (open
circle) and the phase shift spread (shaded diamond).
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spread given in Eq. (9). At tC � 33�=!S the condition for
small spread,�2

cN < 1, is satisfied only for 2.6 revolutions.

We ignored the nonlinear effect of the rf bucket, the
amplitude dependence of a synchrotron tune, which might
be harmful. However, it is adjustable by means of multi-
pole magnets set at dispersive sections. Apparently the
longer damping time means reduction of the deflection
rate. However, it would be less serious than Guo’s method
because the CSR intensity does not depend on the vertical
emittance.

VI. CONCLUSION

We have shown that a low energy storage ring with a
longer damping time can be used to generate strong radia-

0

0.5

1

1.5

0 20 40 60 80 100

In
te

ns
ity

  (
ar

b.
un

it)

y (mm)

H; incoherent X10

V; incoherent X10

H; CSR

V; CSR

6

6

FIG. 4. Spatial intensity distribution along the y direction at
n ¼ 22 (t ¼ 22�=!S) for !c � 2�� 0:68 THz. The same

normalization for the vertical axis as that for Fig. 3 is applied.
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FIG. 2. Typical spatial bunch structures in the �-y plane. Two
images at n ¼ 0 show structures at two betatron phases. Both the
longitudinal radiation excitation as well as damping were con-
sidered. The contributions of the horizontal movement and the
nonlinear effect were not considered.
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tion at 1 THz. The parameters listed in Table I are not
optimized which means that there is much scope for im-
proving this technique. For example, according to Eq. (31)
a reduction in the linear momentum compaction factor �P

will result in an increase in !cC.
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