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Measuring localized nonlinear components in a circular accelerator
with a nonlinear tune response matrix
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In this paper we present a method for measuring the nonlinear errors in a circular accelerator by taking
advantage of the feed-down effect of high order multipoles when the closed orbit is globally deformed. We
devise a nonlinear tune response matrix in which the response to a closed orbit deformation is obtained in
terms of change of machine tune and correlated with the strength of the local multipoles. A numerical
example and a proof of principle experiment to validate the theoretical methods are presented and

discussed.
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L. INTRODUCTION

The requirements of beam control for operation in syn-
chrotrons necessitate that an accelerator working point is
sufficiently far from any machine resonance. Errors deriv-
ing from higher order field components of magnets are the
major source for the excitation of nonlinear resonances.
When hardware constraints do not allow to change arbi-
trarily the machine working point, it may be necessary to
compensate some of the resonances present in the machine
in order to maintain a high accelerator performance. The
presence of space charge makes the role of nonlinear
resonances more central in case of the storage of a high
intensity bunched beam. In fact, the overlapping of the
space charge tune spread with a machine nonlinear reso-
nance leads to long term beam loss [1]. In this case
resonance compensation has to be carefully discussed as
the presence of space charge may influence the effective-
ness of the compensation system.

A general treatment of resonances in accelerators with
perturbation theory [2] or via normal form [3] shows that
the excitation of a resonance can be correlated to resonance
driving terms, which depend on the nonlinear error distri-
bution around the ring. The consequences of the nonlinear
errors in terms of a change of the beam distribution and of
beam loss are not easy to predict and benchmark with
respect to measurements [4—6]. An attempt to cover the
bridge between the complexity of the theory and the ne-
cessity of devising a method to measure nonlinear errors in
an existing accelerator is described in [7] via turn by turn
data acquisition. Later this approach was applied to the
normal form [8], and further progress in measuring errors
in circular accelerator is reported in Ref. [9]. All these
methods rely on the high precision in the measurement of
tunes made possible with the advent of the methods devel-
oped in Ref. [10]. Recently, another method applicable to
systematic errors was obtained via the measurement of the
nonlinear chromaticity: in this method the energy of a well
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controlled bunch is slightly increased and Q,, Q, is mea-
sured versus 8 p/ p. For these measured tunes the effect of
the nonlinearities is folded in globally, and these data can
be used to retrieve a theoretical model of the accelerator. In
fact, in a computer model the free parameters for creating
the nonlinear chromaticity are the strength of the nonlinear
systematic errors, which are assumed localized in dipoles
and quadrupoles, therefore the best fitting of the numerical
nonlinear chromaticity with the measured chromaticity
allows the setting of the systematic nonlinear errors in
magnets [11,12]. The analytic calculation of the detuning
for an off-energy closed orbit can be computed at any order
with a differential algebra-based method described in
Ref. [13]. This technique incorporates automatically the
correct closed orbit and the effect of nonlinear errors on the
chromaticity. As the off-energy closed orbit provides only
one free parameter to reconstruct the effect of localized
nonlinear errors, an alternative approach presented in
Ref. [14] uses local orbit bumps. The beam is moved
locally via orbit bumps and the detuning induced by
feed-down is the observable, which contains the effect of
the nonlinearities. In Ref. [14] this method is applied to the
RHIC interaction region. These authors, however, found a
difficulty in retrieving skew components for sextupolar and
octupolar nonlinear errors. In a later work, in Ref. [15], this
difficulty is avoided by equally deforming the closed orbit
in both horizontal and vertical planes. This approach works
well when the local bump acts only on one error. The
simultaneous presence of sextupoles and octupoles creates
a linear coupling, which is difficult to remove as it would
require a very special correlation between horizontal and
vertical closed orbit deformations. Therefore the simulta-
neous presence of several nonlinear errors in regions where
the closed orbit is deformed requires the assessment of the
detuning induced by the feed-down linear coupling.

In this paper we extend the strategy initiated in Ref. [14]
and extended in Ref. [15] by releasing the local bump
restriction: the closed orbit is globally deformed by all
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the accelerator steerers obtaining a detuning dependence
which is a quadratic form of all the steerer strength and also
a quadratic form of the strength of the nonlinear errors.
This approach has an analogy with the linear orbit response
matrix method. In our approach we explicitly calculate the
perturbative contribution of the skew linear components
induced by the deformation of the closed orbit. The ana-
lytic results allow us to reconstruct sextupolar and octupo-
lar normal and skew errors in a circular accelerator. The
plan of the paper is the following: In Sec. II we present the
theoretical basis of the method; in Sec. III we show an
application of this method to the SIS18 and discuss via
numerical simulations the robustness and the limits of the
method proposed; in Sec. IV we present the measurement
results performed in the SIS18 synchrotron in which we
made a proof of principle experiment for demonstrating
that this method can be used in a real synchrotron.
Section V is devoted to the conclusion and the outlook
and in the Appendix we discuss the more technical mathe-
matical aspects of the derivation of this method.

II. THEORETICAL BASIS OF THE NONLINEAR
TUNE RESPONSE MATRIX METHOD

This approach has an analogy with the method devel-
oped in the orbit response matrix (ORM) [16], where the
local orbit response, i.e., the orbit deformation as function
of the steerer value, is measured and information on the
linear optics can be retrieved. In particular, a fitting of the
ORM performed with computer models allows one to
obtain the best modeling of a real accelerator. The method
discussed here extends the ORM method to the changes in
tunes created by nonlinear components feed-down. We
refer to this method as nonlinear tune response matrix
(NTRM) in analogy with the ORM.

A. Linear and nonlinear accelerator model

We consider a linear model of a circular accelerator
composed by a sequence of linear thick elements as drifts,
quadrupoles, and dipoles and assume tunes sufficiently far
off a resonance. The strengths of the linear focusing forces
is defined by k.(s), k,(s), where s is the longitudinal
coordinate. We assume that the accelerator is equipped
with N, thin steerers each of which can act independently
in the horizontal and vertical plane. The longitudinal loca-
tion of the rth steerer is s,, and its steering angle is 6, in the
horizontal plane, 6,, in the vertical plane. We also include
in the ring N, thin nonlinear elements. A nonlinear element
can be a lattice sextupole or octupole as well as a magnet
nonlinear error. In general, the /th nonlinear error located at
s; 1s composed of several multipoles of integrated strength
K,;, J,;» n = 1. Here the index n is used for indicating the
order of the nonlinear component, and / is the location as
shown in Fig. 1. In a real accelerator some of these errors
may be negligible. With these definitions the single-
particle equation of motion reads

Horizontal/Vertical
Steerer

Nonlinear
Error

Horizontal/Vertical
Steerer

Nonlinear
Error

FIG. 1. (Color) Schematic of the nonlinear error and steerer
locations.
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N, N,
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N, N, (2)
kn = Knla(s - Sl)r jn = ZJnl8(s - Sl)'
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All the quantities k,, ky, k,, j,, 0, 0, are s dependent, but
for simplicity of notation we omit this dependence. Note
that Egs. (1) are written with respect to the reference closed
orbit, which is identified here by x = 0, y = 0 when 6, =
6, =0.

B. The distorted closed orbit

We now deform the closed orbit by setting the N, steer-
ing angles 6, 49yt, with t = 1, ..., N, to a value different
from zero. The new closed orbit (x,, x}, y,, y,) is the
solution of the equations

k, +1ij
¥t ko, = —Re[ T 2, v |+ 6

|
n=1 :

k, +ij i
yr+ kyy, = [ml:z %(xo + zyO)”:I + 6,

n=1

3

with the boundary condition x,(s) = x,(s + C), x/,(s) =
x5(s + C), y,(8) = y,(s + C), y,(s) = yo(s + C) for 0 =
s = C, where C stands for the length of the ring. If the
closed orbit deformation is not too large and the tunes are
not close to any relevant resonance, then the nonlinear
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components in Egs. (3) do not play an important role in
determining the closed orbit, which can be described by the
equations

x4+ kx, =06, yo T kyy, =6, 4)

As Eqgs. (4) are linear, the value of x,, y, at a specific
longitudinal location is a linear combination of the steering
angles. At the location of the /th nonlinear element s;, we
find that x,; = x,(s;) and y,; = y,(s;) are given by

N;
Xol = Z M;Ctext’ Yol = Z M[[ yt* (5)
=1

The first index in these matrices refers to the location of the
error, the second to the location of the steerer. The matrices
M~*, M” form the orbit response matrix, M = M* & M”, for
the decoupled system. Note that for N, = N,, the inverti-
bility of the matrices M7, and M;, depends on the lattice: in
fact if M3, were not invertible, there would be two different

configurations of 6., say Hi't) and 03), such that x,;, =
> NIM;‘IHSCI,) =3, N,M;‘IQ(Z) Therefore there would

exist a steerer configuration 6}, = 0(1) 0562,) such that
2—1n, M7, 0% = 0 for every [. But such a configuration
of the steerers, 67}, is possible only if the location of the
steerers s, and locations of the errors s; satisfy some very
special condition. For instance, for a lattice with the se-
quence of steerers alternated with lattice nonlinear errors,
such a condition reads

1= (=" 1‘[ Sin ®)

1 sin th

Here ¢, is the phase advance between the rth steerer
located at s = s, and the tth nonlinear error (the first non-
linear error after the rth steerer); instead i, is the phase
advance between the location of the 7th nonlinear error and
the (¢ + 1)th steerer (i.e. the first steerer after the 7th non-
linear error). Note that the setting for the steerers 67,
consistent with Eq. (6) depends on the angle in which the
closed orbit passes through one multipolar error. As an
example we assume the closed orbit passes through the first
multipolar error with coordinates (0, x}) and there the beta
function is S,, then the configuration of steerers consis-
tent with Eq. (6) is given by

* 18)(1 SIH(I/Ixt + l/lxt) t
O J; Sm¢xt = 1)

where 1 =t = N,, and 3, is the beta function at the
location of the rth steerer [for ¢+ = 1 the (¢ — 1)fold product
should be replaced by 1]. Note that if the number of errors
is odd and ¢, ,, < /2, then the matrix M, is always
invertible, because Eq. (6) can never be satisfied. A similar
argument holds for M”.

lnw)a

=1 Slnl/’xl

)

C. Motion around the distorted closed orbit

Consider now a test particle of coordinates (%, ¥/, 3, §')
with respect to the deformed closed orbit (x,, x), y,, y,). In
the original reference frame this particle has coordinates
(x, +%, x, + %, y, + ¥, y, +§) and its motion is gov-
erned by

ky, + ij
(X, + %) + ky(x, + %) = —Re{z =n " n
= n!

X [(x, + 9 + i(y, + y)]"} +0,

_ B k, tij,
Vo + )"+ ky(y, +3) = Im{z —

n=1
X[, ) + il + 9|+
8)
By expanding to the first order we find
[(cp +3) + iy, + D" = (x, + ipo)" + nlx, + iy,)" ™!
X (% + iy) + O[(x + i§)*].
)

If the coordinates of the test particle (%, %/, , ) are small,
then all the terms of order higher than the first can be
neglected as the tunes are far from any resonance. In this
approximation the evolution of the particle coordinates ¥, ¥
with respect to the distorted closed orbit (x,, x/, y,, y) is
given by the equations

k, +
Pkt = R T i) ) |
n>1 :

- +ij, N
P kg =t 30+ iy i) | (0
n>1 :

As all the relevant perturbative terms are linear, we can
now redefine in Egs. (10) the argument of the sum in terms
of new gradient components as follows:

B+ iy =

k,
- 1),(xo+zyo) Looan

Note that all the components &.", j" are localized com-
ponents deriving from the localized components k,, j,
described by Eqgs. (2). The first three orders of expansion
of these components are listed in Table I.

TABLE I. Leading three orders of the feed-down due to the
deformed closed orbit.

7(n) (n)
kln n

n Ji

1 ki Ji

2 kyX, = j2Yo koy, + ja%,

3 Sh3 (6 — ¥3) = JjaXoYo k3x,y, +5J3(x5 — ¥3)
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The final form of the equations of motion for a particle
with small amplitude in an accelerator with a deformed
closed orbit reads

4k, + =75 3+ Kk, —ky=j% (12)

where
k=Y j=37" (13)
n=1 n=1

From Egs. (12) we find that the nonlinear components
around the ring produce an extra linear focusing compo-
nent of strength k and a linear coupling term of strength j.
Summing up the first order components of Table I we find

E = kl + k2X ]2)’0 + k32(x — Yo ) - ]’ixoyo’ (14)
j= jl + ka() + ]2x() + k3x()y0 + ]35()(0 - y())

For example, if the closed orbit is deformed only in the
vertical plane, we find

15)
Limiting to normal sextupolar and normal octupolar com-
ponents, we find
_ k3ys
2 b
Normal sextupolar components create linear coupling if
the closed orbit is vertically deformed.

k= j =k, (16)

D. Consequences of the feed-down induced linear
gradient components

When only small gradient errors k are present, and the
machine tunes are far from any integer or half integer
resonance, the tunes with respect to the distorted closed
orbit (x,, x!, v,, ¥), can be evaluated via the formulas [17]

1 (o) ~
20. = [ Buks)as, "

1 (¢ -
AQ, = _E[) By(s)k(s)ds,

where the tunes with respect to the closed orbit are defined
by Qx = QXO + AQx’ and Qy = QyO + AQy Here Qan
0, are the tunes of the linear accelerator with the closed
orbit corrected. These equations represent the first order
contribution of the distribution of small gradient & along
the accelerator circumference. If the perturbative condition
is not fulfilled, or if the sum gives a too small value of AQ,,
then the higher order terms, quadratic in &, should be taken
into account (see [17]). This is the case for the linear error
described by Eqs. (14), where in addition the deformed
closed orbit creates also localized skew linear errors due to
feed-down of nonlinear components. Clearly, the presence
of the skew gradient brings extra complications as the
tunes Q,, Q, in this case are found as coupled normal

modes of the one-turn map My of the circular accelerator.
Through a lengthy matrix algebra described in
Appendix A, under the assumptions J; ~ 0, and |K,;| <
|Kyl, 1Jol, |K3l, |J3], we find that the detuning of a
particle close to a deformed orbit created by N, steerers
is given by

N,
AQ,=.0+ Z(foaxt +,076,)

+ Z( 050,10, + 017 0,0, + .0, 0,,0,), (18)

ti=1

N,
AQy =yQ + Z(yQi‘caxt + yQi)eyt)

+ Z( 00,0, +,070,,0,,+,070,,0,), (19)
t,i=1
where
0= ZKule + Z Ky K, X
L,g=1

[ ~
W0F =Y Ky KiMms,
=1

N,
y o _ KXY
Q7 == KMy,
=1

1 & -
O =5 X Ky KM M
=1 (20)

T IM M,

N,
+ Z (Jod2q Ty + K21K2q o

Lg=1

, 1 & . ,
no= 3 > Ky KMy M,
=1

N,
+ ) (KyKyy Ji, + Toidsy Ki )M, M,
Lg=1

0 = ZlazK’“M;‘,M;l + Z [T Koo (T3, + T2
lLg=1
- quKZI(:]( + le)]MXM‘

. Xy
The equivalent terms ,Q, ,0%, ,07, , 0}, O} Qi are

obtained replacing x with y at the apex of .7(,, lq9 j‘q.
The explicit form of the terms X, lq9 Jx lg» Which

depend only on the locations of the errors, locations of
the steerers and the tunes is given by Egs. (A23) in
Appendix A. Therefore, when the linear machine is known,
these terms are known as well. Note that the linear com-
ponents K; contribute to the tune Q,, Q, independently
from how the closed orbit is deformed: in the derivation
used in Sec. II B, Egs. (5) are obtained when J;; = 0 in
order to avoid the presence of coupling matrices. The
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derivation of the tunes is still possible if J;; # 0, but to a
price of a much higher level of complexity in the analytic
solutions. We assume therefore that Jy; is small, or pre-
viously corrected (see in Ref. [18] for a discussion of the
correction of the natural linear coupling).

Therefore the effective tune due to linear elements will
be Qperr = Qro ++0 and Qygerr = Q)0 + 0. Note also
that the detuning in the horizontal and vertical planes
depends linearly on K,;, J,;, and that the octupolar terms
K3, J3; produce a detuning quadratic in 6, 6,;, with an
additional second order contribution of the normal and
skew second order components.

E. Measurement of the nonlinear components
via nonlinear tune response matrix

From Eq. (18) we see that in general the detuning
induced by nonlinear components in a deformed closed
orbit is a quadratic form in 6,,, 6,,. We can therefore take
advantage of Eq. (18) and devise a method to reconstruct
the nonlinear errors in a ring. In fact, we can determine via
experimental measurements AQ, . = O, — Qyer aS
function of 6, 6,,. If the number of measurements is large
enough, we can obtain the quantities 07, (07, ,0%, (0},

2 (1,i = 1,..., N,) by fitting, which are the components
of the nonlinear tune response matrix (NTRM). By spec-
ifying the assumed location of the nonlinear errors, we
compute then the matrices M7,, M;,, and B, B,;. For the
particular case of N; = N,, i.e., for a number of errors
equal to the number of steerers, these matrices are in
general invertible and we can finally solve the system of
equations (20) in the unknown variables K,,;, J,,;, with n =
2,3,and [ = 1, ..., N;. Note that the number of equations
for the octupolar errors, for example , 07, is larger than the
number of unknown nonlinear strengths K3;. In order to
find the values K3, if the nonlinear tune measurements are
sufﬁciently precise, it is enough to determine ,Q}, ,0:7,
<07, with t = 1,..., N,. By inspecting Eq. (18) we see
that, if AQ, o = AQX(HH, 6,,) — O and we measure with
equal steerer angle |6,,| = 6,,] = 6,, then

1 _ _
OF = ﬁ[AQx,eff(oz: 0) — AQ, er(—6,,0)]
t

, 1 _ _
xQ% = _—[AQx,eff(O’ 01) - AQ,\',eff(OJ _01)],

xQXX = [A Qx eﬁ(at! 0) + AQX eﬁ'( 01, O)]

202

i} i} (21)
0—2 [AQx,eff(O’ 01) + AQx,eff(Or _91)]»

ny —
X 1 0 0 ) H
X tty - 2_0_2[AQX,eff(0t: et) + AQx,eff(_af’ _Ht)]
t

XX __ Yy
tt xZit -

This then reduces the number of measurements needed for
retrieving the N; nonlinear errors.

III. APPLICATIONS AND LIMITS

We summarize here the approximations and limitations
of the theory described in the previous section. (i) This
method relies on the possibility of predicting the closed
orbit as a function of the steerer strength, in other words on
the validity of Egs. (5). In a real accelerator the presence of
nonlinearities will certainly add a correction to Egs. (5).
The effect of this correction is minimized by keeping the
deformation of the closed orbit small so that the nonline-
arities affect minimally Eqgs. (5). The second order correc-
tion to Egs. (5) would introduce quadratic terms into the
equations for ,Q%, .07 of Egs. (20), which would then be
found as a 4th order correction (in #) in the expression for

w07, Q). The knowledge of the orbit response
matrices M*, M” is also necessary and it can be acquired
via experimental ORM techniques. At the same time it is
mandatory to keep the tune sufficiently far from any low
order resonance. (ii) We require that the accelerator has
horizontal and vertical planes decoupled, which again
implies the validity of Egs. (5). We therefore require J;; ~
0. We also require that gradient errors in the machine—not
related to the feed-down—are smaller than the sextupolar
and octupolar errors, i.e. |K| < [Kyl, |1yl |K5l, [J5].
Note that it would be possible to reformulate this theory in
the presence of machine linear coupling at the expense of
more complexity. (iii) The beam should be kicked with
small angles. This is required to eliminate the transverse
dependence of the detuning on high order components. The
beam dynamics is then governed by Eqs. (12). When the
kick applied on the beam is too strong, the beam oscillation
is too large and a different approach is needed in order to
include the high order dependences. The methods de-
scribed in Ref. [19] should be applied for constructing a
nonperturbative theory. (iv) The measurements of the tunes
have to be sufﬁciently precise in order to retrieve the terms
0%, .07, xQ,, 00, . ,, From Egs. (21) we notice that
the terms ,Q%, .0, .05 are divided by 67, which have to
be small to fulfill the requirements dlscussed in (i).
Therefore the precision of the tune measurements should
scale as 6, to maintain the relative accuracy of each term of
the nonlinear tune response matrix. This limits the appli-
cation of this method up to octupolar errors. For retrieving
decapolar errors the precision in measuring the tune should
scale as 5,2, which is more difficult to determine experi-
mentally. (v) The unavoidable errors in determining ,Q7,
L0, 0%, .0}, .0, are propagated to the reconstructed
strength of nonlinearities K,,;, J,,; according to the char-
acteristics of the orbit response matrices M*, M".
Therefore this method will be affected by the possible
presence of ‘“‘small numbers” in the matrices M*, M”.

Note that most of these restrictions are fulfilled, if the
closed orbit is weakly deformed and if the strength of the
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nonlinear errors is small. We show this in a numerical
example.

A. Example on SIS18

As a first step in validating this theoretical model, we
perform a numerical experiment using the SIS18 synchro-
tron lattice. For the purpose of this example we consider
the SIS18 with 12 steerers (horizontal and vertical as
discussed in the theory) located at the end of each super-
period. To the linear accelerator we add 12 different non-
linear errors, each of them formed by a thin sextupole and
octupole, simultaneously applied to the lattice, located in
each superperiod before the quadrupole triplet (see Fig. 2).

We then implemented this accelerator modeling in the
MICROMAP library [20]. We set the machine tune at Q, =
4.31, Q, = 3.28 away from the linear coupling resonance
as well as from the 2nd, 3rd, and 4th order resonances. We
applied then the method described in Sec. II for recon-
structing these nonlinear errors. The closed orbit was de-
formed via each of the 12 steerers. For each setting of a
steerer, we took one particle centered in the deformed
closed orbit and induced small betatron oscillations by
shifting it along x of 0.1 mm and along y of 0.3 mm. By
taking the x coordinate of the particle over 2048 turns, we
compute via a fast-Fourier-transform (FFT) method [21]
the induced tuneshift. The strategy described in Sec. ITE
was then applied to numerically compute ,Q7, O3, O,
L0V, .0} . We then solved Egs. (20) as follows: from ,QF,
07 we find K,;, J,;. We then use these values in the last
three equations so that we directly find K5;, J3;. In Fig. 3 we
show the results obtained by applying the NTRM method:

errors  —>

steerers

FIG. 2. (Color) SIS18 layout and steerers and nonlinear errors
used in the validation simulations.

in Fig. 3(a) empty red squared markers give the strength of
the reconstructed normal sextupolar errors, and in black the
set errors.

With the triangular markers we summarize the results
for the skew components. All the results in Fig. 3(a) show
the high accuracy of the sextupolar error reconstruction. In
Fig. 3(b) are shown the octupolar errors and the recon-
structed values [the notations are the same as for Fig. 3(a)].
We here add also the second, redundant, solution for K3;
with green empty squared markers, relative to Q). As
both numerical solutions are practically overlapping, in the

L a
0.02 +— )
T i
= o001
S ZA -
S0 - .
< N & A
g o L A A (] A
< F A o .
V
3 - ] ]
& i ]
g 001 | A
= L
0.02 |-
—Illl|||||||||||||||||||||
0 2 4 6 8 10 12
# error
0.1
- b)
005 -
£ . A .
<
o - A A n
S - - A
N i AaA @
) - A
= |
Y - A -
o . .
) i ) §
5 005 | .
i "
_0.]_II|||||||||||||||||||II|I
0 2 4 6 8 10 12
# error

FIG. 3. (Color) Comparison of the reconstructed errors (red
markers) with the error set in the SIS18 (black markers). The
squared markers refer to normal components, while the triangu-
lar markers refer to skew component. In (a) the comparison is
shown for sextupolar errors, in (b) for octupolar errors (both
solutions for K3; are plot: red and green squared empty markers).
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picture only the green squared markers are visible. The
reconstruction of the octupolar errors largely loses its
accuracy if the second order terms resulting from the
sextupolar component j(fq, N4 1, are not included in
Eqgs. (20).

B. Robustness of the method for realistic beams

The theory discussed in Sec. II has been developed for a
single particle and assumes that the measurement of the
tune can be arbitrarily precise. However, in real measure-
ments the beam exhibits a finite emittance and the tunes are
measured by kicking the beam with a finite amplitude
sometimes far from a perturbative level. In realistic con-
ditions the application of the NTRM method might intro-
duce an error in the evaluation of the experimental
tuneshift AQ, .. We therefore study the influence of the
effect of the finite beam size and several kicked beam
amplitudes on the evaluation of the tune. For this study
we take the model of the SIS18 synchrotron presently
running at GSI, excite all the 12 sextupoles for chromatic
correction, and measure the tunes over 4096 turns for
several beams of varying emittance and for several ampli-
tudes of the initial kick equally applied in both planes. In

-5
a) X gy 7x10
- 0.01 0.01 6
- 14 1.4
5 2.5 5
- 15 5

3 —— single particle
<
-0.5 -0.25
Q-kick angle [mrad]
4
b) ex &y 4x10
-=0.01 0.01
-— 14 14 3
5 2.5
- 15 5
> — single particl
3 single particle )
<
1 /
=
-0.5 -0.25 0 0.25 0.5

Q-kick angle [mrad]

FIG. 4. (Color) Simulation dependence of the nonlinear tune in
the horizontal plane (a) and vertical plane (b) as a function of the
amplitude of the kicked beam and its emittances.

this simulation to distinguish the detuning stemming
purely from amplitude effects from the deformed closed
orbit effects [described in Eqgs. (18) and (19)], we do not
deform the closed orbit, but only vary the kick amplitude
and beam emittance size.

The multiparticle simulations were performed with 1000
macroparticles. In Fig. 4 we show that the discrepancy of
the tune found from a single particle with respect to the
tune of a beam with maximum emittances e, €, <
15 mmmrad is less than 5 X 107> in the horizontal and
vertical planes for a kick amplitude of ~0.1 mrad. Note
that no octupoles are present in this simulation, and the
curvature of tune curves only stems from the large kick
amplitude effect.

IV. EXPERIMENTAL VALIDATION ON SIS18

For the purpose of verifying the effectiveness of the
NTRM method, we performed a proof of principle experi-
ment in the SIS18 synchrotron. The testing method is based
on the capability of the NTRM method to retrieve a con-
trolled nonlinear error present in the SIS18. We are limited
by the fact that the SIS18 is only provided with sextupole
magnets for chromatic corrections and slow extraction and
no other higher order magnets as octupoles are available.
For measuring the tune response, a small emittance beam is
created and kicked for inducing transverse betatron oscil-
lations. In order to prevent fast beam oscillation decoher-
ence, the machine chromaticity was corrected. This causes
additional 3rd order resonances and quadratic nonlinear
components which add to the quadratic nonlinear compo-
nents preexisting in the SIS18. Therefore setting any con-
trolled sextupolar error as probing nonlinearity would
simply be added to the existing known and unknown
nonlinearities hindering the testing method. This can be
solved by noting that, following Eq. (18), the tune response
to the orbit deformation is linear in the error strength for
3rd order errors [see the terms ,Q7, Q7 in Egs. (20)]. We
take advantage of this dependence to perform the proof of
principle experiment as follows: first, we measure the tune
response for the machine set for normal operation with
chromaticity components (we will refer to this setting as
S0), then we add on two sextupoles for chromatic correc-
tion a small extra probing strength and remeasure the tune
response to the same deformation of closed orbit. By
subtracting the two tune response curves the resulting
differential tune response depends solely from the extra
probing error added on the sextupoles. As the probing
errors are folded linearly into the terms ,Qf, and ,Q3, the
experimental task is measuring the differential tune re-
sponse and obtaining ,Q7, and , Q3.

A. First proof of principle experiment

Following the outlined procedure, we have considered
the case of two normal probing sextupolar errors to be
reconstructed by deforming the orbit by means of two
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TABLE II. Elements of SIS18 used for the first proof of
principle experiment.

t l
1 SIOMUIA S03KS1C
SIIMU1A S11KS1C

vertical steerer
S12KM2DV

vertical steerer
S06KM2DV

o o
8 %
m§ (J'éé
= (i3]
s %%
S0 3%
S

My

FIG. 5. (Color) SIS18 layout and magnet and steerers used for
the proof of principle experiment.

horizontal steerers: as we excite normal probing errors,
only horizontal deformation of the closed orbit can reveal
them (the terms ,Q7, ,Q; are absent). According to the
notations of Sec. II we have N; =2 and N, = 2. The
elements of SIS18, steerers and sextupoles, associated to
the indexes ¢ and [ are reported in Table II, and their
location in the ring can be seen in Fig. 5.

In the experiment for correcting the chromaticity we
have activated the sextupole family S#KS1C with K, =

TABLE III.

—0.2162 m™2, and the family S#KS3C with K, =
0.4004 m~—2 (here #=1,3,57,9,11). A beam of
4OAr'8* was injected into the SIS18 at 11.2 MeV/u and
accelerated at 416.54 MeV/u. The unnormalized beam
emittances are estimated to be €, = €, = 1.4 mm mrad.
At this energy we excited a beam oscillation using the
fast kicker by a kick of ~0.15 mrad in each plane. The
signal was then measured by a beam position monitor.

A FFT analysis of the stored signal over 2048 turns
yields the tune response function to the orbit deformation.
The tunes of the machine are thus found to be Q,, =
4.3035, Q,9 = 3.2686. For completeness, we repeated
the measurement for several probing error strengths AK,,
whose values are reported in the third column of Table III.
In Figs. 6(a) and 6(c) are shown the tunes measured as a
function of the strength and of the steering angle for the
several sets of probing errors of Table III.

In Figs. 6(b) and 6(d) we show the difference tune
response curves. As expected these curves are linear and
their slopes directly give the quantities ,Qf, and , Q3.

Using these quantities, and by inverting Eqgs. (20), we
retrieve the strength of the probing sextupolar errors. These
results are summarized in the fifth column of Table III. For
completeness we compute the same quantities via com-
puter simulations and report these results in the fourth
column of Table III. In the last column of Table III we
show the relative errors of the reconstructed probing errors
obtained in the experiment with respect to the originally set
value (3rd column). These results fully validate the NTRM
as we can retrieve the probing errors with a good accuracy.

B. Second proof of principle experiment

For the second experimental validation test, we excited
two probing errors in skew sextupoles as summarized in
Table IV. As the 3rd order errors are now skew, a tune
response is expected for vertical closed orbit deformation.
For this measurement we measured the tune in the vertical
plane to test the NTRM by measuring , Q.

The experimental setup is the same as for the first
experiment, and the strength of the skew probing errors,
limited by hardware constraints, is shown in Table V. In

Additional strength applied in the normal sextupoles and retrieved values via NTRM.

Setting l AK, [m™%] X1072 Simulation [m~2] X1072 Experiment [m 2] X102 Relative error %
S1 1 =2 —1.999 —-1.797 —10.5
2 1 1.001 1.018 —1.8
S2 1 -4 —3.998 —4.133 33
2 2 2.002 1.546 —22.7
S3 1 -8 —7.995 —7.609 —4.9
2 4 4.007 3.902 —-2.5
S4 1 5 5.008 4971 —0.6
2 -3 —2.997 —2.739 —8.7
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FIG. 6. (Color) Measured tune response for several strengths of
the normal error deforming the closed orbit with the first steerer
(a) and difference tune response (b). In (c) and (d) the same
quantities are obtained varying the second steerer.

TABLE IV. Elements of SIS18 used for the second proof of
principle experiment.

t l

1 S12KM2DV S02KMS5SS
S06KM2DV SO8KMSSS

Figs. 7(a) and 7(c) we show the tune response curves for
these two probing errors. The parabolic behavior can be
explained by Egs. (18) and (20). In fact, we performed the
measurements by keeping the chromaticity corrected in
order to avoid a fast decoherence of the kicked beam.
This is obtained by powering 12 sextupoles, and as the

Fractional part of Qy

8x10™ b)

S —
> yQY'=0.0045
=4 — 351
T T O T T

-3 2 -1 1 2 3
-] e D yQf'=-0.2620 _ |

| N s2

Vertical 61 [mrad]
C) 0.2705 s2

Fractional part of Qy

yQ7Y=0.2665
s2

d) 8x10™

yQ¥=0.0108
= S1

AQy

T T

1 2 3

Vertical 62 [mrad]

FIG. 7. (Color) Measured tune response for several strengths of
the skew error deforming the closed orbit with the first steerer (a)
and differential tune response (b). In (c) and (d) the same
quantities were obtained varying the second steerer.
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TABLE V. Additional strength applied in the skew sextupoles and retrieved value via NTRM.

Setting I AJ, [m™2] xX1073 Simulation [m 2] X1073 Experiment [m~2] X1073 Relative error %
S1 1 8.32 8.35 7.13 —14.6

2 8.32 8.35 7.29 —12.7
S2 1 8.32 8.35 8.76 52

2 —8.32 —8.35 —4.52 —45.6

closed orbit is deformed vertically in this measurement, the
normal sextupoles feed-down a linear coupling error as
shown in the example of Egs. (15) and (16). In terms of the
equations of NTRM, Egs. (18) and (20), this is equivalent
to the excitation of the terms , 0}, and , O} even if natural
octupolar errors are absent [the terms 0}, and ,Q; are
not explicitly written in Egs. (20), but their form is the
same provided that j(f K Ig> 7 1, are substituted with j(f ,

j(;vq, J 7[1]. Note that from Egs. (20) the terms Q7 are
excited also in the first proof of principle experiment, but
from Figs. 6(a) and 6(c) we see only a very weak trace of a
parabolic pattern, hence we conclude that the terms
Kz,qujG‘q as well as K3; are small (not surprisingly as
in SIS18 there are not octupoles and error octupoles are
typically small). Contrary to the small effect produced by
the normal quadrupole component errors, the effect of the
induced linear coupling is stronger: we checked this by

inspecting the matrix 7 1g» Which has elements larger than
the elements of j(}q This property of the lattice is the

source of the tune response found here. The explicit form
of the K7j, K, ~fq, and j(; .’k;q :T,Vq is given in the
Appendix. Note, however, that the difference tune response
curves in Figs. 7(b) and 7(d) exhibit only a linear pattern as
expected. In fact, the difference of the tunes depends only
on the extra probing errors, which are two small skew
sextupoles of strength as in Table V. The application of
NTRM gives the results summarized in Table V (fifth
column). We notice that the reconstruction is less accurate
here than in the first experiment, but the probing errors
used are very small (because of hardware limitations). In
the setting S2 we find that the reconstruction gives 45%
error with respect to the original set value for one of the
two skew sextupoles. It cannot be excluded that a larger
than assumed discrepancy between lattice model and real
lattice is responsible for this large error. Further investiga-
tion of this issue is needed.

V. CONCLUSION AND OUTLOOK

In this paper we have presented a method for measuring
nonlinear components in a circular accelerator. The theo-
retical basis is discussed and a proof of principle experi-
ment is performed. Our numerical examples show that the
reconstruction of sextupolar and octupolar errors is suffi-
ciently accurate to be used in experiments. In the experi-

mental tests we found that the reconstruction accuracy is in
most of the cases better than 10% for normal sextupolar
errors, and better than 15% for skew sextupolar errors. The
discussion on the origin of some large error is left to future
work, where we will repeat these measurements in better
experimental condition. The good reconstruction of the
nonlinear errors in the majority of the experimental tests,
the good results in numerical examples, as well as the
simple foundation of the theoretical approach allow us to
conclude that this method can be applied to large accel-
erators provided that the linear optics has been studied and
modeled before. Clearly, the NTRM method is affected by
the accuracy of the tune measurements, therefore it is
unlikely that this method can be applied to errors of order
higher than the 4th, as the tune accuracy required would
exceed 107, It is planned to further test this method at GSI
for a larger set of controlled probing errors and eventually
apply it to the measurement of the inherent random non-
linear errors.
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APPENDIX A

In order to predict the oscillation frequencies of a par-
ticle around the closed orbit, the one-turn map My has to
be found. In the particular circumstance of a lattice with
deformed closed orbit, the linear lattice will be composed
by a sequence of 4 X 4 linear (decoupled) transfer maps

Mj, where
. M; O
M; = ( 0 M, ) (AD)
y

alternated by feed-down induced linear errors A;. The 2 X
2 matrices My, M;l, are the transport maps between the
linear errors A;. The index [ is enumerating the sequence
of matrices and is not meant as matrix component (hence
the symbol is in bold). The most general form of the /th

linear error can be written in matrix form as
Al =1+ El: (AZ)

where I is the 4 X 4 identity matrix and
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_ (K, Jz)
Ey (Jz K,/

with K;, J; the 2 X 2 matrices

(0 0 (0 0
=5 o) 9= (5 o)

The terms k;, J; are the strength of the feed-down induced
linear errors obtained in Egs. (14). The index [ refers to the
location of the nonlinear errors. From the point of view of
the linear optics the accelerator lattice, including the
feed-down induced linear errors, is now composed of the
sequence of linear objects Mj, Ay, M}, A, Mj,
As, ..., M}k\,l, A ~,> and the one-turn map is then obtained
as

N,
My =][]AM; =AM} ... A,M;AM].  (A3)
=1

By substituting Eq. (A2) into Eq. (A3) we obtain an
expansion of the one-turn map My, namely

M7 =M; +8VM* +6PM* + 0(3), (A4
where
N,
SOM* = ]:zl M,E,M,, (AS)
SOM* = ZM]E[M[lj]Eij'
1=

In Eq. (A4) the matrix M7 is the 4 X 4 unperturbed one-
turn map M. = [T, M which we can write as

. (M, 0
MT_(O My)’

N % N, *

where M, = [, Mxl, M, = l_[l?’l Mj,. In Egs. (A5) we
also define M; = [T'_, M}, and M, = [T, , M} as the
two transport matrices between the error E; and therefore
M,M, M. Consistently M, = wa M, =
l'[, 141 My;, and My, -1 M, M l'l, 141 My,
The matrix M;;; which descrlbe the relatlon between the
linear error E;, and E; is defined as M;;) = T =1 M;.
Again Mypy = [Ti—js) My, and My =TTy M3
The symplectic one-turn map, written in blocks, reads

M n
MT:(m N)’

(A6)

(AT)

where

N,
_ Z M KM, + > [My KM, 1 KM,

1= I>j

+ M J M3, M, ;1 + 003),

N
n= z M, JM,; — Z[MlelMx[lj]JjMyj
=1 1>j

M, J;M,; 1 K;M,; ]+ 0(3),

N,
m = ZMlelMxl - Z[MlelMx[lj]Kjij (A8)

I=1 I>j
- Mle,My[l M1+ 00),

N=M, + Z M, K,M,; + > [M 3, M, 00 M,
=1 >j

+ M, K;M,; 1 K;M,; ]+ 0(3).

The frequencies of oscillation of a particle around the
deformed closed orbit are obtained by finding the normal
modes of the one-turn map Eq. (A7), which are implicitly
given by A, =2cos[27m(Q,p + AQ,)], and A_ =
2cos[27(Q,9 + AQ,)], where AQ,, AQ, are the tune-
shifts induced by linear feed-down in the presence of
closed orbit deformation. The quantity A+ is given by [22]

2A+ = Tr(M) + Tr(N)

= J[Tr(M) — Tr(N)P + 4lm +&l,  (A9)

where i = —Sn*S. The symbol T is used for the transpose
of a matrix and S is the symplectic matrix

s—(° )

If the natural linear coupling is small such that 4|m + n| <

Tr(M) — Tr(N), we can expand Eq. (A9) as
B lm + n|
m + ] (A10)

The condition of validity of this expansion is obtained by
keeping the tunes far from the linear coupling so that
Tr(M) # Tr(N) and to limit this expansion to a lattice
with small nonlinear errors and perturbed by small closed
orbit deformations so that [m + n| is small. Now the traces
can be written as
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N,
Tr(M) = Tr(M,) — > Tr(M,K;M,;)
=1

+ 3 [Tr(My K M, KM, ;)
=

+ Tr(M J; M, 7 M, )] + 0(3),

Ny (A1)
Tr(N) = Tr(M,) + Y Tr(M,K;M,,)
=1

+ 3 [Tr(My 3, My ;03 M, )

=)
+ Tr(MlelMy[lj]KjMyj)] + 0(3)
It is now straightforward to prove that Tr(M) =
2¢0s(27mQ,), Tr(N) = 2cos(27Q,) and
Tr(MlelMxl) = Sin(ZWQXO)BxlEI’

. _ (A12)
Tr(M,, K;M,,) = sin(27Q,0) B,k;,

and

Tr(MlelMx[lj]Kjij) = Bxl:ij'Sx,[lj]‘vsx,[lj]];l];j’
Tr(M,J My ndiM, ;) = ‘\/BxlﬁylijBijy,[lj]‘va,[lj]j s

Tr(MlelMx[lj]JjMyj) = \/ BxlﬁylijBijx,[lj]‘vS‘y,[lj]jl]j’
Tr (M K My K M,y) = ByBySynSyppkiky,  (A13)

where for sake of simplicity we define S, =
sin(Adhy i)y Sy = sin(Ady ), Sypyy = sin27Q. —
A, Sy = sinmQy0 — Agryp); with Ag ) =

'wbxl - lr//xj’ and Alr//y,[lj] = 'ﬁyl - 'wbyj' Here l/fxl’ wxj’ 'wbyl’
i, ; are the phase advances at s = s;, s = s;. By substitut-

ing Adry i) = 1Al and Ady gy — |AYy, 1], we sym-
metrize Sy[;j1, Sy} Syl Syj) for the exchange of
indexes [ with j, i.e., we find S, [;;; = S, [}, and Sx,[zj] =
:9)5,[ - Therefore we can conveniently drop the condition
[ > jin Egs. (Al1) and write

N,
Tr(M) = 2cos(27Q.) — sin(2mQ50) D Buik;
=1

1 N, “ -~
+ E Z [Bxlﬂxjsx,[lj]SX,[U]klkj

Lj=1

+ ’V :Bxlﬁylij:Bijy,[Ij]‘va,[lj]jljj] + 0(3),

N,
Tr(N) = 2cos(27Q,) + sin(27 Q) Z By,lgl
=1

V& v v
+ 5 Z [ BxlBylijﬂyjsx,[lj]sy'[lj]-]l-]j
Lj=1

+ lBylByjsy,[lj]éy,[lj]]gl]gj] +003).

(Al4)

All these findings are summarized in the following formu-
las:

N,
A+ = ZCOS(ZWon) - Sin(27TQx0) Z :Bxllgl
=1

1 N, . -~
+ 5 Z [Bxllngsx,[lj]SX,[lj]klkj

Lj=1

+ V lgxlBylijﬁyjsy,[lj]Sx,[lj]jljj]

N |m + n|
2[cos(2mQ,0) — cos(2mQ,0)]

+03), (Al5)

and

N,
A_ =2cos2mQ,q) + sin(27Q,0) Y. Bk
=1

1 & v
+ 5 Z[ Bxl:Bylﬁxj:gyjsx,[lj]sy,[lj]h]j

Lj=1

+ BBy Sy 1Sy kik;]
B |m + @
2[cos(27Q ) — COS(Q’FQyo)]

+ 0(3). (A16)

1. Effect of the induced linear coupling

We calculate in this section the term [m + fi| present in
Egs. (A10). From Egs. (A8) we find

N, N,
n=> MuJM, +0@2), m=>»M,JM,+O0().
=1 =1

(A17)

In order to compute the normal modes we first compute
m -+ n, which reads

N,
m +0 =) [M,J;My — SMyJ;M,)'S]+ 0(2).
=
(A18)

For the first term in the square bracket we use the decom-
position

M, My = TR, T, 3, Ty R, Ty,

B 1/yl
Txl/yl == _ U/leéijl y
A/ .Bxl/yl A/ .B,xl/yl

and IV{y, is a rotation of 27Q, — #;; Ry is a rotation of
Y- The term T ;' J; T,y becomes

with

- O

ax/}.

A/ ﬁx/y

Tyy= ( i

>
—o =
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) 3 0 0)_ .
0 = ( gy, 0) = CBaByin

0 0

1\ileII{xlTJ:l

with

That is we find

Mle[Mxl = Ty BxlByljl'

For the second term in the square bracket of Eq. (A18)
we make use of the symplecticity of the matrices M i My,
We recall that for a generic 2 X 2 matrix A the symplec-
ticity implies SATS = —A~!; also by direct calculation
we find the relation SJ;rS = J;. By using these properties

we find
S (M, J;M,,)'S = M!J; M)’ (A19)

Following the same technique used for the first term in the
square brackets of Eq. (A18), we now find for Eq. (A19)

M;llJlMx_ll T,R, 'C/R,'T,! BBy

and therefore we can write

N;
m+a=T,YR,CR, -
=1

R, C/R BB/ Ty

+ 0(2).

Now note that R ; = R,R /!, and R,' = RyR;', where
R,, R, are the matrices of the one-turn map (in the
Courant-Snyder reference frame). Therefore we can write

m-+an="T ZR '(R,C; — CIR;I)Rxl‘\,ﬁxlﬂyllex_l

+ 0(2),

so that

Im + n| =

ZRyl R C] IR xlvﬁxlﬁ)l.]ll

+ 0(3),
as |[T,| = |T,| = 1. Finally, defining the matrix
M!=R,'(R,C; — C;R;R,
we write the final form

m +a| = Z ﬂxlﬁylﬁxtﬁyt(ﬂwlll by — ML, ME )i
It

+ 0(3).

Note that for a lattice with only one error, for example,
located at s = s; we find [ M!| = sin(2wQ,) sin(27Q,).

2. Perturbative expansion

In the previous sections we have derived that

N,
AL =2cos2mQ,) — sin7Q.) Z Bk
=1

+ Z I iy + Z Ti,Jiq + 003),
Lg=1 Lg=1
(A20)

N,
A =2cos(2mQ,g) + sin(27Qy) Z Byllgl

=1

+ Z I, ik + Z Tydiiq + 0Q),

Lg=1 Lg=1

Bxl:qu lq]Sx,[lq]’

Vﬁxlﬁylﬁxqﬁyq y[lq]SX[lq]
Y/ lgxllgyllgququ

2[cos(2mQ,) — COS(27TQyO)]
X (M M5, — M, M3),

N = ] =

;1 .
Kig = 5 BuBygSyiigSytiqy (azl)

y _ 1 ‘
‘7'lq = 5 B.XIﬁylB.X([B_)’(]SX,U[{]S)',[I(]]
Vﬁxlﬁylﬁxqﬁyq

2[cos(27Q.g) — cos(2mQy)]
X (Mlnjvlgz - -Mln 31)
From the properties of S[;j Sx[,]], Sy lifls :Sy’[ij], we
obtain that Kj = XK}, and X, = X, We also find
that K}, = K35, =0 for [=1,...,N;. We now recall
that AL =2cos[27(Q,0 + AQX)], and A_=
2 cos[27T(Qy0 + AQ},)] and considering the expansion

ZK"kz + Z Kiykik, + Z i, + 0Q),

Lg=1

N B N, . N, s
AQ, = Kk + > XK kik,+ > Tl jij, +003),
=1 Lg=1 Lg=1
(A22)

by expanding the expression of A. and equating the terms
of each order we find

Xi=+ %,
T
x 1 x Bxlﬁxq ]
lg 47TSiIl(27TQx0) I:Klq + 4 COS(ZWQxO) ’

X
X — lq

Jls =~ Trsin@n0g)’ (A23)
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and
z By
X =-=2
! 47
%Y 1 ByB
X3 :_—[Ky+ yyq o) ]’
lq 47TSin(27TQ),O) Iq 4 cos( 7TQy())
y
v o lq
W= T T A24
Jia = " Irsin2n0,) (A24)
As XK, .’Kiq are symmetric, then j(fq, j(f , &re symmetric
as well.

3. Nonlinear tune response matrix

Now we characterize &/, J; by inserting Egs. (14) into the
expressions (A22) and find the contribution of the non-
linear components to the tune measured with respect the
closed orbit. Explicitly the terms to be computed are

Z Kik =

Z ~7<1|:K11 + Koyxor = J21Yor
=

Ky 3= 20 = Java | (A29

Z X, [Kll + KoiXor = Ja1yor

Lg=1

1
+ Kazi(xiz -y = Jszxozyoz]
X [Klq + quxoq - ]2qy0q

1
+ K3q 5 (x%q - y(ZJq) - J3qx0qy0q :Ir (A26)

and

N,
Z Tidije= 2. jlq[KZIy()l + JouXor T K31X01Y01
Lg=1 Lqg=1

+ J31%(x(2)1 - yiz)]

X I:quy,,q + quxoq + K3qx0qy0q
5 02 =32 | (A27)
As the closed orbit at the location of the errors [23] is

N N,
— X — y
ol — ZM[zaxt’ ol — ZM[zayt’
=1 t=1

we can substitute Egs. (A28) into Egs. (A25)—(A27), and
find the dependence of AQ,, AQ, from the steerer angle.
We find then

(A28)

N,
AQ,=,0+ Z<fo0x, +,070,,)

+ Z( 00,0, + .070,,0, + .070,,0,),

t,i=1

(A29)

N,
AQ)' = yQ + Z(yQ?exl + yQ;oyl)

+ Z(nyxg 0+, nggw +)Q;‘l¥9m9yi),

ti=1

(A30)

where

Q= ZK11~7<1 + Z K11Klqj<1q»

L,g=1

L0F = ZK21~7<1M1, + Z Ky Ko(Ki, + KoM,
Lg=1
xQ; = ZJZI:K:XMH + Z [ I{lq‘IZl(j< + le)]Mlt’
Lg=1

L
OF = 2 ZKyK?MﬁMfi

+— Z[KlqKSZ(K + I MM,
Iq 1

MM,

qi

]
+ ) ooy Ti, + Ky1Koy
Lg=1

, &
200 = 3 ZKsz-'K?MZszi

-5 Z (K, K3 ( 3G, + KKy IMy M

lql

l
+ ) (KyKay J7, + Ty I )M M2,

qv
Lg=1
N, B
Xy — XAqgx AqY
xZti ZJ3I~7<1M11M11'

=1

N, B
+ > [-K Ju( X, + I MM,

Lg=1

N, ) )
+ Y [TuKag(Tiy + T3

Lg=1

— Do Ko( K, + Kx,)]M"My (A31)
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In case K|; are small compared with the sextupolar and
octupolar components, we obtain Egs. (20). The nonlinear
tune matrix elements for AQ, namely ,0;, ,07, ,0},
,01, 0y are readily obtained from Eqs. (A31) with the

T — X

Ig° and

following substitutions: Kj — j(?

g =T 3Vq'

Note that the derivation of Egs. (A31) is based on
Eq. (A1), that is the natural linear coupling terms J;; are
absent, so that the orbit response at the location of the
errors is given by Egs. (A28). The effect of a small linear
coupling would create in Eqgs. (A27), in addition to a
correction in Eq. (A1), small correction terms proportional
to J”qu, J”qu, J”qu, J”K3q, and J11J3q, which there-
fore becomes negligible if |J,;| is smaller than |K;|, |5,
|K5l, 1J5;]. A discussion on a method for correcting the
natural linear coupling and its applications can be found in
Ref. [18].
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