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We study the operation regime of a hybrid planar free-electron maser (FEM) amplifier near the
magnetoresonant value of the uniform longitudinal (guide) magnetic field. Using analytical expressions
for individual test electron trajectories and normal frequencies of their three-dimensional oscillations in
the magnetostatic field of the hybrid planar FEM, an analytical condition of chaotization of motion is
established and shown to be given by the Chirikov resonance-overlap criterion applied to the normal
undulator and cyclotron frequencies with respect to the coupling induced by the undulator magnetic field.
It is also shown analytically that, in spite of the well-known drop for the exact magnetoresonance, the gain
attains its maximal value in the zone of regular dynamics slightly above the magnetoresonant value of the
guide magnetic field. Under the condition of undulator resonance, it is practically independent of the
amplitude of the undulator magnetic field and the wavelength of amplified signal. To account for space-
charge effects, we propose a theoretical model of a weakly relativistic FEM, which accommodates not
only potential but also rotational parts of the nonradiated electromagnetic field of a moving charged
particle. It turns out that the rotational part of nonradiated field diminishes the defocusing influence of the
potential part on the beam bunching. Numeric simulation of the nonlinear stage of amplification is
fulfilled, taking into consideration adiabatic entrance of the electron beam to the interaction region and
initial electron velocity spread. We find that nonradiated field and initial electron velocity spread do not
influence essentially the efficiency of hybrid planar FEM amplification if parameters of the beam-
microwave interaction correspond to the operational regime in the zone of regular dynamics near the

magnetoresonance.
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I. INTRODUCTION

Starting with the successful experiment [1,2], the pre-
vious three decades have witnessed a spectacular develop-
ment of theory and experiment of a free-electron maser
with a guide (uniform longitudinal) magnetic field [hybrid
free-electron maser (FEM)]. Utilizing the Doppler fre-
quency upshift, free-electron masers and lasers possess a
unique property to amplify and generate coherent electro-
magnetic radiation across the nearly complete electromag-
netic spectrum: from radio waves to vacuum ultraviolet [3].
An interest in the hybrid FEM is reinforced by a promise to
attain a substantial microwave power level (up to a few
gigawatts) in their planar configuration because of the use
of superwide sheet electron beams (e.g., in [4] emission
and transport of a 140 cm-wide, 20 kA and 2 MeV sheet
electron beam for purported FEM applications was re-
ported). Sheet electron beams allow one to weaken restric-
tions on the maximal aggregate beam current posed by
space-charge effects while reaching the current values of
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about 30 + 50 kA. This makes the hybrid planar FEM one
of the most attractive sources of powerful electromagnetic
radiation in the terahertz gap: the frequency range from 0.3
to 3 THz.

In pioneering works [5-9] analytical investigations of
stationary regimes of microwave amplification and genera-
tion in a hybrid FEM were carried out; later these results
were refined mainly through numerical simulations.
Experimentalists [10-13] reported a considerable loss of
electron beam current and microwave power for a hybrid
FEM for a certain range of values of the guide magnetic
field. A study of chaotic particle dynamics in free-electron
lasers was undertaken in papers [14,15], where the authors
investigated effects of the high-current (high-density) re-
gime and the transverse spatial gradients in the applied
wiggler magnetostatic field, and in Refs. [16,17], where the
motion of an individual test electron in the (‘“‘ideal’)
magnetostatic field of the hybrid planar FEM was found
to be nonintegrable. Nevertheless, to the present day there
still exist some fundamental questions, which either have
no answers or only partial ones (cf. [18], pp. 430-439):
under what conditions motion of an individual test electron
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becomes chaotic in the presence of the guide magnetic
field; what does influence the width of dynamical chaos
zone around the magnetoresonant value (the undulator
frequency is approximately equal to the cyclotron fre-
quency) of the guide magnetic field; what does define the
maximal value of the gain under the conditions of the
magnetoresonance; and, finally, how do beam initial pa-
rameters spread and space-charge effects impact micro-
wave amplification?

We focus our attention on the operation of FEM around
the magnetoresonant regime caused by the guide magnetic
field usually used in FEM setups to enhance the efficiency
of beam-microwave interaction and provide transverse
confinement of the electron beam. The study is based
upon analytical asymptotically exact expressions for elec-
tron trajectories developed recently [19] as well as on the
use of numerical simulations. More specifically, in the
adopted approach we highlight the fundamental role of
the nonlinear dynamical system describing motion of elec-
trons in the combined magnetostatic spatially periodic
(undulator) and uniform guide magnetic field.

The next section contains a nonlinear self-consistent
system of equations governing a hybrid planar FEM am-
plifier. In Sec. III, we find asymptotically exact solutions of
equations of motion of an individual test electron in the
magnetostatic field of a hybrid planar FEM and study their
properties. Section IV contains the dispersion equation and
calculation of magnetoresonant growth rate under the un-
dulator resonance. In Sec. V, we accomplish numerical
simulations of the self-consistent nonlinear system of gov-
erning equations and study the impact of beam initial
velocity spread and space-charge effects. The article ends
with the Sec. VL

II. GOVERNING EQUATIONS

We regard that at the entrance of the interaction region
(cross section z = 0) of a hybrid planar FEM, the electron
beam is continuous and unmodulated. In the amplifier
regime there is also a seed microwave signal. It can be
shown that for a regular electrodynamics structure the
microwave field and electron beam current density in the
interaction region are periodic functions of time.
Neglecting temporal harmonics generation of the micro-
wave field, we consider the case such that there occurs
resonant interaction only with one spatial harmonic of the
microwave field. Under such assumptions we write the
microwave and nonradiated (space-charge) field in an
ideally conducting regular waveguide with the electron
beam as follows:
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C(z) is the (slowly varying) amplitude of the microwave;
é(¥,) and b(7 1) are the membrane eigenfunctions of the
coordinates 7| = (x, y) in the waveguide cross section §
(microwaves and the electron beam propagate in the posi-
tive direction of the z axis, see Fig. 1); kg is the “cold”
propagation constant of the eigenwave; the star (*) de-
notes complex conjugation:

Py = - Re [{[2G1) % B(GL)] - 2as:

o) = eS8F— ), 1) =Y ot8(F - ).
k k

Here e and c are the electron charge and speed of light,
respectively; &, is the unit vector along the z axis; F(¢) =
7(t, t*) and ©*(1) = 0(t, t*) are the coordinates and velocity
of a k’s electron, which entered the interaction region at the
moment of time X (¥ = d#/dt). For nonrelativistic beams
ogly the potential part [given under the Coulomb gauge
V- A= 0) by the scalar potential ¢] of the nonradiated
(space-charge) field is usually taken into account, but in a
more generic situation one is also bound to include its
rotational part (given by the vector potential AT as it
could significantly influence the bunching of the electron
beam (see, e.g., [20,21]). For the purposes of current

analysis the rotational part, ¢ ~'9A%* /dt, of the nonradiated
quasistatic electric field and nonradiated quasistatic mag-

netic field, V X A%, are calculated out of Egs. (2) [22]. It
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FIG. 1. Schematic drawing of a rectangular waveguide with a
mounted permanent magnet planar undulator immersed in the
uniform longitudinal (guide) magnetic field.
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should be emphasized that the quasistatic vector potential

A?(% 1) and the amplitude C(z) of synchronous mode
depend on the rotational part of the current density
77 1), [22,23].

Thus, by averaging on the electrons’ entrance phase, one
can reduce the problem of interaction of electron beam
with a seed synchronous microwave of frequency w to the
task of solving single-particle equations of motion for
arbitrary entrance time ¢, and Maxwell’s equations in the
form of (modified by space-charge inclusion) Kisunko-
Vainshtein’s equations of excitation for regular waveguides
[24,25]. It is exactly in this manner (neglecting all space-
charge effects) a highly successful theory of the gyrotron
was initially developed by Gaponov [26].

For the amplifier regime we write single-particle equa-
tions of motion taking as independent variables the coor-
dinate z and time of entrance of electrons to the interaction
region ¢, [the time of arrival ¢ = #(z, ,) of electrons, which
entered the interaction region at the time z,, to the cross
section z becomes a dependent variable] in the form

d[_; > [-3 > > dt

i 5 < (B + B) | £,

dz e[ oy < B )]dz
dt _m,y diy, _py 3)
dz  p,’ dz  p;’

where E(?l, z, 1), E(?i, z, 1), and Ep(?l, z) are given by (1)
and (4), respectively; m, is the electron rest mass; it is also
more convenient for numerical calculations to introduce
the momentum of an electron p = m,v7y instead of its
velocity {p1 = (p. p,), v =1[1+ p?/(m2c*)]/?}. The
initial conditions then are x(z = 0,7,) = %, y(z = 0,1,) =
y, I(Z =0, te) = I, ﬁ(z =0, te) = me(o) 0, V||)70 [70 =
(1- Vﬁ/cz)*'/z] and C(z = 0) = C,. In order to complete
the formulation, we use the charge conservation law [27],
p- 31, and the fact that in the stationary regime electrons,
which enter the interaction region at the time ¢, separated
by an integral multiple of the period of the amplified
microwave, go along identical trajectories (see also [28]).
In the discrete model of electron beam we assume that over
the period of the amplified microwave macroparticles enter
to the interaction region in regular time intervals
27/(wN); hence, the numerical finding of a solution to
the nonlinear self-consistent system (1)—(4) consists in the
simultaneous solving of 6(N + 1) first-order nonlinear
ordinary differential equations.

Magnetostatic field Ep(?) consists of a guide (uniform

longitudinal) magnetic field 1§|| and planar spatially peri-
odic undulator magnetic field [12,29]:

o - 2y — b’ 2
Bp(?) = [O, -B cosh(M) sin( ):TZ),

- B, sinh(@) cos(z)zz) - BII]- “4)

where b’ is the undulator gap width. Following [28], we
model the injection of the electron beam into the interac-
tion region by allowing the undulator amplitude to increase
adiabatically from zero to a constant level over N,, undu-
lator periods (B = const):

B, sinz(zl\’ﬁv‘ﬁy), 0=2z<N,A,,
By, Ny, =z

Ei(z)={

III. MAGNETOSTATIC RESONANCE: ENERGY
TRANSFER AND DYNAMICAL CHAOS

Having the primary goal in the demonstration of under-
lying physics, in this section we examine analytically
dynamics of an individual test electron only in the magne-
tostatic field of hybrid planar FEM intentionally consider-
ing a simplest possible model of a hybrid planar FEM
(which accounts for the undulator through only one com-
ponent of its spatially periodic magnetic field taken in the
limit 27y — b'/2]/A,, < 1 and neglecting the adiabatic
entrance section): Ep = [0, =By sin(27z/A,,), —By].

In components the single-particle equations of motion
can be written as

¥o — oy = —w 1 Zosin(wyzo/V)), Vo + wyxo =0,

Zo = w Xgsin(wyzo/V)), (5)

where (to distinguish from the self-consistent formulation
of the previous and subsequent sections) 7y = (xq, Yo, Zo)
denotes the electron coordinates (U, = d7y/dr); wy =
27V /A, and o = le|B)/(m,cy,) are the partial undu-
lator and cyclotron frequencies, respectively; w; =
le|B| /(m,cy,); the overdots denote differentiation with
respect to the transit time f. Properties of solutions to
Egs. (5) are fundamental to the consideration of microwave
amplification and generation in an FEM [6,30,31]. It
should be noted that out of four quantities A,,, B, B,
V|| only two of their dimensionless combinations & =
w)/wy= cXK/(yyV)) (X is the conventional undulator
parameter) and oy = w|/w, define the behavior of non-
linear dynamical system (5).

One can easily find a noninvolutive set of three func-
tionally independent first integrals [17] of this nonlinear
dynamical system just by integrating its first two equations
and taking the energy conservation law as the third linearly
independent one:

Fl = Px - me’)/(](,l)”y(), FZ = Pyr F3 = mecz’yo’

where P, = m,yo[%g — 2m) o A, cos(wyzo/ V)],
Py, = m,yolyo + wxol, and P, = m, (%, are the compo-
nents of canonical momentum. The Poisson brackets of the
first integrals read

{F\, Fy} = —m,yow), {F\, F3} ={F,, F3} =0,

which means that the dynamical system (5) does not fall
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under the conditions of the Liouville theorem (cf. [32]).
The first integrals are independent if the functional deter-
minant does not vanish (see, e.g., [33]):

8(F1, F2, F3) . C2P
a(Px’ P Pz) F3

£ #0.

Vv

Therefore, independence of the first integrals is lost and the
dimensions of dynamical system are raised whenever P, =
0. The numerical simulations show that all electron trajec-
tories, which satisfy the condition z,(7) = 0, are unstable.
Below we will use this condition to find an analytical
characterization of the onset of dynamical chaos.

System (5) cannot be integrated in quadratures every-
where because it possesses nonzero Lyapunov exponents
(see [17] and Fig. 6 below). In the zone of regular dynam-
ics, a solution to system (5) can be obtained by the use of a
method of Lindshtedt [34,35] of asymptotic expansion of
trajectory and frequencies in the small parameter & (see
[19] for a detailed exposition of the method). To the order
o(&?), the velocity components read

X)) =0 553 Q2 Q2 [cos(Q7) — cos(y7)],
5D = 7 5 992 [sin(ep — 1 since2d |
. - a)J_Q() COS([QO - Q”]f) (6)
2@ = ””{1 - [ 0, — O
N cos([Qy + Qi) cos(2Q7)
Qy + Q” 20, :I}’

where v = V), Qg = kw, and Q” = 0'w||/0'0; f=1—

t, is the electron transit time. Here « and o to the order

o(&?) are given as functions of & and o, by the following
“self-consistent’ system of algebraic equations:

— 1 e2(3k%2 + o?) T _ 4 e2(k* + o?)

“ 4(k* — a?)?’ oy 4(k* — o?)?’

(N

An analytical solution to Egs. (7) can be found by succes-
sive iterations starting with ‘“‘nonrenormalized” values 1
and o for « and o, respectively. It is worth noting that
Egs. (7) order by order in & provide cancellation of secular
terms in the solution procedure for system (5). Using
Egs. (6) and (7), one can check that 17(2) is conserved to
the order o(e’) and is equal to Vjj as required by the

conservative nature of system (5). It should be also noted
that this solution to the order o(&?) is valid not only under
assumptions made at the beginning of this section but also
for its “‘realizable” counterpart (4) (if B holds constant).
The trajectories of electrons are then given by a straight-
forward integration.

From (6) it follows that the motion of an individual test
electron is a superposition of constant motion with velocity

v and three-dimensional oscillations with normal undu-
lator €} and cyclotron () frequencies, which differ from
their partial analogues w, and w| by “renormalization”
multipliers «k and o/c,. Recall that each subsystem of a
nonlinear dynamical system possesses its own (partial)
oscillation frequency if interaction between subsystems
vanishes. Nonzero interaction modifies those oscillation
frequencies by some amount [36] (represented here by
multipliers « and o/0); « also shows what portion of
electron initial kinetic energy is transferred to the constant
motion. As () tends to (), the amplitudes of transversal
and longitudinal oscillations increase. This signifies the
existence of an internal resonance [37], i.e., a resonant
transfer of kinetic energy from longitudinal constant mo-
tion to transversal and longitudinal oscillatory degrees of
freedom. We call this situation magnetostatic resonance or
magnetoresonance as is customary in the FEM theory [38].

Calculation of normal undulator and cyclotron frequen-
cies ) and ()| requires solution for x and o of the system
of two algebraic equations (7). To achieve maximal accu-
racy it turns out advantageous to solve this system numeri-
cally and use thus obtained values of x and o in the
analytical calculations. In Fig. 2 the results of such a
solution are shown (black and red solid lines). For com-
parison, the result of calculation of x and o via Fourier
analysis of direct numerical solution of Egs. (5) for the
velocity components is also given (shown by dots in
Fig. 2). In Fig. 3 the graphs of « and o vs B), are shown
in more detail for the guide magnetic field values around
the magnetoresonance. At the magnetoresonance Bres ~

6.67 kG the normal frequencies (), and () experience
jumps in order to comply with the conservation of kinetic
energy in the dynamical system (5). As & grows above a
certain threshold value, two zones of regular dynamics
become separated by a chaotic zone centered about the

o 12 —
<10 -
.qy.—q) rd
Q P
5 81 vi=0.66c
g 06 .BJ_:lll kG y
% Aw=1cm
8 04} £€=0.12
S
E 02
Z
0O 1 2 3 4 5 6 7 8 9 10 12

Axial Magnetic Field Bj (kG)

FIG. 2. (Color) k and o as functions of the guide magnetic field
B). k and o are depicted in black and red colors, respectively;
for reference oy(B))) is given by the dashed line. The shaded area
corresponds to the zone of chaotic dynamics as given by the
criterium (8).
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FIG. 3. (Color) k and o as functions of the guide magnetic field
for B values around the magnetoresonance. « and o are
depicted in black and red colors, respectively; for reference
oo(By) is given by the dashed line.

magnetoresonant value of the guide magnetic field (see
Fig. 3).

Mutual orientation of the undulator and guide magnetic
fields causes the kinetic energy transfer from the longitu-
dinal constant motion to undulator vibrational (frequencies
wy and () and then to cyclotron vibrational (frequencies
w) and ())) degrees of freedom of the nonlinear dynamical
system (5); the coupling is provided by the amplitude of
undulator magnetic field B| (¢ = o | /). Such a picture
allows one two possible ways of energy transfer: at mag-
netoresonant (£}, = ();) and nonmagnetoresonant ({}, #
))) coupling regimes. Obviously, the magnetoresonant
regime requires smaller coupling and may become more
advantageous for microwave FEM amplifiers and oscilla-
tors. It is then necessary to clarify how accessible these
regimes are of FEM operation.

Characterizing the onset of chaos by condition zy(z) =
0, we propose the following estimate for the range of
parameters corresponding to the chaotic dynamics:

Q) — Yl <o (k—ol<e). ®)

This analytical estimate is confirmed by numerical calcu-
lations and is consistent with Chirikov resonance-overlap
criterium [39], i.e., appearance of the chaotic state takes
place whenever the difference between normal frequencies
of the system becomes less than the coupling. As will be
shown in Sec. IV, the absolute value of the ratio w | /() —
) (called below the magnetoresonant multiplier) defines
the microwave gain. Results of numerical calculations of
its maximal value for zones of regular dynamics and practi-
cally accessible €(B, V|) are given in Fig. 4 (for each
value one needs to optimize B); solid and dotted lines
correspond to the approach of the chaotic zone from low
and high values of the guide magnetic field, respectively).
This shows that in the magnetoresonant case there exists
limitation on the fraction of energy transferred from con-

2.0

L5}

o, 11Q0 - Q”l

1o}

05}

ellk—-o|

0 0.1 0.2 0.3 0.4 0.5
Dimensionless Undulator Coupling &

FIG. 4. Maximal value of magnetoresonant multiplier as a
function of dimensionless coupling e.

stant motion to oscillatory (transversal and longitudinal)
degrees of freedom posing a fundamental limit on an FEM
efficiency. A calculation shows that %3(7) + y3(7)/23(7) =
0.48 (bars denote time averaging). In Fig. 5 we present a
contour plot of k = 7/ V) as a function of dimensionless
coupling & and guide magnetic field o,. The region of
chaotic dynamics is given in black. In Fig. 6 a map of the
major Lyapunov exponent as a function of & and o is
shown. The calculation included a check that the sum of all
Lyapunov exponents is equal to zero as mandatory for a
conservative dynamical system because of the Liouville
theorem.

It should be noted that in general the presence of non-
zero initial transversal velocity V; = (V2 + V2)!/2 influ-

057t

04r

037

021

0.1}

Dimensionless Undulator Coupling &

0 0.2 0.4 0.6 0.8 1.0 1.2
Dimensionless Partial Cyclotron Frequency oy

FIG. 5. (Color) Contour plot of k = ©)/V) as a function of
dimensionless coupling & and guide magnetic field o,. The
region of chaotic dynamics is given in black.
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FIG. 6. (Color) Map of the major Lyapunov exponent.

ences the shape of the chaotic dynamics zone. A calcula-
tion similar to that in the case V,, = V,, = 0 shows that the
influence of V| is symmetric regarding its sign and, hence,
is less relevant while that of V, is much more important. In
particular, the x component of the initial velocity of a
certain sign can either suppress (V, > 0) or enhance (V, <
0) the zone of chaotic dynamics. Nonzero V, also changes
the position of the edge of the regular dynamics zone at the
zero guide magnetic field. This is due to the fact that the
position of the separatrix on the phase plane z,-Z, depends
on the value and sign of V, and is independent of V. The
position of the edge of the chaotic zone at zero guide
magnetic field (oy =0) is calculated to be & =
{1+ (V/VPT2 + Vo Vid/2.

Finally, let us emphasize two important points about the
nonlinear conservative dynamical system (5). First, the use
of a method of Lindshtedt for finding electron trajectories
allows one to achieve cancellation of nonphysical secular
terms in the series expressions. Second, the system is
degenerate in the sense that at zero amplitude of the
undulator magnetic field or the zero guide magnetic field,
the dynamics is characterized by only one normal fre-
quency instead of two. Under such conditions (after sub-
traction of constant motion along the z axis), electron
trajectories constitute invariant curves, while in the generic
case solutions (6) strongly indicate that they wind up
(surfaces diffeomorphic to) two-dimensional invariant
tori. Under natural projection into the system’s configura-
tion space (cf. [33], p. 192), one can visualize such a two-
dimensional torus (Fig. 7) in the reference frame, which
moves with the mean velocity o of electron, y; = (1 —

o/ ¢2)~1/2. This regular behavior is exhibited by the dy-

0.10

V) = 0.66¢

B, =1.11kG
B||=4.5kG
001w £=0.12
7)|zo-Dyf) (cm) 0.01 0p=043

FIG. 7. Electron trajectory (winding of two-dimensional torus)
under conditions of regular dynamics.

namical system under investigation only for the particular
range of dimensionless parameters &€ and o (cf. [40]) as
can be understood from Fig. 5. When parameters change in
such a way that the motion of electrons becomes chaotic,
we can observe the disintegration of the corresponding
invariant torus shown in Figs. 8 and 9. In Fig. 8 the

Yo (cm)

V|| = 0.66¢
B, =1.11kG
B|=7.25kG
0 €=0.12
7)o~y (cm) 0.5 Oy =0.77

FIG. 8. Disintegration of an invariant torus for a short period of
time.
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Yo (cm)

V|| = 0.66¢
B1=1.11kG
B||=7.25kG
£€=0.12

oy =0.77

-1
0
¥)|(z0-D)r) (cm) 1

FIG. 9. Disintegration of an invariant torus for a long period of
time.

trajectory of the electron is drawn for a small period of time
and looks like winding up a two-dimensional torus, while
for a longer period of time it does not (Fig. 9).
Summarizing this section, we observe that there are two
regimes for pumping kinetic energy into transversal de-
grees of freedom of a hybrid planar FEM: the first one
(advocated here as a more efficient one for the terahertz
waveband) consists in low amplitude of undulator mag-
netic field and the guide magnetic field as close to its
magnetoresonant value as only consistent with the regular
dynamics; the second regime (usually considered in the
literature) would also provide the same ratio w | /(Qy —
)))) through a high absolute value of [Qy — €| given by
an off-resonant guide magnetic field B and a necessarily
high value of amplitude of the undulator magnetic field
B . It, however, seems that values of B | in excess of 10 kG
are currently practically unattainable while guide magnetic

fields of up to 50 kG can be presently achieved.
|

IV. LINEAR AMPLIFICATION: MAGNETOSTATIC
RESONANCE AND MAXIMAL GAIN

Knowledge of electrons’ trajectories (6) in the (ideal)
magnetostatic field of hybrid planar FEM allows one to
develop a gyrotronlike analytical linear theory of micro-
wave amplification. In particular, in Ref. [41] such an
approach was constructed for interaction of an electron
beam with a mode of an arbitrary regular waveguide in a
hybrid FEM as a perturbation theory in the microwave
fields E and B (By, By > c|E|/|5|, |B]). It is based on
the representation of electron trajectory as

At 1,) = (i, 1,) = 7o(@) + Re{Fi (D™} (IFg] > |7]).

It should be noted that an analytical theory of this type is
valid not only far away from the magnetoresonance ({), =
), cf. [42]) but also in its close vicinity. Here we will
apply this theory to study amplification of microwaves in a
hybrid planar FEM under conditions of magnetoresonance
using as an example amplification of TE, and TE;; modes
of rectangular waveguide with wide a and narrow b sides.
The operation at the TE;, and TE,;; modes allows one to
utilize the advantage of the enhanced current of sheet
electron beams [cf., for example, (11)]. Specifically, ne-
glecting the space charge we need to solve, linearized in
the microwave field, a coupled system of equations of
excitation (1) and motion (3) given by a system of ordinary
differential equations with quasiperiodic coefficients. Its
exact solution is achieved by application of a quasiperiodic
analogue of Floquet’s theorem and, under some additional
conditions, comes in the form of an infinite series in
undulator and cyclotron harmonics [43], pp. 90-96.
Under particular synchronism conditions the series may
be truncated to retain a solution pertinent to this very
synchronism neglecting other combination ones (see
[25,26]). In this case, we can write C(z) = C,exp(i&k.z)
for the microwave amplitude (|8k.| << |k2]), where 8k is
the spatial growth rate.
Under the condition of undulator synchronism

w — k?l_)” = O, 9

we obtain dispersion equations:

Sw\?2 I z Qo 2 0 — 2 _ 271/21.
o (oh. = 22) = = mhl ol o | Gesint(5), TEg modelke = [(w/c)? = (/]
I 2cU7, (g = Q7 [ D2sin’(F), TE mode{k! = [(w/c)? = (m/b)]' )

where U = m, v/ (2el) is the nonrelativistic beam voltage
of constant motion and dw = w — kYT — € is a small
mismatch from the ideal synchronism (6w = 0). The con-
ditions for existence of two complex conjugated roots of
each of Eqgs. (10) consist in positivity of their respective
cubic discriminants. These yield in each case the thresh-
olds for such instabilities to occur [44]. Similar to the

conclusions in Ref. [45], we find that interaction between
the transverse component of oscillatory motion and micro-
wave results primarily in axial bunching, which becomes
the main source of instability. Nevertheless (unlike in
[45]), this comes from analytical expressions, which are
valid for all regular dynamics parameters as found in
Sec. III and, specifically, near the magnetoresonance.
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For the ideal synchronism (6w = 0) the spatial growth
rate of the TE |y mode is given by

I 1/3 QO 2/3 X
Im5k1=£<ﬂ-wl 0|) (wJ‘ I ) sin2/3<ﬂ>.

2y \2abc?U. 05 — 9 a

Y

Redk, provides a correction to the cold propagation con-
stant, k2, caused by the presence of electron beam. Result
(11) is similar to those found previously (cf., e.g. [46]) and
also implies that there could exist a substantial enhance-
ment in the (microwave) gain, G = 8.63 Imdk,, because of
the presence of a guide magnetic field. It is also significant
that analytical expression (11) provides a close approxi-
mation of the growth rate, which is in good agreement with
the numerical simulations of the nonlinear self-consistent
system of relativistic equations of motion and equation of
excitation. This is mainly due to the fact that in ), and £},
we account for the initial electron velocity and magnitudes
of magnetostatic fields not only through the definitions of
w( and w| but also via “‘renormalization” multipliers «
and o [cf. (7) and Fig. 2].

More importantly, utilizing results obtained in Sec. III,
we can provide an analytical estimate for the maximal
attainable gain. To accomplish this task, let us substitute
from (8) to find

a)J_Q”/(Q% — Qﬁ) < Q”/(QO + Q”). (12)
Recall that there exists two ways of having the value of
magnetoresonant multiplier, w ; /(Q — ), close to I:
one should either work far from the magnetoresonance
(and provide for a strong undulator amplitude B ) or, as
advocated at the end of Sec. III, operate near the magneto-
resonance (), = () with a moderate undulator amplitude
(see also Fig. 4). From the inspection of the right-hand side
of (12), we observe that its value is about 1/2 around the
magnetoresonance. This provides another reason for pre-
ferring a hybrid planar FEM operation regime slightly
above the magnetoresonance in order to ensure the regular
dynamics of electron motion as detailed in Sec. III (see also
Figs. 2, 3, and 5). We, therefore, find for the upper limit on
the maximal (near) magnetoresonant gain of a hybrid
planar FEM under conditions of ideal undulator synchron-

ism (6w = 0):
3.7 (mwll)\1/3 . 2/3(77)_6)
~ ) —. 13
Yo (abczU) s a (13)

TeS
Gmax

The same conditions of regular dynamics (8) lead to an
important result that around the magnetoresonance the
maximal gain is independent of B (although entering v
in U through «, it cancels out completely by virtue of
synchronism condition [#) = w/(k%(w) + 27/A,,)]; as a
function of frequency, G=5, ~ (k9 + 27T/AW)2/377ilw_1/3.

Under the assumption of undulator synchronism in the
limit By =0 (o =0 and k= 1 —3&?/4), an electron

beam without initial transverse velocity does not interact
with the TE,,; modes of a rectangular waveguide. Then the
TE,; mode turns out to be the lowest one amplified by such
an electron beam, and the bottom line of Egs. (10) can be
used to estimate analytically the gain of a planar FEM
amplifier without the guide magnetic field (cf. [29])

5.93 (moll)|\1/3(w \2/3 . Ty
Glg,—og = —— A —= 2/3(—). 14
=0 Yo (abczU) (Qo) D (14

Although, it should be noted that magnetoresonant gain
[Qp = Qy and w, /(Qg — Q) = 1] calculated using the
bottom line of Egs. (10) is always greater than that one
given by Eq. (14).

Another important characteristic of an amplifier is its
tunability. In the case of undulator synchronism the fre-
quency tuning of an FEM amplifier is achieved by chang-
ing the initial axial velocity, V), of the electron beam and
turns out to be limited only by the requirement of single-
mode operation regime. In Fig. 10 for the fundamental
TE;, mode, one can see that the maximal resonant gain
depends weakly on the frequency in the operating range.
To provide the single-mode operation regime and interac-
tion only with the forward wave, the frequencies are

0.5 v 0.72
o4l l// {070
g =
2 f 10.68 8
203 =02 A Gl
< \ _ {0.66 =
O] 02 | a=28.6 mm =

2 r . Lt =4. =
.§ N i 413 mm 40,64 Z
------ w=1cm <
.1 {062 =
RS
15 20 25 30 40
Frequency f(GHz)

0.5 o
\ ol =2 A a =50 mm =
' _ - 1095 =
/é\ 04 ' B_|_ =35kG b=43 mm 42\
R} Y B =0 Aw=1cm 1090 8
8 03f <
o . >
v 1085 =
) =}
= 027 go
-é 1080 <
L <
01 fo7s 2

. . . . . . . 0.70

30 40 50 60 70
Frequency /' (GHz)

FIG. 10. In the top figure results of analytical calculations of

the maximal resonant gain (solid line) and initial axial velocity
of the beam (dashed line) for the fundamental TE;;, mode are
presented. In the bottom figure we show the gain (solid line) and
initial axial beam velocity (dashed line) at B); = O for the TE,
mode. All quantities are shown as functions of amplified fre-
quency.
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chosen to range from 18 to 32 GHz in this case. Results of
gain calculations for interaction with the TE;; mode are
also shown in Fig. 10. The initial axial velocity must also
change with the frequency [ = o/(k2(w) + 27/A,,)] as
shown in both parts of Fig. 10 to maintain the ideal
undulator synchronism [in the top figure for calculation
of V| from a given v we choose x = 0.8, see Fig. 5; in the
bottom figure to obtain V| from a given ¥ one needs to
solve the equation o = k(V}))V), see (7) and note that in
this case o = 0].

V. NONLINEAR SIMULATIONS OF MICROWAVE
AMPLIFICATION

Numerical simulations of FEM characteristics are usu-
ally concerned with those, as a rule integral, quantities,
which can be directly measured experimentally (e.g. satu-
ration power, efficiency, start current, etc.). However, a
substantial advantage of numerical calculations also lies
in the opportunity of detailed reconstruction of electrons
dynamics and their interaction with the microwave field in
an FEM. Note also that experimental setups of hybrid
planar FEMs under development are supposed to operate
far from the magnetoresonance, but such regimes are not
optimal in terms of efficiency of microwave amplification
because of weak effective pumping of electron oscillations.
As found in Sec. IV, the optimal amplification is achieved
near the magnetoresonance (), = (). This operational
regime of a hybrid planar FEM is studied in the literature
analytically and numerically in comparatively less detail,
mainly, inasmuch as the major attention of researches has
been devoted to hybrid helix and coaxial FEM schemes.
For example, in the hybrid helix scheme, one uses an
annular electron beam, which adiabatic entrance is incom-
patible with the magnetoresonant condition [45] since the
electrons entering the interaction region with different
radial separations from the symmetry axis of the undulator
magnetic field experience large gradients of the undulator
magnetic field, reach orbits characterized by a substantial
mean velocity spread (this orbits fail to be the desired
stationary helicoidal ones), and do not provide an adequate
amplification of microwaves. In the planar FEM on the
undulator synchronism this drawback is offset substan-
tially because a sheet electron beam enters in the symmetry
plane of the undulator magnetic field and, therefore, can
efficiently amplify microwaves under the magnetoresonant
condition.

In numerical simulations of this section, expression (4)
is used for the magnetostatic field of hybrid planar FEM,
i.e., not only do we allow for the transverse inhomogeneity
of undulator magnetic field but also take into account the
adiabatic entrance section (with N,, = 6).

According to the analytical results of Sec. IV, the pre-
dominant phasing mechanism on the undulator synchron-
ism is the axial one. A numerical verification to this fact is
provided in the top of Fig. 11 [calculation of bunching is

z
<
© ol =0.2 A ;
o 15t Bi=111kG
N
<

Bi=10.5 kG K
1.0 Vil = 0.66¢

0.5

Power P

0 50 100 150 200
Axial Distance z (cm)

FIG. 11. (Color) Results of numerical calculations of electron
beam bunching and microwave power amplification (assumed
current density 0.5 A/mm?). The black dashed curve is calcu-
lated neglecting the space-charge field; the blue dash-dotted
curve gives the microwave power if only the potential part of
the space-charge field [see Eqs. (1) and (2) in Sec. II] is taken
into account; the red solid curve is obtained when both the
potential and rotational (given by the vector potential ,K‘“) parts
of the space-charge field are included in the calculations.

performed neglecting the nonradiated (space-charge) field
of electron beam]. The black dashed curve in the bottom of
Fig. 11 is also calculated neglecting the space-charge field.
The blue dash-dotted curve gives the microwave power,
P(z) = |C(z)|?Py, if only the potential part, —Vo, of the
space-charge field [see Eqgs. (1) and (2) in Sec. II] is taken
into account. The red solid curve is obtained when both the

potential and rotational (given by the vector potential A‘”)
parts of the space-charge field are included in the calcu-
lations. In the region 1 bunches are created in the uniform
at the entrance (z = 0) electron beam under the influence
of the seed microwave in its decelerating phase. The inter-
action of the electron beam with the microwave is almost
linear and the microwave power P(z) = |C(z)|>P, grows
exponentially with 2 Im&k, = 0.027 cm™!. In region 2, the
electron beam is maximally bunched and efficiently am-
plifies the microwave (simultaneously about 0.35N of the
beam electrons, which entered the interaction region at 7 =
0 in the accelerating phase of the microwave, draw the
power from the microwave); the total microwave power in
this region increases almost linearly. In region 3, the en-
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ergy flow from the electrons, which amplify the micro-
wave, and those that draw microwave power reaches the
balance and the microwave power attains saturation. In
region 4, there occurs the second (like region 2) consoli-
dation of bunches at z = 135 cm, which subsequently
leads to the second maximum of microwave power at 7 =
230 cm, and so on. It is also worth noting that electrons,
which entered the interaction region at z = 0 in the accel-
erating phase of the microwave, are weaker trapped than
those entering the interaction region at z = 0 in the decel-
erating phase. The small-amplitude fast vibrations in the
top of Fig. 11 are caused by the oscillations of longitudinal
velocity of electrons around its mean value o) [see (6)]. A
simple analytical consideration illustrates the contribution
of the rotational part of space-charge field. For the pre-
dominantly axial nature of bunching at the undulator syn-
chronism as discussed above (see also [28]), we may take
into account only the axial component of the current
density and can show that A" = (9)/c)¢. Thus, we derive
the following approximate relations on an electron’s tra-
jectory:

=2
. . v
B ~E" ~BF ~0,  E"~-E

e 17ﬁ
S Blasy o~ i
E(U X B )x’y =~ E?Ex’y,

i.e. the contribution to the Lorentz force from the longitu-
dinal component of the rotational part, Eles (Bl =
—3A% /(cat)], of the space-charge electric field has oppo-
site sign to that of its potential part, E? (EP = —690), and
in the laboratory frame the contribution from the space-
charge magnetic field can be expressed through the same
potential part of the space-charge electric field. It therefore
follows that beyond the nonrelativistic situation the influ-
ence of the nonradiated (space-charge) field becomes
smaller as v grows:

2qs __ D rlgs v nds \ — _ _U” C
FPP=elEP + E"" + =X BT )= —¢|1l —— |Ve.

c 62

A. Interaction with resonant wave

Results of numerical calculations (neglecting the space-
charge fields) of various characteristics of hybrid planar
FEM as functions of the guide magnetic field B are plotted
in Fig. 12. One can see that the optimal amplification
frequency (the frequency providing for the maximal
growth rate) for undulator synchronism [see (9)] depends
on the guide magnetic field since the mean velocity of
constant motion, v, is also a function of B) at least
through the ‘“‘renormalization” multiplier «. Under the
undulator synchronism the gain, G, and efficiency, 7,

0.5 60
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£ 02 g =
S z 20 2

0.1 10

f
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Y . g e
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0 2 4 6 8 10 12 14 16 18
Axial Magnetic Field By (kG)

FIG. 12. (Color) In the top figure, solid black (gain G) and red
(frequency f) curves are obtained from analytical expressions
(9) and (10); the dots of respective colors are results of numerical
simulations. In the bottom figure, black (saturation efficiency 7)
and red (saturation length L) dots are obtained through nu-
merical simulation; the solid black curves give an analytical
order-of-magnitude estimate for the efficiency. Triangles repre-
sent results of the calculation of gain and efficiency, respectively,
for simplified magnetostatic field of Sec. III. All quantities are
calculated as functions of B for the TE;, mode amplification
under the undulator synchronism neglecting the space-charge
field of the electron beam. The darkened area corresponds to the
chaotic dynamics zone around the magnetoresonance (Blrles =~

6.67 kG).

attain their maximal values (G =~ 0.23 dB/cm and 75 =
6.6%) for the guide magnetic field (B ~ 10.5 kG) higher
than its magnetoresonant value. An analytical estimate of
the width of chaotic dynamics zone for the undulator
synchronism gives B € (6.6,7.3) kG around the magne-
toresonance BlrleS =~ 6.67 kG; numerical simulations ex-

hibit a somewhat wider chaotic dynamics zone. Maximal
gain and efficiency for the magnetostatic field (4) are
achieved at larger separations from the chaotic dynamics
zone than for the simplified magnetostatic field of Sec. III.
In a linear theory the efficiency can be evaluated as 1 =
(’Ymax - Ymin)/(Ymax — 1), where Ymax and Yy, are the
maximal and minimal values of the relativistic factor for
which the spatial growth rate does not vanish. An analysis
of the dispersion equation [see (10)] allows one to obtain
the following order-of-magnitude estimate:
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Vi 3803
(yo — D k2 +2m/A,,

where Q denotes the right-hand side of the dispersion
equation [see (10)]. Observe a greater efficiency of micro-
wave amplification for the guide magnetic field greater
than its magnetoresonant value since under such conditions
a larger portion of the energy of constant longitudinal
motion is transferred to the transversal oscillations of
electrons.

The influence of the space-charge field of the electron
beam is demonstrated in Fig. 13, which shows the satura-
tion efficiency, 7, as a function of the guide magnetic field,
B, obtained through direct numerical simulations of
Egs. (1) and (2). The parameters of beam-microwave in-
teraction correspond to those of Fig. 12. The black dashed
curve is the same as the black dots representing the satu-
ration efficiency in the bottom of Fig. 12, i.e., it is obtained
completely neglecting the space-charge field. The blue
dash-dotted curve is calculated taking into account only

the potential part, —%gp, of the space-charge field of the
electron beam. The red solid curve gives the saturation
efficiency when both the potential and rotational (given by
the vector potential fi‘”) parts of space-charge field are
included in the calculations (cf. Fig. 11). As expected from
a simple analytical demonstration above, the contribution
of the rotational part offsets that of the potential one. It can
be seen that, for the guide magnetic field values slightly
above the upper edge of chaotic dynamics zone, the influ-
ence of the space-charge field on microwave amplification

-~ 8
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FIG. 13. (Color) The influence of the space-charge field on the
saturation efficiency of a hybrid planar FEM at the undulator
synchronism (current density 0.5 A/mm?). The black dashed
curve is calculated neglecting the space-charge field; the blue
dash-dotted curve gives the microwave power if only the poten-
tial part, —V, of the space-charge field is taken into account;
the red solid curve is obtained when both the potential and
rotational (given by the vector potential Aq‘v) parts of the
space-charge field are included in the calculations.

is much less than for its values far away from the magneto-
resonance. This circumstance, in our view, has a twofold
explanation. First, mean transverse separations between
electrons turn out to be almost an order of magnitude
higher than for the guide magnetic field values far away
from the magnetoresonance. Second, in these conditions,
at some regions of interaction space the magnetostatic field
of the hybrid planar FEM leads to a more dense longitu-
dinal bunching of the electron beam, thus, enhancing the
degree of its grouping.

B. Influence of initial velocity spread

To study the influence of electron beam initial velocity
spread on performance of a hybrid planar FEM amplifier,
let us assume that the components of initial velocity of
electrons, v = (m,7y,) ' p(z = 0, t,), are independent ran-
dom variables and each of them is characterized by the
probability density,

(v; — ;)

7] (i=xy2),

Wl = 2807

! ex [
NorE i
where U; and v, are the means and variances, respectively
(v, = v, = 0and v, = V). To obtain a statistically valid
result the saturation efficiency, 7, is averaged over realiza-
tions of random initial velocities of electrons. The typical
dependence of mean saturation efficiency % =
M~'Y¥M 5, on the realization number M is shown in
Fig. 14.

In numerous test runs we found out that the relative
mean efficiency calculated with three-dimensional initial
velocity spread is equal to the product of relative mean
efficiencies computed with one-dimensional spreads only:

7(6v,, dvy, v,) _ 7(dv,,0,0) 7(0, dv,,0)

(0,0, 0) 7(0,0,0)  7(0,0,0)
7(0,0, 6v,)
7(0,0,0)
60
i\’/
= 58
S
=
z 201 s0,=0011, |L=02A a=8.6mm
8 S0,=0 B =1.11kG b=43mm
Q 3 <
% S Bj=105kG Av.=1cm
= 52+t V||:0.66C e=0.12
2
50 M M M M
0 20 40 60 80 100

Realization Number M of Random Spread of v,

FIG. 14. The saturation efficiency averaged over realizations
of random v, versus the realization number M.
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FIG. 15. The mean saturation efficiency versus the normalized

velocity variance. Curve 1 corresponds to the case when the only
v, spread is taken into account while v, = dv, = 0, curve 2
corresponds to the case when the only v, spread is taken into
account while dv, = dv, = 0, and curve 3 corresponds to the
case when the only v, spread is taken into account while év, =
ov, = 0.

This, in our view, nontrivial observation greatly simplifies
calculations of mean efficiency. Then, for example, using
Fig. 15, if v, = v, = 0.015V); and dv, = 0.01V) one
can determine the relative mean efficiency as
7(8v,, vy, 6v,)/n(0,0,0) = 0.69. Besides, we find that
the initial spread of the z component of velocity is more
critical for the saturation efficiency than those of x and y
components because of predominantly axial bunching
mechanism. It also follows from the results shown in
Figs. 15 and 16 that the influence of initial velocity spread
is weak if the normalized variance Sv/V| = (vi +
8v2 + 5v?)!/2/V) is much less than the (ideal) efficiency
7(0,0,0). Figure 16 illustrates that the (near) magneto-
resonant regime of operation of a hybrid planar FEM is
preferable to any other operation regime even if the initial

6.0 =
~ .\.
£ 50 S
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8 30k B =60kG S~
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g ) B” = 180 kG
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Normalized Velocity Variance du./V) (%)

FIG. 16. The mean saturation efficiency for different B)| versus
the normalized velocity variance.

beam velocity spread is taken into account (cf. also
Fig. 13).

Summing up this section, we numerically verified that
neither inhomogeneity of undulator magnetic field and
adiabatic entrance section nor space-charge effects and
initial beam velocity spread influence critically the (near)
magnetoresonant regime of operation of a hybrid planar
FEM proposed in Sec. III.

VI. CONCLUSIONS

We applied Kisunko-Vainshtein’s equations of excita-
tion for regular waveguides to the development of a self-
consistent analytical linear theory of a hybrid planar FEM
amplifier, which is valid not only far away but also around
the magnetoresonant value of the guide magnetic field
(Q) = Q). Nonlinear numerical simulations were under-
taken to clarify the validity of the linear approximation.
Although, as mentioned at the beginning of this article, a
number of approaches to the linear theory of a hybrid FEM
have been already formulated, a new one presented here
allowed us to both provide a consistent and unified ana-
Iytical description of electron dynamics for all values of the
guide magnetic field and, more importantly, to find an
efficient characterization of the dynamical chaos present
in the system. It is also worth mentioning that the zones of
suppressed beam transport found in [12] are in good cor-
respondence with our (semi)analytical calculations for the
zones of dynamical chaos (cf. Fig. 1 in [12] and Figs. 2 and
5 of this article). This is achieved because the method of
Lindshtedt employed by us to obtain test individual elec-
tron trajectories in the magnetostatic field of a hybrid
planar FEM is capable of high precision in analytical
calculations. It should be also mentioned that this method
is sufficiently general to be applicable to describe the
motion of charged particles in spatially inhomogeneous
static magnetic fields like, for example, that in [12,29].

The origin of dynamical chaos is connected to the
possibility of the onset of a stochastic layer around the
separatrix in the system phase space [under the condition
o /w,=[(1+ V}%/Vlzl)l/2 +V,/Vy]/2 motion of an
electron in the undulator magnetic field takes place along
the separatrix] caused by the presence of the guide mag-
netic field, which plays the role of a nontrivial perturbation
capable of destruction of this separatrix. The magnitude
and sign of the x component of the initial velocity of
electrons influence the position of the separatrix in the
phase space and allows one to adjust the location of zones
of regular and chaotic dynamics when the guide magnetic
field is present. An approximate condition that determines
the onset of chaos is given analytically and found to be in
good quantitative agreement with numerical simulations.
The chaotic behavior occurs whenever the absolute value
of the difference between the normal undulator, €}, and
normal cyclotron, Q”, frequencies becomes less than the
coupling, w |, induced by the undulator magnetic field.
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From linearized in the microwave field equations of
motion and excitation a dispersion equation is derived for
the undulator synchronism. We showed analytically that
around the magnetoresonance on the undulator synchron-
ism the gain is nearly completely independent of the
amplitude of the undulator magnetic field. This circum-
stance is known in the literature but only as a result of
numerical simulations (cf. Fig. 2 in [47]). The physical
origin of this effect lies in the fact that the gain is a function
of amplitude of transversal oscillations of electrons in the
magnetostatic field of a hybrid planar FEM. Around the
magnetoresonant value of the guide magnetic field this
amplitude, according to the chaotization criterium (8),
turns out to be bounded and is independent of the ampli-
tude of the undulator magnetic field. The obtained analyti-
cal expression for the gain provides values in good
agreement with results of nonlinear numerical simulations
even when a more realistic assumption on the inhomoge-
neity of undulator magnetic field and adiabatic entrance of
electron beam to the interaction region is taken into ac-
count. The interaction between transversal degrees of free-
dom of electrons and microwave field in the (near)
magnetoresonant regime turns out to be maximal out of
all other possible operation parameters of a hybrid planar
FEM (experimentally for a hybrid planar FEM oscillator
such an operational regime was established, for example,
in [13]). The major result here is that one needs not only to
have a small value of € in order to maintain the relation
v > v (v is the mean transversal velocity) but also to
hold the ratio ¢/|k — 0| = w, /|Qy — Q] as close to the
unity as possible thus providing for the maximal gain and
efficiency.

Numerical calculations were accomplished to study
space-charge effects and the influence of initial beam
velocity spread on microwave amplification of a hybrid
planar FEM. It is found that the rotational part of the
nonradiated (space-charge) field suppresses the defocusing
caused by its potential part and for the guide magnetic field
values slightly above the upper edge of the chaotic dynam-
ics zone the influence of the space-charge field on micro-
wave amplification is much less than for its values far away
from the magnetoresonance. The influence of the initial
beam velocity spread is weak if the normalized variance of
velocity is much less than the ideal efficiency (i.e. the
efficiency calculated neglecting the initial beam velocity
spread) and the (near) magnetoresonant regime of opera-
tion of a hybrid planar FEM is preferable to any other
operation regime even if the initial beam velocity spread is
taken into account (see Fig. 16).

Summarizing, our numerical simulations confirm that
the presence of an adiabatic entrance section and initial
beam velocity spread or space-charge effects does not alter
the analytical conclusions on the advantage of the (near)
magnetoresonant regime of operation of a hybrid planar
FEM.
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