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Coupling impedances of a resistive insert in a vacuum chamber
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We have developed a theory to calculate both longitudinal and transverse impedances of a resistive
short (typically shorter than the chamber radius) insert with cylindrical symmetry, sandwiched by
perfectly conductive chambers on both sides. It is found that unless the insert becomes extremely thin
(typically a few nm for a metallic insert) the entire image current runs on the thin insert, even in the
frequency range where the skin depth exceeds the insert thickness, and therefore the impedance increases
drastically from the conventional resistive-wall impedance. In other words, the wakefields do not leak out
of the insert unless it is extremely thin. Formulas of the impedance valid for various cases of the insert are

categorized in summary.
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I. INTRODUCTION

The impedance of a finite-length, resistive insert in a
beam pipe has recently been studied in several reports [1—
4]. To simplify this complicated problem, it is often as-
sumed that the skin depth is smaller than the radius of the
chamber and its thickness, and therefore investigations
have been limited to the behavior of the impedance in a
high frequency region [2,3]. In this case, the wakefields
inside the chamber are completely shielded and do not leak
out of the insert. However, in the frequency region where
the skin depth exceeds the chamber thickness, these theo-
ries are no longer valid.

In proton synchrotrons, the inner surface of a short
ceramic break is normally coated by a thin (typically about
10 nm) titanium nitride (TiN) to suppress the secondary
emission of electrons. The skin depth can be larger than the
thickness of the TiN coating in low frequency, and the
wakefields may interact with the outside world through
the coating. It is thus important to construct a theory of
resistive insert taking into account its thickness effects.

The resistive-wall impedance has been studied for many
years and many formulas are obtained [5-8]. But, those
formulas are sometimes applicable only to a relativistic
beam with a limited frequency range. Recently, Burov and
Lebedev, and Metral et al. have calculated the resistive-
wall impedance of chambers composed of more than one
layer [9—11]. Their theories, however, assume a beam pipe
with translational symmetry. For a finite-length insert in a
beam pipe, a new theory is needed.

Recently, we have developed the theory to describe the
impedance of a gap that is sandwiched by perfectly con-
ductive chambers [12]. This theory gives us basic under-
standing of the interaction between a beam and a gap.
Replacing this gap by an insert, we can construct a theory
of the impedance of the insert as a three-dimensional

1098-4402/09/12(9)/094401(19)

094401-1

PACS numbers: 41.75.—1i, 29.27.—a

problem. The main difference between a gap and an insert
is that the insert has a finite skin depth, and this skin depth
effect will modulate how wakefields propagate in the
chamber and the impedance of the insert.

We consider only cylindrical symmetric problems in this
paper. The main objective is to study how the impedance
will change from that of the conventional resistive-wall
theory to that of a gap when the thickness of the insert is
changed compared to the skin depth. We develop a theory
to describe the impedance of a short insert with cylindrical
symmetry by generalizing the theory of impedance of a
gap. In Secs. II and III, we develop the theory of both the
longitudinal and transverse impedances, respectively. In
these sections, we compare the impedance of the resistive
wall with finite thickness and that of the short insert. The
paper is summarized in Sec. I'V.

In numerical examples shown in the figures, unless
specified otherwise, we consider a beam pipe radius a =
5 cm with an insert of length ¢ = 8 mm, and conductivity
o, =6Xx10°/Q m. This can be a model for a short
ceramic break with TiN coating in a copper beam pipe.

II. LONGITUDINAL IMPEDANCE OF A RESISTIVE
INSERT IN A BEAM PIPE

Let us start with deriving electromagnetic fields gener-
ated by the interaction between a beam and an insert in the
cylindrically symmetric system. We use the cylindrical
coordinates (p, 0, z) as shown in Fig. 1. We assume that
both the sandwiching chambers and the insert have thick-
ness ¢ and the inner radius of a. The insert is located in the
region where —w < z < w (namely, the length of the insert
g is equal to 2w).

In order to obtain formal solutions of the fields, we apply
the field matching technique to this system. We assume
that the beam has the cylindrically uniform density with the

© 2009 The American Physical Society
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FIG. 1. (Color) The insert (denoted by green objects), which is
sandwiched by the perfectly conductive metal chambers and the
cylindrical coordinate system (p, 0, z).

radius of ¢ and its total charge is 1C. Namely, its current
density is given by

= Bell = O(p — o)]e /e [(ma?), (1)

where O (x) is the step function, k = w/Bc, B = v/c, vis
the velocity of the beam, c is the velocity of light, w =
27f, and f is the frequency. The formal solutions of the
fields at the frequency w inside the chamber are given by
(see Appendix A)

E, = % cZO2 (_lz B O'IO(kp)_Kl (kO'))e_jkZ
y- mo- \k k
o _. Jo(Ap)
+ dhA(h)e =22 , 2
| anaawye v @)

Hy = &Kl(lgff)h(/gp)e_jkz
]kﬁ —jhz Jl( P)
/ dnA(me =TSO
for p < o, and

]Co

E 11(k0)Ko(kp)e T

Z

—jhz JO(AP)

+ L,o dnA(e 0P

“

Hy = &11(750)1(1(15,0)6_"“

Jkﬁ iz 11(AP)
/ dnA(me TS O)

for p > o, where k = k/7y, v is the Lorentz factor, A(h) is
the expansion coefficient, Z,(= 1207) is the impedance of

free space, J,(z) is the Bessel function, and A =

Vk? 3> — h?. The time dependence of the fields is assumed
to be harmonic and it is expressed as the complex expo-
nential ¢/“’. Since E, on the inner surface of the chamber
should be zero except in the insert, the expansion coeffi-
cient A(/) should satisfy the following relation:

JjcZy

L1 Ko(Faye i + j dhA(h)e—I"

0  otherwise,

where V, is the voltage inside the insert at p = a. Here the
assumption was made that the longitudinal length of the
insert g is short (typically shorter than the radius of the
chamber) and thus, the z dependence of E, on the insert can
be negligible. Then, the expansion coefficient A(h) is
rewritten by the insert voltage V; as

Vl sinhw
27 hw

jcZ

Il(ka')KO(ka)B(h k) + A(h) =

(N

Substituting Eq. (7) into Egs. (2)—(5), we obtain

jcZ,
E:]CO

1 _ _
L= 252 etk

B oly(kp)I, (EO')KO(]Ea))e—jkz
I()(lga)

4 foo Jhe-it: Jo(Ap) sinhw,
Jo(Aa) hw

8)

V1 ]kﬂ[ dhe—ihe J1AP) Jl(Ap) sinhw
277 ZO AJO(Aa) hW ’

Hy =2 (ki) +

€))

for p < o, and

E, =L OII(k«r)(Ko(k ) —
7o

Io(kP)Ko(ka))
Iy(ka)

o0 _ . Jo(Ap) sinhw
] hz V0
L7 dpeina P : 10
T [—oo ¢ Jo(Aa) hw (10)

Bc

Hy = —11(120-)<K1(/§p) + K()(ka)ll(m) —Jjkz

Iy(ka)

V1 ]kﬁ[ dhe—ite T1AP). Ji(Ap) sinhw
27T ZO AJ()(AG) hw ’

(an

for p > 0.

For the fields outside the chamber, we follow Silver and
Saunders’s theory [13] and describe those as (see
Appendix B)

H(()z)(Ap) sinhw

\% foo .
=_2 e~dn,  (12)
Y2 ) H((f)[A(a +1] hw

H, = ],Bk v, / HiZ)(Ap) sinhw it dh,
Zy 2m -0 AHP[A(a + 1)] hw
(13)
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FIG. 2. A wall with thickness ¢, the conductivity of o, and the
relative dielectric constant of €’. The beam runs in region I.

for p > a + t, where H (2)(2) is the Hankel functions of the
second kind and V, is the voltage inside the insert at p =
a + t. Here we should notice that Eq. (12) satisfies the
condition that it should be zero on the outer surface of the
chamber except in the insert. These insert voltages V, and
V, will be determined by boundary conditions.

In order to match the solution for p < a and that for p >
a + t, we have to find the relation of fields at p = a and

p = a + t, especially inside the insert. Hence, as shown in
|

Hy(x) = H,y(0) cosh\/ jk,BZO(a-C + j%e')x  E.(0)

Fig. 2, we consider the one-dimensional problem of a wall
with thickness ¢ in free space. We call region (x < 0) region
I, (0 <x <) region II, and (¢ < x < o) region III. The
beam running in region I creates fields on the inner surface
of the wall (x = 0), which are written as E,(0) and Hy(0).
If we assume that the insert obeys Ohm’s law, j=o.E,
Maxwell equations in region II are written as follows:

- —%E (x) = —jkBZyHy(x), (14)
X
dHy(x) _ kBe
Tox ("C )E ) (1)

where €' is the relative dielectric constant of the insert,
usually negligible compared to the first term in Eq. (15)
[14]. The solutions are

E.(x) = E.(0) cosh\/jkBZ()(o-c + jkgel)x

0

iZok B sinhy/ jkBZ +k/3€
+ 1, (0) 2P VIkBZ(o 2% 6

VikBZo(o. + j9)

‘\/Jk,BZ()(O' +]kﬁs)s1nh\/]k1320(0- +]k§0€)
JZokpB :

7)

Since the fields inside the chamber [given by Eqgs. (4) and (5)] and outside the c~hamber [given by Egs. (12) and (13)]
must be connected through the relations (16) and (17), one of the insert voltages V| can be solved as follows:

2ycZol, (ka)e 1k (1

K*p? wtanh,/;kﬁzo(zrﬁ/ Z )

e~ "0 HO[A(a + 1)]

19)

Lo/ 1K)

i stk g KB Zo( + )

Vi=~- (18)

w,//kﬂz (0 + L) ;
J+Y—( kfﬁz a CEvY ) tanhy jkBZo(0 + LD
7 jkﬁz[)(am‘ff)
where J and Y are defined as
jh(Z 13) J (Aa)
J=— dh ! - dh / d

HP[Aa + 0]

z is the matching point that should be inside of the insert, i.e., —w < z < w. The average value of E, [expressed by Eq. (2)
over p] gives the coupling impedance (see Appendix A 1). Since the condition

k2B2 2
VikBZo(o + jAE2

) kBe
+
- tanh\/Jk,BZO(aC J

/

: )z <1 (20)

is satisfied in most of the cases, it can be approximately expressed as

ZL=

2K (ka)I} (ko)

_ % (1 _
5 _
kBmo Iy(ka)

— 21 (ko)K, (iza))ﬁ + Zens @1
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47 (ko)e %

(22)

Z insert, L =

77" ikBZy(o.+ jkpe!
jByalak’B(ka)lJ + Y — % tanh\/jkBZo(o-c + jkgoé/)t]
where L is the length of the beam pipe. The first term in Eq. (21) represents the nonrelativistic space charge impedance
(see Appendix A 1) [12]. The second term Z;,..; in Eq. (21) is the coupling impedance of the insert.

The integration of the Bessel functions can be done simply by picking up residues in the complex plane 4. However, the
integration of the Hankel functions is a quite complicated and difficult task since there are branch points at 4 = £k f3 in the
complex plane /. To proceed further, we follow the manipulation explained in Ref. [12]. We first rewrite the integration of
the Hankel functions as shown in Eq. (C3). This manipulation enables the integration of the Hankel functions over / with
the usual residue theorem. We choose the path of integration to be below the poles for # < 0 and above the poles for 4 > 0.

Finally, we obtain the expression of the longitudinal coupling impedance as

47y (ko)e %

ZL,inser[ = \/7]\3/ » (23)
. ~ — Al JKBZo(o+ 75 N X T
JByazakBI(z)(ka)[Ypole + Ycut - 5w 2 tath]kBZO(o-c + ]kg:)t]
where
© ra(2 — =l /AW ojlb,/a)a-w))
Ypole == S—Zl Wb% , (24)
Yo = 1 o g MTNRETE RS g ) (25)
cut — T T A . . = .
war(a + 1) Jo C(K2B2 + ﬁ)p]&l)(61(77/2)\/@1_162)(61(77/2)\/2) kBw
|
Here, b = k*B%a® — ji. = — B2, jo, are sth zeros of 7
(1) . 4 i . _ ¢ 00 ¢
Jo(z) and H},’(z) is the Hankel function of the first kind. > fp= oy T (27)

We should notice that b approaches — j 3, for j, , > kfBa.
In the above derivation, we used Egs. (C1) and (C3) of
Appendix C. The integration in Eq. (25) over { is much
more straightforward than the integration in Eq. (22) over
h, since there is no singular point except { = 0 along the
integration path.

A. Frequency dependence and length dependence of the
impedance

In this subsection, we assume that the chamber thickness
t satisfies the condition
_( 4g '/
> fonin (772 Z 02) . (26)
We exclude an extremely thin insert case here. This as-
sumption allows us to neglect the effect from radiation
terms such as Y, and Y, in Eq. (23) in the low frequency
region where the skin depth exceeds the insert thickness .
The thickness f,;, is typically a few 10 nm for a metallic
insert.
Krinsky et al. and Stupakov [2,3] studied the impedance
of a short insert. Their results indicate that when g <
(Zyoa*/4m)'/? and

(the frequency fp is typically of the order of THz in our
short insert), then

7, o (1 = 7)2Zy/2
L 2mamk

and is proportional to ,/g.

Let us consider the case that the thickness of the insert is
larger than 2'/2773/4¢,.. and see if our theory can reproduce
Eq. (28) in the extremely high frequency region f > f,.
In this frequency region, we may take a limit of 7 to infinity
in Eq. (23), and the following inequality can be applied to
Eq. (23):

(28)

WijBZOO-C

|Ycut| > kzﬁzw

+ Yoole | - (29)

Then, Eq. (23) becomes

Z (1= )2Zy/g
L.insert 2mali(ka)/Bwk’

by choosing the matching point z as zero for an extremely
thin beam (the beam radius o = 0). Specifically for a
relativistic beam, Eq. (30) reproduces Eq. (28). These
results show that the impedance decreases in proportion

(30)
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to k~'/2 in the extremely high frequency, as predicted by
the diffraction theory [15].

In the intermediate region of f << f, where the skin
depth 6 is still smaller than the insert thickness #, we can
apply the following inequality to Eq. (23):
7TVj kIBZOUc

K B2w
We then obtain the conventional formula of the resistive-
wall impedance for a relativistic beam [7]:

’ 20 1+
ZL,insert = gZO ’ (32)
cZyo,. 4ma

which is proportional to the length of the insert g.
In the low frequency region where the skin depth ex-
ceeds the insert thickness #,

f<fs=

|Ypole + Ycutl < (31)

c
—, 33
TZyo 1> (33)
but the effect from radiation terms such as Y. and Y are
still negligible in Eq. (23), we obtain

|

_ [o.ZoKo(ka)I|(vya) + jByv K, (ka)ly(voa)]e — o.ZoKo(ka)K,(vya) + jByv,K,(ka)Ky(voa)

8

—_—. 34
2maoc,t (34

ZL,insert =

When the thickness of the insert is smaller than
21/2773/41 . but larger than t,,,, Eq. (34) becomes valid
all the way up to fp.

B. Dependence of the insert impedance on its thickness

Before studying the thickness dependence of the insert
impedance, let us study the thickness dependence of the
resistive-wall impedance in order to compare them with
our results afterwards. We numerically calculate the
resistive-wall impedance for different thicknesses of the
chamber by borrowing the general formulas of the
resistive-wall impedance with finite thickness from
Metral et al.’s recent work [10] (see Appendix A 2):

 JZogk (Ko(/;a)

7, = .
L 27 By \ Iy(ka)

+ C3), (35)

where

(36)

3

[—o.Zoly(ka)],(vya) + jByvyl (ka)ly(vya)la + o Zolp(ka)K (vya) + jByval,(ka)Ky(vya)

o= o ZoK [v2(a + 0)]Ko[k(a + 1)] — jByvaKo[wa(a + 1)K [k(a + 1)]
o Zol[va(a + 0)IKo[k(a + 0]+ jByvalo[va(a + 0K [k(a + 1)]

where v, = Vk?> + jkBZyo . The results for a relativistic
beam are shown in Fig. 3. The red, the blue, and the black

lines show the cases that the insert thickness ¢ is equal to
infinity, 10 um and 1 pm, respectively. The impedance
starts to deviate from that for the infinitely thick chamber
when the skin depth exceeds the chamber thickness.
Apparently, the wakefields leak out at low frequency. The
dependence of Z; on the conductivity o, the frequency f,
and the chamber thickness ¢, for the case that the skin depth
exceeds #, can be approximately written as

2g7TZ(2)O'Cf2l3
—

NZ )= (38)

3ac
Contrary to our intuition, the impedance becomes larger as
the conductivity of the material o, increases.

Now, let us discuss the properties of the impedance of
the insert by changing the thickness of it. The thickness
dependence of the real part of the insert impedance ob-
tained by Eq. (23) is shown in Fig. 4. The red, the blue, the
black, the black dashed, the black dot, the green and the
blue dashed, and the red dashed lines represent the cases
that the thickness ¢ is equal to 100 um, 10 wm, 1 pm,
100 nm, 10 nm, 1 nm, 100 pm, and 10 pm, respectively.
When the skin depth is smaller than the thickness of the
insert but the frequency f is lower than f,, the impedance
of the insert is identical to the resistive-wall impedance

(37)

|

given by Eq. (32) (see the results for the case that ¢ is equal
to 100 wm). As we find from the result of t = 10 um in
Fig. 4, if the skin depth exceeds the insert thickness [f5 =
0.42 GHz in this case; see Eq. (33)], the real part of the
impedance becomes independent of the frequency. The
imaginary part is still inductive for the insert with this
thickness. This indicates that the whole wall current runs
in the thin insert, despite the fact that the skin depth
exceeds the insert thickness in most of the frequencies.
In other words, the beam current is completely shielded by
the wall current in the insert, and the wakefields do not
propagate out of the chamber. If this picture is correct, the
real part of impedance should be equal to the resistance of
the wall current Z,,;;. Actually, the results of t = 1 pum to
t = 100 nm (even including the result of 10 nm that is
smaller than 7.;,) described in Fig. 4 are equal to the
resistance of the wall current Z:

g _ 8
o.(a +t)? —a®?] 2mao.t

Zwall = (39)
This behavior of the insert impedance is quite different
from that of the resistive-wall impedance of the chamber
with finite thickness for a relativistic beam, which was
discussed in the first paragraph of this subsection.

When the thickness of the insert is extremely thin like
t < tmins the situation is quite different from the above
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FIG. 3. (Color) The dependence of the real part of the longitu-
dinal resistive-wall impedance of a uniform beam pipe (no
insert) on the thickness of the chamber. The length of the
beam pipe ¢ = 8 mm. Lorentz factor y = 1000. The red, the
blue, and the black lines show the cases that the chamber
thickness 7 is equal to infinity, 10 and 1 pum, respectively. The
impedance for finite thickness starts to deviate from that for
infinite thickness at the frequency where the skin depth exceeds
the chamber thickness.

case. The results of =1 nm to r = 10 pm in Fig. 4
correspond to this case. The frequency f, and the skin
depth 6 are no longer dominant parameters. The new
parameter,

_ o2 Zc

fc - ’ (40)

4mg
plays a more important role in the impedance. In the

1000 T T

100 - =< 7

0r \::\"\ ]

L b
orr __-_IA

0.01 | 1

Relz,J10]

0.001

0.0001

T
1

0.00001 . L
0.01 0.1 1 10

f[GHz]

FIG. 4. (Color) The thickness dependence of the longitudinal
impedance of the insert in the relativistic beam case. The red, the
blue, the black, the black dashed, the black dot, the green, and
the blue dashed and the red dashed lines represent the cases that
thickness ¢ is equal to 100 wm, 10 wm, 1 wm, 100 nm, 10 nm,
1 nm, 100 pm, and 10 pm, respectively. The matching point is
z=0.

frequency region f < f,., the contribution from the wall
current dominates in the impedance. In the rest of the
frequency, the radiation effects become dominant contri-
butions. The dips for these cases in Fig. 4 correspond to the
cutoff frequencies of the chamber. The imaginary part of
impedance becomes capacitive, which is opposite to the
result of £ > ;.

Figure 5 represents the dependence of the impedance on
the length of the insert g when the thickness of the insert ¢
is equal to 1 nm and Lorentz factor v is equal to 1000. The
red, the blue, and the black lines show the longitudinal
impedances per a unit length for the cases that the length of
the insert g is equal to 2 mm, 8 mm, and 18 mm, respec-
tively. The impedances themselves (not normalized by the
gap length g) are proportional to /g in f > f ., while they
are proportional to g in f < f.. As the insert becomes
longer, the frequency f. becomes lower [see Eq. (40)], and
the frequency range where the radiation effects dominate in
the impedance becomes wider.

The physical reason of why the whole wall current tends
to run on the thin insert except for the extremely thin insert
case is that the nature tries to minimize the energy loss of a
beam, which is smaller when the wall current runs on the
thin insert with large resistance than when it converts to the
radiation out to free space (= gap impedance). When 1 <
tmin» the real part of the correct impedances using the
present theory is smaller than the hypothetical impedances
calculated by extending the simple formula (39) to these
extreme thicknesses. The real part of the impedance, i.e.
the energy loss of a beam, becomes smaller by the wall
current converting to outer radiation than it staying in the
extremely thin insert.

1000 : :
T
Y ¥
100 .
B
~
S
3 10} -
NJ
]
o
‘I [ -
0.1 : *
0.01 0.1 1 10

f[GHz]

FIG. 5. (Color) The longitudinal impedances per a unit length
for the case that the thickness of the insert ¢ is equal to 1 nm and
Lorentz factor vy is equal to 1000. The red, the blue, and the black
lines show the cases that the length of the insert g is equal to 2, 8,
and 18 mm, respectively. The impedance itself (not normalized
by the gap length g) is proportional to /g in f > f., while it is
proportional to g in f <K f,.
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Finally, we briefly mention the nonrelativistic beam case
for the insert that satisfies ¢ > 1,,,;, as a typical case. The
same discussion as in the relativistic beam case is valid in
this case as well. Simple formula which is based on the
formulas

8
mo[(a + 8)? —a’]

and Eq. (39) in the frequency region where the skin depth is
smaller than the thickness ¢, and is larger than the thickness
t, respectively, provides good approximation to the correct
impedance of the insert.

Zyan = 41)

III. TRANSVERSE IMPEDANCE OF A RESISTIVE
INSERT IN A BEAM PIPE

Following the manipulation for the longitudinal case, we
consider the situation where a beam is traveling in the
chamber with the charge distribution of the azimuthal
dependence as j. = qBcd(p — r,)cosbe /¥ /mr,. At
first, we describe fields inside the chamber as in Ref. [12]
(see Appendix A):

_ [k cZo _ 1 (kry) e Ik
£ = i 25 L0 (ki) — Ktk L)
e Sinhw J 1(Ap)
+ sz dhe™/ i Jl(Aa)]COSG (42)

for p <r, and

k cZ e Ik
E, = 1|:],y——OK1(kP)I1(ka)

- ZJ1( P)
/ dhA(h)e " 7 (ha )]0059 (43)

—jkz

Hy - il[cﬁi[Ko(/Em K (fp) iy (fry)

_inz 1 (B(W)J,(Ap)
e GGt pJ1(Aa)

L kBA L T1(Ap)
Zoh A(h)J (Aa ))]cosﬁ, (44)

_ = [” —jhz Ji(Ap) .
H, llj;ooth(h) J 1( 2 sind, (45)

Z, _ _ ek o0 . jkBZ,
By = i 2k @)t )+ [ ane e ZEED
TP r — A

A(h) d (Ap))] sinf,

Ji(Ap) . h A
1 a

Ji(Aa) — ZokBp

(B(h)A
(46)

for p > r,, where i} = gr;,, and A(h) and B(h) are expan-

sion coefficients. Since E, and E, on the inner surface of
the chamber should be zero except in the insert, the ex-
pansion coefficients A(4) and B(h) should satisfy the fol-
lowing relations:

k 7 —jkz
L 20 kRt (fry) - f dhA(h)e— 7"
0 otherwise,
cZ —jkz
— K\ (kp)l, (krb)
_ k,BZO J(Aa) h
he~ihz P20 (B + A(h )
,[ d (WA Ji(Aa)  ZykBa (h)

aV
a4 —w<z<
{W for w<z<w (48)
0 otherwise,

where V| and V, are the voltages inside the insert at p = a.
Then, the expansion coefficients A(h) and B(h) are rewrit-
ten by the insert voltages V| and V, as

% Ryt 2= 4y = 7, S
7 rp
(49)
Z oh — k
o Kyt ry) "
JjkBZ, J(Aa) h -~ sinhw
" A? (B(h)A Ji(Aa) - Zok,BaA(h)> B hw
(50)

Substituting Eqgs. (49) and (50) into Egs. (43)—(46), we

obtain
k cZ 1,(kp)
E, _lll:]z 0<K1(k,0)_ : _p
v I(ka)

B hw J(Ap)
n jnz SIDAW sin 1 :I
sz dhe w7, (Aa) cosé, (51

—kz

K, (ka))l (ZAES

—jkz

il{cﬂ%m(ép) + Kol (k)

Ki(Ra)l} ()l (Fry) o

TP Il(k )

— i /00 dhe— i Jh |: VIJI(AP)
- ZoA LjkBpJi(Aa)

pk/;lc{IA(ZAJ?()Aa))]}C(’SQ

kBJi(Ap)
hJ,(Aa)

+ 7y
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A Ji(Ap)

L[ _.osinhw (- jhV,
H, = dhe =i (V - )
‘ Z‘L,o ¢ hw "' A2a) jkBZy Ji(Aa)

X sind, (53)

. CZo( 1y (kp) ) ek
E,= 2K, (ka) )I,(k
0 [ 1( p) — 1,(ka) 1 61) 1 ( Vh)
- _.._sinhw J{(Ap)
N jne SID /
Vi _[, dhe hw  Ji(Aa)
_. jhsinhw ( J(Ap)  J{(Ap)
o [ (2
Vz[ dhe 78 T \psy(Aa)  all(Aa)
X sin#, (54)
for p > ry,.

Second, we have to know fields outside the chamber to
apply the field matching technique [6]. They are (see
Appendix B)

E.— iV, [m dh
(55)

e kB HP(A h?
H0=i1V2f dh(—j—ﬁ—(z)l Ap) 1
—0 Zy AHP[A@+0D] " P

HP (Ap) )

ZokBla + NAPHIP[Aa + 1)]
sinhw

X

hw

Hﬁz)(Ap) sinhw

e " cos,
HP[A(a + 1] hw

X

) e h
e " cosh — iV, f dh—
o P

H(z)(Ap) sinhw

—jhz
ZABAH P A+ 0] B © <

(56)

. 00 aof . iIVZI’l )
[_m dhjA (lIVI ]7(0 A
HP (Ap)
ZokBAHP[A(a + 1)] hw

inhw
SIVW o=inz sind,  (57)

kBe

H.(x) = H.(0) cosh\/ jk,BZO< )

. ) - E0)

(. o HPAp) .k
ToN HOA @ + 0] (@ + DA2

) sinhw

Eazi]VZ/oo dh

H{? (Ap)
HP[A(a + 1)]

+i1V1[OO dh

e /M sing

H;(z)(Ap) sinaiw

e /M ging,
HP[Aa +1)] hw

(58)

where Hf,%)(z) is the Hankel function of the second kind, the
prime means the differential by its argument z, V,, and V,
are the voltages inside the insert at p = a + t. In the
process of obtaining the above equation, we used the
approximation that V| and V, are almost constant.

We have to find the relation between fields at p = a and
those at p = a + ¢. Similarly to the longitudinal imped-
ance, let us assume that the relation is approximately
obtained by solving the one-dimensional problem as shown
in Fig. 2. Maxwell equations in region II depicted in Fig. 2
are given by

9By (1) = — jkBZyH.(x), (59)
0x

_ 0H,(x) kBe
R CRNE = BN (Y

in addition to Egs. (14) and (15). In addition to Eqgs. (16)
and (17), the solutions are

0

Ey4(x) = E4(0) cosh\/jk,BZO(a'C + jkgel)x

JZokfB sinhyjkBZo(cr. + j*E9)x
VikBZo(o, + j*£9)

— H,(0) , (61)

VikBZo(o. + L) sinha[jk BZo(or. + jL5)x

62
JZokB (02)

Since the fields given by Eqgs. (51)-(54) and those given l~3y Egs. (55)-(58) must be connected through these relations
[Egs. (16), (17), (61), and (62)], one of the insert voltages V, can be solved as

<
[\e)

jeZol, (kry)e %

wkaryl,(ka)(— TN IkBZo7e

K B>w

: (63)
tanh\/jkﬁZOO'C[ + P — P3)
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P—Lf dh/ dé e ih(z— f)( ;(2)[A(a+t)]_J1(Aa)> 64

2w A \HYA@+0] Li(Aa)/)
I R HPMa+1)  Ji(Aa)
AT [ W [ LT g ((a + 0’ HP[Aa + 0] @] (Aa)>’ (65

where z is the matching point of magnetic fields.
If we substitute Eq. (63) into Eq. (42) and use the Panofsky-Wenzel theorem [7,16], we can finally obtain the expression
for the transverse impedance as

RZyk
Jv’Bry
The first term of Eq. (66) represents the transverse space charge impedance for a nonrelativistic beam (see Appendix A)

[12], while the second term gives the transverse insert impedance Zr j,q.c. Using Egs. (C1), (C2), (C4), and (C5), we can
rewrite Zr insere as

I, (lErb)) 7@V, sinkw

IR 1(ka)) " cpyl,(ka) kw

(66)

=

7 JZol, (kry)e 7%
T,insert - ~ ’
Byryakl3(ka)(— TNIKBZ00e tanh\/jkBZyo .t +Y' . +Y!)

TRERw pole cut

(67)

where

) 7Ta(2 _ e—j(blu‘/a)(z+w) _ ej(blvs/a)(z—w)) mal, (]Il )(2 _ e—j(b’lx/a)(z+w) . ej(b'lvs/a)(z—w))
Y[/)ole = Z[_ 2 + : 2022 7 ]
s=1 Wbl,s k B a W-Ils‘, (-]1 s)

7TH§2)(/’1/1 02— e ld o/ latn]zrw) _ ej[d’lyo/(aﬂ)](z—w)) (2 — e IkBEtW) _ pjkBz=w))
- : +
2B (a + DwhZ HP (h) ) wk? g

><( HP(hy) 1 )
(a+ t)h/l?OHq/(Z)(h/l,O) 2a

(68)

cut =

1 foo (2 — e JETWNRB L/ (at)? _ pjlc—wNKB+ L/ ati)?)

d 4 4

R LB + (ﬁ%) H(ei/D SO HP (172 J7)

N (e JEHWIkB 4 piz=WkB — =il WK B L/ (ati) _ o=/ B +{/(a+?)
_[0 kzﬁz(a + t)ﬂ'w{zH'(l) ef(”/z)f /(2) e,(r/z)m

—2 + 4T F 2jkBwsinh ™! £ 4 o ~iHmkB 4 pilz-wikB
J2kBw

=~ 4tan~! + , 69
e 12B%(a + 12JT T 2k Bw (©9)

where by, = ‘/k2,3202 —jie b= \/kzﬁzaz — ji%»  straightforward for numerical calculations, since there is
d o= m’ jns are the sth zeros of J,(2), /| . no singular point along the integration path.

are the sth zeros of Ji(z), h}, = 0.501 184 + j0.643 545:
the Oth zero of H/(z) (2) (the differential of the Hankel
function of the second kind) and H(l) (z) is the Hankel
function of the first kind. We should notice that b} ; ap-

A. Parameter dependence of the transverse impedance

Now let us examine the frequency dependence of the
transverse impedance. We start to study from the extremely
high frequency and then will gradually lower the fre-
proaches _j\/j/f.g — k*B*a’ for j > k*B*a’. Again, we  quency. When the thickness of the insert is larger than
reach the equation where the integration over £ is just — 21/273/4; . [see Eq. (26)], the wakefield leaks out of the
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insert in the high frequency region specified by f > f)
[see Eq. (27)]. In this frequency range, the transverse
impedance is approximately given by

_ (= )ZyJke

P L 70
! 8v2Bvy2al? (ka) (70
which becomes for a relativistic beam
1—j)Z
- ( J) 0\/§ a1

r= 22k32a3

In the frequency region where f < fp but still the skin
depth is smaller than the insert thickness, the impedance is
approximately written as

7 e VikBZgl, (kry)
T.insert 2y7Trba\/0'_C1f(l€a)’

which reproduces the conventional resistive-wall imped-
ance for a relativistic beam [7]:

(72)

Zowo,

1+
L. (73)

ZT,insert = g¢
2¢ wo.wa

In a lower frequency where the skin depth exceeds the
thickness of the insert, the impedance becomes
_ 8¢
ZT,insert - 277'2fa3 O'Cl" (74)
When the thickness of the insert is smaller than
21/2773/4¢ . but larger than t,,,, Eq. (74) gives correct
impedance all the way up to fp. Finally, in the region of

3¢
dmZyo.ta’

f<f= (75)
the wakefields leak out of the insert again. It is almost
identical to the gap impedance Z,,, described in
Ref. [12], and goes down toward zero as the frequency
approaches to zero.

Now, we consider the thickness dependence of the in-
sert. The dependence of the real part of the insert imped-
ance on the insert thickness is shown in Fig. 6. The red, the
blue, the black, the black dashed, the black dot, the green,
the blue dashed, and the red dashed lines represent the
cases for the thickness 7 equal to 100 um, 10 um, 1 pm,
100 nm, 10 nm, 1 nm, 100 pm, and 10 pm, respectively.
Similar to the longitudinal case, we at first consider the
case that the thickness of the insert ¢ is larger than 7,,;,. The
result of # = 100 pm in Fig. 6 corresponds to the case that
the skin depth & is smaller than the thickness of the insert ,
which reproduces Eq. (73). The results of t = 10 um to
t = 100 nm in Fig. 6 represent the case that the skin depth
6 exceeds the thickness of the chamber 7 except at the low
frequency extreme f << f; [see Eq. (75)]. These imped-
ances (even including the result for 10 nm which is smaller
than 7,,;,) agree very well with those obtained from the
simple formula,

10000 T T
1000
100
e
§. 10
N 1
[0}
o
0.1
0.01
0.001 : :
0.01 0.1 1 10

f[GHz]

FIG. 6. (Color) The thickness dependence of the transverse
impedance of the insert for the relativistic beam case. The red,
the blue, the black, the black dashed, the black dot, the green, the
blue dashed, and the red dashed lines represent the cases that
thickness 7 is equal to 100 wm, 10 wm, 1 xm, 100 nm, 10 nm,
1 nm, 100 pm, and 10 pm, respectively. The impedance becomes
proportional to f~!, when the skin depth exceeds the insert
thickness. The matching point is z = 0.

2B¢ Beg

NZrl==—Zya = =——>—, 76
[T] azw wall 277'2‘](030'61‘ ( )

where Z,,, is identical to Eq. (39). The case of t = 10 um
especially helps us to understand the behavior of the real
part of the impedance, which starts to deviate from Eq. (73)
and becomes proportional to f~! when the skin depth
exceeds the insert thickness [f < f5; see Eq. (33)]. In the
frequency region specified by f; < f < fs, the whole wall
current runs on the thin insert, and wakefields are still
confined inside the chamber. Contrary to the longitudinal
impedance, this picture of the insert impedance is appli-
cable to that of the resistive-wall impedance for the trans-
verse impedance. We numerically calculate the resistive-
wall impedance for different thicknesses of the chamber by
borrowing the general formula (A49) of the resistive-wall
impedance with finite thickness from the recent work of
Metral et al. [10] (see Appendix A 2). The results for a
relativistic beam are shown in Fig. 7. The red, the blue, the
black, the black dashed, and the black dotted lines show the
cases that the insert thickness ¢ is equal to infinity, 10 pm,
1 pwm, 100 nm, and 10 nm, respectively. The entire wall
current runs on the chamber for the resistive-wall imped-
ance as well, after the skin depth exceeds the chamber
thickness. But at the region f < f; (but not quite lower as
in the short insert) where the skin depth is much larger than
the chamber thickness, the resistive-wall impedance starts
to fall off.

In the case that the thickness of the insert 7 is extremely
thin like 1 < #,,;,, the situation becomes significantly dif-
ferent. The results of # = 1 nm to 10 pm in Fig. 6 corre-
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FIG. 7. (Color) The dependence of the real part of the transverse
resistive-wall impedance of a uniform beam pipe (no insert) on
the thickness of the chamber. The length of the beam pipe g =
8 mm. Lorentz factor y = 1000. The red, the blue, the black, the
black dashed, and the black dotted lines show the cases that the
chamber thickness ¢ is equal to infinity, 10 um, 1 wm, 100 nm,
and 10 nm, respectively. The impedance for finite thickness
starts to deviate from that for infinite thickness at the frequency
where the skin depth exceeds the chamber thickness.

spond to this case. The parameter f; should be replaced by
a new parameter:

fo=a (zg—‘sy. (77)

2w \Z3ola*?

Contrary to the longitudinal case, f, as well as f,. [see
Eq. (40)] are used to classify the property of the impedance
along the frequency axis. In the frequency region f, <
f < f., the contribution from the wall current dominates
in the impedance, while the radiation effects dominate in
the rest of the frequency. Figure 8 shows the dependence of
the impedance on the length of the insert g where the
thickness of the insert ¢ is equal to 10 nm and Lorentz
factor vy is equal to 1000. The red, the blue, and the black
lines show the transverse impedance per a unit length for
the cases that the length of the insert g is equal to 2 mm,
8 mm, and 18 mm, respectively. Since the wall current
effect dominates in the impedance in the frequency region
f,<f < f., the impedance is proportional to the length
of the insert g. The impedance is proportional to ,/g in the
higher frequency region, as the contributions from the
radiation dominate in the impedance. The wakefield makes
dips in the impedance curve for the frequency that is larger
than the cutoff frequency of the chamber. Especially, in the
case of the infinitesimally thin insert, the impedance is
identical to the gap impedance, in the entire frequency.
Like the longitudinal case, the transition thickness of the
insert at which the wall current starts converting to the
outer radiation from running on the thin insert is deter-

1000 T T

100

0.01 0.1 1 10
f[GHz]

FIG. 8. (Color) The real part of the transverse impedance per a
unit length for the case that the thickness of the insert 7 is equal
to 10 nm and Lorentz factor 7 is equal to 1000. The red, the blue,
and the black lines show the case the length of the insert g is
equal to 2, 8, and 18 mm, respectively.

mined by which case minimizes the impedance and thus
the energy loss of a beam. Figure 9 demonstrates this fact
by comparing the correct impedances with the hypothetical
ones obtained by extending the simple formula (76) to
these extreme thicknesses.

Finally we briefly mention the nonrelativistic beam case.
The same discussion as in the relativistic beam case is valid
in this case as well. The transverse resistive-wall imped-
ance [10,11] well describes that of a short insert except the
extremely thin case like # < 7,,;, and in the low frequency
extreme: [ <K f.

10000 x x
1000
100 [
€
c 10
=,
N
)
[a'4
0.1
0.01
0.001 [ 1
0.01 0.1 1 10

f[GHz]

FIG. 9. (Color) The transverse impedances for the case of t <
min- The green solid and dashed, the blue solid and dashed, and
the red solid and dashed lines show the cases that the thickness of
the insert ¢ is equal to 1 nm, 100 pm, and 10 pm, respectively.
The solid lines are based on the present theory, while the dashed
lines are calculated hypothetically by extending the simple
formula (76) to these extreme thicknesses.
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IV. SUMMARY

We have developed the theory to describe the longitudi-
nal and the transverse impedances of a short insert with
cylindrical symmetry sandwiched by the perfectly conduc-
tive chambers by generalizing the theory of a gap imped-
ance. When the thickness of the insert 7 is larger than
21234 in[= (16g 7/ Z30r2) /4], the impedance by our
theory in the frequency region of fs(= c¢/mZyo.1*) <
f < fp(=+c?Zyo./2m*g) reproduces the results of the
resistive-wall impedance. Moreover, the result by our the-
ory in the higher frequency region is consistent with the
prediction of the diffraction theory. Formulas valid for
various cases of inserts (including the resistive-wall im-
pedance) are categorized in Table I.

An interesting finding for the short insert is that when
the thickness of the insert ¢ is larger than 7,;,[= (4g/
m*Z303)/4] (typically a few 10 nm for a metallic insert
and a few times larger than the thickness of TiN coating
inside a short ceramic break in a proton synchrotron), the
entire wall current runs in the thin insert even when the skin
depth exceeds the thickness of the insert [strictly speaking,
except the low frequency extreme given by f < f; (= 3¢/
47 Zyo  ta) for the transverse impedance] and therefore the
impedances increase drastically from the conventional
resistive-wall impedance. This feature of the short insert
does not depend on whether a beam is relativistic or not. In
other words, this behavior is quite different from that of the
resistive-wall impedances, especially from the longitudinal

TABLE 1.

impedance for a relativistic beam. In this resistive-wall
case the wakefields immediately propagate out of the
chamber once the skin depth exceeds the thickness of the
chamber.

The physical reason of why the whole wall current tends
to run on the thin insert except for the extremely thin insert
case is that the nature tries to minimize the energy loss of a
beam, which is smaller when the wall current runs on the
thin insert with large resistance than when it converts to the
radiation out to free space(= gap impedance).

Only when the thickness of the insert ¢ is smaller than
tmin» the contribution from the wall current in the imped-
ance of the short insert starts to diminish. For the longitu-
dinal impedance, the parameter f.(= 02Z3t*c/4mg)
specifies the upper limit of the frequency where the wall
current effects are dominant in the impedance. As the
insert becomes thinner, this upper limit moves to a lower
frequency. For the transverse impedance, the another pa-
rameter f,[= (gc*/4m Z302a*?)'/] specifies the lower
limit of the frequency region where the wall current effects
are dominant. As the insert becomes thinner, the lower
limit moves to a higher frequency, and as a result, the
frequency region where the wall current effects dominate
in the impedance becomes narrower from the both sides.
Finally, for the extremely thin insert, both the longitudinal
and the transverse impedances by our theory converge to
those of the gap impedance.

Since these parameters f,. and f,, that specify the wall
current dominant region, are proportional to t?/g and

Valid formulas categorized according to various cases of inserts, where a is the

radius of the chamber, g is the length of the insert, 7 is the thickness of the insert, c is the velocity
of light, Zy(= 1207) is the impedance of free space, o, is the conductivity of the insert, f is the

frequency, 8(= \Jc/mZ,fa,) is the skin depth, f5 = c¢/mZyo 1%, f1 = 3c/4mZyo ta, fp =
Vezpo 278, fo = 02Z3Pc/dmg, . = (g JAm Z3o2a*?)' 3, and tyy, = (dg/m2Z3al) V™.

Type of Z Conditions Relativistic beam Nonrelativistic beam
Z Arbitrary Eq. (23)
>0l f<fs Eq. (39) for R[Z, ]
fs <f<fp Eq. (32) Eq. (41) for N[Z, ]
> fp Eq. (30)
1 <L <2l/2q3/4 fF<fp Eq. (39) for N[Z, ]
> fp Eq. (30)
tm’m <1 f<f, Eq. (39) for N[Z; ]
f>fe Zgap,” in [12]
Zr Arbitrary Eq. (67)
> 212 f<fL Zgap,1 in [12]
fL<f</rfs Eq. (76) for N[Z]
fs<f<fp Eq. (73) Eq. (72)
> fp Eq. (70)
1<;L< 21/273/4 fF<f Zgap 1L in [112]
fL<f</p Egq. (76) for N[Zr]
> fp Eq. (70)
L <1 [ <f<f. Eq. (76) for N[Z;]

‘min

(f<fIU(fe<f)

Zyp 1 in [12]
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(g/1*)'/3, respectively, the increase of the length of the
insert g has a similar effect on the impedance as the
reduction of the insert thickness, especially when the
thickness of the insert is smaller than 7,,.

It is remarkable that the parameters f,;, and fp are
proportional to g'/* and g~'/2, respectively. Then, the
longer the length of the insert g is, the more easily the
radiation effect appears in the impedances. In general, as
the insert becomes longer (but still shorter than the radius
of the chamber), the wakefields tend to propagate out of the
nsert.

ACKNOWLEDGMENTS

The authors would like to thank E. Metral, B. Zotter, and
F. Caspers for discussions. The authors would like to
express special thanks to E. Metral for his hospitality and
help during their stay at CERN. The authors also would
like to thank the members of J-PARC project at JAEA/
KEK.

APPENDIX A: SOLUTIONS INSIDE THE
CHAMBER

The Maxwell equations can be written as wave equa-
tions. Assuming that electromagnetic fields have time de-
pendency of ¢/, they become Helmholtz equations:

(A + I2BYE = jkBZyj + V(cZop), (Al

(A+K2B)H = -V X |. (A2)

In the cylindrical coordinates for an axially symmetric
structure, the wave equation for the longitudinal compo-
nent of the electric and magnetic field contains no trans-
verse field component. They are decoupled. For the
longitudinal field, there is a source term cZydp/oz +
JkBZyj., while the z component of V X 7 vanishes for
particles with the longitudinal velocity only.

We assume that a macroparticle with charge ¢ travels

Then, the charge density is expressed as

p= 1+m 8(p —1p)8,(0 — 0,)8(z — Bet)

"y
dk
= ImPm> (A3)
mZO/2
P = ;8(,0 — rp) cosm(0 — 0))e Kz Ben
"+ 8,,0) b b ’
Im = qry, (A4)

where 6(x) is the & function, 6,(6) is the periodic &
function, and &,,, is the Kronecker &. Since the general
solution of Maxwell equations is obtained by the superpo-
sition of those for i,,p,,, we choose i, p,, as the source
term. Let us define the source field specified with subscript
S as the solution which satisfies the Maxwell equations
with p,,, fm and vanishes at p — oo. It is given by

s W‘%O(krb)[(o(]gp)eiikz for P > ry
EZ = ]kaoIgO(krb) I —Jjkz (A6)
B B ly(kp)e 7 for ry > p,
B ES = HS = Bkczi"r(ykr”)K (kp)e™/= for p>r,,
Z — Bl 1y (kp)e /< for r, > p,
(A7)
for m = 0, and
HS =0, (A8)

Y

keZokallr) 1 (fp) cosm(f — ,)e/*

i '}’2

s {Mn%ml(m(lgp)wsm(ﬁ —0y)e /% forp>r,
E =

for r, > p,

A9
along the pipe at the constant radial offset position p = r, (A9)
0 = 6, with velocity B¢ in the longitudinal direction.

|
- EHS s %WK (kp) sinm(6 — 6,)e % for p > r,, A10)
B’ ’ %Im(kp) sinm(6 — 6,)e 7%= for r, > p,
Belukn) [ (kp) + K,y (kp)lcosm(0 — 0,)e % for p >
EES s — 2y -1kp m+1\Kp)|cosm b)€ or p = rp, (A1)
2R —ﬁ%%MMJ@H%ﬁMMwWW—%kW for r, > p,

for m > 0, where k = 27rf/Bc, k = k/7y, and K,,(z) and I,,(z) are the modified Bessel functions, respectively.
General solutions (especially E_, Hy) inside the chamber for m = 0 are expressed as
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E.—ES+ fw dhA(h)e‘f’”%, (A12)
. ;
H, = HS—i-]kB[ dhA(h)e =i Jl((Ap)) (A13)

and those (especially E,, E 0> Ho, H,) for m > 0 are

o0 o (A
E. = im[Ef + / dhA(h)e*thM cosm(f — Hb):l,

Jn(Aa)
(Al4)
ih (mB(h)J,,(Ap)
Hy = i,| HS - f dhe 1tz 22 <7"
o= N\ pd,(Aa)
+ kB (h) - (Ap))cos 6—6 )] (A15)
Zoh " T, (Aa)) T
0 i J
H, = f dhi,,B(h)e 1" EAP; inm(0 — 6,), (A16)
3Ju(Ap)
: o _ine JKBZ 9
E, = E5+[ dhe=ihe! °<B P
=il E5+ [ )5
mh In(Ap)\ .
+ A(h 0—46,) | Al7
ZokBp ™ )J,n(Aa))s‘“’"( v} am
where J,,(z) is the Bessel function and A = /k*B? — h?.
1. Impedance of a perfectly conductive chamber
When a beam with the current density j, = Bc[l —

O(p — o)le /*/(ma?), where O(x) is the step function,
passes through the chamber, the source field (especially
E.) is expressed as

ikcZye Ik p - .
E} = %([ dryrylo(kry)Ko(kp)
maty 0
+ [ drnko(krtotie) )
p
icZy (1 - - )
=J 02 (E — olykp)K, (ko‘))e_/kz for p = o,
TYOo
(A18)
ikcZye Ik
Ef = % f dryrylo(kry,)Ko(kp)
ao?y?  Jo
Z
_Je Oll(ka')Ko(kp)e * forp=o. (A19)
e

When the chamber is made of the perfectly conductive
material, the longitudinal electric field inside the chamber
is given by

icZy (1 - — .
E, = 1% (= ~ oly(Bp)K, (ka))e’/kz
mTyo- \k
Z Iy(k
_Je 01 (For) Ky i) 2! p) i for p = o,
Io(ka )¢
(A20)
Z
E =1 > 1ko)Ko(Fp)e I
T
Z k
_ e 01 (ko) Ko(ka) 2225 bike) i for p = o
Iy(ka
(A21)

The coupling impedance Z; is defined as the average of the
longitudinal electric field (normalized by the beam current)
over the beam cross section. Then, we obtain

_JZ _ 2Ky(ka)I} (ko)
2L = Bmfzk(l Iy(ka)
—2I,(ko)K, (Ecr))ﬁ (A22)

where L is the length of the beam pipe.

When a beam with the azimuthal dependency of j, =
qBcd(p — r,) cos@e 7% /7rr), is running inside the cham-
ber, the longitudinal electric field is given by

keZyl,(krp) - I,(kp)
E, = ]()717(](1(]( ) — K;(ka ) 1 p)
wry,y? 1, (ka)
X cos(@ — 0,)e 7% for p>r,, (A23)
. JkeZyl, (kp)( Il(]grb))
E.=i,————( K] kr,) — K, ka —
= 0 L (K fry) — Ko
X cos(@ — 0,)e 7% for p<r,, (A24)

where i, = gr,. Using the Panofsky-Wenzel theorem
[7,16], we can obtain the transverse wake forces from the
longitudinal electric fields. The transverse impedance is
thus given by

RkZ, _
7z, - Rk 03(K1(kr)
JBryy

1,(kry)
1, (ka)

K, (ka )) (A25)

2. Impedance of the resistive chamber with finite
thickness

a. Longitudinal impedance

General solutions (especially E,, Hy) for m =0 are
expressed as

E, = ES + A(k)e *1y(kp), (A26)

Hy = HS +7 B yA(k)e k1, (kp), (A27)
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inside the chamber (p < a),

E. = e M[C()Iy(vop) + C(Ko(v2p)],  (A28)

o _.
Hy = v—efjkz[cl(k)ll(ljzp) — (kK (v2p)],  (A29)

2
inside the resistive material (¢ < p <a + ¢), and
E. = D, (e % Ky(kp), (A30)
Hy = —’;ﬁDl(kk—f“Kl (kp),  (A3D)
0

for open space (a + t < p), where v, = k> + jkBZyo.,t

o jkCZ()eiij

is the thickness of this chamber and A(k), C,(k), C,(k), and
D, (k) are arbitrary coefficients. From the matching con-
ditions on each surface specified by p = aand p = a + 1,
we solve the coefficient A(k) as

JjkeZyly(kr))Cs

A(k) =
(k) pp—

, (A32)

where Cj is given by Eq. (36).

Similarly to the perfectly conductive chamber case,
when a beam with the current density j. = Bc[1 — O(p —
o)]e /¥ /(mwo?) passes through the chamber, E. inside the
chamber is expressed as

P — — o - - (o — -
E, ) (f drbrblo(k”b)Ko(kP)"‘f dryr,Ko(kry)Io(kp) + C3[ drbrblo(krb)l()(kp))
moTYy 0 p 0
jeZo (1 o N
= 5| = — olykp)K (ko) + Csol (ko)ly(kp) Je™/*  for p = o, (A33)
mTyo- \k
ikcZye 1% ( fo - _ o _ _
E, = %([ dryrylo(kr,)Ko(kp) + C3f d"h"hlo(k"h)lo(kp))
TOY 0 0
jcZol, (k _ _ .
= SN ) + Coty(p)le e for p = o (A34)
TOY
Since th ling impedance Z; is defined as th | ()
ince the coupling impedance Z; is defined as the average . iBYZy ( - _ Ak _
of the longitudinal electric field (normalized by the beam ~ £o = ’I[Eg TR (kB (K)I; (kp) + ZoBp Ii(kp ))
current) over the beam cross section, we obtain the final
expression of the resistive-wall impedance by extracting X sin(f — 6,,)e /% ], (A39)

the space charge impedance Eq. (A22):

ZL=

2jZyl (ko) (Ko(/?a) (A35)

— + .
Bma*k \Iy(ka) C3>£

By taking a limit of o — 0 and replacing L by the longi-
tudinal length of the chamber g, we reproduce Eq. (35).

b. Transverse impedance

General solutions (especially E,, Ey, H,, Hy) form = 1
are expressed as

E. = i,[ES + A(k)I,(kp) cos(0 — 0,)e 7¥],  (A36)
_ s o JY (BRI (kp) | BKA(K) , -
H, III:HG + i ( p + 7 I,(kp))
X cos(f — Gh)e*jkz], (A37)
H, = i;B(k)I,(kp)sin(6 — 6,)e /¥, (A38)

inside the chamber (p < a),
E, =[C5()1(vap) + C4(k)K (vop)]cos(6 — 6))e /%,

(A40)
H, = %(Cl(k)h(’/zp) + C(kK,(v2p)
v3 p
n ovy)[C3(K)I(v,p) + C4(k)Kj(v2p)])
jk
X cos(f — 0,)e 7k, (A41)

H, = [C1()],(v2p) + Co(k)K,(v,p)]sin(0 — 6),)e 7,

(A42)
Ey = — %(Ca(k)ll(vm) + C4(k)K,(v2p)
L&) p
+ BZoa[Cy (W)} (v2p) + cz(k)lq(pzp)])
X cos(0 — 0,)e %, (A43)

inside the resistive material (a < p <a + 1), and
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E. = i1D(k)K,(kp) cos(6 — 6,,)e 7%, (A44)

H,y = j%(ilDZ(k)Kl (kp) n Bkiy Dy (k) K{@p))
p Zy
X cos(f — 0,)e ¥, (A45)
HZ = llDZ(k)Kl (]gp) Sil’l(e - Hb)e_jkz, (A46)
_ _IBvZ / 1Dy(k) ., -

£y = ~ 2050 (fi DK ) + 28 K )

X sin(f — 6,,)e /%2, (A47)

for open space (a +t<p), A(k), B(k), Ci(k), Cy(k),
C;(k), C4(k), D,(k), and D4(k) are arbitrary coefficients,

which are determined by boundary conditions.
|

Using the Panofsky-Wenzel theorem and extracting the
transverse impedance of perfectly conducting chamber
[Eq. (A25)], we obtain the expression of the transverse
impedance of the resistive-wall chamber as

__8AK) n gkZyl(kr,)K, (ka)
" 2yeB T p2apryyilika)

After taking a limit at r, — 0, we reproduce Eq. (13) in
Ref. [11]:

(A48)

_ J8Zok*K,(ka)Ey(a;y — 1)
47 By, (ka)

, (A49)

where the parameters E, and «, are two parameters out of
four, @, 15, E,, and G,, which have to be found by solving
the following linear equations:

G, 1=+ (s F)on - (i - Fg)om =0 s
(it 125 e~ (Bt 5 )+ g 0t =m0
-k VZ(Q EZ; B 2 E;]ZZ;) (A51)
Errls ol T e R G R e )
(P e e e pom o s

-ZOO-C Ki[VZ(a + t)]

(il £ 0 Kt +0)

Ki[k(a + 1]  Ki(ra) Y K\ (v,a)

Ki[k(a + 0] Ii[va(a + 1)]
i <V2'8 Ki[k(a +0] I (va) * Y

= Jk?> + jkBZyo,, the prime of I/,(z) and K/,(z) means
the differential by z.

APPENDIX B: THE EXTERNAL FIELD
PRODUCED BY A SLOT

We construct the external field by superposition of basic
sets of cylindrical waves. We only consider outward trav-
eling waves (the Hankel function of the second kind). For
any field component E,(p, 6, z), we can write

E,(p,0,7) = f_oo E,(p, 0, 2)dh. (B1)

The Fourier series of electromagnetic fields are formally

(k*
)EZO‘ okl + 1)

2

-ZOO-C Ii[VZ(a + t)]
I, (vya)

> — v3) K\[vy(a + 1)]

2

K(vya)
- (k* = v3) Li[vy(a + 1)] B
vok(a+ 1)  1(vya) Gym, =0, (AS3)

[
written as follows:

&1 . 9HP(Ap)
Ep = Z I:—Jhaniap

n=-—o00

kBZ o
—"—B°b,le)(Ap)]e*f”ﬂe*ﬂ”, (B2)
p
°° h
go= 3 [~ SaH? )
= )
OHZ (A o
+ jkBZyb, M]ewﬂeﬂw, (B3)
o
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Z AZanHi(lz)(Ap)e—jnﬁe—jhz,

n=—oo

E,= (B4)

— [nk
H, = :Z: [ﬁﬁanl‘]?(/\ﬁ)

IH? (Ap)

— jhb, op ]6_-7”96_-’hz, (B5)

ST kB aH(Ap)
Ho= :Z_ [_]Z_oa" ap
_ nh

—anfP(Ap)]e—f"Oe—fhz, (B6)
D

g_[z — Z A2an’(12)(Ap)e—jnt‘)e—jhz’

n=—oo

(B7)

where HS,Z) (z) is the Hankel function of the second kind.

The tangential electric field in the slot will have both
and z components in general. We express them using the
prescribed functions f(6, z) and f,(0, z) as

__[E4(a,6,z) ontheslot(6; =6 =0,z <7=2)
h1(8,2) = {0 outside the slot, (B8)
_[E.(a,0,z) ontheslot(§; =0 =06,z =z=2)
f2(6,2) = {O outside the slot. (B9)
The Fourier expansion coefficients are expressed as V sinhw/hw B13)
ay=——"°71/"79™"—.
1 o 0 o " 27A2HP (Aa)
2 h(€ J 0
a = [dg [T aprp. persen,
4mAH," (Aa) J= 618 The general expression of the fields can be written as
(B10) o
V(o Hy(Ap) sinhw .
s [ # Y ehdn, (14
by o= ]nh 27 J - HO (Aa) hw
" 472k BZyaN [ 0HP (Aa)/da]
2 05(£) o Bk V[ HEZ)(Ap) sinhw .
X d f d L E)elBelhé =Jj5> 5= [ e hdh.  (B15)
fz. ¢ 0,(£) A1 €) RN Y 3 N AHP (Aa) hw

3 J
472k BZ[0HP (Aa)/da]

22 92(5) . .
nB ,jhé
xf dffm) dBf,(B, £)emBelé.  (BI11)

We consider the circumferential slot, which goes all the
way around the cylindrical chamber with the width of 2w
[zi=—w, z=w, 0,(z) =0, 0,(z) =2m] (which is
much smaller than the chamber radius). Suppose that the
tangential electric field in the slot has only the z compo-
nent, which is independent of . Namely,

f1(6,2) = 0; f2(0,2) = 21 (B12)
w

Then, the nonzero coefficient is only for n = 0 and is
readily given by

If the tangential electric field in the slot has both z and
components (especially the n = 1 case), we can get

iV n%
fi1(6,2) = RAAK) sin®; f2(0,2) = NP2 os6.
w w

(B16)
Consequently, the only nonzero coefficients are
i1V, sinhiw/h
. = i 2s1r22)w/ w’ (B17)
2A’H: (Aa)
) Chiy V. sinhw/hw
bil == i(l]Vl -] ! 22) D) .
al® ) 2kBzZ[0HT)(Aa)/dda]
(B18)
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Finally, we reach the general expression of the fields as
@)
H” (A h
E —11V2[ dh————— ( p) sinfw

e~/ cosh,
H?(Aa) hw

(B19)

aH? (Ap)

0 k
Hy = i1V2f dh(— 5B ———
—o0 Zy A’H\”(Aa)

L H?(Ap) )sinhw
J— 2)
P ZokBah? Ao/ w

. ) :
Xj‘ dhﬁ H; (A(;))) sinhw
o Py ok i a) OH| (Aa) hw

e " cosh — iV,

e " cosh, (B20)

% Vol HP(A

- [ - ) R
—o00 a kBaH ( a)
sinahw e
——— e /"ging, (B21)
hw

aH (Ap)
% h HP(A h 5,
E,,=i1V2f dh( A Rp) s b
0o pA H(z)(A ) al\ dH,”(Aa)
da
sinfiw e /M2 ging
hw
dH(Z)(A )
£ sinhw

. —jhz .
+i,V, f_ aHﬁ’)(Aa) e e siné. (B22)

da

APPENDIX C: EXPANSION FORMULAS OF THE
BESSEL AND HANKEL FUNCTIONS

The Bessel functions have the following relationships:

Jn@) _n g
eI e “
J1(2) 2 LG

K 2
2J1(z) Z‘,Zz—hk JT(Gie) 2

where j,, are the kth zeros of J,(z) and j| , are the kth
zeros of J)(z) [17].

Similar formulas can be obtained for the Hankel func-
tions after some manipulations as follows:

1L HP(2) [~ 2
T — d , C3
E O I, $ R+ DH T D ED ) 9
1 HPR 1 e 2
R T b e A Y
L b :
\/Z H{Q)(ﬁ) (Z _ hllzo)H//(Z)(h 0) 0 7T2§(§ + z)Hg(l)(e(”/z)j\/Z)H;(z)(e(”/z)j\/Z)’

where £, = 0.501184 + j0.643545: the Oth zero of
'(2)(Z)(the dlfferentlal of the Hankel function of the sec-
ond kind), and H'"(7) is the Hankel function of the first
kind.
Let us prove the above formulas in the following way.
Let us consider the following form of the integral:

1 F({)
— ¢ ——=—"—"-d(. C6
2 § VT -9 o
First we take F({) as
HP (/D)
F() =——=, (C7)
RNTEIN

to prove Eq. (C3). We choose the path of the integral as
shown in Fig. 10. The contribution of the integral from the
infinity vanishes since F({) approaches 1 as |{| — oo. The

I
contribution from C, approaches zero as € — 0. The con-

tribution from the poles except { = z vanishes because the
Hankel function H(()z)(z) has no poles in —7/2 < z < 7/2,
which corresponds to —7 < { < 7. Then, the following
relationship can be found:

H(2)(\/—) j- I:ng)(e(v/Z)j\/Z)
FHP () vz (g LD 1)
HY (o~ (=/2)j
+ —32)(6 _\/Z)]. (C8)
HY (e~ /i [7)
We now derive Eq. (C3) by using the relationships
HP (e ™iz) = —H"(2), (C9)
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A

£

branch point

FIG. 10. The path of integration in Eq. (C6) in order to prove
Egs. (C3)—(C5). The horizontal and the vertical axes are the real
and the imaginary axes, respectively.

HP (e miz) = H(2), (C10)
"
HYHY (2) — BV (HP () = ?Jz (C11)

which can be found in Ref. [18].

Similarly, in order to prove Eq. (C4), we take F({) as
H? (/D)
HP (/D)
In this case, the contribution from the circle C, does not
vanish. The following relationships can be found:

H?(J2) :_1+Lf°°i
VHP(JZ) 2 2w Jo I+ 2)
y [H;(Z)(e(w/z)j\/z) . H;(z)(e(”/Q)f\/Z)]
HO (™21 y7)  HP (e /20 J7) I
(C13)

We can derive Eq. (C4) using Eq. (C10) and the relation-
ships

F({) = (C12)

H® (e miz) = —H(2), (C14)
HYQHP @) - BV QH @ = =L (c19)
For proof of Eq. (C5), we take F({) as
HP (VT)

The contribution from the poles of the Hankel functions
does not vanish in this case, while that from the circle C,
vanishes. Then, we can obtain the following relationships:

LH?)(\/E) _ 2H(12)(h’1y0) +ij d¢
P - n)H ) 27 Jo VI )
y [H?)(ewvm L HP e PID) ]
HP(e/2i7)  HP (e /25 /7)
(C17)

Equation (C5) can be proved by using Egs. (C10), (C14),
and (C15).
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