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Periodical Bragg structures may be considered as an effective way of controlling the electromagnetic

energy fluxes and provision of spatially coherent radiation in the free electron lasers with oversized

interaction space. A new scheme of terahertz band FEL with hybrid Bragg resonator is proposed

consisting of advanced input Bragg mirror and traditional output Bragg mirror. An advanced Bragg

mirror exploiting the coupling between the two counterpropagating modes and the quasicutoff one

provides mode selection over the transverse index. The main amplification of the wave by the electron

beam takes place in the regular section of the resonator. Small reflections from the output traditional

Bragg mirror are sufficient for oscillator self-excitation.

DOI: 10.1103/PhysRevSTAB.12.060702 PACS numbers: 41.60.Cr, 42.25.Fx

I. INTRODUCTION

Reflectors based on Bragg coupling of counterpropagat-
ing waves on the periodic structures are widely used both
in quantum [1,2] and classical [3,4] electronics. In the
millimeter wavelength range, the Bragg structures based
on hollow metallic waveguides with periodic corrugation
of inner surface allow one to combine the effective electron
beam transportation with selective resonance system.
However, the advance in shorter wave bands is limited
because at large values of the oversize factor the coupling
between numerous pairs of propagating modes occurs. As
a result, the radiation generated by the electron beam
would represent an uncontrolled mixture of the waveguide
modes. Besides that, the absolute values of reflection co-
efficients decrease with the increase of oversize factors.

The problem of extending of the interaction space in the
transverse direction can be partially solved by using the
coupling between the propagating and the cutoff modes in
the advanced Bragg reflector with additional transverse
electromagnetic energy fluxes [5]. In this paper we con-
sider the planar model of the FEL with a hybrid Bragg
resonator consisting of two structures with different oper-
ating features (Fig. 1): an upstream (cathode-side) ad-
vanced Bragg reflector and a downstream (collector-side)
traditional Bragg reflector. Mode control in the transverse
(y) direction is achieved within the upstream advanced
Bragg reflector by means of the above-described mecha-
nism of partial waves coupling. Interaction with the elec-
tron beam oscillating in the planar wiggler mostly takes
place in the regular part of the resonator, where the syn-

chronous wave Aþ escaping from the upstream reflector is
amplified by the electron beam. A conventional 1D Bragg
mirror at the output of the system reflects only a small
amount of the rf energy in the backward direction, thus
forming the feedback loop and providing the conditions for
the self-excitation of the oscillator. According to estima-
tions, the described above scheme can be used for realiza-
tion of the powerful Bragg FEL in terahertz wave band.
Unlike existing terahertz band FELs [6,7], the above
scheme should be driven by a long pulse electron beam
from induction linear accelerators [8] or electrostatic ac-
celerators [9–11].
In Sec. II the properties of an advanced Bragg structure

are studied and its reflection coefficient is found. In Sec. III
we present the results of the simulation of nonlinear dy-
namics of the FEL with a hybrid Bragg resonator described
above. In the Appendix some guidelines on the derivation
of the basic equations are given.

FIG. 1. (Color) Scheme of a planar FEL with hybrid Bragg
resonator: 1—advanced Bragg reflector; 2—traditional Bragg
reflectors; 3—electron beam.*ginzburg@appl.sci-nnov.ru
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II. TERAHERTZ BAND PLANAR BRAGG
REFLECTORS

An advanced Bragg reflector is formed by two parallel
plates with shallow periodic corrugation of the inner walls:

aðzÞ ¼ a1 cosð �h1zÞ; (1)

where �h1 ¼ 2�=d1, d1 is the period of the structure (this
period is 2 times larger than in traditional Bragg reflectors).
Under the Bragg resonance condition

�h 1 � h (2)

which is satisfied when the mean distance between plates is
given by a0 ¼ nd1=2 (where n is integer), the field can be
presented as a sum of the two TEM modes propagating in
opposite directions:

~E� ¼ ~y0 Re½AþðzÞeið!t�hzÞ þ A�ðzÞeið!tþhzÞ�: (3a)

and a cutoff TMn mode,

~E ¼ ~z0 Re

�
BðzÞ sin

�
�ny

a0

�
ei!t

�
: (3b)

Here ~y0 is the unit vector directed normally to the
surface, ~z0 is the unit vector along the propagation direc-
tion of the waves (see Fig. 1). The process of reflection via
excitation of the cutoff mode can be described by the
following equations (see the Appendix):

d ~A�
dz

� i
�

c
~A� ¼ �i�1

~B (4a)

1

2h

d2 ~B

dz2
� i� ~Bþ�

c
~B ¼ �1ð ~Aþ þ ~A�Þ: (4b)

Here � ¼ ð!� �!Þ is the detuning between the Bragg
frequency �! ¼ �hc and the frequency of the incident wave,

�1 ¼ ha1ffiffiffi
2

p
a0

(5)

is the coupling coefficient (see Appendix for details), l is
the length of the structure, � ¼ h�

a0
is the Ohmic losses

parameter for the cutoff mode, � is the skin depth (Ohmic
losses for propagating waves A� are negligibly small). In

Eqs. (3) and (4) the amplitudes ~A� ¼ A�=
ffiffiffiffiffiffiffi
NA

p
, ~B ¼

B=
ffiffiffiffiffiffiffi
NB

p
are normalized by the wave norms

NA ¼ ca0
2�

; NB ¼ ca0
4�

:

In the case of incident wave ~Aþ we apply the following
boundary conditions to Eqs. (4):

~Aþjz¼0 ¼ ~A0; ~A�jz¼l1 ¼ 0; (6a)

�
d ~B

dz
� i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2h

�
�

c
� i�

�s
~B

���������z¼0
¼ 0; (6b)

�
d ~B

dz
þ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2h

�
�

c
� i�

�s
~B

���������z¼l1

¼ 0: (6c)

For the partial cutoff mode ~B, we used radiation bound-
ary assuming that edge reflections for this wave are negli-
gibly small. The solution of Eq. (4b) out of the Bragg
structure where �1 ¼ 0 is the waves propagating away
from the structure: ~B� ei�z at z < 0 and ~B� e�i�z at z >

0, where � ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2hð�c � i�Þ

q
. The electric field is propor-

tional to B while the magnetic field is proportional to dB
dz .

Taking into account the continuity of the electric and
magnetic fields at the structure edges, we get the boundary
condition (6b) and (6c).
Neglecting the diffraction for the cutoff mode, one can

obtain the longitudinal distribution of reflected and trans-
mitted waves from Eqs. (4) as follows:

~A� ¼ ~A0

2ið�2 � g2c2Þ singðl1 � zÞ
ð�þ gcÞ2eigl1 � ð�� gcÞ2e�igl1

;

~Aþ ¼ ~A0

ð�þ gcÞ2eigðl1�zÞ � ð�� gcÞ2e�igðl1�zÞ

ð�þ gcÞ2eigl1 � ð�� gcÞ2e�igl1
;

(7)

where

g ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2

c2
� 2�2

1�

�� i�c

s
:

For the cutoff mode we have

~B ¼ �1cð ~Aþ þ ~A�Þ
�� i�c

: (8)

The reflection coefficient is given by relation

R ¼
~A�ðz ¼ 0Þ

~A0

¼ 2ið�2 � g2c2Þ singl1
ð�þ gcÞ2eigl1 � ð�� gcÞ2e�igl1

:

(9)

The maximum of the reflection coefficient can be written
as

Rmax ¼ �2
1l1

�2
1l1 þ �

(10)

which corresponds to the exact Bragg resonance (� ¼ 0).
Figure 2 shows the frequency dependencies of the reflec-
tion coefficient. Unlike the traditional Bragg structures, the
decrease of the waves coupling coefficient �1 in the ad-
vanced Bragg reflector makes the reflection band narrow
while the maximum of reflection coefficient does not de-
pend on �1 at zero Ohmic losses. Thus, the coupled-wave
approach shows that a narrow band reflector is effective at
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large values of oversize factor and can be realized using the
coupling between propagating and cutoff modes.

The selective features of the advanced Bragg reflector
are confirmed by the results of the direct simulation at
terahertz frequency band with the use of 3D electromag-
netic code. We took the structure period d ¼ 0:3 mm,
distance between plates a0 ¼ 6 mm, corrugation depth
a1 ¼ 0:01 mm, and reflector length l1 ¼ 15 mm. At n ¼
40 the expected Bragg resonance frequency is f ¼ 1 THz.
In Fig. 3 the frequency dependencies of the reflection and
transmission coefficients are shown for the incident TEM
mode. One can see that at oversize factor a0=� � 20
several reflection bands corresponding to the excitation
of the cutoff modes with different numbers of field varia-
tions n are present. However, the reflection peak near the
1 THz frequency corresponding to the excitation of the
TM40 cutoff mode is dominant.

Note that for the effective single mode operation it is
sufficient to provide a condition that the frequency distance
between modes with different transverse indices n exceeds
the FEL amplification band

c�=a0 <!=N;

which is defined by the number N ¼ l0=dw of wiggler
periods dw inside the interaction space with the length l0.

Taking into account that the FEL operation wavelength
� � ��2dw=2, we get a restriction for the width of the gap
between resonator plates

a0 < l0�
�2=2;

where � is relativistic mass factor. Obviously, this condi-
tion can be satisfied in terahertz wave band.

III. NONLINEAR DYNAMICS OF THE FELWITH
AN ADVANCED BRAGG REFLECTOR

The advanced Bragg reflector described in Sec. II should
be used in the two-mirror resonator scheme as an upstream
reflector (Fig. 1). To avoid large Ohmic losses associated
with the excitation of cutoff mode, it is reasonable to use
the conventional Bragg reflector with rather small reflec-
tivity as a downstream reflector. Further we consider the
nonlinear dynamics of the planar FEL with the hybrid
resonator consisting of an upstream advanced and a down-
stream traditional Bragg reflector. We assume that the sheet
electron beam interacts with the synchronous wave Aþ.
Nonstationary equations for the amplitudes of coupled

waves in the upstream reflector can be presented in the
form

@Âþ
@�

þ @Âþ
@�

¼ i�̂1B̂þ J
@Â�
@�

� @Â�
@�

¼ �i�̂1B̂

C

2

@2B̂

@�2
� i�̂ B̂�i

@B̂

@�
¼ �̂1ðÂþ þ Â�Þ; (11)

where we used the following normalized variables and
parameters: � ¼ ChZ, � ¼ tC �!, �̂1 ¼ �1=hC, �̂ ¼
�=hC

Â� ¼ A�eK	

�mc!C2
; B̂ ¼ BeK	

�mc!C2

ffiffiffiffiffiffiffi
NA

NB

s
;

C ¼ ð eI0	K2�2

8�mc3�3a0
Þ1=3 is the gain parameter, K ¼ eHu

hwmc2
, Hu is

the wiggler field amplitude, 	 � ��2 is the bunching
parameter,
k ¼ vk=c is the electron translational velocity,
and � is the relativistic mass factor. The HF current in
Eq. (11) J ¼ 1

�

R
2�
0 e�i�d�0 can be found from the aver-

aged electron motion equations [3]:�
@

@�
þ 
�1

k
@

@�

�
2
� ¼ ReðÂþei�Þ;

�j�¼0 ¼ �0 2 ½0; 2�Þ;�
@

@�
þ 
�1

k
@

@�

�
�

���������¼0
¼ �;

(12)

where � ¼ �!t� hz� hwz is the electron phase, � ¼
ð �!� hvk � hwvkÞ= �!C is the initial detuning of undulator

synchronism, hw ¼ 2�
dw
.

For the cutoff mode we apply the radiation boundary
conditions at the edges of corrugation [12,13],

FIG. 3. Reflection (solid line) and transmission (dashed line)
coefficients vs frequency in 3D simulations.

FIG. 2. (Color) Reflection coefficient vs frequency in the
coupled-wave model: � ¼ 0.
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�
B̂�

ffiffiffiffiffiffiffiffi
C

2�i

s Z �

0

e��̂ð���0Þffiffiffiffiffiffiffiffiffiffiffiffiffi
�� �0

p @B̂ð�0Þ
@�

d�0
����������¼0

¼ 0; (13a)

�
B̂þ

ffiffiffiffiffiffiffiffi
C

2�i

s Z �

0

e��̂ð���0Þffiffiffiffiffiffiffiffiffiffiffiffiffi
�� �0

p @B̂ð�0Þ
@�

d�0
����������¼L1

¼ 0; (13b)

where L1 ¼ l1Ch. This condition can be obtained from (5)
by means of Laplace transform [12,13].

In the output traditional Bragg reflector:

a ¼ a2 cos �h2z (14)

( �h2 ¼ 2�=d2, d2 is the structure period) with the length l2
(Fig. 1) only two counterpropagating partial waves (3a) are
presented. Under the Bragg resonance condition

2h � �h2; (15)

the mutual scattering of these waves can be described as
follows:

@Âþ
@�

þ @Âþ
@�

� i�̂2Â� ¼ J (16a)

� @Â�
@�

þ @Â�
@�

� i�̂2Âþ ¼ 0; (16b)

where �̂2 ¼ 1
C

a2
a0
is the coupling coefficient. Amplification

of the synchronous wave Aþ in the regular section of the
resonator with the length l0 is described by the equa-
tions (12) and (16a), where one should put �̂2 ¼ 0.

In simulations we assert that the external energy fluxes
are absent so the amplitudes of the waves A� on the
corresponding boundaries turn to zero:

Âþj�¼0 ¼ 0; Â�j�¼L ¼ 0;

where L ¼ L1 þ L0 þ L2 is the total length of the resona-
tor, Lj ¼ Chlj.

Electron efficiency is determined by the following rela-
tions:

� ¼ C

	ð1� ��1
0 Þ �̂;

�̂ ¼ 1

2�

Z 2�

0

�
@�

@�
��

����������¼L
d�0:

In the steady-state generation regime (when Â�, B̂�
ei�̂�), one can obtain the energy conservation law from
Eqs. (11)–(16) as follows:

�̂ ¼ Pþ þ P� þ Pdifr þ �

2

Z L

0
jB̂j2d�; (17)

where

Pþ ¼ jÂ2þð� ¼ LÞj
4

; P� ¼ jÂ2�ð� ¼ 0Þj
4

are the normalized output power radiated with the partial
waves Aþ and A� correspondingly,

Pdifr ¼ C

4
Im

�
B̂� @B̂

@�

���������¼L
�B̂� @B̂

@�

���������¼0

�

is the power of diffraction losses associated with the cutoff
mode B. Useful power is proportional to Pþ, while the
other terms in (17) represent various channels of energy
losses.
Simulation of the FEL operation is carried out for the

lengths of the input and output Bragg reflectors l1 ¼
34 cm, l2 ¼ 17 cm separated by the regular section of
length l0 ¼ 70 cm, for the resonator made of copper � �
0:2 	m. For the electron energy 5 MeV and undulator
period 6 cm, the radiation frequency is f ¼ 1 THz. For
the sheet beam current density 10 A=cm, the gap between
plates a0 ¼ 6 mm and undulator field amplitude Hu ¼
5 kOe, one can obtain for the gain parameter C � 1:4�
10�4. Normalized section lengths are L1 ¼ 1, L0 ¼ 2,
L2 ¼ 0:5 and the coupling coefficients are �̂1 ¼ 1:1, �̂2 ¼
0:8. Results of the simulation are presented in Figs. 4–6. In
Fig. 4 the process of establishment of steady-state oscil-
lations is demonstrated. The longitudinal profile of partial
waves in the steady-state regime in Fig. 5 shows that the
main amplification of the synchronous wave Aþ takes
place after the upstream mirror. As a result, the amplitude
of the cutoff mode B excited in the advanced Bragg struc-
ture is relatively small. Correspondingly, Ohmic and dif-
fraction losses associated with this mode are also small.
Under such conditions, up to 95% of energy radiated by the
electron beam is extracted with the running wave Aþ. For
the calculated efficiency of �� 3% the power density of
terahertz radiation would be �1:5 MW=cm. The transient
time is about 100 ns.

0 50 100 150 200 250

0

0.4

0.8

1.2

1.6

2 ˆ, Pη +

τ

η̂

P+

FIG. 4. (Color) Temporal dependence of efficiency (black line)
and normalized output power (green line) at L1 ¼ 1, L0 ¼ 2,
L2 ¼ 0:5, �̂1 ¼ 1:1, �̂2 ¼ 0:8, � ¼ �1, and �̂ ¼ 0:1.
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The simulation of the dynamics of the novel FEL
scheme also shows the possibility of the effective mode
control over the longitudinal coordinate. As one can see
from Fig. 6, the oscillation frequency is close to the cutoff
frequency of the mode B and changes smoothly with the
variation of detuning parameter � which corresponds to
the variation of electron initial energy. The oscillation
frequency jumps typical for a pattern with longitudinal
mode competition are absent.

Note in conclusion that for the suggested scheme the
upstream advanced Bragg structure provides mode control
over the narrow (y) transverse coordinate. The synchroni-
zation of radiation over the second transverse coordinate x
can be achieved due to diffraction of cutoff mode B over
this coordinate (to be published elsewhere).
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APPENDIX

To derive Eqs. (4) which describe coupling between the
two propagating and a cutoff mode, we use the concept
developed in [14,15]. The corrugated wall surface of the
waveguide a ¼ a0 þ ~aðzÞ under the assumption of shallow
corrugation: j~aðzÞj � �, a0 can be accounted for as a
noncorrugated surface with the boundary condition (which
follows from the circuital theorem)

~E � ¼ ~n�
�
r½~aðzÞEn� þ i

!

c
~aðzÞð ~n� ~HÞ

�
; (A1)

where ~n ¼ ~y0 is the unit vector of the normal to the

unperturbed (noncorrugated) waveguide wall, and En ¼
Ey ¼ ð ~E ~nÞ is the electric field component normal to the

waveguide wall. This boundary condition can be substi-
tuted by the surface magnetic current,

~i m ¼ c

4�
~E� ¼ c

4�
~n�

�
r½~aðzÞEy� þ i

!

c
~aðzÞð ~n� ~HÞ

�
;

(A2)

distributed over the unperturbed waveguide walls.
Thus, the problem of the mode coupling in the corru-

gated waveguide can be reduced to the problem of mode
coupling in the regular waveguide with a magnetic current
(A2) induced in its walls. The equation of excitation of the
electromagnetic field in the waveguide by the surface
magnetic current can be presented in a form (we assume
here that only one plate is corrugated)

� ~H þ!2

c2
~H ¼ i4�!i

*m

c2
�ðy� b0Þ: (A3)

The solution of (A3) can be expanded into the series of
transverse mode structures of the regular waveguide:

~H ¼ X1
j¼1

CjðzÞ ~H0
j ðx; yÞei!t; (A4)

where �? ~H0
j þ !2

j

c2
~H0
j ¼ 0, !j is the cutoff frequency of

the jth mode. The set of eigenmodes of a regular wave-
guide is full and orthogonal.
If the frequency is close to the cutoff frequency of one

of the modes ! � !B, then, after multiplying the equa-
tion (A3) by the complex conjugate structure of cutoff
mode (index B), and integrating over the waveguide cross
section, we obtain (compare to [15])

c

2!

d2B

dz2
þ!�!B

c
B ¼ 1

NB

I
i
*m

!H
* 0�
B dx; (A5)

FIG. 6. (Color) Dependence of efficiency (black line) and fre-
quency (red line) on the detuning parameter � at L1 ¼ 1, L0 ¼
2, L2 ¼ 0:5, �̂1 ¼ �̂2 ¼ 0:8, and �̂ ¼ 0:1.

0 1 2 3 4

0

1

2

3
|A±|,|B|

L1 L0 L2

|B|

|A+|

|A-|

FIG. 5. (Color) Longitudinal profile of partial waves in the
steady-state regime Aþ (green line), A� (blue line), and B (red
line); L1 ¼ 1, L0 ¼ 2, L2 ¼ 0:5, �̂1 ¼ 1:1, �̂2 ¼ 0:8, � ¼ �1,
and �̂ ¼ 0:1.
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where integration in the right-hand side over the cross
section is reduced to integration over the waveguide pe-

rimeter, NB ¼ c
2�

R
S?

~H0
B
~H�
BdS? is the norm of the cutoff

mode.
By the same method the excitation equation for the

propagating modes (index A) can be presented as [3,15]

� dA�
dz

þ i
!�!c

c
A� ¼ i!

cNA

I
i
*m

!H
* 0�
A dx; (A6)

where NA ¼ c
2�

R
S?

~E0
A � ~H0�

A jzdS? is the waveguide

norm.
In the assumption that the Bragg resonance con-

ditions (2) are satisfied, the cutoff mode B is coupled to
the two counterpropagating modes A�, and the sum (A4) in
the case of sinusoidal corrugation given by (1) can be
constrained to three components:

~H ¼ Ref½AþðzÞ ~H0
AðyÞe�ihz þ A�ðzÞ ~H0

AðyÞeihz
þ BðzÞ ~H0

BðyÞ�ei!tg: (A7)

Substituting in Eqs. (A5) and (A6) the expression for
surface current (A2) and taking into account that in planar
geometry for the cutoff mode the normal (y) components
of electrical and magnetic fields are equal to zero, we
transform excitation equations to the form

c

2!

d2Bc

dz2
þ!�!c

c
Bc

¼ !a1
8�NB

I
½AþH

* 0

A�
~H0�
B�e

�i"z þ A�H
* 0

A�
~H0�
B�e

i"z�dx

� dÂ�
dz

þ i
!�!c

c
Â� ¼ i!a1

8�NA

I
BcH

* 0

B�
~H0�
A�e

�i"zdx:

Here " ¼ ð!c � �!Þ=c is the mismatch between the
Bragg frequency and the cutoff one. After renormalizing

the field amplitudes ~A� ¼ A�=
ffiffiffiffiffiffiffi
NA

p
and ~B ¼ B=

ffiffiffiffiffiffiffi
NB

p
, we

get

c

2!

d2 ~Bc

dz2
þ!�!c

c
~Bc ¼ �ð ~Aþe�i"z þ ~A�ei"zÞ (A8a)

�d ~A�
dz

þ i
!�!c

c
~A� ¼ i� ~Be�i"z; (A8b)

where

� ¼ !b1
8�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
NBNA

p
I

H
* 0

B�
~H0�
A�dx

is the coupling coefficient.
For the TMp modes (p ¼ 0; 1; 2; . . . , including the TEM

mode: p ¼ 0) mode structures are given by

~H 0
� ¼ ~x0 cos

p�y

a0
:

For the TEp modes (p ¼ 1; 2; . . . )

~H 0
� ¼ ~z0

p�c

!
cos

p�y

a0
:

Thus, for the coupling of the TM modes with indices q
and p in the planar waveguide, the coupling coefficient is

�TMq�TMp
¼ ka1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �p0

p
a0

ffiffiffi
k

h

s
; (A9)

where �p0 ¼ 1 at p ¼ 0 and �p0 ¼ 0 at p � 0,

�TEp�TEq
¼ pq�2

k

a1
2a30

ffiffiffi
k

h

s
(A10)

for the coupling of TE modes. Note that for the coupling of
TE modes the coupling coefficient is much smaller than for
the coupling of TM modes and �TM�TE ¼ 0 for the cou-
pling of TM and TE modes.
In the case of the two corrugated plates, the coupling

coefficients (A9) and (A10) should be multiplied by the

factor F ¼ ð1þ eið
þ�pþ�qÞÞ, where 
 is the phase shift
between plates’ corrugations. To obtain Eqs. (4) we put
" ¼ 0 and consider a case of coupling between the TEM
and TMq modes in the waveguide with the two corrugated

plates with cophasal corrugation for which F ¼ 2 for odd
cutoff modes and F ¼ 0 for even cutoff modes.
Similar to [13], nonlinear time-domain equations (11)

can be obtained by introducing the electron current into
Eqs. (A8) and performing the Laplace transform to sub-
stitute frequency mismatches in the left-hand parts of the
equations by the time derivatives. Boundary con-
ditions (13) can similarly be obtained from boundary con-
dition (6b) and (6c) by means of the Laplace transform.
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