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In a laser-pumped x-ray free-electron laser (FEL) an intense laser field replaces the magnetic wiggler
field of a conventional FEL. Depending on the intensity and quality of both the electron beam and pump
laser, the Thomson backscattered radiation can be coherently amplified. In a conventional FEL the
generation of x rays requires electron beam energies in the multi-GeV range. In a laser-pumped x-ray
FEL, electron beam energies in the multi-MeV range would be sufficient. To generate coherent x rays with
this mechanism a number of physics and technology issues must be addressed. Foremost among these are
the stringent requirements placed on the electron beam quality and brightness as well as on the pump laser.
The seed radiation for the laser-pumped FEL is the laser-induced spontaneous radiation. The evolution of
incoherent radiation into coherent radiation as well as the power gain lengths associated with the coherent
x rays are analyzed and discussed. There is excellent agreement between our analytical results and
GENESIS simulations for the radiated power, gain length, conversion efficiency, linewidth, and saturation
length. These issues, as well as others, necessary to achieve coherent amplified x rays in a laser-pumped
FEL are discussed. While a coherent x-ray source would have a number of attractive features, the

requirements placed on both the electron beam and pump laser are extremely challenging.
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I. INTRODUCTION

The free-electron laser (FEL) can, in principle, generate
coherent, polarized, short pulses of x rays for numerous
applications in research. There are a number of large-scale
electron accelerator facilities throughout the world that
will be used for x-ray generation using a conventional
FEL configuration [1-4]. In a conventional FEL the elec-
tron beam propagates through a static, periodic magnetic
field (wiggler) which results in stimulated emission [5-20].
Generation of x rays at these facilities typically requires
electron beam energies in the multi-GeV range with peak
currents in the multi-kA range, and wiggler lengths of
many tens of meters. An x-ray FEL amplifier can be
operated in the self-amplified regime, eliminating the
need for a coherent input x-ray source [21-26]. In this
case the FEL seed radiation is provided by spontaneous
incoherent emission in the wiggler.

The wiggler field in the FEL can be replaced with an
electromagnetic wave such as an intense laser field.
Early analysis of stimulated emission from relativistic
electrons interacting with an electromagnetic pump was
presented and discussed in [27]. This analysis was limited
to the low-gain, thermal beam regime. In this regime the
power gain lengths are extremely long, making the
concept impractical. The high-gain regime of the electro-
magnetically pumped FEL was first analyzed and dis-
cussed in [28]. In this regime the power gain lengths can
be very short. However, the requirements on the electron
beam quality and the pump laser power are demanding,
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particularly for x-ray generation. Since these early
studies there have been a number of papers that have
considered employing electromagnetic pumps in FELs
[29-33].

In this paper we analyze and discuss a laser-pumped
FEL amplifier operating in the x-ray regime. The analysis
considers (i) electron beam thermal effects, (ii) off-axis
propagation, (iii) transverse pump nonuniformity, and
(iv) the transition from incoherent (spontaneous) to coher-
ent x rays. The power gain length and the conversion
efficiency are determined as functions of the electron
beam energy spread. The radiation power as a function of
interaction distance is obtained in both the incoherent and
coherent regimes. The coherent power is emitted into a
solid angle which is typically much greater than the solid
angle associated with diffraction. For electron beams of
sufficiently high quality, with energies of ~6 MeV and
peak currents of 500 A, we find that coherent x rays at 20 A
can be generated with power gain lengths of ~300 um,
saturation lengths of ~0.4 cm, and conversion efficiencies
of ~0.01%. To achieve these values the fractional electron
beam energy spread must be = 0.01%. The pump laser for
this example has a wavelength of 1 pwm and a pulse dura-
tion of 23 psec. To compare our results with simulations we
use the GENESIS FEL code [34] and find good agreement
with our analytical results. We also use our theoretical
model to evaluate GENESIS simulations for the Linac
Coherent Light Source (LCLS) wiggler-based FEL oper-
ating at 15 A.
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FIG. 1. (Color) Schematic of laser-pumped free-electron laser.
The pump laser and electron beam propagate in opposite direc-
tions along the z axis.

II. HIGH-GAIN REGIME

The laser-pumped FEL is shown schematically in Fig. 1.
The pump laser is taken to be circularly polarized, with
normalized vector potential

a,(r, 1) = a,[cos(k,z + w,1)&, + sin(k,z + w,1)&,]
= (a,/2)exp[—ilk,z + w,0)]é, + c.c. (1)

where &, = (&, + i)/ V2 is a unit transverse vector,
A, = 27c/w, is the pump wavelength, k, = w,/c is the
wave number, and a, = gA,/mc? is the normalized am-
plitude. The pump laser power is P, = (m>c/q?) X
(mo,/A2)a2, where m*c>/q*> = 8.75 GW, o, = mr2/2
is the cross-sectional area for a Gaussian transverse profile,
and r, is the laser spot size. In the following it is assumed
that the pump amplitude A, is a constant.

The x-ray radiation is given by the normalized vector
potential

a(r, 1) = [a(r, 1)/+2] expli(k.z — wt)]é; +cc, (2)

where A = 27¢/w is the x-ray wavelength and k, is the
complex axial wave number.

A. Thermal beam dispersion relation

Thermal effects associated with the electron beam play a
critical role in the FEL interaction. The FEL dispersion
relation including thermal effects is [13,15,16]

2 2

1) Va; oo,
A A
X[m dyF,(y)
1 [kz +k, — (w - wo)/vz + /’Lki]z’

3

where k) is the transverse wave number, f is the filling
factor, i.e., ratio of electron beam to radiation beam areas,
v = wiri/4c* = Nyr,/€, = I,[A]/17000 is Budker’s
parameter, w, = (4mwq*n,/m)'/? is the electron beam
plasma frequency, I, is the beam current, r, = g*>/mc? is
the classical electron radius, €, is the electron bunch
length, N, is the number of electrons in a bunch, r;, is
the electron beam radius, and F,(y) is the electron distri-

bution function. The filling factor is a function of the
interaction distance. In BEq. (3) u = y2,a2/(2y2w/c) is a
correction term that arises from the transverse electron
motion in the field of the pump laser. The resonant fre-
quency is a function of k|, and for a2 < 1 is given by

wglky) = wroll = (y2,/wh)c?*kA ] 4

where the resonant frequency for on-axis (k; = 0) propa-
gationis wgy = 4y2,w, = 4y2w,/(1 + a2). The coherent
radiation is emitted along the z axis inside a narrow cone
with opening angle 6, = k, /k,. The range of allowed
k| ’s,1i.e., emission solid angle, is important in determining
the incoherent and coherent x-ray power and is discussed
in Sec. ITE. A fully 3D dispersion relation, taking into
account the finite electron beam radius, indicates that there
is a limit on the range of transverse wave numbers [35]. In
addition, the finite electron beam radius places a limit on
k | such that for the radiation to undergo at least one power
e-fold, k| = (r,/L,,)k;.

1. Cold beam

For a cold beam the electron distribution function is
F,(y) = 6(y — v,) and the dispersion relation is given
by Dggr(k, @) = 0, where

Dpg(k, w) = I:kZ - 2(1 _ Czki)]

c Zw%O
—_ 2 2
% [kz _g(l n (@ i Wgo) ,U«Ckl)]
c 2yZ,wRo ®Ro
+ (T, /3)%. (5)

For a cold beam, with k; =0 and w = wgy, we find
k, = w/c + Ak, where Ak = (1//3 — i)I',,/2. However,
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FIG. 2. (Color) X-ray (A = 20 A) power gain length L go VETSUS
beam current for a cold electron beam with electron beam radius
r, =70 um (red) and r, = 100 um (blue). The curves are
from Eq. (6) with L,, = 1/I', and the solid circles are from
GENESIS simulations. The other parameters are a, = 0.5, A, =
1 wm, and E, = 5.88 MeV.
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TABLE 1. Parameters for a laser-pumped FEL.

Electron beam parameters

Energy E, = 5.88 MeV (y, = 12.5)
Current I, =500 A
Radius r, =70 pm

Energy spread limit Av/y, =n=0.01%

Pump laser parameters

Wavelength A, =1 um
Strength a, = 0.5
Spot size r, =400 um
Rayleigh length Zpo =05m

Pulse duration 7, = 2Ly /c = 23 psec

X-ray parameters

Wavelength A=20A
Spot size (at saturation) rg =70 pm
Rayleigh length (at saturation) Zp =7.7 m
Power gain length Ly, =280 um
Conversion efficiency n =0.01%
Saturation length Ly, =0.35 cm
Saturated power Py, = 300 kW

to lowest order in the transverse wave number k; and
frequency detuning ® — wpy parameters, the wave-
number shift is Ak = [[',,/(2V/3)K1 — 2(g; — 2&,)/3 —
i31 = (s + £,)?/9]}, where &) = (wgo/c)(V3/Tg,) X
(ck1/V2wgo)? and & = (wRO/C)(\/g/Fg()) X
(0 — wgy)/(2y2,wgy). The power growth rate as a func-
tion of w and k| is

To(w, ky) =T{l — [0 — wp(k)P/Aw?,  (6)

where the peak growth rate is I',, = (5.07/y,) X
[fva3/(r2),)]'/3, the power gain length is L,, = 1/T,,,
and the linewidth associated with the power growth rate is
Aw/wry = (A,/Lg,)/27. As an example, the power gain
length for x rays at A = 20 A is shown in Fig. 2 for a cold
electron beam as a function of beam current. The parame-
ters for this plot are listed in Table I.

2. Thermal beam

For a thermal electron beam with distribution function

F,(y) = (Jmdy)~"exp[—(y — v,)*/8¥*], the dispersion
relation for k; = 0 is

A, (Too\3 v
Ak = 2o (Le0) Yo
47T<\/§) 8y

y [oo dxm™ 2 xexp(—x?)
—oo Ak — 2k, (0 — @go)/ @ry + 4k (8Y/V,)x
)

where 8y/7, is the fractional energy spread. The disper-
sion relation can be written in the form

§=—p,[1 +{& + £2(¢ + £))) ®)

where f = _(’Y()/S’Y)Ak/é"km f() = (’)/0/57) X
(0 — wgy)/20pgy, Ak = Ak, —il',/2, p,=24X
10734, T3 (0 /87), Z(§) = 712 [, dxexp(—x?)/
(x — &) is the plasma dispersion function, and gain occurs
when the imaginary part of ¢ is positive. In the cold beam
limit |£ + £&,] > 1 the dispersion relation reduces to the
usual cubic equation with power growth rate given by
Eq. (6) for k; = 0and &, = 0.

The thermal dispersion relation can be analyzed in vari-
ous limits. In the thermal beam limit |£& + &,| <1 the
dispersion relation reduces to [15]

where Z(|£] < 1) = i\/mexp(=&?). For 1> £, > |€]
the imaginary part of & is & = —7'/%p &, exp(—&2),
where p, < 1. The maximum growth rate occurs at £, =
—1/+/2 and is given by [15,27]

Te/Teo = 91 X 1074, T )2,/ 8yP. (10)

Note that the thermal growth rate is inversely proportional
to the square of the energy spread. The power growth rate
at resonance (£, = 0) in the thermal beam limit is
52X 1075 (A0 (7,/8y)
1+1.8X% 10_9(/\0I‘g0)6(70/5y)6'

/T = (1)
In the extreme thermal limit |£| << 1, the power growth
rate at resonance is given by

Iy /Ty, =52X1078A,T,)%(v,/87). (12)

Figure 3 plots the normalized growth rate for x rays at
A =20 A as a function of relative electron beam energy
spread and detuning for the parameters listed in Table I.
Figure 3 shows that, as the energy spread of the beam is
increased up to 8vy/y, ~5 X 1074, the FEL interaction
can be detuned to increase the growth rate relative to the
resonant growth rate. For a given energy spread, the opti-
mal detuning, i.e., maximum growth rate, occurs when the
difference between the beam velocity and the phase veloc-
ity of the wave is equal to the thermal velocity spread of the
beam. For 8y/y, > 5 X 1074, the growth rate is vanish-
ingly small regardless of detuning.

B. X- ray conversion efficiency

The saturated coherent power is  Peopga =
NNy, mc*/7,, where 1 = Py /Py is the conversion
efficiency and P, = N,y,mc?*/7, = vy,mc*/r, is the
electron beam power. The conversion efficiency in the
cold beam limit can be obtained by considering the differ-
ence between the electron beam energy before and
after trapping in the ponderomotive potential [17]. The
efficiency at saturation is 1 = (2/v,)(3v,/9B:0)(B-0 —
Bph), where S, is the normalized axial phase velocity of
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FIG. 3. (Color) (a) Surface plot of normalized x-ray growth rate
I'y/T,, from Eq. (8) versus fractional electron beam energy
spread 6/, and fractional detuning (@ — wpgy)/wgy for the
parameters of the laser-pumped FEL of Table I. (b) Line plots of
r,/T,, versus 8y/vy, for various values of detuning for the
same data as shown in Fig. 3(a).
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FIG. 4. (Color) X-ray conversion efficiency versus beam current
for a cold electron beam, with electron beam radius r, = 70 um
(red) and r, = 100 wm (blue). The curves are from Eq. (13) and
the solid circles are from GENESIS simulations. The parameters
are the same as in Fig. 2.

the ponderomotive wave. From the dispersion relation the
phase velocity is found to be vy,/c = (0 — w,)/c(k, +
k,) = B., — Re(Ak)/k, + k% /(2k2). The conversion effi-
ciency at saturation, for k| = 0, is [17]

7 =0.023(A,/Ly,). (13)

The expression in Eq. (13) assumes that all the electrons
contributing to the growth of the radiation become trapped
in the ponderomotive buckets at saturation; i.e., the trap-
ping fraction is 100%. The x-ray conversion efficiency
plotted as a function of beam current is shown in Fig. 4
for a cold electron beam along with results from GENESIS
simulations. The parameters for this plot are listed in
Table 1. There is good agreement between theory and
simulations.

C. Validity of classical description

The classical description is valid if the electron momen-
tum recoil is somewhat less than the electron thermal
momentum spread. In the beam frame (indicated by a
prime on the variables) this condition is k' < mAv’ and
in the laboratory frame it can be written as [36-38]

(14)

)
1+ a2\ v, /\A, '

where A, = 27h/mc = 0.024 A is the Compton wave-
length, Ay/y, = v2(1 + a2)"'Av,/c is the fractional en-
ergy spread, and Awv, is the axial velocity spread. A more
detailed analysis performed in [36,37] shows that the in-
equality in Eq. (14) is more accurately given by
17,(A/A,) > 0.4. In the example presented in this paper
17,(A/A,) = 1 and quantum effects reduce the classical
growth rate by ~10%, see Fig. 1 in Ref. [37].

D. Electron beam quality requirements

The beam quality requirements for a laser-pumped x-ray
FEL are extremely challenging [31]. For high gain and
efficiency the electrons must remain in phase with the
ponderomotive (trapping) wave. As a result the interaction
is sensitive to an axial electron velocity spread. A spread in
axial electron velocity Av, can result in phase mixing
which would reduce the gain and efficiency. The electron
beam can be considered cold, i.e., monoenergetic, provided
Av,L,,/c < A, which can be written in terms of the
fractional energy spread Ay/y << A,/4L,, = 10m. The
energy spread on the beam consists of several contribu-
tions. These contributions include: (i) intrinsic energy
spread, (ii) transverse and longitudinal emittance,
(iii) space charge, (iv) pump laser linewidth, and
(v) pump laser field gradients. The overall energy spread is
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where  (Ay/Y,)Lemic = €2/2r; ~2X 1074, (g, =
I mm mrad, rp, = 50 /‘Lm)’ (AY/’yo)z,emil =
en./(TyEp) ~ 25X 107* (&} . =25 keV-psec, T, =

10 psec, and E, = 10 MeV), (Ay/)/o);m_cgce =v/y,,
(Ay/y,) pm = 8A/2A, <107*. Here, &, is the normal-
ized transverse emittance and &), . is the normalized axial
emittance [39]. The energy spread contribution due to
space charge leads to an energy shear which can, in prin-
ciple, be eliminated or substantially reduced by creating
the electron beam with an appropriate radial energy shear.

The electron beam brightness B, = 21,/(7?&2) is a
measure of beam quality [39]. At the cathode the normal-
ized brightness can be expressed as B, =
J.mc*/(2mkgT,), where J. is the current density at the
cathode and T, is the cathode temperature. For a photo-
cathode with k3T, = 0.1 eV and J, = 100 A/cm?, the
brightness is B, ~ 108 A/(cm-rad)>. The brightness
needed in a laser-pumped x-ray FEL is about an order of
magnitude higher, i.e., = 10° A/(cm-rad)?. An axial mag-
netic field may be necessary to guide the electron beam
through the interaction region. The magnetic field required
for a matched, i.e., constant radius, electron beam is
B [kG] = (4.7/r, [em])(v/y,)"/* ~ 30 kG. For the pa-
rameters considered here the electron beam undergoes
less than a complete gyrorotation in the interaction region
and therefore the effect of the magnetic field on the gain
process is expected to be negligible.

E. Radiation solid angle

The transition from spontaneous to coherent radiation is
critically dependent on the angular distribution of the
waves. Waves with finite k | have a propagation angle 6, =
ky /k, with respect to the z axis. The peak growth rate is
independent of k, for waves propagating in the near-
forward direction as indicated in Eq. (6). However, as k|
increases the resonant frequency @ = wg(k | ) decreases as
indicated schematically in Fig. 5. The minimum propaga-
tion angle is 6y i, = 0p = A/7r; where 6, is the diffrac-
tion angle, r, is the radial dimension of the radiation beam,
and k| i, = 2/r,. In general, however, k| can be signifi-
cantly greater than k, ,;,. From the power gain expression
in Eq. (6), the maximum transverse wave number, for gain
at resonance (w = wpg), 1S given by

3 A\1/2
kJ_,max = ek,maxkz = ﬁ(r) kz' (16)
go

The ratio of the maximum to minimum transverse wave

numbers is Ky max/k 1 min = 3(Zg/L,,)"?, where Zp =

FEL growth rate
spectrum, exp[l"g ,0)) z]

Incoherent Radiation
Spectrum

incoherent photons in the overlap
region undergo growth
leading to coherent radiation

FIG. 5. (Color) Schematic diagram of the incoherent (sponta-
neous) and coherent (growth rate) spectrum in the (w, k; /k.)
plane showing the region of overlap. The red area corresponds to
the region of incoherent emission of radiation from the electron
beam interacting with the pump laser. The green area indicates
the growth rate spectral region in which the radiation grows
exponentially.

mr?/A is the Rayleigh range associated with the x rays.
For a laser-pumped FEL, Z > L,,, while for an optically
guided FEL amplifier, Z; = L,,. Other processes, such as
the electron transverse wiggle and betatron oscillations,
can also limit the range of transverse wave numbers.

The solid angle associated with the radiation beam is
AQy = 707 . Where 0y o = k| max/k,. The spontane-
ous (incoherent) radiation [40-42] is directed into a for-
ward cone with angle 6;,..;, = 1/7v., which is typically
much greater than 6 ,,,. In the start-up regime the propa-
gation angle 6, .., determines the portion of the sponta-
neous power that is within the gain spectrum and amplified
as shown schematically in Fig. 5.

F. Effects of a finite spot-size laser pump

The finite spot size of the pump laser affects the FEL
interaction in a number of ways. Transverse gradients in
the pump laser result in a resonant frequency spread across
the beam and diffraction leads to both amplitude and phase
changes.

Transverse pump laser effects can be significantly re-
duced by the addition of higher-order Laguerre-Gaussian
modes. For a laser pump undergoing diffractive spreading
and which includes the fundamental with amplitude a, and
the next high-order mode with amplitude a,, the transverse
pump field is given by

a,1(r, 1) = (a,/N2){1 + [1 = 2(2/r2)]p exp[2i0,(2)]}
X F(r, z, t)exp[—i(k,z + w,t)]é; +c.c,

where F(r,z, 1) = G(z + vy0)[r,/rp(z)]exp[ —ik,r?/
2R (z)]explif,(z)]exp[—r*/ri (2)], p = ai/ay is the ratio
of the higher-order mode amplitude to the fundamental,
ri(z) = r,(1 + 22/Z%,)"/? is the spot size, Zgy = 712/ A,
is the Rayleigh range associated with the pump laser,
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R.(z) = z + Z%,/z is wave front radius of curvature, and
6, = tan"'(z/Zgo) is the Gouy phase. In addition, there is
a small axial pump laser field component of order A,/r,
times the transverse component. The function G(z + v, 1)
defines the envelope of the pump laser and v, is the group
velocity. The group velocity is a function of the mode
number m and is given by wv,=c[l—(1+2m)/
(k,Zgo)] near the axis, for |z| << Zgy. The envelope of
the fundamental mode and the higher-order modes separate
by much less than a wavelength A, if the interaction length
is short compared to the Rayleigh length, |z| < (77/m)Zg,

where m = 1,2,3,.... Hence, we can use the group ve-
locity of the fundamental mode to describe the envelope
dynamics.

Taking the interaction length to be small compared to the
Rayleigh length, |z| << Zgo, and a, and a; to be real
we find that to order %, a,; -a,; = a>(1 + p)[1 + p —
2(1 + 3p)r?/r2] and the radial variation can be eliminated
to order r> by setting p = —1/3. Hence, transverse gra-
dients in the pump laser can be reduced by appropriately
including additional modes. Figure 6(a) plots the trans-
verse intensity profile for a two-mode pump laser with
mode amplitude ratio p = —1/3 and for a fundamental
Gaussian mode with identical power (dashed curve). The
addition of a higher-order mode flattens the intensity pro-
file near the axis and reduces the resulting resonant fre-
quency spread.

We numerically solve the fully relativistic, 3D equations
of motion to obtain particle trajectories in the pump field,
including the axial component, and calculate the resulting
resonant frequency spread. Figure 6(b) plots the fractional
resonant frequency spread versus propagation distance for
an electron beam with y, = 12.5, r, = 70 pum, and beam
emittance &, = 1 mmmrad. The fractional resonant fre-
quency spread is calculated as ((wp — wgp)/®gre) =
([a3(0) — a3(r]/[1 + a3(r)]), where r is the radial posi-
tion of a particle and () denotes an average over particles.
The longitudinal profile is taken to have the form G(¢) =
(1/2){tanh[10°k, (& — z,)] + 1}. The factor 10 in this ex-
pression is arbitrarily chosen to represent the sharp rise at
the front of the pump laser pulse. For a fundamental
Gaussian pump, the resonant frequency spread is ~1%,
which is much greater than the x-ray FEL efficiency.
However, the addition of a single higher-order mode re-
duces the frequency spread by more than 2 orders of
magnitude to ~8 X 1073%. For the parameters of
Table I, the Rayleigh range ( ~ 50 cm) is much greater
than the interaction length ( ~ 0.35 cm). The on-axis vec-
tor potential of the pump laser, given by ay(z) =
ao(0)/(1 + 22/Z%,)"/?, decreases by ~ 107 due to diffrac-
tion, and the electron beam radius, given by r,(z) =
rp(0){1 + €22%/[y3r}(0)]}'/2, increases by <1% due to
emittance over the interaction length. Both of these factors
do not appreciably affect the resonant frequency spread as
shown by Fig. 6(b). In principle, the resonant frequency

1 =
AR
(a) / \ 0
2 0.8 oo P=
g / ‘\‘/(one mode)
X / \
ﬁ 0.6 / \
[ / \
i p= -1/3 / \
2 947 (two modes)
£
= 0.2
0
-2 -1 0 1 2
x/r,
10 (b) jmmm

103

p=-1/3

(ap-Rg) iy

104

0 0.1 0.2 0.3 0.4
z [em]

FIG. 6. Transverse gradients in the pump laser can be signifi-
cantly reduced by the addition of higher-order Laguerre-
Gaussian modes. (a) Intensity versus transverse position for a
pump lasers with p = 0 (fundamental Gaussian) and p = —1/3
(two modes) with equal power, where p = a,/aj is the ratio of
mode amplitudes. The fundamental mode is characterized by
ag=0.5, rg=400 um, Ay=1pum, and Zp =50 cm.
(b) Resonant frequency spread versus propagation distance for
an electron beam with y, = 12.5, r, =70 um, and beam
emittance €, = 1 mmmrad interaction with a pump laser with
p =0 and p = —1/3. The inclusion of a higher-order mode
reduces the resonant fractional frequency spread by more than 2
orders of magnitude, to ~8 X 1073%.

spread can be further reduced by the inclusion of additional
higher-order modes. In the analysis and simulations that
follow, we assume that the transverse gradients in the pump
field can be neglected.

III. TRANSITION FROM INCOHERENT TO
COHERENT RADIATION

The discrete nature of the electron beam interacting with
the pump laser field leads to the generation of spontaneous
(incoherent) radiation that can be subsequently amplified
[21-26]. During amplification, however, there is an in-
crease in the coherence of the radiation.

The wave equation governing the x-ray generation
is (V2 —1c7202/0r?)E(r, 1) = 4mrc 2g(2)0)(x, 1)/t +
47g(z)Vp(r, 1), where the field and current density are
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E(r, 1), J(r, 1) =[E(r, 1), J(r,1)]€| +cc, p(r 1) is the
charge density, and g(z) = 1 for 0 < z = 7 defines the

interaction region and is zero otherwise. The driving cur-
|

rent density consists of a coherent and an incoherent (dis-
crete) component

N
Jen@®. 1) + ¢ > 97, v, 8[r =87 (n], (A7)
i=1

Ny,
J(xy, 20 =q > v(0)dlx — %016y — 5:()16[z — 2,()] =
i=1

where #°)(7), vS%) are the unperturbed electron trajectories given by V) = (—ca,/7v,, v.,), Jeon (T, #) is the coherent
current density which is responsible for the FEL interaction, and the summation term in Eq. (17) is responsible for
spontaneous emission. Substituting the current density, Eq. (17), into the wave equation and Fourier transforming the
spatial and temporal variables we obtain

sin[K (k,, ©)7/2]\ <

Dk, 0)Elky, ky ke 0) = (ﬂ)——zexp[ll{(kz, w)z/2]<

872\ ¢ /27, K(k,, 0)z/2

where K(k,, w) = (0 — 0,)/V,, — (k; + k,), Xo: = —kX,; — kyy,i + (0 — w,)1,;, and the charge density has been
neglected [23]. In obtaining Eq. (18) harmonics are neglected since we assumed k| |6x| < 1, where |6x| = a,/(2v,k,) is
the magnitude of the electron transverse wiggle motion in the pump laser.

The function D(Kk, ) is given by

) Z exp(iXo,i); (18)

DFEL(k’ w)

_ k= kky, o))k, — ka(ky, )]k, — ks(ky, )]
{k. = (w/0)[1 + (0 — wgo)/2¥2,0R) ]

D(k’ w) - [kz + ko - (w wo)/vzo]2 ,

19)

where the roots of the dispersion relation are denoted by &, k,, k3, and k; denotes the growing root. Solving Eq. (18) for the
field associated with the growing root, i.e., integrating around the pole at k, = k;(k, w), we obtain

. _ N,

Blkiz o) =5 1)1 e zeXp(zKlz/2>(s‘“1(<'f;§2))6(k1, ku, @) explik (k1 0)z] 3 explixo) 20
where K| = K(kj, ) = (0 — w,)/v, — (k; + k,) = [0 — wgo(l = y2,c*k% /wky)]/(2cy?,) and G(ky, k1, @) = {[k; +
k(} - ((1) - w())/vzo]z}/[kl - k2(kJ_: w)][kl - k3(kJ_» (1))]

The intensity is given by I(r, z, t) = (¢/2m)E(r, z, )E*(r, z, 1)) where () denotes an average over electrons. If the
electrons are initially randomly distributed, we use the fact that ¢ f.\ll exp(ix,.i) Z;Vil exp(—ix, )) = Nj, and obtain

(E(r, 2, @) E"(r, 2, @) =

i 2
| [ ke K;)(%)Gm k. ), (ko ) explik (kp, 0)2] |

1
ch,

21

|
angle associated with the wave vector, and the relation

[ rdrd,(kyr)J, (k' r) = 8(k; — K|)/k, was used.

where we have set Z = z. The spectral power, defined by

p d*P
dow dwd() k
- rdrE(r, 2, 0)E*(r, 2, o)), (22) The §pectra1 brightness ir_l the absence of the FEL inter-
Ty Jo action is the spontaneous (incoherent) spectral brightness

A. Incoherent radiation

is given b and is obtained from Eq. (23) by setting k; = (w/c) X
& Y (1 = k% 20%), together with |exp(iK,z/2)|* =
P NEAYIRZ 2 |G(ky k1, w)|* = |explik,(ky, )z]|* = 1. The incoherent

dwko = 8vyime ()\ ) (1 +a ) | exp(iKiz/2)| spectral brightness is

Sin(K1 Z/2 | de) 2
———— | |Gk ky, )| ( lncoh) -3 2( 2 ) ( o )
Kiz/2 dwd0,) = ) v a) | Txen
X | explik, (ky, w)z]l?, (23) (24)

where k| dk, = (k?/2)dQy, dQ is the differential solid

The incoherent power radiated by the electron bunch per
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unit solid angle is
dPincoh _ [“’ dw(dzlsincoh)
ko 0 d(l)ko

vmed z a 2
= 47r7y> — o ) 25
o™y /\0<1+a§ 25)

The incoherent power within the solid angle AQ;,.., is

@

(1 2 3 )\ )\ A()mcohpb’ (26)

Pincon(2) = 1677'70
where AQ;.on = 7/72, is the solid angle associated with
the incoherent radiation and P, = vy,mc>/r, is the elec-

tron beam power.

B. Coherent radiation

A small portion of the spontaneous radiation spectrum
overlaps the gain spectrum and is amplified as depicted in
Fig. 5. The coherently amplified portion of the spectrum is
determined by the relative linewidths of the spontaneous
and gain spectra, as well as the range of amplified trans-
verse wave numbers k| given by Eq. (16). The fractional
linewidths associated with the coherent and incoherent
(spontaneous) power spectrum are, respectively,

Sweon(2)/wgo = (1/2m)(Ay/Lgo)3Lgo/z  (272)
and
Wincon(2)/ wro = (1/2)(A,/2). (27b)
The ratio of the linewidths is S/ 0 ineon = (1/77) X

z/L,, which implies that for interaction distances less

than ~10L,,, the coherent power spectrum is narrower
than the spontaneous spectrum. For z > L,,, we find that
lexp(iK,2/2)1*| sin(K,2/2)/ (K 2/2)I = (2L,,/2)*,  and
the coherent power spectral brightness in Eq. (23) is

= (32/9)vy2mc? ()f >2<1 jl_oa )2<L§0)2

X exp[T'y(w, k1 )z], (28)

where we used |G(k; k1, ®)|> = 1/9, i.e., 1/9 of the inco-
herent power is available for gain.

Using the power growth rate spectrum in Eq. (6),
Eq. (28) can be integrated over frequency to give

dzﬁcoh —
d(t)ko

() () (o) (o)
= 6.3 d Aw4|—22
dQ, vyome A, \1 + a? z 1~
X exp(I',2), (29)
where Aw/wgry = (A,/Lg,)/27.
The coherent radiation beam is confined to a narrow

forward cone with solid angle AQ), = Wﬁkmdx, where
01 max 1S given by Eq. (16). The incoherent radiation, on

the other hand, is confined to a cone angle 6, =

1/710 > 0k,max~

The integration over solid angle in Eq. (29) can be
approximated by evaluating the integrand at k; = 0 and
multiplying by the solid angle A();. The coherent power is

ao (Lg0)<‘ 6)

L
X (ﬁ) AQ, P, exp(z/Lg,). (30)
z

Pcoh(z) = 2570

The coherent power in Eq. (30) will be compared with
GENESIS simulations in the x-ray regime.

To compare the expression for the coherent power in
Eq. (30) with those obtained for a conventional wiggler-
based FEL, we consider the case where the interaction
distance is much greater than a Rayleigh length, but shorter
than the saturation length, Ly, > z > Zy. In this case the
propagation angle is equal to the diffraction angle, i.e.,
0, = 6p, and the coherent power from Eq. (30) becomes

2 2 2
Peon(z 3> Zg) = 0.01nyomc2(Li) (r”/ “)éwmu)

go f
X exp(z/Lyg,), (31)
where Sweon(2)/wpry = (Aw/wRo)ngn/Z =
6.914/L¢,/2, m = 0.023(A,/L,,) is the conversion effi-

ciency, and f is the filling factor. The coherent power in
this limit, given by Eq. (31), is similar in form to that given
in [21,23,24]. The ratio of the coherent power to the
incoherent power for the same solid angle and for z >
L,,is

( Pcoh ) _ 1.6<Lg0>2 6wcoh(z)
Pincoh AQy Z 6winc0h(z)
1

L,,\3/2
=§< ;’ ) exp(z/Ly,). (32)

8o

exp(z/Ly)

C. Saturation length and linewidth

The saturation length for the coherent radiation can be
obtained by setting P, in Eq. (30) equal to the conversion
efficiency times the electron beam power, nP;,, where 7 is
given by Eq. (13). The number of power gain lengths at
saturation, Ny, = Lgy/L,,, is given by

- Ao \2 (A (1 + a?)?
N2 exp(Ny) = 9.2 X 10*“(*”) <)(a)
rﬁ'

2
go a,

1
—yzAQk. (33)

The fractional linewidth associated with the coherent
radiation, for k| ~ 0, at saturation is
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Nat? A,
2 Lgo'

5wcoh _ Nfl/QA_w:
sat

W Ro W Ro

(34)

There is an additional contribution to the linewidth due
to the finite transverse wave number, k | , spectrum which is
given by y2,607, as indicated in Eq. (4).

IV. COMPARISON OF THEORY WITH
SIMULATIONS

In this section we compare the analytical result for the
coherent power, Eq. (30), with the simulation results from
GENESIS [34]. GENESIS simulates the conventional wiggler-
based FEL amplifier, including start-up. In using GENESIS
to simulate the laser-pumped FEL, the wiggler period in
GENESIS is set equal to twice the pump laser wavelength
Ay, = A,/2 =0.5 um, and the wiggler transverse gra-
dients are removed. Besides GENESIS there are other FEL
simulation codes that can be used to simulate the FEL start-
up physics [43]. Before discussing an example of an x-ray
laser-pumped FEL it is useful to consider the application of
the theory to a conventional FEL operating in the x-ray
regime. For this comparison we use the Linac Coherent
Light Source (LCLS) FEL at SLAC [1].

A. Wiggler-based x-ray FEL

The parameters of the LCLS FEL operating at 15 A are
given in Table II. In the GENESIS simulations, we use a
circularly polarized wiggler and a cold electron beam to
make a comparison with theory. The wiggler strength
parameter is therefore smaller by a factor of /2 than the
actual value used in the original LCLS design [1]. Figure 7

TABLE II. Parameters for LCLS FEL. Note that the actual
LCLS wiggler is linearly polarized with a,, = 3.7.

Electron beam parameters

Energy E, = 4.52 GeV
(y, = 8.9 X 10%)

Current I, = 3.4 kA

Radius r, = 110 um

Energy spread limit Av/y, =n=0.08%

Wiggler (circular) parameters

Period A, =3 cm
Strength a, = 2.62
X-ray parameters

Wavelength A=154A
Spot size (at saturation) ry = 140 pm
Rayleigh length (at saturation) Zr =42 m

Power gain length Ly, =2m

Conversion efficiency n = 0.08%
Saturation length L, =28 m
Saturated power Py =125 GW

10!

100 g}i:;lzlsiiion
é Lo (blue)
5 Po(@)+ P (2)
E e NG

100 e -\Rmh(n

10-4 N By (lack)

0 5 10 15 20 25 30

Interaction Length, z [m]

FIG. 7. (Color) Power versus interaction length for the LCLS
FEL (cold beam) with parameters listed in Table II. Curves
denote coherent power (solid black), incoherent power (dashed),
total theoretical power (red), and the result of a GENESIS simu-
lation (blue). The theoretical efficiency is n = 0.046(A,,/L,,) =
0.07%. The efficiency observed in the GENESIS simulation is
0.08%.

— (@ AN z=28m
= ! !
O | |
~
= 30 ! +— Electron
I .
= | | density
2 20 ! ! [arb. units]
72}
o) !
= 10 ! |
= I
0 _____
-400 -200 0 200 400
X [um]
! (®
Ly}
2 o8
= 0.
=
e 0.6 gk,maxz 2’OHD
S,
_(
S 0.4 l
~
S
0.2
0
0 20 40 60 80 100 120
6./6,
FIG. 8. (a) GENESIS simulation result showing transverse pro-

file of intensity (solid curve) at z = 28 m (saturation) for the
LCLS FEL. The dashed curve denotes electron beam profile.
(b) Distribution of power over normalized transverse wave
number (propagation angle), for the intensity profile shown in
(a). The propagation angle is normalized to the diffraction angle
0p and 6 ,,, denotes the maximum propagation gain angle used
in calculating the theoretical coherent power in Fig. 7.
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plots the power as a function of propagation distance
within the wiggler. The blue curve is the result of a
GENESIS simulation. The dashed curve and solid black
curves represent the theoretically calculated incoherent
and coherent power, respectively. The theoretical incoher-
ent and coherent power are functions of the maximum solid
angle as indicated by Egs. (26) and (30). In calculating the
theoretical incoherent power, we assume a maximum solid
angle of AQj.on = 7/(37.,)*. To calculate the coherent
power, we use a maximum angle 6 ., consistent with the
spectrum of transverse wave numbers generated by the
simulation [see Fig. 8(b)]. This angle, to a good approxi-
mation, is given by 0y ..« = r,,/L,. The red curve in Fig. 7
represents the total theoretical power at a given interaction
length. There is excellent agreement between theory and
simulation in both the incoherent (z <7 m) and coherent
(z > 7 m) regimes.

Figure 8(a) plots the radiation intensity profile at satu-
ration and shows that it is highly localized to the region of
the electron beam. Figure 8(b) shows the distribution of
power over transverse wave number, i.e., dP/dk | . Most of
the power is contained within the angle 6 ;,,,x, which in this
case is ~20 times larger than the diffraction angle.

B. Laser-pumped x-ray FEL

The parameters used in the laser-pumped FEL are listed
in Table I. For these parameters lethargy effects (electron
beam slippage) are negligible. Figure 9 shows the evolu-

106
T
5
10 Genesis
simulation
g 10% (blue)
5] Pon(2)+ o (2)
£ 103 ,
& [ -
2
10 Poi(2) Beon(2)
(black)
10!
0 0.1 0.2 0.3 0.4

Interaction Length, z [cm]

FIG. 9. (Color) Power versus interaction length for a laser-
pumped FEL (cold beam) with parameters listed in Table I.
Curves denote coherent power (solid black), incoherent power
(dashed), total theoretical power (red), and the result of a
GENESIS simulation (blue). The theoretical efficiency is n =
0.023(A,/L,,) = 0.008%. The efficiency observed in the
GENESIS simulation is 0.01%. In calculating the incoherent and
coherent power from Egs. (26) and (30), we used the maximum
angle resolved by the simulation, i.e., O, = A/(2A,) =5 X
107* rad, where A, = 1.6 um is the transverse grid size. In this
parameter regime, Oy, <K 04 nax, Where 6y ., is the maximum
propagation angle of the coherent radiation given by Eq. (16).

tion of the x-ray power as a function of interaction length.
The theoretically calculated incoherent and coherent
powers are shown separately. In this parameter regime,
the transverse resolution of the simulation is not sufficient
to resolve the maximum propagation angle. Hence, in
calculating the theoretical incoherent and coherent power
for comparison with the simulations, the maximum angle is
taken to be O, = A/(2A,), i.e., the maximum angular
resolution of the simulation, where A is the transverse grid
size. The transition from incoherent to coherent radiation
occurs after ~2-3 power gain lengths. The power gain
length is L,, = 280 um while the saturation length is
Ly ~ 13L,, ~ 0.35 cm. The conversion efficiency is n =
0.01% which corresponds to a saturated coherent x-ray
power of P, = 300 kW. The theoretical conversion effi-
ciency, in Eq. (13), gives a value of 0.01% in excellent
agreement with the GENESIS simulations.

Figure 10(a) plots the transverse x-ray intensity profile at
saturation and shows that the radiation is highly localized

st (a) P - z=0.35cm
|
¢ — Electron
density

[
[
I [arb. units]
|
|
|
|
|

Intensity [GW/cm?]
=

-200 -100 0 100 200

170

dP/dk, [arb. units]

0 10 20 30 40 50 60

6,16,

FIG. 10. (a) GENESIS simulation result showing transverse pro-
file of intensity (solid curve) at z = 0.35 cm (saturation) for the
laser-pumped FEL. The dashed curve denotes electron beam
profile. (b) Distribution of power over normalized transverse
wave number (propagation angle), for the intensity profile shown
in (a). The propagation angle is normalized to the diffraction
angle 6p. The maximum angle resolved by the simulation is
Ok.max = 700p. The maximum theoretical propagation angle is
Or.max = 5000p.
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to the electron beam and contains a large number of higher
order transverse modes. Figure 10(b) plots the distribution
of power over transverse wave number and shows there is
significant power over the entire wave-number range re-
solved by the simulation.

In this example the required relative electron beam
energy spread is = 0.01%. Higher electron beam energy
spreads would substantially reduce the lasing efficiency
and limit the growth of coherent x-ray power. This example
indicates the stringent requirements placed on both the
electron beam and pump laser.

V. CONCLUSIONS

We have analyzed a high-gain, laser-pumped, x-ray FEL
amplifier. The analysis includes (i) electron beam thermal
effects, (ii) off-axis propagation, and (iii) the transition
from incoherent to coherent x rays. The power gain length,
saturation length, linewidth, and conversion efficiency
have been calculated for the laser-pumped FEL. We find
there is good agreement between our theoretical results and
GENESIS simulations. For electron beams of sufficiently
high quality, with energies of ~6 MeV and currents of
500 A, we find that coherent x rays at 20 A can be gen-
erated with power gain lengths of ~300 wm, saturation
lengths of ~0.4 cm, and conversion efficiencies of 0.01%.
To achieve these values the fractional electron beam energy
spread must be <0.01%. The inclusion of higher-order
modes in the pump laser can reduce the resonant frequency
spread due to transverse gradients to <<0.01%. However,
restricting the longitudinal variation of pump laser to ac-
ceptable levels will be difficult. While a coherent x-ray
source would have a number of attractive features, the
requirements placed on both the electron beam and pump
laser are challenging.
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