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A simple treatment of minimum emittance theory in storage rings is presented, favoring vector and

matrix forms for a more concise picture. Both conventional uniform dipoles and nonuniform dipoles with

bending radius variation are treated. Simple formulas are given for computing the minimum emittance,

optimal lattice parameters, as well as effects of nonoptimal parameters. For nonuniform dipoles, analytical

results are obtained for a three-piece sandwich dipole model. Minimization of the effective emittance for

light sources is given in detail. Usefulness of gradient and/or nonuniform dipoles for reducing the effective

emittance is addressed.
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I. INTRODUCTION

Low-emittance storage rings play a critical role in elec-
tron machines from modern storage rings in synchrotron
radiation light sources to the damping rings in the envi-
sioned International Linear Collider. Low-emittance bend-
ing cells are also important for preserving beam quality in
the arcs of energy-recovery linac-based light sources. Well
over a quarter century ago, it was realized that there is a
theoretical minimum emittance achievable in electron stor-
age rings with uniform bending magnets via the balance
between radiation damping and quantum excitation [1].
Thorough analyses have been done to elucidate this fun-
damental property of electron storage rings [2–4]. Further-
more, emittance optimization for isochronous rings and
optimization of the effective emittance and beam size in
straight insertions have been studied [5–7] for light-source
developments. More recently, in order to break the theo-
retical minimum emittance barrier for lowering emittance,
nonuniform dipoles with bending radius variation have
been considered for emittance minimization [8–11].
Here, we present an alternative treatment for emittance
minimization in uniform and nonuniform dipoles, favoring
vector and matrix forms for a more concise picture. Simple
formulas are given for computing the minimum emittance
and associated optimal lattice parameters, as well as effects
of nonoptimal lattices. New analytical results on emittance
minimization in storage rings with nonuniform dipoles are
given. A simple derivation of the minimum effective
emittance is presented. Effects of the damping partition
and nonuniform dipole on the effective emittance are
investigated.

Assuming negligible insertion-device contributions to
the radiation integrals, the horizontal natural emittance
and beam energy spread in electron storage rings are given
by [12]

�x ¼ Cq�
2 hH =j�j3i
Jxh1=�2i ; �2

� ¼ Cq�
2 h1=j�j3i
JEh1=�2i ; (1)

where Cq ¼ ð55=32 ffiffiffi
3

p Þð@=mcÞ ¼ 3:83� 10�13 m for

electrons; � is the Lorentz factor of beam energy (which
will be used only in the form Cq�

2, and not be confused

with the Courant-Snyder parameter); Jx and JE are the
horizontal and longitudinal damping partition numbers,
respectively; � is the dipole bending radius; the brackets
h� � �i indicate averaging over the bending magnets; and the
dispersion action

H ¼ ��2 þ 2���0 þ ��02; (2)

where �, �, and � are the Courant-Snyder (C-S) parame-
ters of horizontal betatron motion, � and �0 are the dis-
persion and its derivative, respectively. Since dipole
contributions to the emittance are accumulative, it is desir-
able to have all dipoles contribute as little as possible.
Thus, the minimization over a ring reduces to minimization
over individual dipoles, and the whole ring simply consists
of the same optimal dipole configuration (except for the
need to match the end dipoles with those inside a multi-
bend achromat [4]). Thus, this paper will focus on mini-
mization for an individual dipole with or without bending
radius variation.
This paper is organized as follows: In Sec. II, we first

treat the classical uniform dipole case in order to introduce
our new formalism and help readers to appreciate its
elegance and simplicity. In addition to the basic theory
presented in Sec. II A, dipoles with transverse gradient are
treated as a concrete example in Sec. II B, followed by a
simple computation of nonoptimal-lattice effects in
Sec. II C. In Sec. III, we generalize our theory to arbitrary
dipoles with emphasis on nonuniform dipoles with bending
radius variation. Section III A presents the general theory
and deduces a couple of basic properties. Section III B
presents minimization of the effective emittance.
Section III C gives a concrete example of nonuniform*wangcx@aps.anl.gov; http://www.aps.anl.gov/~wangcx
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dipole made of three uniform pieces. Section III D briefly
examines the nonlinear magnetic field caused by a nonuni-
form dipole. In Sec. IV, we investigate the parameter
dependence of the effective emittance on the damping
partition numbers and nonuniform dipoles. A brief con-
clusion is given in Sec. V. Most of the derivations, espe-
cially the basic theory, are presented in sufficient detail and
should be easy to follow.

II. MINIMUM EMITTANCE WITH UNIFORM
DIPOLES

Usually the bending field (and radius �) in dipoles can
be assumed constant and are often the same in a whole ring
(isomagnetic). Thus, the emittance depends on the lattice
through hH i. We will consider this well-studied uniform
dipole case first.

A. Simple formulas for emittance minimization

Computation of hH i is straightforward [13] but can be
tedious, and its minimization can be obscured by the
algebra. Here we derive simple formulas to make the
algebra more transparent. Geometrically, H is the length
square of the dispersion vector in the Floquet space, i.e.,

H ¼ k~�k2 ¼ Trð~�~�TÞ ¼ TrðA��TATÞ
¼ Trð��T�þÞ; (3)

where � and ~� ¼ A� are the dispersion vectors in phase
space and Floquet space, respectively. �þ � �J�TJ is the
symplectic conjugate of the normalized beam matrix �.
More explicitly,

~� ¼ ~�

~�0

" #
¼ A

�

�0

" #
; A ¼ 1=

ffiffiffiffi
�

p
0

�=
ffiffiffiffi
�

p ffiffiffiffi
�

p
" #

;

ATA ¼ �þ; (4)

and

�þ ¼ � �
� �

� �
; � ¼ � ��

�� �

� �
;

J ¼ 0 1
�1 0

� �
:

(5)

The dispersion vector propagates within a dipole as

� ðsÞ ¼ MðsÞ�0 þ �ðsÞ ¼ MðsÞ½�0 þ �̂ðsÞ�; (6)

where �̂ðsÞ � M�1�; the transfer matrix MðsÞ and the
dispersion generating vector �ðsÞ are determined by the
dipole magnet. Hereafter, subscript 0 indicates values at
the dipole entrance. Inserting Eq. (6) into Eq. (3) yields

H ¼ Trfð�0 þ �̂Þð�0 þ �̂ÞTMT�þMg: (7)

Using �ðsÞ ¼ M�0M
T and the symplectic condition

MMþ ¼ MþM ¼ 1, we have

H ¼ Trfð�0 þ �̂Þð�0 þ �̂ÞT�þ
0 g

¼ Trfð�0�
T
0 þ �0�̂

T þ �̂�T
0 þ �̂�̂TÞ�þ

0 g: (8)

Note that �0�̂
T and �̂�T

0 contribute equally to H ,

although we kept this symmetric form for other purposes.
This simple expression nicely separates the initial values
and s-dependent quantities determined by the magnet via

�̂ðsÞ. Furthermore, integration can be carried through the
trace operation as well as initial conditions. Therefore, the
key quantity hH i is given by the simple expression

hH i ¼ TrðA0G0AT
0 Þ ¼ TrðG0�

þ
0 Þ (9)

with

G0 � �0�
T
0 þ �0h�̂iT þ h�̂i�T

0 þ h�̂�̂Ti
¼ ð�0 þ h�̂iÞð�0 þ h�̂iÞT þ h�̂�̂Ti � h�̂ih�̂iT: (10)

To minimize hH i, we consider the Schur decomposition
of the real symmetric matrix A0G0AT

0 ¼
Vdiagð	1; 	2ÞV�1 with some orthogonal matrix V, where
the eigenvalues 	1 and 	2 must be real. Thus, hH i ¼ 	1 þ
	2 and jG0j ¼ 	1	2 [14]. Since hH i � 0, if assuming
jG0j> 0, then the eigenvalues are all positive real numbers
that must satisfy 	1 þ 	2 � 2

ffiffiffiffiffiffiffiffiffiffiffi
	1	2

p
with equality holds

only when 	1 ¼ 	2. Therefore,

hH i � 2
ffiffiffiffiffiffiffiffiffi
jG0j

q
; equality holds iff �0 ¼ G0ffiffiffiffiffiffiffiffiffijG0j

p :

(11)

The optimal C-S parameters depend on the initial disper-

sion �0 explicitly via G0=
ffiffiffiffiffiffiffiffiffijG0j

p
. For achromatic lattices,

�0 ¼ 0, G0 ¼ h�̂�̂Ti, and

hH i�0¼0
min ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jh�̂�̂Tij

q
: (12)

Since ð�0 þ h�̂iÞð�0 þ h�̂iÞT contributes a positive term to
hH i, the condition to further minimize jG0j through �0 is
clearly given by

� 0 ¼ �h�̂i; (13)

which yields the absolute minimum

hH iTME
min ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jh�̂�̂Ti � h�̂ih�̂iTj

q
: (14)

This gives the theoretical minimum emittance and is thus
labeled TME.
One may choose other locations instead of the dipole

entrance for initial conditions. Of particular interest is the
center of the dipole. Using the subscript ‘‘c’’ to indicate
values at the dipole center, Eq. (9) reduces to

hH i ¼ TrðGc�
þ
c Þ; (15)

where
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Gc ¼ �2
c þ 2h
̂ic�c þ h
̂2ic ð�c þ h
̂icÞ�0

c

ð�c þ h
̂icÞ�0
c �02

c þ h
̂02ic

" #
: (16)

Here, h� � �ic means averaging around the dipole center, i.e.,

from��=2 to �=2, where � is the total bending angle. Note

that h
̂0ic and h
̂
̂0ic vanish due to symmetry. As before, the

minimum value is given by 2
ffiffiffiffiffiffiffiffiffijGcj

p
, which yields

hH imin ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðh
̂2ic � h
̂i2cÞð�02

c þ h
̂02icÞ þ ð�c þ h
̂icÞ2h
̂02ic
q

: (17)

Obviously, the absolute minimum 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðh
̂2ic � h
̂i2cÞh
̂02ic

q
is reached when �0

c ¼ 0 and �c ¼ �h
̂ic, which leads to

�c ¼ 0 and �c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðh
̂2ic � h
̂i2cÞ=h
̂02ic

q
from Eqs. (16)

and (11). Thus, both beta function and dispersion must be
symmetric about the dipole center in order to reach the
absolute minimum emittance. However, to maintain the
achromatic condition, �c ¼ ��̂ð��=2Þ is required from
Eq. (6).

This simple treatment and resulting formulas offer a new
viewpoint to the theory of minimum emittance in storage
rings. Note that no approximation (such as parabolic s
dependence of beta and dispersion functions, or small
bending angle) has been used in driving this general result.
Generalization to include nonuniform dipoles and minimi-
zation of the effective emittance for light sources will be
given in Sec. III.

B. Minimum emittance of transverse gradient dipoles

For a combined-function sector dipole of constant bend-
ing radius � and bending angle �with a transverse gradient
K ¼ ð1=B�Þ@By=@x, the transfer matrix reads

M ¼
cosðk�Þ �

k sinðk�Þ
� k

� sinðk�Þ cosðk�Þ

2
4

3
5;

� ¼
�
k2
ð1� cosðk�ÞÞ
1
k sinðk�Þ

" #
;

(18)

and

�̂ ¼ M�1� ¼ �ðcosðk�Þ � 1Þ=k2
sinðk�Þ=k

� �
; (19)

where k ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ K�2

p
. After averaging with respect to the

dipole center, we have

h
̂ic ¼ 2�

�k3

�
sin

k�

2
� k�

2

�
; (20)

h
̂2ic ¼ �2

2�k5

�
sinðk�Þ � 8 sin

k�

2
þ 3k�

�
; (21)

h
̂02ic ¼ 1

2�k3
½k�� sinðk�Þ�: (22)

Inserting these into Eq. (17) gives exact expressions for the
minimum emittances. For most practical applications, it is

sufficient to use the following small-angle approximations:

hH i�0¼0
min ¼ ��3

4
ffiffiffiffiffiffi
15

p � 11��5ð1þ K�2Þ
840

ffiffiffiffiffiffi
15

p þOð�7Þ; (23)

and

hH iTME
min ¼ ��3

12
ffiffiffiffiffiffi
15

p � ��5ð1þ K�2Þ
280

ffiffiffiffiffiffi
15

p þOð�7Þ: (24)

Boundary parameters of a dipole magnet, such as pole-face
rotation angles and fringe-field integrals, will not affect
these results because they contribute only thin quadrupoles
at the boundaries. Setting K ¼ 0 gives the well-known
result for the theoretical minimum emittances with and
without achromatic conditions. The gradient contributes
only a factor 1þ K�2 in the small correction term. Thus, it
can affect hH imin appreciably only when KL2 is much
larger than 1, where L is the dipole length. However, the
gradient is more effective at increasing the damping parti-
tion number Jx and thus has been used to lower the emit-
tance in some machines. See Sec. IVA for a detailed
discussion.
For completeness, Table I lists the optimal lattice pa-

rameters at the entrance and the center of a dipole under
small-angle approximation. Exact expressions are straight-
forward to compute using the results in the previous sec-
tion. Note that the optimal parameters at the entrance may
be affected by the dipole edge effects.

TABLE I. Optimal lattice parameters at the entrance and the
center of a dipole under achromatic and TME conditions.

Achromatic TME

�0
6ffiffiffiffi
15

p ��� 2
5
ffiffiffiffi
15

p �k2�3 þ � � � 8ffiffiffiffi
15

p ��� 4
5
ffiffiffiffi
15

p �k2�3 þ � � �
�0

ffiffiffiffiffiffi
15

p � 20
7
ffiffiffiffi
15

p k2�2 þ � � � ffiffiffiffiffiffi
15

p � 12
7
ffiffiffiffi
15

p k2�2 þ � � �
�0 0 1

6��
2 � 1

120�k
2�4 þ � � �

�0
0 0 � 1

2�þ 1
24 k

2�3 þ � � �
�c

1ffiffiffiffi
15

p ��þ 1
210

ffiffiffiffi
15

p �k2�3 þ � � � 1
2
ffiffiffiffi
15

p ��þ 1
280

ffiffiffiffi
15

p �k2�3 þ � � �
�c � 5ffiffiffiffi

15
p þ 1

14
ffiffiffiffi
15

p k2�2 þ � � � 0

�c
1
8��

2 � 1
384�k

2�4 þ � � � 1
24��

2 � 1
1920�k

2�4 þ � � �
�0
c

1
2�� 1

48 k
2�3 þ � � � 0
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C. Effects of nonoptimal-lattice parameters

Even in storage rings designed for low emittance, often

the optimal condition �0 ¼ G0=
ffiffiffiffiffiffiffiffiffijG0j

p
in Eq. (11) for

emittance minimization cannot be satisfied. Assuming
~� ¼ �0=�

opt
0 and ~� ¼ �0=�

opt
0 , the resulting emittance

degradation can be calculated simply from Eqs. (9) and
(11) as

hH i
hH imin

¼ 1

2
Trf�opt

0 �þ
0 g ¼

1

2
Trfð�opt

0 Þþ�0g

¼ 1

2

�
~�þ 1

~�

�
þ 1

2

� ffiffiffiffi
~�

q
� ~�ffiffiffiffi

~�
q

�
2ð�opt

0 Þ2; (25)

where the optimal � at dipole entrance is given by �
opt
0 ’ffiffiffiffiffiffi

15
p

for both the achromatic and nonachromatic cases. A
contour plot of this ratio is shown in Fig. 1. The degrada-
tion is minimal along the diagonal because of the removal

of the second term in Eq. (25) when ~� ¼ ~�. This is a nice
clean formula for evaluating the sensitivity of emittance on

the C-S parameters at the dipole entrance. For a given ~�,

the minimum emittance degradation is simply ð ~�þ
1= ~�Þ=2, which is much smaller than the degradation re-
sulting from keeping �0 at its optimal value (as often
considered).

The optimal dispersion is given by �0 ¼ qh�̂i with q ¼
0 and �1 for achromatic and TME lattices, respectively.
For nonoptimal dispersion but still parallel to the vector

h�̂i, its effect can be computed by

hH i ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jAþ ~qBj

q
¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jAjjIþ ~qA�1Bj

q

¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jAjjIþ ~qAþB=jAjj

q

¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jAjð1þ ~qTrðAþBÞ=jAjÞ

q
: (26)

Here A ¼ h�̂�̂Ti, B ¼ h�̂ih�̂iT , and ~q ¼ q2 þ 2q. In the
last step we have used jAþBj / jBj ¼ 0. For uniform di-

poles, 2
ffiffiffiffiffiffiffijAjp

is given by Eq. (23) and TrðAþBÞ=jAj ’ 8=9
from

Tr ðh�̂ih�̂iTh�̂�̂TiþÞ=jh�̂�̂Tij ¼ 8

9
� 2k2�2

945
þOð�4Þ:

(27)

Thus, the effect of nonoptimal q can be obtained simply

from
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð8=9Þðq2 þ 2qÞp

.

III. MINIMUM EMITTANCEWITH NONUNIFORM
DIPOLES

Nonuniform dipoles with longitudinally varying field
have been investigated for reducing the emittance below
the well-known theoretical minimum in uniform dipoles.
Such a possibility was first considered by Wrulich in 1992
as claimed in [11]. Here we present a general formalism for
emittance minimization with nonuniform dipole, without
giving an optimal field profile which may depend on
practical limitations.

A. Emittance minimization with nonconstant �ðsÞ
To reduce emittance below the theoretical minimum

emittance given above, one has to consider nonuniform
dipoles with an s-dependent bending radius. Since H is
always positive, hH =j�j3imay become smaller when �ðsÞ
is tailored to make H =j�j3 more uniform, while nonuni-
form � tends to make the denominator h1=�2i larger. The
details are more complicated. Because Eq. (8) holds for
any dipole as long as its nonlinear effects are negligible in
dispersion propagation, which we will assume, it is easy to
see that the emittance minimization theory in Sec. II A can
be extended to nonuniform dipoles by minimizing

hhH ii � hH =j�j3i
h1=�2i ¼ TrðG0�

þ
0 Þ; (28)

where

G0 � ���0�
T
0 þ �0hh�̂iiT þ hh�̂ii�T

0 þ hh�̂�̂Tii; (29)

and

hhvii � hv=j�j3i
h1=�2i and �� � hh1ii ¼ h1=j�j3i

h1=�2i :

Thus, as before, the minimum emittance is given by

hhH iimin ¼ 2
ffiffiffiffiffiffiffiffiffijG0j

p
with the optimal C-S parameters

�0 ¼ G0=
ffiffiffiffiffiffiffiffiffijG0j

p
at the dipole entrance. Let

� 0 ¼ qhh�̂ii= �� (30)

and

G0ðqÞ ¼ hh�̂�̂Tii þ qhh�̂iihh�̂iiT= �� � Aþ qB; (31)

then the optimal �opt
0 , �opt

0 , and Gopt
0 are given by qopt ¼ 0

for achromatic lattices and qopt ¼ �1 for TME lattices.

1.1

1.25

1.75

2.5

3
1.5

2

0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
0

1

2

3

4

β / β

α 
/ α

op
t

opt

FIG. 1. Contours of emittance degradation due to nonoptimal
Courant-Snyder parameters at the dipole entrance.
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Later we will see that certain value in between is required
to minimize the effective emittance for light sources. Be
careful that Eq. (29) reduces to G0ðq2 þ 2qÞ instead of
G0ðqÞ under the condition in Eq. (30). We further introduce
a parameter

c � TrðABþÞ=jAj ¼ �TrðJAJBÞ=jAj: (32)

Explicitly TrðABþÞ ¼ ðA1d
2
2 � 2A2d1d2 þ A3d

2
1Þ= ��,

where A1, A2, and A3 are the (1, 1), (1, 2), and (2, 2)

elements of the matrix hh�̂�̂Tii and ½d1; d2�T ¼ hh�̂ii.
From Eq. (26), we have

hhH iimin ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffi
jGopt

0 j
q

¼ 2
ffiffiffiffiffiffiffi
jAj

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ qoptc

q
: (33)

Since hhH iiTME
min / ffiffiffiffiffiffiffiffiffiffiffiffi

1� c
p

, the incoherent motion excited

in dipoles as measured by the emittance may approach zero
as c approaches 1. Thus we will refer c as coherent
parameter or c parameter of a dipole. For a uniform dipole,
c ’ 8=9. Later we will see that c may approach 1 for
nonuniform dipoles. Note that jAj, c, and hhH iimin are
completely determined by the local linear beam transport
inside a dipole.

A couple of general conclusions can be deduced without
detailed knowledge of �ðsÞ. First of all, unlike in uniform
dipoles, no absolute minimum emittance exists if �ðsÞ is
not constrained. This seems obvious if we allow �ðsÞ ! 0
at a point, in which case hhxii ! xðat the singular pointÞ ��
and thus hh�̂�̂Tii � hh�̂iihh�̂iiT= �� ! 0. In fact, it is more

subtle because both hh�̂�̂Tii and hh�̂iihh�̂iiT= �� approach
infinity as their difference approaches zero. Thus the out-
come depends on more details. If we assume �ðsÞ ¼ �a þ
ð�00

a=2Þds2 and 
ðsÞ ¼ 
a þ 
0
adsþ ð
00

a=2Þds2 close to the
singularity, then it is straightforward to carry out the
integrations over a small neighborhood around the singu-
larity. It can be shown that, after taking the limit �a ! 0,

the matrix hh�̂�̂Tii � hh�̂iihh�̂iiT= �� reduces to
½
02

a ; 

0
a


00
a;


0
a


00
a; 


002
a �=2�00

a, whose determinant is zero.
Thus, in principle, the emittance can approach zero. On
the other hand, later we will show that, in some cases, there
is an absolute minimum even when the field goes to
infinity.

Another general conclusion is that jGoptj and thus the
minimum emittance is scale invariant. In other words it is
invariant under arbitrary scaling of �ðsÞ, i.e., only the
relative profile of �ðsÞ matters. To see this, we recall that
the linear Hamiltonian of a sector dipole without a trans-
verse gradient reads H ¼ ðp2

x þ p2
yÞ=2þ x2=2�ðsÞ2 �

x�=�ðsÞ, where px, py, x are the transverse dynamical

variables and � is the relative energy deviation. If all
spatial quantities such as x, s, as well as �ðsÞ are scaled
by the same constant 	, the Hamiltonian H and corre-

sponding dynamics will remain the same. Thus 
̂ / 	

and 
̂0 is unchanged. Put these into Eq. (31), and it is clear
that jGoptj is independent of the scaling constant 	. For
gradient dipoles, this is not exactly true but the gradient

effects are expected to be small as in a uniform gradient
dipole. For uniform dipoles, scale invariant leads to the
well-known fact that the minimum emittance does not
depend on the bending radius. It should be noted that,
although the minimum emittance is scale invariant, the
optimal C-S parameters and dispersion do depend on the
magnitude of bending radius (�opt and �opt are propor-
tional to 	, while �opt and �0opt are independent of 	).

B. Minimization of the effective emittance

It was pointed out [5] that the rms emittance including
the effects of energy spread, referred to as the effective
emittance, should be minimized for light-source storage
rings. The effective emittance can be calculated by

�2eff � hðxþ ��Þ2ihðx0 þ �0�Þ2i � hðxþ ��Þðx0 þ �0�Þi2
¼ jhðxþ ��Þðxþ ��ÞTij ¼ j�x�þ ��T�2

�j
¼ �2xjI þ ð�2

�=�xÞ��T�þj
¼ �2x½1þ ð�2

�=�xÞTrð��T�þÞ�
¼ �xð�x þH ID�

2
�Þ; (34)

where the average is over phase space instead of position s
as used elsewhere in this paper. In the second to the last
step, we have used the fact j��T�þj ¼ 0. The dispersion
action H ID can be computed anywhere in a straight sec-
tion because it is invariant outside bending magnets. We
will take the end of a straight section and the entrance of a
dipole (marked with the subscript ‘‘0’’) for our computa-
tion. Taking Eqs. (1) and (28) into account, the effective
emittance becomes �2eff ¼ ðCq�

2=JxÞ2F, where
F ¼ hhH ii½hhH ii þ ðJx=JEÞ ��H 0�
¼ TrðG0�

þ
0 ÞTrð½G0 þ � ���0�

T
0 ��þ

0 Þ (35)

with

� � Jx=JE: (36)

Minimization of F is much more involved due to the
product of matrix traces and higher order polynomials.
Inserting Eq. (29) into F and computing its change �F

due to an initial dispersion variation ��0 yields

�F ¼ Tr½2��0ð ���0 þ hh�̂iiÞT�þ
0 �Trð ~G0�

þ
0 Þ

þ Trf2��0½ð1þ �Þ ���0 þ hh�̂ii�T�þ
0 gTrðG0�

þ
0 Þ;
(37)

where ~G0 � G0 þ � ���0�
T
0 . Notice that, when �0 / hh�̂ii,

the two traces containing ��0 becomes proportional to
each other, and thus their ratio can be used to solve�F ¼ 0
for all ��0, which is required to minimize F. Therefore,
we insert Eq. (30) into �F ¼ 0 to get the equation for the
optimal q as

ðqþ 1ÞTrð ~G0�
þ
0 Þ þ ½ð1þ �Þqþ 1�TrðG0�

þ
0 Þ ¼ 0:

(38)
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The change due to initial CS-parameter variation

is given by �F ¼ TrðG0��
þ
0 ÞTrð ~G0�

þ
0 Þ þ

TrðG0�
þ
0 ÞTrð ~G0��

þ
0 Þ: Inserting Eq. (38) and setting

�F ¼ 0 yields

Tr ðf½ð1þ �Þqþ 1�G0 � ðqþ 1Þ ~G0g��þ
0 Þ ¼ 0: (39)

Inserting the expression for ~G0, Eqs. (29) and (30), this
equation reduces to TrðG0ðqÞ��þ

0 Þ ¼ 0 with G0ðqÞ given
by Eq. (31). This is the same equation for minimizing
TrðG0ðqÞ�þ

0 Þ as long as jG0ðqÞj> 0; thus the solution

simply reads, as discussed before,

�opt
0 ¼ G0ðqÞ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jG0ðqÞj

q
: (40)

Under this optimal condition, Eq. (38) reduces to

Trððqþ 1ÞG0½ð1þ �Þq2 þ 2q�Gþ
0 ðqÞ

þ ½ð1þ �Þqþ 1�G0ðq2 þ 2qÞGþ
0 ðqÞÞ ¼ 0: (41)

Using Eq. (31), we see that the parameter of this equation
depends on a lattice through TrðAAþÞ ¼ 2jAj, TrðABþÞ ¼
�TrðAJBJÞ, and TrðBBþÞ ¼ 0. Thus, after little algebra,

the equation for the optimal q finally reduces to a cubic
equation [5,9],

ð1þ �Þq3 þ 2ð2þ �Þq2 þ ½3þ ð2þ �Þ=c�qþ 2=c ¼ 0;

(42)

where c is defined in Eq. (32).
The nature of the roots of the cubic equation depends on

its discriminant

D ¼ 4

c3
ðc� 1Þð1þ �� cÞ½ð2þ �Þ3 � 9ð1þ �þ �2Þc�:

(43)

Depending on the sign of D, there can be one to three real
solutions. However, only one satisfies jG0ðqÞj> 0, i.e.,
qc >�1. See Fig. 5 for the viable solutions of Eq. (42)
over the �-c parameter space.
Putting the solution qopt of Eq. (42) into Eqs. (30) and

(40) gives the optimal dispersion and C-S parameters at the
dipole entrance. The resulting minimum emittance is given
by (with q ¼ qopt)

Fmin ¼ Tr½G0ðq2 þ 2qÞGþ
0 ðqÞ�TrfG0½ð1þ �Þq2 þ 2q�Gþ

0 ðqÞg
jG0ðqÞj ¼ 4jAj ½1þ ðqþ 3Þqc=2�f1þ ½ð1þ �Þqþ 3�qc=2g

1þ qc
;

(44)

where Eq. (26) has been used to compute jG0ðqÞj.
For conventional uniform dipoles without transverse

gradient, � ¼ 1=2 and c ’ 8=9, there is a unique real
solution qopt ’ �0:85 (versus 0 and �1 for achromatic
and TME conditions, respectively). The resulted Fmin ’
4jAjð0:267Þ, and thus the emittance is 3

ffiffiffiffiffiffiffiffiffiffiffiffi
0:267

p ’ 1:55
times of the TME value of the betatron emittance as was
found in [5].

C. Sandwich dipole

Several numerical and analytical studies have been done
to investigate the potential reduction of emittance with a
nonuniform dipole [8,9,11]. A three-step model without
central symmetry has been investigated numerically for

lattice upgrade of the European Synchrotron Radiation
Facility [15]. Here we consider a simplified analytically
solvable model that replaces the uniform dipole with a
nonuniform dipole made of three adjacent uniform sector
dipoles, where the middle dipole of radius �0 and bending
angle �0 is sandwiched by two identical dipoles of radius
�1 and bending angle �1. Let  ¼ �1=�0 and � ¼ �1=�0,
then �0 ¼ �=ð1þ 2�Þ and �1 ¼ ��=ð1þ 2�Þ, where � is
the total bending angle of the sandwiched dipole. To
compute hhHiimin, we use the center of the middle dipole
as the reference point for computation. Within the middle

dipole, the �̂ is given by Eq. (19) with k ¼ 1. Within the
end dipoles, it is given by

�̂ ¼ �̂mð�0=2Þ þM�1
m �̂e ¼

�0ðcos�02 � 1Þ þ �1ðcos�� 1Þ cos�02 � �0 sin� sin
�0
2

sin�02 þ �1

�0
ðcos�� 1Þ sin�02 þ sin� cos�02

" #
; (45)

where �̂m and �̂e are the dispersion generating vectors in
the middle and the end dipoles, respectively. Mm is the
transfer matrix from the center to the end of the middle
dipole. As was done for a uniform dipole in Sec. II B, it is
straightforward to compute the minimum emittance, but
the computation is tedious and the exact results are messy.
Thus the detailed computations were carried out with
MATHEMATICA [16]. The ratio of theoretical minimum

emittances in a sandwich dipole to that in a uniform dipole
of the same bending angle is approximately given by, to the
leading order in small-angle approximation,

hhH iisandwichTME

hhH iiuniformTME

’
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2 þ 6�þ 12�2 þ 8�3Þf
2ð2 þ 2�Þðþ 2�Þ2ð1þ 2�Þ6

s
;

(46)
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where the shorthand symbol f ¼ 4ð1 þ 72�5Þ þ
203�3ð2 þ 9�Þ þ 42�ð3 þ 15� þ 30�2 þ 16�5Þ þ
120�5 þ 60�4. To visualize this function, its contour
lines are shown in Fig. 2, together with the exact results
for bending angles at �=5 and �=2 which show a negli-
gible dependence on bending angle in general. Indeed,
using nonuniform dipoles, it is possible to reduce the
emittance below the well-known theoretical minimum
emittance. For example, to gain a factor of 2 emittance
reduction with sandwich dipoles, one can choose  ’ 2:3
and � ’ 1=4 with an equivalent uniform bending radius
L=� ¼ �0ð1þ 2�Þ=ð1þ 2�Þ ’ 1:4�0, which requires
the center dipole to be 40% stronger or the total dipole
length 40% longer. Since beam energy spread is propor-
tional to

ffiffiffiffi
��

p
, the energy spread change is given by

�sandwich
�

�uniform
�

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
��sandwich

��uniform

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ 2�Þð2 þ 2�Þ
ð1þ 2�Þðþ 2�Þ

s
; (47)

which is 1.14 for our example, i.e., a 14% increase of
energy spread. With much stronger center dipole, it is
seemingly possible to reach lower emittance but there is
a limit for a sandwich dipole. By setting  ! 1, Eq. (46)
reduces to

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ 72�5Þp
=ð1þ 2�Þ3 which has a minimum

0.22 at � ’ 0:45. In comparison, a numerically optimized
dipole with 32 equal-length slices reached a factor of 1=7 ’
0:14 reduction in TME emittance [8].

To better characterize a sandwich dipole, we computed
the two key quantities for emittance minimization, i.e., jAj
and c ¼ TrðABþÞ=jAj. The expression is quite messy and
given as an appendix. Figure 3 shows the contours of

2
ffiffiffiffiffiffiffijAjp

= �3

4
ffiffiffiffi
15

p in red and c in blue, which gives a clear picture

of what a sandwich dipole is capable of. From this and
Eq. (44) or Fig. 6, we get the effective emittance reduction
factor 0.71 for the above example with  ¼ 2:3 and � ¼

1=4, versus a factor of 0.5 for the TME betatron emittance
reduction. In comparison, a numerically optimized three-
step dipole without central symmetry can reduce the effec-
tive emittance by more than a factor of 2 [15] because it
can better fit the asymmetric optimal lattice functions for
the minimum effective emittance.

D. Magnetic field

To see the impact of varying bending radius on the
magnetic field, we write down the extra terms due to radius
variation in the general field expansion around the refer-
ence orbit in order to satisfy Maxwell’s equation up to the
third (octupole) order [17]:

Bx ¼ 1
6ð2�b000 þ �0b00Þy3

By ¼ b0 � 1
2b

00
0y

2 þ 1
2ð2�b000 þ �0b00Þxy2

Bs ¼ b00y� �b00xyþ �2b00x
2y� 1

6b
000
0 y

3;

(48)

where we have included only one independent component,
i.e., the dipole component b0ðsÞ. The orbit curvature
�ðsÞ ¼ 1=�ðsÞ is tied to the bending field by �ðsÞ ¼
eb0ðsÞ=ps, where e and ps are the electron charge and
longitudinal momentum. The primes indicate differentia-
tion with respect to longitudinal position s. We see that
dipole radius variation will introduce a nonlinear magnetic
field, whose effects are beyond the scope of this paper.
Nonetheless, if we simply integrate all the coefficients
across the dipole, all the terms become zero except for
the integrated dipole and an integrated octupole-like term
proportional to

Rð2�b000 þ �0b00Þds ¼ �ðps=eÞ
Rð1=�Þ02ds,

which has to be sufficiently small.

IV. EFFECTS OF DAMPING PARTITION AND
NONUNIFORM DIPOLE ON THE EFFECTIVE

EMITTANCE

As discussed in Sec. III B, minimization of the effective
emittance is more constrained due to mixing of betatron
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ρ 
 / 

ρ
1

0

FIG. 2. (Color) Contours of the ratio of the absolute minimum
emittances in a sandwich dipole to that in a uniform dipole of the
same bending angle. The red curve is the approximation given by
Eq. (46). The blue (black) curve is the exact result corresponding
to a total bending angle of �=5 (�=2).

0.84

0.875

0.9

1

1.1

1.1

1.2

1.2

0.72

0.78

0.82

0.86

8/9 0.92 0.94 0.96 0.98

0.988

0 1 2 3 4 5

0.2

0.4

0.6

0.8

1.0

1.2

1.4

µ = ρ  ρ
1 0

ν 
= 

θ 
  θ 1

0

FIG. 3. (Color) Contours of c ¼ TrðABþÞ=jAj in blue with black
labels and 2
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p in red for sandwich dipoles.
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and dispersive motions. Because of the importance of the
effective emittance for light sources, it is worthwhile ex-
amining how a transverse gradient and bending radius
variation can affect it.

A. Effects of transverse gradient in uniform dipole

With typical bending angles and reasonable transverse
gradients, a combined-function uniform dipole has little
effect on the minimization of the betatron emittance
through hH i as shown in Eq. (23). A gradient can change
the horizontal and longitudinal damping partition Jx and JE
more effectively, and the minimum betatron emittance is
simply inversely proportional to Jx. This is not true any-
more for the effective emittance because the minimization
becomes sensitive to the damping partition via Eq. (42).

For uniform dipoles, Eq. (27) shows that c ’ 8=9 except
for unusually large bending angle and transverse gradient.
To see the effect of transverse gradient on the minimum
effective emittance �effmin, we use c ¼ 8=9 in Eq. (42)

and compute the optimal q and �effmin=Cq�
22

ffiffiffiffiffiffiffijAjp ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fmin=4jAjp

=Jx for a given partition Jx=JE. The results
are plotted in Fig. 4. It shows that the minimum effective
emittance (solid curve) decreases with increasing Jx, but
much slower than the 1=Jx dependence (dashed curve). In
other words, gradient dipoles are less effective at reducing
the effective emittance. (Besides emittance reduction, gra-
dient dipoles may be useful for other purposes in optics
design.)

B. Effects of nonuniform dipoles

For nonuniform dipoles with bending radius variation,
its c parameter can change significantly from 8=9. It is of
interest to understand its effect on the minimum effective
emittance, in addition to the effects of damping partition

variation discussed above. To explore the �-c parameter
space for effective emittance optimization, for each � and
c, we determine the optimal q by solving the cubic equa-

tion (42) and compute �effmin=Cq�
22

ffiffiffiffiffiffiffijAjp ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fmin=4jAjp

=Jx
with Eq. (44), whose contours over the �-c parameter space
are plotted in Figs. 5 and 6. The nominal working point in a
typical storage ring is at the intersect of the two black
dashed lines. Increasing � or c can both reduce the effec-
tive emittance but the gain is rather limited. In addition to
the factor shown in Fig. 6, both betatron and effective
emittances can benefit from reduction of jAjwith a nonuni-
form dipole. For a sandwich dipole discussed above, the

maximum reduction in
ffiffiffiffiffiffiffijAjp

is a factor of 0.84.
As the c parameter approaches 1, qopt ! �1 which is

the same value required for a TME lattice. However, there
is a major difference. In the TME case, the betatron emit-
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FIG. 4. Change of the minimum effective emittance with
damping partition variation for uniform dipoles. The solid,
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Fmin=4jAjp

=Jx,ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fmin=4jAjp

, and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fmin=4jAjp jJx¼1=Jx.
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and � ¼ 1=2, respectively.
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tance is proportional to
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijA� Bjp ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijAjð1� cÞp

, which
can in principle approach zero as c ! 1. But the effective
emittance can never approach zero due to the contribution
from beam energy spread.

V. CONCLUSION

An elegant and complete theory of minimum emittance
in storage rings with arbitrary dipoles is presented, which
offers a new viewpoint to this matured subject. Using
vector and matrix forms, concise and general expressions
for minimum emittance as well as the optimal lattice
parameters are derived without any assumptions on the
transport matrix inside a dipole. Minimization of both
natural and effective emittances are treated for dipoles
with transverse gradient and/or longitudinal field variation.
Simple formulas are derived for evaluating the impact of
nonoptimal-lattice parameters, which shows the impor-
tance of keeping the same enlargement factor for both
beta and alpha functions at the dipole entrance. New
parameters solely determined by a magnet are introduced
to uniquely characterize the performance of a dipole for
emittance minimization. Effects of dipole parameters as
well as damping partition numbers on the effective emit-
tance are analyzed over parameter spaces of general inter-
est. Because of its conciseness and simplicity, the
presented theory should have pedagogical value as well.
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APPENDIX A: jAj, c OF SANDWICH DIPOLES

For completeness, we include the formulas used to gen-
erate Fig. 3 in the text. These are computed with
MATHEMATICA and contains only the leading-order terms

in small-angle expansion:

jAj ¼ jhh�̂�̂Tiij ¼ �6

28802ð2�þ 1Þ6ðþ 2�Þ2 f1; (A1)

where f1¼7682�8þ7684�7þ10242�7þ1280�7þ
10084�6þ 16803�6þ 4482�6þ 1680�6þ560�6þ
4964�5 þ 24803�5 þ 9602�5 þ 720�5 þ 720�5 þ
606�4þ 14003�4 þ 16002�4 þ 300�4 þ 1205�3 þ
1603�3 þ 10642�3 þ 205�2 þ 644�2þ 2522�2þ
244�þ242�þ34.

c ¼ TrðABþÞ
jAj ¼ 4f2

3ð2 þ 2�Þf1
; (A2)

where f2 ¼ 10242�9 þ 15844�8 þ 13442�8 þ
1680�8 þ 5766�7 þ 20644�7 þ 31203�7 þ
5762�7þ2160�7þ720�7 þ7566�6 þ 12605�6þ
9564�6þ43603�6þ16202�6 þ 900�6 þ 900�6 þ
4446�5 þ 18605�5 þ 7204�5 þ 22203�5 þ
24602�5þ360�5þ458�4þ11855�4þ12004�4þ
1803�4 þ 14222�4 þ 907�3 þ 1405�3 þ
8624�3 þ 2522�3 þ 157�2 þ 486�2 þ
2074�2 þ 182�2 þ 186� þ 184� þ 26.
These reduce to jAj ¼ �6=960 and c ¼ 8=9 when  ¼

1, the result for a uniform dipole.
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