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Smith-Purcell radiation from a charge moving above a grating of finite length and width
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Smith-Purcell radiation (SPR), emitted when a charge passes above a periodic grating, is important for
applications such as terahertz production and nondestructive bunch-length diagnostics. The grating width
is shown to become an important parameter for accurately predicting the radiation, and especially in the
highly relativistic regime where the charge wakefield considerably stretches in the transverse direction.
The SPR radiation is rigorously calculated by the electric-field integral equation (EFIE) method for a
grating of finite width and length. The integral equation is arranged as a multilevel block-Toeplitz matrix
by using symmetry under translation with respect to the grating period and width directions. Following
Barrowes et al. [Microw. Opt. Technol. Lett. 31, 28 (2001)] enhanced computational efficiency can be
achieved by matrix to vector projection of the essential matrix elements. A numerical example is
calculated for a relativistic (v = 36), 1-mm long, bunch traveling 0.6-mm above a ten-period grating
with a period of 2.0 mm and width of 10 mm. The SPR resonance relationship and its broadening due to
the finite number of grooves are consistent with the closed-form formulations. The surface current was
shown to be concentrated along the center of the grating and decreasing towards its edges. The surface
current, power spectrum, and radiated energy were compared to the EFIE formulation in which an
infinitely wide grating was assumed. The above parameters resulted in considerable difference of up to a
factor of 2.5 between the finite width and the infinitely wide grating assumption, which means that for
accurate calculations the grating width should be taken into consideration. A general rule for the required
grating width to achieve an accurate SPR radiation result relative to the infinite width result, and the

expected accuracy by the infinite width assumption for most radiation angles, is provided.
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L. INTRODUCTION

The passing of a charge above a grating results in a broad
radiation spectrum known as Smith-Purcell radiation
(SPR) [1]. The nth order of the radiated wavelength A is
correlated to the spatial observation angles 6 and ¢ by the
SPR resonance relationship:

A= %(,8*l — sinf sing). (1)

As illustrated in Fig. 1, the charge is passing at a relativistic
velocity B8 = v,/c = (1 — y~2)/2 above a grating of pe-
riodic length D, in which the grooves are parallel to the y
axis. The components of the wave number are k, =
ksing sinf, k, = kcos¢, and k, = ksing cosf), where
k = w/c, and w is the angular frequency.

SPR can be described by the charge wake diffracting
upon the grating grooves [2]. Therefore, the charge will
lose some of its energy by this mechanism. The common
formulation for SPR is used when the lost energy is neg-
ligible compared to its initial energy. This happens, typi-
cally, when the charge is traveling at relativistic velocities.

The evanescent waves from the grating can be used to
bunch an electron beam. This bunching occurs at a fre-
quency which is below the SPR spectrum. However, the
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higher harmonics of the bunching frequency will emit at
angles according to the SPR resonance relationship (1).
This mechanism is known as Smith-Purcell free-electron
laser (SP-FEL) [3]. Absolute and convective instabilities of
SPR interaction were studied in [4].

SPR can be used as a coherent terahertz radiation source.
Li, Sun, and Kim [5] proposed using a photoemission rf
gun at an energy of a few MeV and beam current of 1 mA to
produce hundreds of watts of THz radiation. They also

X

Periodic grating

FIG. 1. (Color) The SPR scheme. An electron bunch is traveling
at an axial velocity v, above an echelle grating of finite dimen-
sions.

© 2010 The American Physical Society


http://dx.doi.org/10.1103/PhysRevSTAB.13.022804

AMIT S. KESAR

Phys. Rev. ST Accel. Beams 13, 022804 (2010)

predict that even higher radiated power can be generated by
extending the grating to obtain a SP-FEL interaction.
Submillimeter wavelengths were observed by Andrews
et al. in a SP-FEL setup with a ~30 keV beam [6]. SPR
in a comb of narrow band frequencies extending up to the
THz region was obtained by a train of relativistic electrons
from the 17-GHz MIT linac [7]. The theory for emission of
light by unconventional SPR mechanism using ultrarela-
tivistic electrons traveling near a finite-size photonic crys-
tal has been reported by Ochiai and Ohtaka [8].

SPR can also be used as a nondestructive bunch-length
measurement tool [9-11]. The longitudinal bunch profile
can be estimated by a fitting method [12—-14]. A recent
advance in bunch profile measurement by SPR experiment
was obtained by using the Kramers-Kronig dispersion
relations and assuming that the profile is of finite duration
[15]. This experiment was conducted in the highly relativ-
istic regime with a 28.5 GeV beam.

Numerous methods for calculating the SPR energy were
published. Assuming infinite periodic boundary condi-
tions, rigorous models from a line [16] and a point [17]
charge were developed by van den Berg, and were later
calculated for relativistic energies by Haeberlé ef al. [18].
Fair agreement with van den Berg’s model was obtained by
Kube et al. for optical SPR by a beam energy of 855 MeV.
Using the modal expansion method, calculations of SPR
from a volume strip grating are presented by Kube in [19].

A surface current model based on the image-charge
approximation and its optimization for very high energies
are described in [20,21]. While 6 orders of magnitude
difference were obtained by comparing this model to the
results in [22], the experiments described in [12,13,15,23]
demonstrated reasonable agreement with this model. A
comparison between van den Berg’s model, the surface
current model, and the resonant diffraction radiation model
for volume and thin strip gratings is presented by Karlovets
and Potylitsyn in [24].

SPR calculations by 2D and 3D particle-in-cell (PIC)
simulation codes are presented in [25-27]. Both SPR and
SP-FEL interactions were simulated by this method.
However, due to the finite computation size, the radiation
was measured in the near field. PIC studies show that the
start current in a Smith-Purcell backward wave oscillator
can be reduced by using a sidewall grating [28].

A model based on the finite-difference time-domain
(FDTD) method, in which a total-field scattered-field tech-
nique combined with a near- to far-field projection, is
described in [29]. A frequency-domain model based on
the electric-field integral equation (EFIE) extends van den
Berg’s model for practical gratings of finite length and
agrees with the FDTD model [29,30]. Using room-
temperature diode detectors, accurate far-field measure-
ments of SPR from a 15 MeV train of bunches support
the validity of this model.

In many of the papers cited above, the validity of the
various SPR models for a wide range of beam energies has

been addressed. As was shown in [29,30], due to the
relativistic effect it is important to take into account the
number of grating periods in practical SPR setups.
Furthermore, at highly relativistic energies the bunch
wake in the transverse direction becomes considerably
wide. In such cases models that assume an infinitely
wide grating may become inaccurate. The objectives of
this paper are to demonstrate the conditions in which the
grating width has to be taken into account and to extend the
EFIE model in [30] for this case. This model may be
important for terahertz production by SPR interaction
and for nondestructive bunch-length measurements by
SPR.

II. EFIE FORMULATION

A charge g with a spatial distribution f(xg, yo, zg) mOV-
ing in free space along the x direction at a relativistic
velocity B has an electromagnetic (EM) wake. Assuming
a frequency dependence ¢/*’, the Fourier transform of the
wake’s electric field incident on the grating is given by

qZok
2

_ /f/ — j(k/ B)xx0)
27By

» [y(y — Yo ;r 22 (Z;;)

X k
L Ko(i) ]f(xo, Yo 20)dxodyodze, (2)
Y \By

Einc (I‘,

where p = [(y — y0)? + (z — z9)?]"/? is the transverse dis-
tance, and K and K are the zeroth and first order modified
Bessel functions of the second kind, respectively. The free-
space impedance is Z, = (uq/€)"/%, where the free-space
permeability and permittivity are w, and €, respectively.

Throughout this paper it is assumed that the charge
spatial distribution is a Gaussian function with a full width
at half maximum (FWHM) of o, in the longitudinal di-
rection, and a & function at y, =0 and z, = b in the
transverse direction. The coupling of the charge to the
grating is affected by b as shown in Fig. 1, where b;, =
b — h is a positive number and £ is the grating height. For
gratings of finite width, and especially at relativistic ener-
gies, the coupling of the charge to the grating may not
decay exponentially but rather as the modified Bessel
functions as will be shown below.

As the charge passes above a metallic grating it induces
a surface current J(r, @) on the perimeter of the grating. At
each angular frequency w the vector potential of the re-
flected field A(r, ) caused by a surface current is given by
[31,32]

w/2
A, w)= f f Jr', w)G(r — ¥/, w)dc'dy’, (3)
w2 Jc
where r = x2 + y9 + zZ and ' = x'% + y'9 + 7'Z are the

observation and source points, respectively, and the free-
space Green’s function which correlates the radiation from
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the source to the observation point is

ikl

Gr—r,w) = 4

4alr — v'|’

The reflected electric field can be derived from the vector
potential by

E®i(r, ) = — j%(vv +IDAM o). ()

In the case of a perfectly conducting grating the tangen-
tial component of the electric field on the grating surface is
zero, i.e. Ej = E® + E*f = 0. In order to find the un-
known surface current, Egs. (2) and (3) can be combined
into two coupled electric-field integral equations solved
along the grating perimeter, namely, the source and obser-
vation points are located on the grating surface,

. Z w/2
E™(r, w) = j=2 f f [J.AGr — Y, w)
k J-wplJc

+ J,BG(r — v/, w)]dc'dy’ (6a)
. Zo [W/2
Eine(r, ) = j 20 f f [J.CG(r — 1, w)
’ k J-wplJc
+ J,DG(r — 1/, w)]dc'dy'. (6b)

The spatial electric-field components tangent to the
grating profile and along the grating grooves are
E™(r, ) = E™(r, w) cosa + EM(r, o) sina and
E™(r, w), respectively. The corresponding spatial compo-
nents of the surface current are J.(r/, w) = J,.(r/, w) X
cosa’ + J,(r', w) sina’ and Jy(r’, w), respectively, where
a and a' are the observation and source angles tangent to
the grating profile, respectively. The operators acting on
the Green’s function are

A = K cos(a — ') + cosa cosa’d? + sina sina’d?

+ sin(a + @')d,, (7a)
B = cosad,, + sinad., (7b)
C = cosa’d,, + sina’d,, (7c)
D=k + o2 (7d)

The unknown surface currents in Egs. (6a) and (6b) were
solved by dividing the grating surface into N, straight
segments along its profile and N, straight segments along
its width. Therefore, the grating was divided into N =
N N, straight surface segments, each of them is of area
A,, and it was assumed a piecewise constant surface
current in each one,

N

J(c,y, ) = Y a,(w)g,(c,y) (8a)
n=1
N

J(c,y, ) = Y by(@)g,(c,y), (8b)
n=1

where g,(c, y) = 1 at the nth segment and zero out of it,
and a,(w) and b, (w) are the unknown variables construct-
ing the piecewise constant surface current components.
Thus, Egs. (6a) and (6b) were approximated by a set of
2N linear equations:

Ecm — [ ‘/,Z\-mn an ][ an ] (9)

Eym Cmn Dmn b n ’
where E,, and E,,, are the incident electric components
given by Eq. (2) at the center of the mth observation
surface segment. The matrix terms were calculated nu-
merically, where its diagonal terms which are related to
the Green’s function singularity were calculated by placing
the observation point at a small distance above the grating
surface and by approaching this distance to zero.

The above division of the grating into rectangular seg-
ments along its profile and width results in a symmetry
under translation along the grating grooves and along the
width directions. Therefore the matrix in Eq. (9) can be
arranged as a four-level block matrix in which its first two
levels are block-Toeplitz matrices. For example, the first
level uses the symmetry under translation along the grating
width, in which there are N, elements,

1

I I
a a ay -1
al, a)
A= : . . (10)
1 |
a_Ny+1 ... ao

The second level uses the symmetry under translation
along the grating periods. For a grating with N, grooves,
the block-Toeplitz matrix of this level will have the form

2 2
Ay aj ay,-1
1 1 a2, aj}
aly p...ay =
2 2
a’y i ceoag

(1)

The third level is made out of the elements which represent
the interconnections between the samples along each of the
grating grooves, N; = N./N,. The last level is a 2 X 2
matrix which is made of the A, B, C, and D elements in
Eq. (7) which correlate a,, and b,, to E,,, and E,,, as shown
in Eq. (9).

The above partitioning allows an increase in the numeri-
cal efficiency when solving Eq. (9) by following the algo-
rithm described in Ref. [33]. In this paper the multilevel
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block-Toeplitz matrix is transformed into a vector that
contains only the essential elements and has a size of
(2N, — 1)(2N, — 1)(2N;)*. The solution vector is padded
with zeros at appropriate places and the result is a con-
volution of the two vectors. The solution vector, i.e., the
unknown coefficients of the surface current components,
was solved by the conjugate gradient algorithm and by
taking zero as its initial guess [32].

The vector potential in the far field, r > r’ is approxi-
mated as

—jkr w/2 L
Afar(r’ 0, ¢, w) = ¢ j I:] J(r, a))e/k*"‘ +jk.z dc’]
C

Amr J-wp

X ek dyl, (12)

where J(r', w) = &J,cosa’ + $J, + 2/ sina’. The mag-
netic component of the far field is approximated by

H(r, 6, ¢, ) = —jk X Al (13)
and the power spectrum is
P, (0, ¢, w) = Zyr*|H(r, 6, ¢, »)|*. (14)

Because of the finite number of grating grooves, N,, the
spectral content at each observation angle (6, ¢) is broad-
ened around the SPR resonance relationship in Eq. (1) and
has a relative bandwidth of 1/nN,. The angular distribu-
tion of the mth order of radiated energy is given by
Parseval’s theorem,

E0,9) = f Y P0, b w)dw,  (15)

w(n—0.5

w(n+0.

where the angular frequency of the first order is w; =
27c/Dy(B~" — sinfsing). For coherent radiation it is
sufficient to calculate up to a maximum cutoff frequency
of w =2mc/o,.

III. NUMERICAL EXAMPLE

A numerical example of SPR from an echelle grating of
finite width and length is presented in the following sec-
tion. The bunch and grating parameters are as listed in
Table I, unless specified otherwise.

TABLE I. Smith-Purcell radiation parameters.

Bunch charge, ¢ 50 pC
Bunch relativistic factor, y 36

Height above the grating, b, 0.6 mm
Bunch length, o, 1.0 mm
Grating width, W 10 mm
Grating period, D, 2.0 mm
Blaze angle, « 30°
Number of grooves, N, 10
EFIE resolution, A, <(A/10)?

In order to preestimate the conditions in which the
grating width has to be taken into account, the contribution
of the incident electric-field components of Eq. (2) is
analyzed as follows. At relativistic velocities the axial
component (in the x direction) is negligible with respect
to the other components since it scales as 1/y. Assuming
the bunch is centered with respect to the y direction above
the grating, the effective width of the component parallel to
the grating grooves, W, and of the component transverse
to the grating plane, W_, are defined in this example as the
widths in which the integration is 90% from that of an
infinitely wide grating,

102,00k ko By)dy

= 0.9 16

[2.0/p)K (kp/By)dy (16a)
‘/—Vi}l//.z/z(bmin/p)Kl (kp/By)dy

‘ =09.  (I6b)

fo—ooo(bmin/p)Kl (k,D/,B’y)dy

The effective width of these components vs frequency,
calculated for y = 36 [30] and y = 4.52 [13], is shown
in Fig. 2. As seen in this example W, is the larger compo-
nent which suggests a wider grating. The higher relativistic
factor (y = 36) suggests a wider grating since the bunch
wake stretches longer in the transverse direction. In this
example, for y =36 and b,;, = 0.6 mm, the grating
width should be taken into account if its width is less
than 70 mm.

The real and imaginary parts of the surface current
components J. and J, vs the grating width and length,
calculated for a 10-mm wide grating at a Fourier frequency
of 150 GHz, are shown in Fig. 3. These currents were
normalized to a point charge of ¢ = 1 C. Since the charge
travels above the center of the grating J. is an even

10° . . . .

Effective width [mm]

10

50 100 150 200 250 300
Frequency [GHz]

FIG. 2. (Color) Effective width of the parallel (solid lines) and
transverse (dashed lines) components vs frequency for a charge
traveling 0.6 mm above a grating. The effective width is calcu-
lated for y = 36 (thick lines) and -y = 4.52 (thin lines).
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FIG. 3. (Color) Real and imaginary parts of the surface current
frequency of 150 GHz.

function with respect to the grating width, J.(y) = J.(—y),
whereas J, is an odd function, Jy(y) = —J,(—y). As
shown in this figure the currents are concentrated in the
middle 5 mm of the grating and decay towards its edges.
Similar surface currents were obtained for a highly rela-
tivistic case of y = 10*. For a case of b,,;, = 1 mm the
surface currents were spread wider in the y direction,
concentrated in the middle 6 mm of the grating and decay-
ing towards its edges.

As an example, it is possible to compose the real surface
current density by the inverse transform of all of the
Fourier ~ components,  J(r, 1) = 2m)~! [J(r, w)e/".
Figure 4 shows plots of the longitudinal current density
component J,. vs the grating width and length when the
50 pC, v =136, 1 mm long bunch is located at x =
0.75 mm and y = 0 mm (a), and at x = 11 mm and y =
0 mm (b). In this figure it is possible to see the footprint of
the bunch on the grating. This footprint is concentrated
below the bunch in an area roughly 2 mm wide and 1 mm
long in Fig. 4(a) and 2 mm long in Fig. 4(b).

200

Re{Jy} [As/m]

500

lm{Jy} [As/m]

components J, and J, vs the grating width and length at a Fourier

It is interesting to compare the surface currents to those
calculated for an infinitely wide grating [30]. This can be
done by projection of the surface currents for each ¢ angle,

- w/
J(c k), w) = [

2 .
J(c, y, w)eldy, (17)
/2

where k, = kcos¢. An example of this comparison is
shown in Fig. 5 where the surface currents in Fig. 3 were
projected by Eq. (17) for ¢ = 70°. The real and imaginary
parts of J. and J, by the finite-width EFIE model are
shown by the solid lines. The surface currents by the
infinitely wide grating assumption [30] are shown by the
dashed lines. The resulted power spectrum was 27% lower
for the finite-width grating as compared to the infinitely
wide grating. For ¢ angles of 90, 80, 60, 50, and 40 degrees
the power spectrum was 60%, 12%, 2%, 23%, and 27%
lower, whereas for 30 degrees it was 42% higher.

The first (n = 1), second (n = 2), and third (n = 3)
orders of the SPR energy by the ten-period grating are
shown in Figs. 6(a)-6(c), respectively, as contours in nJ/sr
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FIG. 4. (Color) Surface current J. vs the grating width and length when the 50 pC bunch is at y = 0 and x = 0.75 mm (a), and
x =11 mm (b).
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FIG. 5. (Color) Projection by Eq. (17) of the surface currents shown in Fig. 3 for ¢¢ = 70° vs the grating length (solid lines). These
currents are compared to the case of an infinitely wide grating [30] (dashed lines).
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FIG. 6. (Color) Contour plot of the radiated energy in nJ/sr vs observation angles 6 and ¢ for the first (a), second (b), and third (c)
Smith-Purcell orders calculated by Eq. (15). (d) First order radiated energy for ¢» = 70° by the 10-mm wide grating (solid line)
compared to the radiated energy by an infinitely wide grating [30] (dashed line).

vs observation angles 6 and ¢. The calculation is symmet-
ric around ¢ = 90°. As seen in this figure the energy for
higher SPR orders drops and shifts to lower 8 angles.

The first order radiated energy for ¢ = 70° is shown in
Fig. 6(d) by the 10-mm wide grating (solid line). This
radiation is compared to the case of an infinitely wide
grating [30] (dashed line). As seen in this figure the 10-
mm wide grating resulted in ~20%—-30% lower radiation
compared to the infinitely wide grating, in agreement with
the power spectrum results obtained from Fig. 5.

IV. DISCUSSION

The grating width was shown to be an important pa-
rameter for calculating SPR radiation and especially for a
highly relativistic charge in which its wake stretches in the
transverse direction. The EFIE model in [30] for a bunch
moving above a grating of finite length was extended to the
case of a finite length and width. Using symmetry under

translation for the grating setup and its division to rectan-
gular segments allowed using the efficient algorithm de-
scribed in [33]. This model, and the use of symmetry rules,
can be applied to other radiation calculations such as
transition and diffraction radiation.

The surface current in Fig. 3 was strong at the center 5-
mm of the grating with respect to the y axis, both at the
relativistic (y = 36) and the highly relativistic (y = 10%)
cases. This is probably because the induced surface current
is mostly enhanced by spatial derivatives of the bunch
wakefield. The spreading of the surface current in the y
direction as the bunch travels higher above the grating is in
agreement with the theoretical expectation. A slight edge
effect is seen in Figs. 3 and 4, where the current density has
some increase towards the grating edges, y = *£5 mm.
This effect is probably related to the wide transverse wake-
field of the finite charge.

The 1 mm longitudinal footprint in Fig. 4(a) is in agree-
ment with the bunch FWHM. When the bunch continues to
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propagate above the grating it induces a similar footprint
below it. However, due to the finite-length effect, this
footprint will be mixed with surface fields (and currents)
in the x direction from previous grating grooves [30],
resulting in a change of the total longitudinal footprint.

The surface current and the resulting power spectrum
were compared to those obtained from an infinitely wide
grating assumption by projection to several ¢ angles at the
Fourier frequency of 150 GHz. Considerable differences
were found. At ¢ = 90° the finite-width grating resulted
in a power spectrum 2.5 times lower compared to the
infinitely wide grating assumption whereas at ¢ = 30° it
was 1.4 times higher. For ¢ = 70° the radiated energy vs 6
was ~20%-30% lower. Therefore, in order to obtain ac-
curate results it is important to consider by this model
whether the grating width should be taken into account.
Based on the numerical examples and the analysis that
followed, a general rule for the required grating width to
achieve an accurate SPR radiation result relative to the
infinite width result would be ~3-5 times wider than W,
defined in Eq. (16b). The estimated accuracy would be
>70% for most radiation angles.

The SPR model which includes a grating with finite
dimensions is important for studying terahertz generation
since the surface current and, consequently, the EM fields
at the location of the beam current can be calculated
directly in order to determine the coupling factor and the
device gain. The model is also important for nondestructive
bunch-length diagnostics, and especially for highly rela-
tivistic charges. It will be of high interest to compare these
full 3D results to other models such as the surface current
model [34].
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