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In pulsed-beam free-electron devices, longitudinal space-charge fields result in collective effects
leading to an expansion of short electron bunches along their trajectory. This effect restricts an application
of intense ultrashort electron pulses in free-electron radiation sources. A careful theoretical treatment is
required in order to achieve an accurate description of the self-fields and the resulted electron beam
dynamics. In this paper, longitudinal space-charge fields are considered in the framework of a three-
dimensional, space-frequency approach. The model is based on the expansion of the total electromagnetic
field (including self-fields) in terms of transverse eigenmodes of the (cold) cavity, in which the field is
excited and propagates. The electromagnetic field, originally obtained in the model as a solution of the
wave equation, is shown to satisfy also Gauss’s law. We applied the theory to derive an analytical
expression for the longitudinal electric field of a pointlike charge, moving along a waveguide at a constant
velocity. This enables consideration and study of the role played by different terms of the resulted
expressions, such as components arising from forward and backward waves, propagating waves, and
under cutoff frequencies, and so on. Possible simplifications in evaluation of longitudinal space-charge
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fields are discussed.
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I. INTRODUCTION

Development of laser induced photocathodes and of
electron bunch compression techniques enables applica-
tion of intensive, ultrashort electron pulses in free-electron
radiation sources. In free-electron lasers, a highly efficient
superradiant emission can be achieved with such pulses,
providing a strong coherent radiation with intensity being
proportional to the pulse charge squared [1]. However,
space-charge fields give rise to microbunching instabilities,
restricting applications of intense ultrashort electron pulses
[2—4]. In most electron devices, the electron beam is kept
focused along the beam line so as the transverse compo-
nents of the space-charge forces are compensated. The
residual longitudinal space-charge field causes an expan-
sion of short electron pulses along their trajectory. In a
finite cross-section beam, there is a fringing field near the
edges of the beam, which causes a decrease in the axial
self-field. When the e-beam propagates in a waveguide,
this reduction effect is even stronger due to the presence of
conducting walls as shown schematically in Fig. 1.

In the present work, the self-fields are considered in the
framework of a three-dimensional, space-frequency ap-
proach [5,6]. The model is based on the expansion of the
total electromagnetic field in terms of transverse eigen-
modes of the (cold) cavity, in which the field is excited and
propagates. This approach has been applied for the analysis
of wideband interactions in free-electron lasers operating
in the linear and nonlinear regimes [7,8]. Based on this
modal expansion, the three-dimensional theory for electro-
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magnetic field and plasma wave propagation in a wave-
guide filled with a continuous electron beam was
developed [9-11]. It is now extended to describe space-
charge fields arising in a pulsed-beam configurations.

The electromagnetic field, originally obtained in the
model as a solution of the wave equation for an uniform
waveguide, is shown to satisfy also Gauss’s laws for elec-
tric and magnetic fields. The longitudinal electric field was
found in the model analytically for a pointlike charge,
moving along a waveguide at a constant velocity. This
enables analysis of the role played by the different terms
of the resulted expression for the longitudinal electric field,
i.e., the components arising from forward and backward
waves, above and under cutoff frequencies, and so on.
Possible approximations for a simplified evaluation of
longitudinal space-charge fields in a pulsed-beam device
are discussed.

Waveguide walls
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field
/ X
Electron bunch Fringing
transverse field

FIG. 1. (Color) Schematic illustration for fringing field.
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II. MODAL PRESENTATION OF
ELECTROMAGNETIC FIELD IN THE
FREQUENCY DOMAIN

In the approach, transverse components of the total
electromagnetic field are expanded in the positive-
frequency domain in terms of a complete set of transverse
forward and backward eigenmodes of the medium in which
the field is excited and propagates:

E|(rf)=)C.yz fleT B, (r)) 0
*q
ﬁl(r! f) = Zciq(z! f)e:jkzqzﬁiql (rJ_):

*q

where C,(z, f) is the scalar amplitude of the gth mode with
electric field E 41 (r 1) and magnetic field H 41 (r ) profiles,
and the axial wave number is

k() = NS S k >k, , (propagating)
“’ — i, — K2 k<ky, (cutoff).

Here k = w/c and ¢ = 1/,/€u is the velocity of light.

Expressions for the longitudinal component of the elec-
tric and magnetic fields are obtained after substitution of
the modal representation (1) into Maxwell’s curl equations,
where the electric current density J(r, f) of the source
electron beam is introduced:

E(r, f) = Zaq(z, Pty v) = J.(r, f)
FIZ(I', f) = Zciq(zx f)e+jquzj{iqz(rj_)' (3)
*q

In the time domain, the electromagnetic field is given as
inverse Fourier transform of (1) and (3):

B, =0 [“Ew et @

H(r, 1) = m{ L " H, f)ffodf}.

Evolution of the amplitudes of the excited modes is
described by a set of coupled differential equations of the
first order:

d 1
S Cifnf)=7F
7z =@ ) "IN,

<] (%)L(r, f) =200

- & (ry)dry. 5)

etjkzqz

The field amplitude of each mode is normalized via the
complex Poynting vector:

Ny = B B ) 2 ©

and the mode impedance is

, \/gki = wu/k,, for TE modes
= 29

K kg
€ k

The spectral energy distribution of the electromagnetic
field can also be expressed in terms of the excitation
coefficients C,(z, f) of propagating and cutoff modes:

dW(z)
df

(N

.q/we  for TM modes.

> Sl NP = 1 PIHA,)

propagating

+ D 3{C (2 NIC (@ SN} (8)

q
cutoff

Equations (1) and (3)—(5) define the electromagnetic
field in a waveguide as a solution of the wave equation
for an uniform waveguide, obtained from Maxwell’s curl
equations. The divergence of the magnetic field can be
presented in the frequency domain in the form

H(r, f)

ZVJ_ 'ﬁl(r,f)+aiﬁz(rrf)
Z

(€,.13.)
i R

q q

H, (xy), ()]

where we define

10 f[ L& adr.  (10)

Since one of the longitudinal field components, £ 4. (ry)or
j-[qj (ry), is always equal to zero, i.e. E'qj (r;) =0 for TE
modes and .’}'N-[qz (r;) = 0 for TM modes, the Gauss’s law
for the magnetic field

V-H(r,1)=0 (11)

is also satisfied.
The divergence of the electric field can be expressed as
follows:

V@) = Vi B )+ R f)

= —Zz (2)€,.(r1) ———J .(r,

N, (12)
where
@ =5 () [[3u0e - & eoar ay
i,(2) = = L, f)- L)ary.
q Nq Zq q1
Note that the summation in (12) actually includes only

forward TM modes. Substituting gq: (r;) according to the
relation

ng(rl) =

7 V&, (r)) (14)

zq
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the first term in (12) can be rewritten as follows:

- Ziq(Z)ng(l’l) = - jkl vV, Ziq(Z)qu(l‘L)
q q

2q
1 ~
=——V, - Jir ) (15)
Jjwe

Using this result, the electric field is shown to satisfy the
Gauss’s law:

V-F:<r,f>=—N{vj(r,f):ﬁ(re’f), (16)

while applying the continuity equation

V-, f) = —jwp(r, f), A7)

where p(r, f) is the charge density in the positive-
frequency domain.

III. ONE-DIMENSIONAL LONGITUDINAL TERM

The last term in Eq. (3) introduces the one-dimensional,
longitudinal field. In the time domain, the term corre-
sponds to the field given by

AE,(r, 1) = —ER{ /0 mﬁiz(r, f)e”w’df}

o=(r) — o(r)

I pE— (18)
where

oo (r, 1) = /t 1, Ddr (19)
and

oo(r 1) = Lo J.(r, P)dr (20)

are the corresponding charge densities per unit square,
originating from all the charges crossing the point r =
(r, z) before and after the moment 7. Within the transverse
cross section of the electron beam pulse, these charge
densities remain constant at all distances z outside the
pulse. Therefore, the field AE,(r, 7) under consideration
is actually independent of z outside the beam pulse, and
schematically looks like as shown in Fig. 2.

According to (3), the longitudinal electric field is given
as a summation of the longitudinal field term (18) and the
superposition of all TM modes. Expanding the longitudinal
current density J,(r, f) in terms of the complete set of
eigenmodes &£ 2. (ry),

w

€k, L
2 qwq<ngl‘]z>5qz(ri), 21

jz(r:f) :Z X
'L’I

q

the expression for the longitudinal electric field can be
presented as a modal expansion:

AE

FIG. 2. (Color) Schematic illustration of the longitudinal field
term (18).

Ez(l‘, f) = Z[C+q(z, fle Ikt — C_q(z, fetikgz

q

k, S IS
~ G NN e 22)

IV. THE ELECTRON BEAM DYNAMICS

The state of a particle i is described by a six-components
vector, which consists of the particle’s position coordinates
r; = (r}; z;) and velocity vector v;. The velocities of the
particles, in the presence of electric E(r, r) and magnetic
B(r, 1) = wH(r, 1) fields, are found from the Lorentz force
equation:

dvi _

e E(r;, ;) +v; X B(r, t;) v; dy,
dz m

Yiv, Yi dz

. (23)

where e and m are the electron charge and mass, respec-
tively, and the Lorentz relativistic factor y; of each particle
is found from the equation for kinetic energy:

) 1
@ —= — i —V; " E(l'l', tl) (24)

dz mc? v,
The fields in Egs. (23) and (24), represent the total (DC and
AC) forces operating on a particle, and include also the
self-field due to space charge.
The current distribution is determined by the positions
r | ;, the times 7;(z), and the velocities v; of the particles in
the beam:

Q< Vi
I =—2 3 -tolry —r)oli 6] (25)
i=1

Z:
<i

Here Q is the total charge of the e-beam pulse, and

d !
1(2) = 10, + fo © & 26)

v, (2)

is the time it takes the ith particle to arrive at a position z
(to; is the time when the particle entered at z = 0). In the
positive-frequency domain, the current density of the beam
is given by
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Je, f) =2 f_+wJ(r, fetivid

Y iﬁa(rl —ry et (27)
N i=1 "% l

and the excitation equation (5) can be rewritten as follows:

d 1 o0&
d_ZCiq(Z’f) = i—_z

Ny N &
X {é A E’;ql(rJ_i)

% + é; - (rli)}
Zq UZ,- 4z

X explj(wti(z) + k. 2)] (28)

The resulted expression together with the field presen-
tation (1), (3), and (4), and with the beam dynamics equa-
tions (23), (24), and (26), form a close set of equations,
enabling a self-consistent solution for the electromagnetic
fields (radiation and space charge) and the beam trajectory
in free-electron devices. Note that, after substitution of the
current density (25) in (18), the longitudinal field term can
be given in the form

AE.(r, 1) = %

B(x —x;)8(y — yp)sgn[t — 1,(2)],

™M=

1
2e
(29)

where sgn(¢) = |¢|/t is the sign function.

V. SINGLE CHARGE

To demonstrate the applicability of the modal expansion
(22) for evaluation of longitudinal electric space-charge
fields, we consider here a single pointlike charge, moving
along a waveguide of length L with a constant velocity v,.
Supposing no electromagnetic waves are entering the
waveguide through its open ends, i.e. C;,(z =0, f) =0
and C_,(z = L, f) = 0, the field amplitudes C- ,(z, f) can
be found analytically:

0&;.(ry )1 = e 1%47) /(jO, , N ,)

Q&,.(ry ) (e =ik — 7 0-0%) /(jO_, N ).
(30)

C+q(zr f) =
C_y(zf)=

Here r) ), is transverse position of the particle, and 0., =
w/v, F k.

As anumerical example, we consider here a point charge
of 1 nC, moving with kinetic energy of 5.5 MeV along a
rectangular a X b = 15 X 10 mm? waveguide of length
L = 10 cm. The parameters are typical to free-electron
lasers operating in the millimeter wavelengths and the
THz regime [12]. The interaction length L was shortened
to several centimeters for simplification of the numerical
calculations. Figure 3 demonstrates the frequency depen-
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FIG. 3. (Color) Frequency dependence of the forward (top) and
the backward (bottom) field amplitudes (30) found at the point
z = L/2 (only the first three modes are shown). Arrows show the
cutoff frequencies of the modes.

dence of the field amplitudes (30) obtained in this case. The
field is considered at the moment when the charge crosses
the plain z = L /2. Both forward and backward waves are
found to play a comparative role in the calculations, domi-
nating in the vicinity of the cutoff of each mode, and at zero
frequency. Longitudinal dependence of the field amplitude
C-,(z, f) of TM,; is shown in Fig. 4 as a function of the
relative longitudinal position Az = z — z,, in the vicinity
of the cutoff frequency of the mode f,., = 18 GHz.

Substitution of the field amplitudes (30) into (3) and (4)
results in the following tree-terms analytical expression for
the longitudinal electric field:

E.(r,0)= Y {EY (1) + E5(x, 1) + AE,,(xr, )},
™,

3D

where
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oKy, & 5 o sin(wt — k 1 1
Eg;;r)(r, I) _ q qz(r~lp)~qz(rl) {[ SIH(W 5 zqi)( o —)dW
21e (5qz|5qz> cky, W/v)* — ki, \k v, w
- /‘oo sin(w[t — L/vzg - kgq[L - z])( 1 l)dw B 2[00 sin(w[¢ ; z/vzz]) d_w} (32)
cky, w/v,)* — kz, kv, w cky, (w/v,)* — kz,
is the field component corresponding to propagating waves, and
Egco)(r /) = Qkiq gzz(l}p)?qz(rl) {fckm kel [cos(wt) B sin(wt)ildw
& 21r€ (&4 o W/ + Lk |* Llkyglv, w
cky, e Ml X2) cos(wlt — L/v.]) sin(w[t— L/v.] ckiy sin(w[t — z/v.]) dw
-J. o R e ow =2 [ T ey e
o (w/v) 24 lve w (w/v)* +

corresponds to cutoff modes. The third term is the longi-
tudinal field, given by

AE, , (r,1) = 2_QE % sgn(r — z/v,). (34)
qz1¢qz
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FIG. 4. (Color) Spatial (longitudinal) dependence of the forward
(top) and backward (bottom) field amplitude (30) of TM;; mode
in the vicinity of the cutoff.

Figure 5 demonstrates the field (31) found at the wave-
guide axis at the moment when the charge passes the plain
z = L/2. The results are shown as obtained in the calcu-
lations with a single TM;; mode and with 5050 T™M,, ,
modes (m + n = 200) taken into account. Inspection of
Fig. 5 reveals that, at long distances from the charge, the
steplike longitudinal field term (18) is mainly compensated
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FIG. 5. (Color) Longitudinal electric field (31) obtained with a
single TM;; mode (top) and with 5050 TM,,, , modes (bottom).
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FIG. 6. (Color) Longitudinal electric field (31).

by the field component originated from the cutoff modes,
while the propagating waves seem to play an important
role at short distances from the charge. Convergence of the
calculations is found to be extremely slow as demonstrated
in Fig. 6. We note that the total electric field found far of the
waveguide’s ends after the summation of all the modes is
of a short range, and it seems to be insensitive to the
waveguide’s length L; then the dependence of the total
field obtained inside the waveguide on the length L is
considered as an artificial.

VI. STATIC POINTLIKE CHARGE IN A
WAVEGUIDE

The Coulomb field given in Fig. 6 for a comparison was
obtained by Lorenz transformation of the free-space
Coulomb field of a point static charge

O r—r,

Oy —
E©r) = 4are |r —r,|?

(35
from its rest frame to the laboratory system. Note that this
field does not fulfill the boundary conditions at the wave-
guide walls. Nevertheless, the resulted field is supposed to
be a good approximation in the vicinity of the waveguide
axis.

However, boundary conditions should be introduced in
calculations of the field far of the waveguide axis. To find
an analytic expression for the field, we first consider a
static pointlike charge in a point r, inside a waveguide.
The electric field of the charge can be found as a solution of
Poisson equation

_ Q. _
V-E(r)==6@r—r,) (36)
€
imposing the proper boundary conditions. This static so-
lution can be expressed as an expansion over the wave-

guide eigenmodes, taken at zero frequency:

E (1) = Y aw@F., )l o

*q

(37)

Substitution of the expansion (37) into Eq. (36) and use
of the orthogonality of the transverse eigenmodes E .. /(ry)
result in the following differential equation for the expan-
sion coefficients a-,(z):

da doa_
d;q + kg ai,(2) — dzq +ky o, (2)
g
_2 ﬁé(z - 2,). (38)
€ <5qz|5qz>

Solution of this differential equation, while fulfilling
the obvious symmetry condition E (rj,[z, + Az]) =
—E,(r},[z, — Az]), can be presented in the form

— g M —ky4(z=z,) —
14(2) 2€ <ng|ng> ‘ e (39)
a () =2 ) ey o)

—J\Z) = — —= =~
! 2e <5q1|5qz>

Here u(z) is the step function. Note that according to (39),
only TM modes should be included in the summation in
Eq. (37).

Substituting the coefficients (39) into the expansion
(37), the electric field of a static charge in a waveguide
can finally be given as follows:

_ 0 ng(rpl) —kyglz—z,l _ ”
E(r) —Z%me = u(z Zp)E+q(rJ_)|f=0

+ M(Zp - Z)Efq(rl)|f=0}' (40)
This expression enables more effective field evaluation
in comparison with direct calculations according to (31)—
(34); this is because of the simple analytic form which does
not include, in contrast to the direct calculations, integrals
of oscillating functions arising due to the inverse Fourier
transform. More of this, exponential term e /=% in
Eq. (40) provides a much faster convergence of the calcu-
lations with a number of the eigenmodes taken into ac-
count, depending on the relative distance [z — z,|
considered.

Figure 7 presents the field obtained after Lorenz trans-
formation of (40) to the laboratory frame. The field is
found to be very close to the Coulomb one at the vicinity
of the waveguide axis and at small |z — z,,| [see Fig. 7(a)].
However, it falls much faster than the Coulomb field at
long distances as shown in Fig. 7(b). Figure 7(c) demon-
strates the effects of the waveguide walls on the field.
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FIG. 7. (Color) Longitudinal electric field of a 1 nC charge,
moving with a constant 5.5 MeV kinetic energy along a rectan-
gular waveguide.

VII. CONCLUSIONS

The space-frequency model is found to satisfy the full
set of Maxwell’s equations, including Gauss’s laws for
electric and magnetic fields. Expressions describing the
longitudinal electric field in the model include, in addition
to a simple steplike one-dimensional term, summation over
both forward and backward waves, which contributes
mainly at zero frequency and near cutoff. None of these
terms can be neglected in the calculations of the space-
charge field. The model enables a direct evaluation of
longitudinal space-charge fields associated with an elec-
tron beam in a waveguide according to Eq. (3) or Eq. (22).
Nevertheless, such direct calculations demonstrate an ex-
tremely slow convergence even in a simple case of a single
pointlike charge.

To improve the efficiency of the method, analytical 3D
approximation based on Lorenz-transformed fields (40) is
suggested. Application of Lorenz-transformed Coulomb
free-space field is found to be sufficient and reasonable
in configurations where the electron beam does not ap-
proach the waveguide’s walls.
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