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Trapping by resonances or scattering off resonances induced by space charge (SC) or electron cloud

(EC) in conjunction with synchrotron motion can explain observations of slow beam loss and emittance

growth, which are often accompanied by changes in the longitudinal beam profile. In this paper we review

the recent progress in understanding and modeling of the underlying mechanisms, highlight the

differences and similarities between space charge and electron cloud, and discuss simulation results in

the light of experimental observations, e.g., at GSI, CERN, and BNL. In particular, we address the role of

the pinched electrons and describe in detail the complexity of the electron pinch formation. We present

simulation results within a dipole or in a field-free region of the beam pipe, which reveal the morphology

and main features of this phenomenon, explain the physical origin of the complex electron structures like

stripe in either field configuration, and discuss the dependence on some key parameters.
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I. INTRODUCTION

The term ‘‘incoherent,’’ describing the effects of space
charge in a 2D beam, is normally used to mean effects due
to the incoherent tune shift [1] of each beam particle,
which is created by the beam self-force together with
image forces due to the beam-pipe boundary. By contrast,
‘‘coherent’’ space-charge effects in the transverse plane are
commonly associated with the collective beam response to
the beam perturbations [2,3], and in the absence of these
coherent effects no relevant emittance growth is expected
to occur due to the intrinsic beam nonlinearities alone.

The only exception arises when the beam traveling
through a circular accelerator is affected by the lattice
optics and experiences an s-dependent change in the
space-charge force via envelope modulation. This beam
behavior drives several waves of nonlinear force along the
machine responsible for the excitation of new resonances:
such resonances are called ‘‘structure’’ resonances.

The interplay of the coherent tune shift with lattice-
driven resonances or with structure resonances is then an
essential ingredient for the correct identification of the
tunes where a resonant effect will occur [4]. Past studies
on this topic were mainly performed considering 2D
beams. But the request for long-term storage of high
intensity bunches in circular accelerator motivated the
study of the full 3D problem. The beam dynamics of a
bunch is approximated by partially decoupling the dynam-
ics of the transverse-longitudinal planes: the synchrotron
motion is considered, in first approximation, independent.
An important effect of the synchrotron motion on the

particles in a bunch is to advance them longitudinally
and via space charge induce a transverse tune modulation
at a frequency twice the synchrotron frequency. In the
CERN proton synchrotron, this mechanism was tested
under controlled experimental conditions [5]. It was found
that the beam response and beam loss are consistent with
the numerical modeling. The underlying mechanism for
this beam response relies on the space-charge transverse
tune modulation for inducing a periodic resonance cross-
ing. In this beam dynamics regime trapping/scattering of
beam particles into the resonance creates a complex
diffusion-type dynamics which becomes evident only after
many synchrotron oscillations. Only the particles which
cross the resonance are subjected to trapping/scattering and
this condition of ‘‘resonance crossing’’ depends on the
initial particle invariants �x, �y, �z, the space-charge

tune-shift �Qx;sc, and the working point ðQx0; Qy0Þ. In
Ref. [5] it is shown that the maximum amplitude a particle
can reach depends on the distance from the resonance
approximately as �1=ðQx �Qx;resÞ. This dependence cre-
ates two regimes: a beam loss regime for tunes located in
the proximity of the resonance (above), and a neighboring
emittance growth regime (no beam loss). In Ref. [6] the
role of the transverse tune dependence induced by space
charge is discussed for a Gaussian stationary bunched
beam. The fraction of particles to be trapped/scattered is
estimated as �N=N � ðQx �Qx;resÞ=�Qx;sc. As only par-

ticles with large synchrotron amplitude will span the full
space-charge tune spread and therefore may reach a large
transverse amplitude, the beam loss will shorten the bunch
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length [7]. Recently, also the role of chromaticity in the 3D
high intensity bunched beams was explored and it was
found that it enhances beam loss bringing the numerical
results closer to the experimental findings [8].

In proton or ion storage rings operating with trains of
closely spaced ‘‘short’’ bunches, such as LHC or RHIC, an
electron cloud builds up over the passage of many bunches.
A similar buildup repeats from turn to turn as the same
bunch train passes again through the same electron cloud
(EC) region. During the passage of each individual bunch
in the train, the EC near the beam ‘‘pinches,’’ under the
influence of the locally large electric field of the bunch, and
close-by electrons are attracted towards the beam center. In
this paper we do not further discuss the process of electron-
cloud buildup due to a bunch train, but instead we study the
less explored incoherent effect of an existing preformed
electron cloud (generated by preceding bunches) on one
passing bunch. The average density of the preformed elec-
tron cloud would typically be saturated, where the satura-
tion is normally due to the effect of the electron cloud’s
electric self-field. The electron-cloud buildup itself has
been studied for many years, and numerous simulation
codes and analytical models are available to model it. In
the following, we concentrate on the (incoherent) interac-
tion, with the preformed cloud, of a single bunch in a train
of bunches passing through this same cloud again and
again, on successive turns.

The presence of the electron cloud in proton machines
has long been associated with the creation of instabilities
[9,10]. The interaction of localized electrons with proton
beams is very complex in terms of formation and dynam-
ics: when a proton bunch passes through a localized elec-
tron cloud it causes a pinch of the electron cloud itself
[11,12]. The idea that the pinched electron cloud may also
give rise to incoherent effects on the proton beam has been
around for several years. At the ICFA-HB2004 workshop,
the analogy with space-charge-induced trapping phe-
nomena was brought into the discussion. The essential
key suggesting a similarity with space charge is the corre-
lation of the amount of pinch with the extent of the bunch
that has passed through the EC. This correlation creates a
dependence of the pinch experienced by a bunch particle
and its longitudinal position inside the bunch at the time of
passage through the EC [13]. In this dynamics the electrons
are the weak ‘‘beam’’ subject to large variations in density,
which however may ‘‘resonantly’’ feed back on the strong
main beam. For a bunch longer than the EC extension, the
EC pinch occurs several times for the same electrons [11]
according to the bunch charge density and sizes. The
possibility of trapping/scattering induced by pinched EC
was shown in [14]. There, a simplified model of the pinch-
ing electron cloud was employed, considering an electron
density inside the beam which was growing linearly from
the bunch head to the bunch tail. This model revealed that a
slow emittance growth could be created similarly to what

happens with space charge. Clearly, the prediction capa-
bility of such a type of model is based on the accurate
modeling of the pinched EC. Simulations in fact show that
the EC pinch progresses and evolves as the bunch passes
through the EC, and that it exhibits a complicated time
dependent EC morphology with ‘‘rings’’ [12]. A previous
attempt to model the effect of such rings is reported in
Ref. [15] where a one-dimensional model was studied.
Here we extend the ECmodeling to two-dimensional EC

‘‘rings,’’ and compare the resulting EC effect on the bunch
dynamics with that induced only by the beam space charge
(SC). The electron space charge is neglected in the model-
ing of the pinch, since the density of beam particles inside
the bunch is typically many orders of magnitude higher
than the local electron-cloud density prior to the bunch
passage. One reason for this order-of-magnitude difference
is that the electron cloud is distributed over the entire beam
pipe, while the beam only occupies a small area of the pipe,
both transversely and longitudinally. Nevertheless, the ef-
fect of the electron-cloud space charge, together with an
initial electron velocity spread, may ultimately limit the
local electron peak density of the pinch occurring inside
the bunch [13].

II. ELECTRON-CLOUD DYNAMICS

When a proton or positron bunch passes through an
electron cloud generated by preceding bunches, the cloud
electrons are attracted towards the transverse center of the
bunch or ‘‘pinched,’’ resulting in regions of high electron
density inside the bunch. This electron-cloud ‘‘pinch’’
gives rise to an incoherent betatron tune shift, which varies
with the longitudinal position and with transverse ampli-
tude. Combined with synchrotron motion and together with
the nonuniform distribution of the electron cloud around a
storage ring [in the super proton synchrotron (SPS), for
example, the electron cloud builds up preferentially inside
the dipole magnets [16] ], this tune shift in turn leads to the
excitation of betatron and synchrobetatron resonances
[14,17], as well as to ‘‘scattering’’ off these resonances
[14]. For the LHC proton beam in the proton synchrotron
(PS), SPS, and LHC itself, these effects can be significant
[18]. Some of their characteristics resemble space-charge
phenomena [14,15,19].
Early models of the electron pinch assumed an electron

density, or tune shift, that linearly increases along the
bunch. Simulations and analytical treatments show that in
reality, due to the nonlinear oscillation of electrons in the
bunch potential, stripes of high-density form close to the
center of the bunch and then propagate outwards [13]. The
presence of a dipole magnetic field restricts the horizontal
motion of the electrons, and can lead to the appearance of
different, ‘‘elliptical’’ stripes, that again start at the trans-
verse bunch center and later shift outwards [20]. Recent
studies using a refined pinch model with stripes have
uncovered a complex phase-space structure, indicating
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the possibility of larger beam losses and stronger emittance
growth than previously anticipated [15,21].

A. Electron motion

If the transverse beam size is much smaller than the
vacuum chamber, we can approximate the electron-cloud
density in the vicinity of the beam prior to a bunch arrival
by a uniform distribution. Under the influence of the
electric field of the bunch, the electrons of the initially
uniform cloud are perturbed and develop a structure with
local density enhancements.

The electron motion in the bunch potential is character-
ized by the linear oscillation frequencies of electrons close
to the transverse center of the beam, !e;x;y. In the absence

of an external magnetic field and for a round bunch the
frequency is the same in both planes, and, assuming a
transverse Gaussian density with rms size �r, equal to

!eðzÞ ½m�1� �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðzÞre

p
�r

; (1)

for an arbitrary longitudinal line particle density �ðzÞ. re is
the classical radius of the electron. Introducing the radial

coordinate r ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
, and its normalized counterpart

~r � r=�r, the electron equation of motion is

d2~r

dz2
þ!2

eðzÞ~r ¼ �!2
eðzÞ
~r

½2ð1� e�ð~r2=2ÞÞ � ~r2�; (2)

where the left-hand side represents the linear oscillation at
small amplitudes, and the right-hand side the nonlinear
terms. We observe that !eðzÞ defines the scaling of the
electron motion, so that, e.g., for a fixed longitudinal shape,
doubling the bunch intensity is equivalent to halving the
bunch length, or to shrinking the transverse beam sizes byffiffiffi
2

p
.
Note that Eq. (2) neglects the electric self-force of the

electrons. This approximation affects the maximum peak
electron densities that can be reached during the pinch
process. Namely, when many pinching electrons simulta-
neously approach the longitudinal axis, the repulsive force
exerted by the electrons on themselves compensates some
of the attractive electric force exerted by the proton bunch,
which smears out the electron arrival times on axis, slightly
shifts the location of the pinch center, and reduces the
microscopic peak density. In the analysis carried out in
this paper we neglect this self-force effect on the basis that
the initial electron density is much lower than the beam ion
density inside the bunch, so that the effective shift of the
pinch center on axis is small with respect to the distance of
two consecutive pinches, and, in addition, that our coarse-
grain model described later does not allow for unphysical,
locally infinite electron densities, but spreads out the elec-
trons over a transverse distance �R as in Eq. (18).

If the bunch is not round, the horizontal and vertical
oscillation frequencies differ, and a second parameter or
function is necessary to characterize the pinch.
In the case of a strong dipole field oriented in the vertical

direction, we can consider the electrons’ horizontal posi-
tion as frozen. The vertical force yields the equation of
motion,

d2~y

dz2
þ!2

eðzÞ~y ¼ �!2
eðzÞ~y
~r2

½2ð1� e�ð~r2=2ÞÞ � ~r2�; (3)

where we have introduced a normalized vertical coordinate
~y � y=�r, and again assumed a round beam (�r � �x ¼
�y). Also here !eðzÞ characterizes the electron motion

completely, via Eq. (3).
For comparing results it is convenient to introduce the

linear oscillation phase

�eðzÞ �
Z z

�1
!eðz0Þdz0; (4)

which for two specific longitudinal profiles translates to

�eðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
reNb

p
�r

�
8><
>:

ffiffiffiffiffiffiffi
�z�

p
ð2�Þ1=4 ½1þ erfð z

2�z
Þ� ðGaussianÞffiffiffi

lb
2

q
ð1þ z

lb
Þ ðuniformÞ;

(5)

where lb is the half length of the bunch for the case of the
uniform longitudinal profile, and the variable z varies in the
range �lb < z < lb.

B. Simulation parameters

We integrate Eq. (2) or (3) with the Runge-Kutta method
and track the evolution of about 5� 105 macroelectrons,
which are launched evenly distributed in the transverse
space on a wide circular area of radius 10�r with zero
initial velocity. The integration step is taken to be ds ¼
0:006�z. The initial electron energy of a few electron-volt
can be neglected, since the typical electron kinetic energy
acquired during the pinch is much larger, of order
meðc!e�rÞ2=2, where me denotes the electron mass and
c the speed of light. For simplicity, we will consider only
circularly symmetric bunches, for which the electron mo-
tion is described by Eq. (2) or (3). The bunch parameters in
our simulation represent the LHC beam at injection: We
consider Nb ¼ 1:15� 1011 protons per bunch, with trans-
verse rms size�x;y ¼ 0:88 mm and rms bunch length�z ¼
11:4 cm. The transverse beam distribution is taken to be
Gaussian; in the longitudinal plane we choose either a
Gaussian or a uniform shape. The zero of the longitudinal
coordinate z coincides with the bunch center.

C. Stripe structure

Figure 1 presents the simulated density enhancement in
the x� z plane at y ¼ 0 (left pictures) and also in a parallel
plane with 2�r vertical offset (right pictures). The top
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pictures show results for a field-free region, the bottom
ones for a dipole field. In all cases, about four stripes
emerge during the passage of the bunch. For the field-
free region the electron density at the center of the bunch,
at y ¼ 0, becomes very high (note the different logarithmic
density scale). For a plane with vertical offset, y ¼ 2�y,

the stripe structure becomes clearly visible also in the field-
free case. Figure 2 shows the corresponding density in the
x� y plane at the longitudinal position z ¼ 1�z.

Analyzing these data, the left picture of Fig. 3 presents
the simulated vertical position of the outermost (horizon-
tal) stripe as a function of its horizontal position. The stripe
for the dipole is almost of the same round circular shape in
the x� y plane as the one without field and only slightly
flattened. The right picture shows that the density in the
stripe hardly varies with horizontal position, both without
field and in a dipole.

FIG. 2. (Color) Electron density enhancement in the transverse plane (in units of proton bunch sizes) at z ¼ 1�z without field (left)
and in a dipole (right).

FIG. 1. (Color) Electron density enhancement in the x� z plane at y ¼ 0 (left) and y ¼ 2�r (right) in a field-free region (top) and in a
dipole (bottom), for a Gaussian bunch.
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Simulations were also performed for a longitudinal uni-
form bunch profile with a full bunch length chosen equal to
2lb ¼ 6�z. Figure 4 demonstrates that, when plotted as a
function of �e instead of z, the spatial distribution and
magnitude of the density enhancement are similar, albeit
not fully identical, for the Gaussian and uniform longitu-
dinal profiles. Always a new ‘‘stripe’’ emerges on axis

roughly at every half period of linear oscillation, starting
from �=2, i.e., at �e ¼ �=2, 3�=2, etc.

D. Discussion

Comparing the top and bottom pictures in Figs. 1 or 4,
we notice that, while in a field-free region the electron
density of a stripe decreases as the latter ‘‘moves’’ to larger

FIG. 4. (Color) Electron density enhancement in the x��e plane, at y ¼ 0, with a Gaussian (left) or uniform longitudinal profile
(right) without field (top) and in a dipole (bottom). Note the markers which on top which are obtained by Eq. (8) for (a), and Eq. (6) for
(b). On the bottom pictures the markers are from Eq. (10).
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FIG. 3. (Color) Vertical vs horizontal position of the outermost stripe at z ¼ 1�z, i.e., �e=ð2�Þ ’ 1:87 (left), and the peak density in
this stripe vs the horizontal position (right), comparing a field-free region and a dipole magnet.
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amplitudes, in a dipole field the density increases instead.
This is further illustrated in Fig. 5 which shows the simu-
lated density in the outermost stripe, in the plane y ¼ 0, as
a function of its horizontal position.

The physical origin of the stripe patterns differs for the
field-free region and for the dipole field. Without magnetic
field the electrons move radially, with dipole field verti-
cally (or horizontally).

The physical origin of the enhanced region of electron-
cloud density, or ‘‘pinch,’’ stems from the phenomenon of
trajectory overlapping in physical space. For example, if
the attractive force exerted by the protons on the electrons
was exactly linear, i.e., proportional to ~r, then each electron
would oscillate with exactly the same wavelength. In such
a situation the trajectories of all electrons, which are taken
to be at rest prior to the bunch passage, would all cross the
longitudinal axis, defined by ~x ¼ ~y ¼ 0, together after the
first �=2 of electron phase advance and again later on each
following multiple of �. As all these electron trajectories
cross in the same physical point (again neglecting the self-
force), the electron density is very high. The real force is
approximately linear at the origin and many electrons, e.g.,
those which are initially located within the transverse rms
beam size, still cross the longitudinal axis at about the
same time, leading to the appearance of the ‘‘pinch.’’

The dynamics of the electrons as described by Eq. (2)
contains an additional complexity: For electrons initially
located near the transverse bunch axis, the motion is fairly
linear as described by Eq. (2). Hence, they all oscillate in
phase originating density peaks at ~x ¼ ~y ¼ 0 as previously
discussed. However, these electrons do not play a role in
creating the electron-cloud structure far off the origin. This
role is rather played by the electrons located initially far
from the transverse origin. These electrons, in fact,
undergo a highly nonlinear motion, and their oscillation

wavelength depends on their initial amplitude (the equiva-
lent to an amplitude-dependent detuning for beam, in the
language of space charge). The larger their amplitude, the
longer their wavelength is as result of the reduction of the
average attractive force from the proton bunch. This par-
ticular feature is responsible for another type of ‘‘trajectory
crossing,’’ namely, one of neighboring electrons initially
located at large amplitude. An electron initially located at
the amplitude ~r0 has a longer oscillation wavelength than a
neighboring electron initially located at ~r0 � d~r0. Hence,
in half an oscillation period, the trajectory of the electron
located initially at ~r0 will necessarily cross the trajectory of
the electron which started at ~r0 � d~r0. In the same way at
the crossing of physical trajectories at the origin, the cross-
ing point of neighboring trajectories at large amplitudes
defines a region of enhanced electron density and will
occur close to the local turning point of the transverse
electron oscillation, which happens every half a wave-
length. Consequently, a local maximum in the electron
density (the electron stripe) is found near the turning point
of the transverse electron motion, i.e., around the point
where the transverse electron speed is zero.
To estimate the amplitude of the turnover point, we may

consider electrons which started their journey at ~r0 � 1, so
that we can approximate the force in Eq. (2) by its asymp-
totic form / 1=~r. Integration for the uniform bunch yields

~r p ¼ 2
ffiffiffiffi
�

p
k

�e

2�
(6)

with k ¼ 1; 2; 3; . . . . This model is plotted with red
markers in Fig. 4(b). For the case of Gaussian bunch a
direct integration is not possible as !eðzÞ is z dependent.
We find then

1

2

Z z

zini

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� ½~r02ðzÞ�0
log0½~rðzÞ�

s
dz ¼ �eðzÞ; (7)

where ð Þ0 ¼ @ð Þ=@z. An inversion of this relation would
give the position of the stripe ~r as a function of ~r0 and �e,
and the extreme point (in the variable �e) of this function
~rð�e; ~r0Þ is an estimate for the location rp of a stripe. The

presence of several stripes again stems from a jump of � of
�e. More empirically, the simulation data for an intermedi-
ate range of �e values, 0:4 & �e & 1, can be described by

j~xpj � 3
�e

2�
; (8)

which is shown by red markers in Fig. 4(a); for larger
values of �e the stripe distance from the origin grows
faster than linearly. After crossing the beam axis the elec-
trons spread out uniformly in all directions, and the peak
density decreases inversely with distance ~r, which may
explain the shrinking electron density of Fig. 5.
In a dipole field, as the horizontal amplitude j~xj in-

creases, the vertical force on the electrons becomes ap-
proximately linear over a larger and larger vertical range,
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FIG. 5. (Color) Density enhancement in the outermost stripe as a
function of horizontal stripe position, for a field-free region and a
dipole.
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j~yj & j~xj. Therefore, an ever greater number of electrons
reach the central plane y ¼ 0 simultaneously. The regions
of increased density on the horizontal axis correspond to
the crossing of y ¼ 0 by large groups of electrons oscillat-
ing in the linear vertical beam field at ~x positions where the
local vertical phase advance �l;eðz; ~xÞ is equal to �=2 plus

a multiple of � (the index l indicates the ‘‘local’’ character
of this phase advance, that is local as a function of ~x).

In fact this x-dependent vertical oscillation can be de-
scribed analytically, starting from Eq. (3), and recalling
that the ~x coordinate is constant. We find that the local
frequency !l;eðz; ~xÞ for small ~y is given by the formula

!l;eðz; ~xÞ ¼ !eðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
1� expð�~x2=2Þ

~x2

s
: (9)

From this relation we can easily determine the ~x-dependent
phase advance, and, therefore, the pinch locations ðzp; ~xpÞ
in the plane ðz; ~xÞ, which are located at �l;eðzp; ~xpÞ ¼
�=2þ ðk� 1Þ�, with k ¼ 1; 2; 3; . . . . More conveniently,
using the central linear phase advance�eðzÞ � �l;eðz; 0Þ as
independent variable rather than z, we can express this
relation as

�ep

2�
¼ 2k� 1

4
ffiffiffi
2

p ~xpffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� expð�~x2p=2Þ

q ; (10)

where now the pinch is located at ð�ep; ~xpÞ. In Figs. 4(c)

and 4(d), the red markers indicate this analytical prediction
for comparison with the simulation results.

Data and analytical curve are in excellent agreement.
The region where the vertical motion is approximately
linear and, therefore, also the number of ‘‘synchronized’’
electrons crossing the y ¼ 0 plane at the same time grow in
proportion to the distance j~xj, which may explain the
density evolution for a dipole field seen in Fig. 5. The
apparent shift of the analytical model with respect to the
simulation, in Fig. 4(c), reflects the error of the WKB
approximation invoked for finding the phase advance
Eq. (5).

E. Summary

The accumulated phase advance of the linear electron
oscillation �eðzÞ determines the spatial structure of the
electron pinch, almost independently of the longitudinal
bunch profile. The pinch structure is also affected by the
presence or absence of a magnetic field. In all cases con-
sidered, the high-density stripes are approximately circular
rings in the x� y plane. At every phase advance value �e

equal to a �=2 plus a multiple of � a new stripe emerges
close to the beam axis. Therefore the total number of
electron-cloud stripes Ns is given by

Ns ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
reNb�z

p
�r

�
1

�
þ 1

2
; (11)

where � is depending on the longitudinal profile, namely

� ¼

8>>>><
>>>>:

ffiffiffi
�

p
ð2�Þ1=4 ’ 1:11 Gaussian

�
ffiffi
3
4

q
51=4

4 ’ 1:01 parabolic

31=4ffiffi
2

p ’ 0:93 uniform;

(12)

where for the uniform bunch�z ¼ lb=
ffiffiffi
3

p
, and�z ¼ lb=

ffiffiffi
5

p
for the parabolic bunch. The weak dependence of � on the
bunch longitudinal profile implies that the number of EC
stripes depends mainly on the three parameters Nb, �z, and
�r rather than on the shape of the bunch profile. Therefore,
we find that rms equivalent bunches not only produce, for
high intensity beams, an equivalent evolution of the rms
beam envelopes [22], but also produce an equivalent pinch
electron dynamics as the number of EC stripes remains the
same.
Note that Eq. (11) seems to have a counterintuitive

feature: In fact, it predicts that the shorter the bunch is,
the less number of EC stripes are created. This seems
counterintuitive as it could be argued that shrinking the
bunch length increases the charge density and conse-
quently the number of EC stripes. To further verify
Eq. (11) we plot in Fig. 6 the EC stripes for a longitudinally
uniform bunch of length �z ¼ 0:0432 m leaving all other
parameters unchanged. Equation (11) predicts three EC
stripes which we find also by simulation as shown in Fig. 6.
The physical origin of the stripes is different in the field-

free and dipole case, which explains why in a field-free
region the peak electron density decreases as a stripe shifts
outwards, while in a magnetic field the peak electron
density grows at larger amplitudes. An analytical function

FIG. 6. (Color) Reduction of the EC stripe for shortening the
bunch length to �z ¼ 0:0432 m. The number of stripes is
correctly predicted by Eq. (11).
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describing the variation of the horizontal stripe position
with �e for a dipole field is in good agreement with the
simulation. The same dependence for the field-free case
can be modeled in general analytical terms.

III. SC & EC INCOHERENT EFFECTS:
DIFFERENCES AND SIMILARITIES

Space charge is a well-known source of collective ef-
fects. It acts most dangerously in a beam at low energy as
the beam magnetic self-field scales with energy as 1=�2.
Typically the radial dependence of the space-charge force
is nonlinear, and its strongest gradient occurs in the beam
center where, in spite of the fact that the Coulomb force is
small, its relative strength with respect to the lattice focus-
ing force becomes strong. The quantity which measures
this effect is normally given by the space-charge detuning
�Qsc which measures the tune shift created by the space
charge in the transverse center of the beam. The internal
nonlinear beam dynamics of high intensity beams is gov-
erned by �Qsc, and the dependence of the space-charge
detuning on the radial position is essential for all the
phenomena of resonance crossing [21]. This effect plays
a main role in the dynamics of the incoherent effects. It
should also be noted that the space charge Coulomb force
acts continuously on the particle beam itself, and it is
largely affected by the optics properties of the accelerator
lattice where the beam is stored. Waists of beam envelope
enhance locally the space-charge force, which create a
distribution of nonlinearities along the lattice exciting a
space-charge induced resonance driving term function of
the lattice structure. This originates the so-called structure
resonances.

Though the effect of a pinched electron cloud on the
proton or ion beam shows considerable similarity to the
effect of the space-charge force, several important differ-
ences can also be noticed. First, we observe that the
electrons are localized in some part of the accelerator
and do not follow the main beam. Therefore, the
Coulomb force produced by the electrons is in first order
independent of the energy of the main beam, and, hence,
the EC effects do not scale with the beam energy in the
sameway as for SC. In fact, a shrinking beam size at higher
beam energy will increase the forces acting between the
ion beam and the EC, and therefore incoherent EC effects
might get worse at larger beam energy, which would be
exactly the opposite to the SC case. Second, the force
exerted by the pinched electrons on the proton or ion
bunches is again nonlinear, but its largest gradient does
not necessarily occur at the transverse beam center as in the
case of SC, due to the complicated structure of the electron
pinch. For pinched electrons in a field-free region, the
symmetry of the electron dynamics partly compensates
the transverse electric field at x� y� 0 after the pinch
has taken place. However, the effect of one electron-cloud
stripe can again be characterized by its effect on the main

beam in terms of an induced shift of the transverse oscil-
lation frequencies. Therefore we consider �Qec, the detun-
ing at the pinch (i.e., at z ¼ zp, x ’ y ’ 0), as a key

parameter characterizing the effect of the pinch and of
the EC stripes emerging from it. Note that the origin of
this detuning is different from that of space charge. In fact
the regions of the accelerator where an electron cloud and
therefore the pinch occurs can be (but need not be) highly
localized. In such a case, the detuning originating from
localized ECs depends mainly on the local optics in the
regions where the EC is formed (and on the bunch spacing
in a bunch train as far as the process of EC formation is
concerned), and it is almost independent of the optics
between EC locations, while SC always implies a contin-
uously distributed Coulomb effect.
In spite of these differences there is an important simi-

larity between the effects of space charge and electron
cloud for bunched particles: a bunch particle experiences
a tune shift which is dependent on its position along the
bunch. Therefore the space-charge driven tune modulation
induced by the longitudinal motion is seen also for a beam
affected by the electron cloud.
Clearly, the periodic crossing of a resonance created by

the bunch intrinsic Coulomb forces or by the external
pinched electron cloud has a different impact on the par-
ticle dynamics of trapping and scattering into resonances.
The final results in terms of halo formation, emittance

growth, and beam loss depend on the detailed structure of
the amplitude-dependent detuning. As discussed in
Sec. II D, in the bunch reference frame the structure of
the EC density assumes quite a complex form during the
pinch process, which makes its effect on the main beam
dynamics in long-term storage particularly difficult to
assess.
We present next a direct comparison of the SC incoher-

ent effect with the EC-induced incoherent effect. In order
to compare SC and EC incoherent effects, we model the
beam dynamics in a constant focusing lattice, and, for the
sake of simplicity and to avoid spurious results, we con-
sider two special ‘‘frozen’’ models, one for the SC, and the
other for EC. These frozen models consider EC or SC
forces which depend on the transverse and longitudinal
position inside the bunch, but which do not evolve with the
evolution of the beam size or beam intensity. This approxi-
mation allows long-term tracking without spurious arti-
facts from the breaking of symplecticity or numerical
noise [20,23]. As long as there is no substantial modifica-
tion of the beam characteristics, such as for the formation
of a weakly populated halo, or for small beam loss, this
model can be used in good approximation. In case of
substantial beam loss, issues of self-consistency in the
numerical modeling should necessarily be addressed. An
attempt at including the self-consistency in frozen models
was reported in Ref. [24].
Note that the complexity of the EC-induced detuning as

explored in Refs. [11,15] does not allow a simplified
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modeling of the detuning as a function of the particle
amplitude; we therefore do not attempt here to model the
effect, but rather rely on frozen models which automati-
cally incorporate the complexity of the several EC struc-
tures affecting the proton bunch.

A. Model of space charge

We consider a stationary bunched beam, where the
particle distribution forms a 3D Gaussian distribution:

�ðx; y; zÞ / exp

�
� x2 þ y2

2�2
r

� z2

2�2
z

�
: (13)

We assume that �r=�z � 1 so that locally the bunched
beam is similar to a coasting beam. Then the SC field can
be found analytically [6] as

Exðx; y; zÞ ¼ Ksce
�½z2=ð2�2

z Þ� 1
r2

�
1� e�½r2=ð2�2

r Þ�
�
x; (14)

where

Ksc ¼ 2
�2

r

R2
acc

ð2Qx0�QscÞ; (15)

with Racc denoting the circumference divided by 2� and
Qx0 the bare tune of the accelerator. �Qsc is the space-
charge detuning at x ’ y ’ z ’ 0. The equation of the
electric field for Ey is obtained substituting x with y in

the right-hand side of Eq. (14). Note that the units of this
equation are chosen so that the equation of motion for one
particle is given by

x00 þ
�
Qx0

Racc

�
2
x ¼ Exðx; y; zÞ z00 þ

�
Qz0

Racc

�
2
z ¼ 0;

(16)

where Qz0 is the longitudinal tune. We use the above
equations to simulate the motion of particles in a bunch
in the presence of space charge. The numerical integration
is obtained by applying the SC force in N kicks per turn of
integrated strength Exðx; y; zÞ�s, where �s is the longitu-
dinal distance between two consecutive SC kicks. Clearly
the choice of the number of SC kicks characterizes the
accuracy of the numerical integration. Typically the num-
ber of kicks chosen per betatron wavelength is 20	 40 for
a detuning of �Qec � 0:1. The finite number of SC kicks
creates an error, or shift in the calculated numerical detun-
ing. When using 20	 40 kicks per betatron wavelength,
we obtain a tune shift which is less than 1% from the
theoretical exact value.

B. Model of EC stripes

1. Model of one EC stripe

Based on the discussion of Sec. II D, we model the
electron pinch structure assuming rotational symmetry of
the electron cloud both in a field-free region and in a

dipole. We also assume that all the factors which contribute
to the electron-cloud formation remain invariant at each
passage of a beam bunch. As stated in the Introduction, the
case of EC buildup in a bunch train is not treated here.
Essential for this modeling is the assumption that the
dynamics of the pinch repeats itself at each bunch passage.
This allows treating the phenomena of the electron pinch
and stripe formation on the beam by a frozen model of the
force created by the electrons. This assumption is valid for
all cases where the effect of the electrons on the proton
beam does not cause a substantial modification of the beam
particle distribution.
With these assumptions, one EC stripe is modeled by an

electron density of the form

�ðrÞ ¼
�
fðr; rpÞ if 0< r < rp
0 if rp < r;

(17)

if 0< rp < �R, and

�ðrÞ ¼
8><
>:
0 if 0< r < rp � �R
fðr; rpÞ if rp � �R< r < rp
0 if rp < r;

(18)

if rp >�R. Here fðr; rpÞ is the electron density function

within the stripe; rp here represents the transverse ampli-

tude of the stripe experienced by a bunch particle at
longitudinal position z with respect to the bunch center;
�R is the transverse stripe size. The dependence of rp on z

is discussed in Sec. II D. This model extends the previously
studied one-dimensional sheet model presented in
Ref. [15] and more closely approximates the real situation.
The electric field created by the electrons is computed with
the assumption that the longitudinal extent of the EC stripe
is long enough to be seen by passing particles in the bunch
as a ‘‘cylindrical sheet’’: this condition is fulfilled if the
slope of the stripe in the ðz; rÞ plane is small compared with
1, or rp=�zec � 1, where rp is the radial position of the

stripe and �zec its longitudinal distance from the location
of the pinch. The electric field of one stripe, computed
from Gauss’ law, now assumes the forms reported in Fig. 7,
where we again characterize the strength of the pinch in
terms of the maximum detuning �Qec produced at the
location of the maximum electron density, here occurring
for beam particles with r < �R at the location where the
pinch forms (rp ¼ 0). In analogy to the space-charge case

we define an EC-induced ‘‘integrated perveance’’ Kec

which we relate to the electron-cloud-induced tune shift
on axis. For the sake of simplicity we choose fðr; rpÞ
constant in r for the region where rp > �R. The depen-

dence on rp is taken so as to preserve the longitudinal

electric charge density (i.e., the integral
R1
0 �ðrÞrdr). The

integrated perveance Kec is expressed in terms of the
detuning at the location of the pinch starting from the
electric field in Fig. 7. The relation reads
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Kec ¼ 4�

	x

�Qec�R
2: (19)

The space-charge detuning is the product of a continuous
action of the bunch self-field on one particle of the bunch,
while the Coulomb force produced by one EC stripe is
interrupted in regions without electron cloud (or with
varying electron-cloud density). Note that Er in Fig. 7
has the units of an integrated kick, therefore is dimension-
less. This EC kick distributed over an effective length of
the EC would create a force which in the equation of
motion, Eq. (16), has the dimension m�1.

In the z� r plane, the electron distribution correspond-
ing to the field in Fig. 7 yields a dependence on the distance
as 1=½2rpðzÞ � �R� for rp > �R, i.e., the effect of the EC

stripes is softened at larger radii. Note that, according to
the discussion in Sec. II D, it is difficult to relate the
properties of the stripes in our model to the maximum
induced pinch occurring in a real electron beam. The
reason for this is that the pinch simulations exhibit a very
peaked density on axis which stems from ignoring the
electron-electron space-charge repulsion and the initial
velocity spread. A consistent derivation of �Qec from the
actual on-axis electron density is beyond the scope of the
present study.

2. Modeling of the EC stripes for the full bunch

Consistently with the discussion in Sec. II D, we take a
constant slope drp=dz as an acceptable approximation for

the morphology of the EC stripes. Guided by the discussion
of Sec. II D which confirms and extends previous studies
on EC-pinch processes for SPS bunches [12,25], we con-
struct a model formed by three electron stripes created
along the bunch at the locations of the three pinches zp ¼
�1�z, 0:3�z, 1:5�z. Each EC ring has a radial thickness of
�R ¼ 1�r, and its radial position is rpðzÞ ¼ 3:33� ðz�

zpÞ for z > zp. This model parameter choice is consistent

with the EC pinch in a dipole, whereas for a pinch in field-
free region drpðzÞ=dz ’ 2 (see Fig. 1). In this model a kick

is applied at each EC-beam interaction point, e.g., in each
dipole magnet (see Sec. IVB), or following a more general
kick pattern, e.g., for the purpose of comparing space-
charge effects with EC-induced effects.

C. Comparison of EC & SC incoherent effects in the
case of a resonance driven by a lattice nonlinearity

We discuss in this section the effect of the amplitude-
dependent detuning created by SC or EC on the bunch
dynamics in the presence of a lattice-driven resonance. In
order to cleanly perform this comparison, we set up a
theoretical condition which prevents the EC kick distribu-
tion from significantly modifying the lattice-driven reso-
nance. This is accomplished by assigning, artificially, a
large number of EC kicks equal to the number of SC kicks,
and keeping the same absolute value of the maximum
detuning. By doing so we compare the direct effect of
the detuning of SC and EC for a lattice resonance of the
same strength, and, therefore, we can attribute differences
in the beam response (emittance growth or beam loss)
directly to the differences of amplitude-dependent detun-
ing for EC and SC. Note that the number of EC kicks is
chosen equal to the number of SC kicks for the purpose of
comparing emittance growth and beam loss under equiva-
lent conditions. By changing the number of EC kicks, but
keeping the same total detuning, we retrieve almost the
same amplitude-dependent detuning (unless the number of
EC kicks becomes too small), but do so at the price of
altering the lattice resonance. To keep the comparison
simple, in these simulations we do not include the effect
of dispersion and chromaticity, making the modeling in-
dependent of the effective bunch length. In fact, the ex-
pression of the SC force Eq. (14) or of the EC stripes in the
bunch (see Sec. III B 2) is expressed in units of longitudinal
length normalized to the rms bunch length, allowing there-
fore an application to arbitrary bunch lengths. In another,
later example (see Sec. IVA) where space charge and
chromaticity are included, the effective bunch length
must and will be given.
We first consider an example with SPS-like tunes and

study the transport of a high intensity axisymmetric
bunched beam in the presence of a lattice nonlinearity
excited by a single octupole (similarly to what was done
experimentally in the CERN-PS experiment [5]).
We set the integrated strength of the octupole according

to K3;oct�
2
r ¼ 10�3. The effect of this octupole, beyond the

excitation of fourth order resonances, is the creation of a
detuning, which in the horizontal plane for a particle with
y ¼ 0 is given by

�Q

�
X

�r

�
¼ �Qoct;0

X2

�2
r

; (20)

FIG. 7. (Color) The section of the axisymmetric EC stripe
divides the plane ðz; rÞ into six regions, in which the analytic
form of the EC-induced electric field is explicitly computed.
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where �Qoct;0 ¼ �ð	xK3;oct�
2
rÞ=ð32�Þ, X is the particle

oscillation amplitude X ¼ ffiffiffiffiffiffiffiffiffiffiffi
	x�x

p
, and	x the beta function

at the location of the octupole. With our setting �Qoct;0 ¼
4:2� 10�4. The analysis of the excited resonance is made
numerically. Our first simulations contain neither electron
cloud nor space-charge forces. The single octupole excites
all harmonics, and in order to evaluate the effective stop
band of the excited resonances we performed a scan of the
beam loss over the ðQx0; Qy0Þ plane. In this particular

simulation we assume a beam pipe of size 3:3�r for the
purpose of identifying the relevant resonances via beam
losses. At each working point of the scan we compute the
survival of 103 macroparticles after 300 turns. The simu-
lation results are shown in Fig. 8(a). The longitudinal beam
motion is frozen here, and Coulomb forces are absent as we
intend to resolve pure nonlinear lattice effects. This picture
shows that the resonances 4Qx0 ¼ 105, 4Qy0 ¼ 105, and

2Qx0 � 2Qy0 ¼ 0 are excited. We then increase the beam-

pipe radius to a larger value of 10�r, and simulate the
beam loss for Qy0 ¼ 26:136, and several horizontal tunes

in the range 26:1<Qx0 < 26:3: these results are shown in
Fig. 8(b) for 1:5� 105 turns. We observe that the reso-
nance 4Qx0 ¼ 105 is weakly excited and a small emittance
growth appears but no beam loss is detected. This is related
to the large dynamic aperture with respect to the beam size.
The lack of beam loss does not prevent, however, that
fourth order islands are created by the single octupole. At
the beginning of the tracking, a few particles in the tail of
the distribution are found inside these islands leading to the
emittance increases. At Qx0 ’ 26:137 the resonance
2Qx0 � 2Qy0 ¼ 0 is intercepted with significant beam

loss because of the reduction of the dynamic aperture.

1. Pure SC effects

We now study the response to the high intensity of the
bunched beam including the synchrotron motion. We set
the space-charge tune spread as�Qsc ¼ �0:075. Note that
here, differently from the octupole, the horizontal detuning

for a particle with y ¼ 0 in a Gaussian transverse distribu-
tion scales as

�Q

�
X

�r

�
’ �Qsc

1þ X2=ð4�2
rÞ
; (21)

where again X is the maximum particle transverse ampli-
tude X ¼ ffiffiffiffiffiffiffiffiffiffiffi

	x�x
p

(see Ref. [6]). The pattern of the tune
shift of SC is substantially different from the one induced
by the octupole alone. The effects obtained by the SC on
the trapping involve particles in the beam center, which
otherwise would not be affected by the pure octupole
detuning. Again, the dynamics is studied numerically.
The effect of space charge (in absence of EC) is obtained
by applying 21 equally spaced SC kicks per betatron
wavelength, which provides enough computational accu-
racy for the SC detuning: The numerical error in the
detuning, for Qx0 ¼ 26:2, is smaller than 0.1%. The
beam is kept bunched by applying a longitudinal linear
focusing force such as to produce a longitudinal tune of
Qz0 ¼ 1=300. A partially compensated chromaticity is
also included, creating a chromatic tune spread of�Qchr ¼

0:015. The SC effects during long-term beam storage are
revealed by performing a tune scan similar to the one made
for Fig. 8(b). The results are presented in Fig. 9(a). The
beam emittances �x=y (black/blue) after 1:5� 105 turns are

plotted versus Qx0; in green we depict the beam survival.
These results are characteristic of the SC effects (see
Ref. [7]), where an emittance growth on the right of the
resonance over a region as large as the SC tune spread is
formed. The tiny beam loss region with a peak loss of 12%
appears as a consequence of the residual chromaticity and
is as large as the chromatic tune spread.

2. Pure EC effects

In the next example we ignore SC and consider an
equally large maximum detuning of �Qec ¼ þ0:075,
now due to EC, at the pinch location on axis. The number
of EC kicks is kept the same as in the previous subsection,
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FIG. 8. (Color) Resonance lines excited by a single octupole (left); emittance growth and beam loss for several tunes at Qy0 ¼ 26:136
(right).
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namely, again 21 kicks equally spaced kicks per betatron
wavelength: by doing so we remove the effect of the
structure resonances. In Fig. 9(b) we plot the same beam
quantities as for Fig. 8, but now for the case that the
incoherent effects are EC driven. The picture is more
complex than the one for SC: Here beam losses are local-
ized on the left of the resonance as a consequence of the
positive detuning exerted by the pinched electrons on the
strong beam. In the region 26:2 & Qx0 & 26:27, some
beam loss is found as a result of the complex dependence
of the detuning on both the transverse and longitudinal
amplitude. In the region 26:18 & Qx0 & 26:225 we ob-
serve an emittance growth with maximum occurring at
Qx0 ’ 26:21 just at the beginning of the beam loss region.
This observation is consistent with the previous SC studies
which showed that the emittance does not grow when
significant beam loss is present [26]. Note, however, that
on the fourth order resonance 4Qx0 ¼ 105, in spite of the
beam loss, the horizontal emittance increases by a factor
2.5. We attribute this large emittance growth to the pres-
ence of 3 EC rings. The beam loss at Qx0 � 26:1 is the
effect of the coupled fourth order resonance, discussed for
Fig. 8.

3. Discussion

In this section we compare the effect of space charge and
of electron-cloud stripes on the bunch dynamics for long-
term storage. Specifically we compare the long-term effect
created by trapping by, or scattering off, a resonance when
the resonance crossing is caused by the synchrotron mo-
tion. We consider a linear lattice augmented by only one
octupole which in this study serves to provide the lattice
resonance (i.e., the resonance excited by a lattice nonlinear
element). The beam response for both cases exhibits some
(anti)symmetry due to the opposite signs of the tune shift
(Fig. 9). The main difference in the beam response arises
from the different amplitude-dependent detuning intro-

duced by SC and by EC. An example of this complex
dependence was studied for a simpler one-dimensional
model of the EC stripe in Ref. [15]: The presence of three
EC stripes enhances the detuning at large transverse am-
plitudes, driving the resonance-induced island even further
outward, thereby leading to larger beam loss.
We should mention here that, as shown by Eqs. (20) and

(21), the effect of the detuning due to the octupole becomes
relevant at large amplitudes. Therefore the migration of
islands at large amplitude is controlled by the combined
detuning from all sources including the octupole. This type
of effect will always be strongly dependent on the detailed
features of the nonlinear dynamics in a storage ring.

D. Comparison of SC & EC incoherent effects in the
presence of a structure resonance

As discussed at the beginning of this section, the
Coulomb force generated by the beam or by the localized
electron cloud can create the driving term for a ‘‘lattice’’
resonance (structure resonance). In order to compare SC
and EC in this context, we take the same bunch as de-
scribed in the previous section, but apply the SC or ECwith
105 kicks along the ring so as to excite the fourth order
structure resonance. It is convenient to compare the long-
term Coulomb incoherent effect from two different
sources, but in similar conditions. Again we set the maxi-
mum SC detuning�Qsc or the maximum detuning of EC at
pinch location �Qec equally large: �Qsc ¼ ��Qec ¼
�0:075. We first compare the incoherent effect for the
condition of a longitudinally frozen motion, which we
can think of as the SC or EC counterparts of Fig. 8. In
Fig. 10(a) we plot the emittance growth for a purely SC
driven effect for the bunched beam. We find the character-
istic asymmetric beam response typical of the SC-
dominated 2D beams [27,28]. The lack of self-consistency
plays a minor role as the number of particles beyond 3�r is
less than 8%. For comparison we plot in Fig. 10(b) the
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FIG. 9. (Color) Octupolar resonance: space-charge-induced emittance increase and beam loss (left); electron-cloud-induced emittance
increase and beam loss (right). In both cases we apply 21 SC or EC ‘‘kicks’’ per betatron wavelength and synchrotron motion is
included. In all these simulations Qy0 ¼ 26:1.
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equivalent case of a pure EC incoherent effect. The picture
is somewhat the mirrored situation of Fig. 10(a) with
respect to the fourth order structure resonance. The differ-
ence in emittance increase stems from the EC pinch mod-
eling, which here assumes three EC rings and creates a
persistent detuning in the region of the bunch with z >
þ1�z. The fraction of particles beyond 3�r of the beam is
7%, justifying a frozen model approach. Clearly no peri-
odic crossing of fourth order structure resonance happens
in Fig. 10(a) and 10(b) as there is no synchrotron motion.
The beam response to the longitudinal motion and the
consequence of the tune modulation—via SC or EC tune
shift—is visible for both cases in Figs. 10(c) and 10(d). The
comparison with Fig. 9 reveals a significant effect which
stems, in this example, from the much stronger fourth order
driving term compared with the octupolar error used for the
simulations of Fig. 8. We address this issue in the next sub
section. In Fig. 10(d) the large emittance increase for
Qx0 > 26:25 is a consequence of the structure fourth order
resonance 2Qx0 þ 2Qy0 ¼ 105 excited by the EC kicks but

absent in Fig. 8.

1. Remark on the strength of the structure resonance

The request of the condition�Qsc ¼ ��Qec ¼ �0:075
has some unavoidable consequence on the strength of the

excitation of the fourth order resonance. We assess this by
analyzing the integrated third order component of the EC
or SC force. First, we recall that the integrated strength of
the octupole applied in our model is

~K 3;oct ¼ K3;oct�
2
r ¼ 10�3: (22)

The tilde ~ð�Þ expresses this quantity when the equations of
motion are written in scaled coordinates (i.e., ~x ¼ x=�r,
~px ¼ px=�r, etc.). The third order component of the space
charge is found by expanding the force in Eq. (14). A
straightforward calculation gives as integrated strength of
all the third order kicks,

~K 3;sc ¼ 6�
Qx0�Qsc

Racc

: (23)

For the EC force, the analysis is more difficult due to the
discontinuity of the model taken. However, we can expand
the force at the pinch location (where rp ¼ �R) around

r ¼ rp. With this approach the electric field is expressed as

a power series in ðr� rpÞn. By taking the third order

component and using the definition of Kec in Eq. (19),
we estimate the integrated strength of all EC third order
kicks as
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FIG. 10. (Color) Beam response and survival with longitudinally frozen motion (top) pure SC (left), pure EC (right); and including
longitudinal motion (bottom) with only SC (left), with only EC (right). In all these simulations Qy0 ¼ 26:1.

INCOHERENT EFFECT OF SPACE CHARGE AND . . . Phys. Rev. ST Accel. Beams 12, 124401 (2009)

124401-13



~K 3;ec ¼ 24�
Qx0�Qec

Racc

�
�r

rp

�
2
; (24)

where in our model rp ¼ �R ¼ 1�r.

Therefore for Qx0 ¼ 26, j�Qec=scj ¼ 0:075, and Racc ¼
1100 m, we find ~K3;oct ¼ 10�3, ~K3;sc ¼ 0:033, and ~K3;ec ¼
0:133: The integrated strength of the ‘‘octupolar’’ compo-
nent deriving from the space-charge force (i.e., the cubic
term) is 33 times larger than the external octupolar error
assumed in Fig. 8. The EC integrated kick is 4 times larger
than the SC integrated kick. This further explains the large
beam response found in Figs. 10(c) and 10(d).

IV. EXAMPLES OF INCOHERENT EFFECTS

As pointed out, the impact of the incoherent effects
generated by high intensity bunched beams or by struc-
tured pinched EC requires the consideration of long-term
beam storage. For medium energy projects like the SIS100
of the FAIR project [29], long-term diffusion in high
intensity bunches should be carefully controlled. The
RCS at JPARC [30] will operate in a similar regime, while
the JPARC main ring exceeds 104 turns of storage time,
and for either machine the high intensity incoherent effects
should be carefully assessed. In the SPS synchrotron at
CERN, the presence of EC is assumed to play a role in the
degradation of the bunch lifetime in LHC-type trains of 72
bunches. Reference [31] reports experimental data sup-
porting the interpretation that EC-trapping-related effects
induces bunch shortening correlated to beam loss. This
experimental evidence finds its SC counterpart in the re-
sults of the CERN-PS benchmarking experiment [7],
where this effect was directly measured in a dedicated
beam study. The complexity of the presence of EC was
experienced in RHIC, and an extensive campaign of mea-
surements and countermeasures is described in Ref. [32]:
The slow emittance growth at RHIC is suspected to be
caused by EC incoherent effects [33]. EC incoherent ef-
fects are also of concern for LHC, where many hours of
storage for colliding beams in the presence of a possible
slow EC-induced diffusion might affect the collider lumi-
nosity performance.

A. Application to SC incoherent effects of ion beams in
SIS100

In the SIS100 synchrotron in the FAIR project at GSI
[34] bunches of U28þ ions are stored for a time of the order
of a second. Controlling radiation damage [35] and con-
taining the negative effects of beam loss on vacuum and
magnets—which rely on NEG coating [36] and on a dedi-
cated new halo collimation concept [37]—require a maxi-
mum acceptable beam loss of (much) less than 10% over
the total accelerator cycle. We study here the incoherent
SC effect during the 1 s long injection flat-bottom for
working point 1 (WP1): Qx=y ¼ 18:84=18:73. In SIS100

the main lattice nonlinearities are the multipole field errors

in the superconducting (SC) dipoles, conveniently de-
scribed via an elliptic coordinate transformation [38,39],
and the multipole field errors of the SC quadrupoles taken
from [40]. Chromatic correction sextupoles are ignored.
The purely systematic multipoles yield a short term dy-
namic aperture (103 turns) of 4:8� for a reference beam of
8.75 mmmrad rms emittance with the beam magnetic
rigidity at injection of 18 Tm. A random fluctuation with
maximum amplitude of 
30% is added to the systematic
multipoles of the SC dipoles [41]. In this modeling we also
take into account a possible residual closed orbit distortion
(COD) after correction of 1 mm vertical rms (and 1.6 mm
horizontally) which, through the field-error feed-down,
yields an average DA of 3:3� with a variance of 0:21�.
The statistical effect of the residual closed orbit is analyzed
over a wide range of working points in Fig. 11(a). For each
WP we plot (hDAi � 3�DA) by evaluating ten random

FIG. 11. (Color) SIS100 dynamic-aperture scans with reference
random errors (top). Black marker: proposed working point
WP1; beam 2 for the standard error case (bottom).
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seeds of SC dipole errors as well as of the 1 mm vertical
rms closed orbit. We model the bunched beam by a
Gaussian transverse distribution truncated at 2:5� in am-
plitude as the result of a controlled beam shaping during
transfer from SIS18 to SIS100.

Two sets of reference emittances (2�) are defined:
Beam 1: �x=y ¼ 35=15 mmmrad (edge at 2:5�< DA ¼
3:1�), which assumes no dilution within the SIS18 accel-
eration cycle; beam 2: �x=y ¼ 50=20 mmmrad (edge at

2:98�< DA ¼ 3:1�), which allows for some dilution get-
ting closer to the dynamic-aperture limitation, but reducing
the SC tune shift. Including all systematic and random
terms so far discussed we explored 27 error seeds consis-
tent with the standard 1 mm vertical rms COD. The beam
loss was computed over 104 turns, and we singled out a
‘‘standard error case’’ with the moderately pessimistic
beam survival of 99% [Fig. 11(b) extends prediction till
105 turns]. Simulation results for the standard error case
including chromaticity show that up to 105 turns (0.6 s) the
beam 1 exhibits a beam loss up to about 1%, while for
beam 2 we find 6% beam loss. We then evaluated the effect
of the chromaticity in a bunched beam with rms momen-
tum spread of 
p=p ¼ 5� 10�4 consistent with a bunch
length of 
90� (bunching factor of 0.33) and linear syn-
chrotron period of 233 turns (rf voltage of 53 kV if SC is
ignored). Simulations with SC are made with MICROMAP

including all previously discussed effects for the standard
error case. The space charge is computed with a frozen
model, which incorporates the local beam size, as defined
by the beam optics [42].

For the nominal total intensity of 6� 1011 of U28þ ions
in eight bunches the SC horizontal/vertical tune spread is
�0:31=� 0:47 for beam 1 and�0:21=� 0:34 for beam 2.
In Figs. 12(a) and 12(b) we present results for beam 1 and
beam 2 after 1:2� 105 turns (0.7 s storage) at half the
nominal intensity, which helps avoiding the half-integer
resonance. In comparison with the case without SC the
beam 1 is dominated by SC as losses increase from 1% to
6% when space-charge forces are included. For beam 2 the

loss is dominated by the DA and chromaticity, and adding
SC only leads to an increase of the loss from 6.5% to 8%.
The SC-dominated loss for beam 1 at half nominal inten-
sity can be understood as a result of the periodic crossing of
the tune footprint with the third order error resonance
2Qx þQy ¼ 56, possibly also with 3Qy ¼ 56. The nomi-

nal intensity for the same set of parameters (and the same
error set) results in a more than proportional increase of the
loss. At maximum intensity many more particles cross the
resonance 2Qy þQx ¼ 56 and become candidates for

loss. We have therefore investigated an alternative working
point: ðQx;QyÞ ¼ ð18:84; 18:40Þ, which is exposed to the

apparently weaker third order resonance Qx þ 2Qy ¼ 56.

Results for beam survival over the full cycle are obtained
by the summing the beam losses accumulated by each of
the eight bunches, which are injected over a one-second
period. In this process the first bunch is stored for 1 s, the
second for 0.875 s, the third for 0.75 s, and so on. Each of
these bunches will have the same time survival pattern just
time shifted according to the respective injection time. As
simulations show that, to a good approximation, the beam
loss pattern is linear in time (see Fig. 12), we find that the
total beam loss over 1 s relative to the total injected ions is
just half of the relative beam loss for the first injected
bunch. The beam survival for the full cycle is presented
in Table I.
The loss is improved for full intensity in the alternative

working point, but slightly worse for half intensity, possi-
bly because of the proximity of the lineQx þ 2Qy ¼ 56. It

should be noted here that the simulation model employed
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FIG. 12. SIS100 beam loss with space charge for beam 1 (left) and beam 2 (right) for an intensity of 3� 1011 ions.

TABLE I. Beam survival averaged over a full SIS100 cycle for
two different working points in tune space.

WP (18.84, 18.83) (18.84, 18.40)

�x=�y 35=15 50=20 35=15 50=20
Ions=cycle 6� 1011 75% 78% 87% 86%

Ions=cycle 3� 1011 97% 96% 95% 91%
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in this study lacks dynamical self-consistency. This is not
expected to matter for losses at or below the few percent
level, but for larger losses inclusion of full self-consistency
(e.g., updating the SC force as a consequence of losses)
could easily enhance or diminish the loss rate.

B. Exploratory discussion of EC incoherent effects in
RHIC and LHC

RHIC has experienced an incoherent emittance growth
attributed to electron clouds [33]. We apply the model of
EC rings resulting from the pinched EC to one of the two
rings of RHIC, the blue ring [43]. In a smooth focusing
lattice with a length equal to that of the RHIC blue ring, we
introduce 144 EC kicks, one at the position of each long

dipole, because the dipole magnets are considered to be the
primary locations for the EC. In doing so, the structure of
EC kicks in our model preserves the location of dipoles as
in the real lattice geometry, therefore exciting a correct
web of EC-induced structure resonances. In order to dis-
play only the effect arising from EC, we here again neglect
the effect of dispersion and chromaticity. The model of
RHIC has tunes Qx ¼ 28:735, Qy ¼ 29:725, and the inte-

grated EC incoherent detuning is taken as �Qec ¼ 0:03
[Fig. 13(a)]. In Fig. 13(b) the main structure resonances
excited by the localized electron cloud are found with
a frequency map: �Qx0 þ 5Qy0 ¼ 120, 2nQx0 þ
2nQy0 ¼ 117n, �3nQx0 þ 3nQy0 ¼ 3n, with n integer.

FIG. 13. (Color) RHIC beam emittance evolution versus turns
for �Qec ¼ 0:03 (top); frequency map for RHIC for a beam with
�Qec ¼ 0:1 (bottom).
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�Qec ¼ 0:1 (top); frequency map for LHC for a beam with
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The test particles are taken at z ¼ �0:73�z and the longi-
tudinal motion is kept frozen. As Fig. 13(b) shows, the EC-
induced tune spread causes the crossing of several
resonances.

The effect on the dynamics is shown in Fig. 13(a) where
a slow emittance increase is found over 5� 105 of turns.
For Fig. 13(a), we find that the average emittance growth
has a gradient of ��av=�x0 � 5:6� 10�9=turn, which at a
beam energy of � ¼ 10:52 for Au ions yields ��av=�x0 �
1:5=hour. Clearly, this result is sensitive to the parameter
�Qec which is chosen here as 0.03. For weaker values the
dynamics of resonance crossing is changed in terms of
resonance overlapping, and resonance strength (as these
resonances are structure type and their strength is directly
proportional to the tune shift): both these factors affect the
trapping/scattering regimes, and, therefore, change the
diffusion rate.

We finally apply the pinched EC dynamics to the LHC,
again applying one EC kick at each of the 1152 LHC main
dipoles set up with the correct geometrical, or rather opti-
cal, structure of the real machine and tracking the beam in
smooth focusing approximation to gain in computational
speed. Once again we neglect the effect of chromaticity
and dispersion. Here a single bunch is composed of 104

macroparticles which are tracked in the absence of chro-
matic effects through a fully linear lattice. The LHC tunes
are Qx ¼ 64:28, Qy ¼ 59:31, Qz ¼ 1=168, and the LHC

has an eightfold symmetry. The integrated EC detuning is,
somewhat arbitrarily, set to the values�Qec ¼ 0:1, 0.3, 0.5,
and 0.7 as possible realistic examples for the incoherent EC
detuning. The beam evolution is illustrated in Fig. 14(a),
showing different average beam responses ½ð�x þ
�yÞ=ð�x0 þ �y0Þ � 1� as a function of �Qec. The

frequency map in Fig. 14(b), obtained for �Qec ¼ 0:18
keeping the test particles at z ¼ �0:73�z, reveals that the
EC structure resonances 5Qx0 þ 9Qy0 ¼ 856, 4Qx0 þ
2Qy0 ¼ 376, and 4Qx0 þ 14Qy0 ¼ 1088, together with

the EC-induced tune modulation, are responsible for the
emittance growth in Fig. 14(a).

V. CONCLUSION AND OUTLOOK

We have shown that for both space charge and electron
cloud the long-term beam response to incoherent reso-
nance excitation and resonance crossing is a possible
source of slow emittance growth. In this respect SC &
EC incoherent effects have similar features. We have eval-
uated the relevance of these incoherent effects for SIS100,
and conducted an exploratory study for RHIC and LHC.
The long-term predictions for incoherent SC effects are
presently better understood than the corresponding effects
for EC, and they are better experimentally benchmarked.
EC incoherent effects need further studies and dedicated
beam experiments in order to confirm analytical and simu-
lation models for the long-term beam evolution.
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