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The paper describes a method for calculating the longitudinal and transverse impedances of the
laminated round pipe with many layers of different materials. The charge is moving along the pipe
axis with arbitrary constant velocity. The study is based on the field-matching technique applied for the
arbitrary harmonic of the electromagnetic field. The matrix formalism has been developed to describe the
field transitions through the subsequent layers that allow coupling the electromagnetic fields inside and
outside the pipe. The number of equations to be solved is then reduced to four algebraic equations. The
solutions and ultrarelativistic limits for the field harmonics in the inner and outer regions of the pipe are
derived.
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I. INTRODUCTION

The development of advanced accelerators is accompa-
nied with the improvement and modification of the facility
characteristics that require careful modeling and examina-
tion of the effects that impact the beam quality [1]. The
longitudinal and transverse impedances of the accelerator
vacuum chamber caused by finite conductivity of the wall
material are important characteristics of the facility per-
formance describing the interaction of the charged particle
beam with the chamber walls in the frequency domain
[1,2].

In advanced electron, hadron, or heavy ion accelerators
[3–9], the technical solutions for high vacuum perform-
ance, cures of resistive instabilities [10–12], prevention of
the static charge [13,14], and shielding of external radia-
tion [15–19] very often imply the usage of laminated (or
multilayer) vacuum chamber configuration. These compli-
cations along with the stringent requirements to the beam
quality recently drove rigorous study of the longitudinal
and transverse resistive impedances of the multilayer vac-
uum chamber to obtain the exact analytical solution valid
for both nonrelativistic and ultrarelativistic beams [18–
22].

The general approach to solve Maxwell equations for the
multilayer tube is a field-matching technique [1,2,10–
16,18–22]. The classical ultrarelativistic formulas [1,23],
usually applied for the ordinary vacuum chamber imped-
ance calculation, were derived for the vacuum chamber of
infinite wall thickness and generalized for the case of the
finite-thickness metallic [1] or infinite-thickness ceramic
wall [2]. For the arbitrary number of layers, the recurrent
method based on the numerical consequent solutions of the

matching equations is described in [2,24–26]. The trans-
verse dipole impedance for the two-layer tube with infinite
external layer thickness is derived in [26]. A number of
analytical and numerical studies of multilayer tube imped-
ance are given in [17,22,27–32]. In [20,21] the analytical
solutions for longitudinal and transverse impedances of the
two-layer tube in the ultrarelativistic case have been de-
rived. However, even the case of the three-layer tube
causes difficulties for direct calculations [22,31,32].

The plain disklike charge with variable density over
radius and azimuth was taken as a basic model of a driving
charge in works [1,2,16,18–21,23]. In the ultrarelativistic
limit, the results of the model are interpreted as the multi-
pole expansion of the results for a pointlike charge imped-
ance [21,33], but for a nonrelativistic beam the azimuthal
harmonics of the fields generated by disklike charge sub-
stantially differ from the field harmonics of a pointlike
charge.

In this paper we describe a method for calculating the
longitudinal and transverse impedances of the point charge
moving with arbitrary constant velocity along the axis of
the laminated round pipe with many layers of different
materials. The charge fields inside the pipe are presented
by the superposition of the field azimuthal harmonics. To
evaluate the effect of the laminated vacuum chamber, the
field transformation matrix concept is introduced to couple
the tangential components of the electromagnetic fields
between the borders of subsequent layers. The transforma-
tion matrix defined by geometrical and material character-
istics of the layer then describes each single layer. The
transformation matrix formalism allows direct matching of
the electromagnetic fields inside and outside the pipe thus
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reducing the number of equations to four algebraic equa-
tions for arbitrary number of layers. The solutions and
ultrarelativistic limits for the field harmonics in the inner
and outer regions of the pipe are derived. The numerical
examples for the PETRA III vacuum chamber [34] and
three-layer tube are presented.

II. FIELD PRESENTATION AND SOLUTION
METHOD

Consider a circular-cylindrical many-layer tube of inner
a1 and outer aN�1 radii (Fig. 1). The layers can be either
dielectrics or metals and are characterized by the dielectric
permittivity "i and magnetic permeability �i (i �
1; 2; 3; . . . ; N). The pointlike charge q with the offset rq
is moving in parallel to the z axis with the constant velocity
v. We will use cylindrical coordinates ~r � �r; z; �� and
assume that in inner (0 � r < a1) and outer (r > aN�1)
regions of the pipe are vacuum.

The problem is solved by the field-matching technique
that implies the continuity of the tangential components of
electric and magnetic fields at the borders of the layers. As
it follows from the geometry of the vacuum chamber
(Fig. 1), for the N layer tube there are N � 2 regions
(including inner and outer regions of the tube) and N � 1
borders. Four boundary equations should be composed for
each border that match the E�, Ez, B�, and Bz components
of electromagnetic field, thus the complete number of
matching equations is 4�N � 1� with 4�N � 1� unknown
coefficients.

In general, due to current axial asymmetry, the fields
radiated in the tube have all six components Ez, Bz, E�, B�,
Er, Br. As usual, for cylindrical geometry we will use the
multipole presentation of the charge distribution and elec-
tromagnetic fields and will consider only the synchronous
components of the fields. The frequency domain multipole
components of the electromagnetic fields, synchronously
moving with the charge, can be then represented as [1,2]

 fEr; Ez; B�gm�!; ~r� � fEr; Ez; B�gm�!; r� cosm� exp�jkz�

fBr; Bz; E�gm�!; ~r� � fBr; Bz; E�gm�!; r� sinm� exp�jkz�:

(1)

where ! is the frequency and k � !=v is the wave
number.

Them-pole component of charge distribution is given by

 �m�!; ~r� �
qhm
�rqv

��r� rq� cosm� exp�jkz�; (2)

with h0 � 1=2 and hm � 1 for m> 0. We will omit the
factors exp�jkz�, cosm�, and sinm� from further consid-
erations and consider the radial dependence of the m
azimuthal pole fields in the frequency domain.

The geometry of the problem is composed of three
regions (Fig. 1), where the fields are expressed in different
ways: the charge existing region (0 � r � a1), the lami-
nated wall of the tube (a1 � r � aN�1), and the outer
vacuum region (r � aN�1). The matching conditions on
the borders of the layers r � ai�1 ( i � 0; 1; 2 . . . ; N), i.e.,
the continuity of tangential components of electric and
magnetic fields, are read as
 

E�i��m�ai�1� � E�i�1�
�m �ai�1�;

E�i�zm�ai�1� � E�i�1�
zm �ai�1�;

B�i��m�ai�1�=�0i � B�i�1�
�m �ai�1�=�0i�1;

B�i�zm�ai�1�=�0i � B�i�1�
zm �ai�1�=�0i�1

(3)

with �0i � �i=�0 the relative magnetic permeability of
the ith region.

We will use the complete solution for the pipe with
perfectly conducting walls as a partial solution in the inner
part of the pipe [1,35]. The radial dependence of the partial
solution for the m-pole mode is given by

 E�p�zm �r� � �A0��bIm��r�C� P�rq; r�c; (4)

with
 

C � �Im��rq�Km��a1�=Im��a1�;

P�rq; r� �
�Km��rq�Im��r�; r � rq

Im��rq�Km��r�; r � rq;

and Z0 � 120� �, � � v=c, �A0 � �j
qZ0hm
�� , � � 	�1,

� � k=	 with 	 the particle Lorenz factor. Other compo-
nents of electromagnetic field are derived as
 

E�p�rm �r� � �jA0�
�
I0m��r�C�

@
@r
P�rq; r�

�
;

E�p��m�r� � jA0
m
r
�Im��r�C� P�rq; r�	;

B�p�rm �r� � ��2E�p��m�r�=v;

B�p��m�r� � �2E�p�rm �r�=v;

B�p�zm � 0:

(5)

Note that the radial electric and azimuthal magnetic com-
ponents of the solutions (5) have discontinuity at the offset

 

FIG. 1. Geometry of the laminated vacuum chamber. The
pointlike charge is moving with arbitrary constant velocity along
the tube axis.
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r � rq due to current and charge densities formed by the
pointlike charge.

The solution of the homogeneous wave equation in the
inner region of the pipe, which includes the axis r � 0, is
only the modified Bessel functions of the first kind since
those of the second kind diverge for argument zero. We
will be interested about the tangential (longitudinal and
azimuthal) components of the electromagnetic fields and
introduce the tangential field vector T̂m�E�m;
Ezm; jvB�m=�0; jvBzm=�0�. The complete solution in the
inner part of the tube in vector form is then presented as

 T̂ in
m�r� � D1V̂1�r� �D2V̂2�r� � R̂

�p��r�; r � a1;

(6)

where

 V̂ 1 �

�I0m��r�
0

jm
�r Im��r�
��Im��r�

0
BB@

1
CCA; V̂2 �

jm
�r Im��r�
�Im��r�
�2I0m��r�

0

0
BBB@

1
CCCA; (7)

with D1, D2 uncertain coefficients and the components of
the vector R̂�p��E�p��m; E

�p�
zm ; jvB

�p�
�m=�

0; jvB�p�zm=�0� are given
by the partial solution (4) and (5). The general solution in
(6) describes electromagnetic fields induced in the tube due
to the wall’s finite conductivity.

The fields in the wall layers ai � r � ai�1 (i �
1; 2 . . . ; N) include both kinds of modified Bessel function.
Introducing the vector of unknown coefficients
Â�i��A�i�1 ; A

�i�
2 ; A

�i�
3 ; A

�i�
4 �, the solution for tangential compo-

nents in the ith layer can be presented in matrix form as

 T̂ �i��
ir� � Ŵ�
ir� Â
�i�; (8)

where

 Ŵ�
ir� �

8>>>>><
>>>>>:

�K0m�
ir� �I0m�
ir�
jm

ir
Km�
ir�

jm

ir
Im�
ir�

0 0 
i
k Km�
ir�


i
k Im�
ir�

jm
�0i
ir

Km�
ir�
jm
�0i
ir

Im�
ir� "0i�
2K0m�
ir� "0i�

2I0m�
ir�

� 
i
k�0i
Km�
ir� �


i
k�0i
Im�
ir� 0 0

9>>>>>=
>>>>>;
: (9)

Here "0i � "i="0, �0i � �i=�0 are the relative permittivity
and the permeability with respect to vacuum constants "0,
�0, and 
i �

���������������������������
k2 ��i"i!2

p
[Re�
i�> 0] are the radial

propagation constants in the ith layer.
In the outer region of the pipe (r � aN�1) that extends to

infinity, only modified Bessel functions of the second kind
are admissible. The solution for tangential components is
read as

 T̂ out
m �r� � D3V̂3�r� �D4V̂4�r�; r � aN�1; (10)

where

 V̂ 3 �

�K0m��r�
0

jm
�r Km��r�
��Km��r�

0
BB@

1
CCA; V̂4 �

jm
�r Km��r�
�Km��r�
�2K0m��r�

0

0
BBB@

1
CCCA: (11)

The inner �D1; D2� and external �D3; D4� field coefficients
are determined by matching the tangential components of
the fields on the borders of the layers according to (3).

III. FIELDS TRANSFORMATION MATRIX

In this chapter we introduce the fields transformation
matrix Q̂�i� to connect the tangential components of elec-
tromagnetic fields at the bottom surfaces of two subsequent
layers i and i� 1 to exclude the uncertain coefficients in

Eq. (8) from further consideration. Using the field presen-
tation (8), the tangential components of the fields at the
bottom (r � ai) and top (r � ai�1) surfaces of the ith layer
are related as

 T̂ �i�m �
iai� � Q̂�i�T̂�i�m �
iai�1�; (12)

where Q̂�i� � Ŵ�
iai� 
 Ŵ
�1�
iai�1� is the field transfor-

mation matrix through the ith layer given by

 Q̂ �i� �

q11 q12 ��0q31 �0q32

0 q22 �0q41 ��0q42

q31 q32 q11 �q12

q41 q42 0 q22

0
BBB@

1
CCCA (13)

with �0 �
�0i
"0i�

2 . The seven independent elements of the

field transformation matrix Q̂�i� are determined by corre-
sponding layer geometrical and electromagnetic parame-
ters and are given as
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q11 � �ai�1
iU
�i�
3 ;

q22 � ai�1
iU
�i�
2 ;

q12 � �
jkm

ai

2
i

�
ai
ai�1

q11 � q22

�
;

q42 �
j
�0i
mU�i�1 ;

q32 � k
�
�2"0iai�1U

�i�
4 �

m2U�i�1

�0iai

2
i

�
;

q41 � �
ai�1


2
i

k�0i
U�i�1 ;

q31 �
ai�1

ai
q42;

(14)

where U�i�k (k � 1, 2, 3, 4) are the combinations of modi-
fied Bessel functions of both kinds:

 U�i�1 � Km�
iai�Im�
iai�1� � Im�
iai�Km�
iai�1�

� sinh�
idi�=
i
��������������
ai�1ai
p

;

U�i�2 � Km�
iai�I0m�
iai�1� � Im�
iai�K0m�
iai�1�

� cosh�
idi�=
i
��������������
ai�1ai
p

;

U�i�3 � K0m�
iai�Im�
iai�1� � I
0
m�
iai�Km�
iai�1�

� � cosh�
idi�=
i
��������������
ai�1ai
p

;

U�i�4 � K0m�
iai�I0m�
iai�1� � I0m�
iai�K0m�
iai�1�

� � sinh�
idi�=
i
��������������
ai�1ai
p

:

(15)

In the frequency range where the skin depth of a layer is
much smaller than the inner radius of the tube, i.e., for all
the practically important cases, the functions U�i�k can be
approximated by hyperbolic functions as is given in (15) to
construct the asymptotic expressions of impedance [20–
22,26]. In (15) di � ai�1 � ai is the ith layer thickness.

All elements of the matrix Q̂�i� (13) are dimensionless
and the determinant of the matrix is equal to a2

i�1=a
2
i . As is

seen from (14) for the monopole termm � 0, the following
elements of field transformation matrix q12 � q13 �
q21 � q24 � q31 � q34 � q42 � q43 � 0 are vanishing.
For the zero thickness layer the field transformation matrix
is transformed to unit matrix.

Taking into account the matching condition at the border
of two subsequent layers T̂�i�m �
iai�1� � T̂�i�1�

m �
i�1ai�1�,
the tangential components of electromagnetic fields at the
inner (r � a1) and outer (r � aN�1) surfaces of the pipe
are related as
 

T̂in
m�r � a1� � T̂�1�m �
1a1�

� Q̂�1� 
 Q̂�2� 
 
 
 Q̂�N�T̂�N��
NaN�1�

� Q̂T̂out
m �r � aN�1�; (16)

where

 Q̂ � Q̂�1�Q̂�2� 
 
 
 Q̂�N� (17)

is the total field transformation matrix through the pipe
laminated wall. The matching equations in matrix form
now are read as

 T̂ in
m�r � a1� � Q̂T̂out

m �r � aN�1� (18)

that contain only four unknown coefficients
�D1; D2; D3; D4� given by the solutions in inner (6) and
outer (10) regions of the pipe.

IV. FIELD COEFFICIENTS DETERMINATION

The tangential components of the full field in the inner
and outer surfaces of the pipe are given by the solutions (6)
and (10), respectively, and can be presented in matrix form.
In particular, for the tangential components of the field on
the inner surface of the pipe (r � a1), one can write

 T̂ in
m � V̂1D1 � V̂2D2 � R̂

�p�; r � a1; (19)

where

 R̂ �p��a1� �

0
0

�A0

a1

Im��rq�
Im��a1�

0

0
BBB@

1
CCCA:

Following (10) the external field’s tangential components
on the outer surface of the pipe in matrix form can be
presented as follows:

 T̂ out
m � D3V̂3 �D4V̂4; r � aN�1: (20)

Using the above presentations for the tangential compo-
nents of the field in the inner and outer surfaces of the pipe,
Eq. (19) is modified to

 V̂ 1D1 � V̂2D2 � R̂
�p� � Q̂�V̂3D3 � V̂4D4�: (21)

Introducing the column of unknown coefficients
D̂�D1; D2; D3; D4�, Eq. (21) in matrix form is read as

 Ŝ 
 D̂ � �R̂�p�; (22)

where Ŝ is 4 4 matrix composed as

 Ŝ � fV̂1; V̂2;�Q̂ 
 V̂3;�Q̂ 
 V̂4g: (23)

The solution for four unknown coefficients in matrix form
is then given by

 D̂ � �Ŝ�1R̂�p�: (24)

Substituting coefficients determined by (24) into field
component expressions (6) and (10), we obtain the radiated
fields in the inner and outer regions of the pipe for arbitrary
harmonic number. The field components inside and outside
of the pipe are then expressed as
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Ein
zm � �Im��r�D2 � E

�p�
z

vBin
zm � j�Im��r�D1

Ein
m�; r � �f�D1 � jD2�Im�1��r�

� �D1 � jD2�Im�1��r�g=2� E�p��;r

vBinm�;r � �f��D1 � j�2D2�Im�1��r�

� �D1 � j�
2D2�Im�1��r�g=2� vB�p��;r;

(25)

and
 

Eout
mz��r� � �D4Km��r�;

jvBout
mz��r� � ��D3Km��r�

Eout
m�;r � f�D3 � jD4�Km�1��r�

� �D3 � jD4�Km�1��r�g=2

vBout
m�;r � f��D3 � j�

2D4�Km�1��r�

� �D3 � j�2D4�Km�1��r�g=2:

(26)

In (25) and (26) the plus stands for the � component, and
minus for the r component of the field.

In particular, for monopole mode (m � 0), the field
coefficients are derived as

 

D1 � 0;

D3 � 0;

D2 � �
jqZ0

2�

I0��rq�

a1I0�&1�



�

I00�&1��2 � �I0�&1��
;

D4 � �
jqZ0

2�

I0��rq�

a1I0�&1�



��

Q23K00�&2��2 �Q22K0�&2��



1

I0�&2��
2 � �I0�&1��

;

(27)

with &1 � �a1, &2 � �aN�1, and

 � �
Q33�

2K00�&2� �Q32�K0�&2�

Q23�2K00�&2� �Q22�K0�&2�
:

The field coefficients for high multipole modes (m> 0)
expressed via the elements Qij of field transformation
matrix Q̂ are given in Appendix A.

V. ULTRARELATIVISTIC CASE

The ultrarelativistic limit of the induced fields is derived
by � � 	�1 ! 0. Ultrarelativistic expressions of the par-
tial solutions (4) and (5) are given by

 

E�p�zm � B�p�zm � 0; �m � 0�

E�p��0 � B�p�r0 � 0;

E�p�r0 � cB�p��0 �

� qZ0=2�r; r � rq
0 r < rq

; �m � 0�

E�p��m � �cB
�p�
rm �

qZ0

2�

�
�
rm�1rmq
a2m

1

�

� rmq =rm�1; r � rq

rm�1=rmq ; r � rq

�
; �m> 0�

E�p�rm � cB�p��m �
qZ0

2�

�rm�1rmq
a2m

1

�

� rmq =rm�1; r � rq

�rm�1=rmq r < rq

�
; �m> 0�:

(28)

The monopole term (m � 0) of radiated fields in the ultrarelativistic limit is explicitly expressed through the trans-
formation matrix elements both in inner and outer regions of the pipe.

Inner region:

 Ein
z � �j

qZ0

�ka2
1

�
1�

2

ka1

Q33

Q23

�
�1
; Bin

z � Bin
r � Ein

� � 0;

Ein
r � cBin

� � �
qZ0r

2�a2
1

�
1�

2

ka1

Q33

Q23

�
�1
�

�
0; r < rq
j qZ0

�r ; r > rq

(29)

Outer region:

 Eout
r � vBout

� � �
qZ0

2�a1

�
Q33 �

ka1

2
Q23

�
�1 aN�1

r
Eout
z � Eout

� � Bout
z � Bout

r � 0: (30)

The asymptotic presentation of dipole mode (m � 1) for the large particle Lorenz factor contains logarithmical terms
slowly varying with 	. Therefore, the correct ultrarelativistic approximation of the dipole mode for the large but finite
particle Lorenz factor is the asymptotic presentation of the fields
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Ein
z � �cB

in
z � �j

qZ0k
�

�
k2a2

1

2
� 1� ka1V

�=V�
�
�1 rq
a1

r
a1

Eout
z � cBin

z � j
qZ0k
�

kaN�1�Q23 �Q41 � jQ21 � jQ43�

2ka1V
� � �k2a2

1 � 2�V�
aN�1

r

rq
a1
;

(31)

where

 V� � kaN�1A
� � �1� 2k2a2

N�1P0�B
� V� � kaN�1A

� � �1� 2k2a2
N�1P0�B

�; (32)

with P0 � ln�kaN�1=2	� � CE, CE � 0:577 216 is the Euler constant. In the ultrarelativistic limit ( ln	! 1), the
external longitudinal dipole electric and magnetic fields are vanishing. In the inner region of the pipe, we get V�=V� �
B�=B�. Note that, as the monopole (m � 0) and dipole (m � 1) terms of the external longitudinal electric and magnetic
fields vanish in the ultrarelativistic limit, the Pointing vectors for these modes are parallel to the tube axis in the outer
region.

The high multipole components (m> 1) of the longitudinal electric field in the ultrarelativistic approximation (	! 1)
are derived as

 Ein
zm � �cB

in
zm � �j

qZ0k
�

�
k2a2

1

m� 1
�m� ka1U

�=U�
�
�1
�rq
a1

�
m
�
r
a1

�
m

Eout
zm � cBout

zm � j
qZ0k
2�

�m2 � 1�kaN�1

�m� 1�ka1U
� � �k2a2

1 �m�m� 1�	U�

�
aN�1

r

�
m
�rq
a1

�
m
;

(33)

where

 U� � �m� 1�kaN�1A� � �m�m� 1� � k2a2
N�1	B

�

U� � �m� 1�kaN�1A
� � �m�m� 1� � k2a2

N�1	B
�:

(34)

Coefficients A�, B� in (32) and (34) are defined via the
elements of the field transformation matrix as

 A� � detbĥ11;22 � ĥ33;44 � j�ĥ13;24 � ĥ31;42�c;

B� � detbĥ11;23 � jĥ31;4	;

A� � det�ĥ21;42 � jĥ23;44	; B� � det�ĥ21;43	;

(35)

where the matrix ĥpi;qj is composed as

 ĥ pi;qj �
�
Qpi Qpj
Qqi Qqj

�
: (36)

VI. IMPEDANCES

The longitudinal Zk�!; r; �� and transverse ~Z?�!; r; ��
impedances are defined as a Fourier transformation of the
normalized longitudinal and transverse components of the
integrated Lorenz force (wake potentials) and contain only
the synchronous components of the fields [2]:
 

Zk�!; r; �� � �
1

q
Ein
z �!; r; ��;

~Z?�!; r; �� � �
j
q
� ~Ein
?�!; r; �� � � ~v ~Bin�!; r; ��	?�:

(37)

The dimensions of the longitudinal and transverse imped-
ances per unit length are Ohm=m. Thus the m-pole com-

ponent of impedances are derived as

 Z�m�
k
�!; r; �� � �

1

q
��Im��r�D2 � E

�p�
z �r�	 cosm�

Z�m�r �!; r; �� � �
j
q
�Ein

rm � vBin
�m�

� �
�2

q
�D2I0m��r� � jE

�p�
r �r�	 cos�m��

Z�m�� �!; r; �� � �
j
q
�Ein

�m � vB
in
rm�

�
�
q

�
D2m

Im��r�
kr

� j�E�
�p�
�

sin�m��

(38)

that satisfy the Panowsky-Wenzel theorem (see, for ex-
ample [2]):

 r?Z
�m�
k
� k ~Z�m�? : (39)

The corresponding ultrarelativistic approximation of the
impedances is then expressed as

 

Z�m�
k
� ~Z�m�

k
�k�
�
r
a1

�
m
�rq
a1

�
m

cosm�

Z�m�r

Z�m��

�
� ~Z�m�T �k�

�
r
a1

�
m�1

�rq
a1

�
m
� cosm�

� sinm�;

(40)

where the frequency dependent part of impedances ~Z�m�
k
�k�,

~Z�m�T �k� is derived as
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~Z �m�
k
�k� �

(
j Z0

�ka2
1
�1� 2

ka1

Q33

Q23
��1 for m � 0

j Z0

� k�
k2a2

1

m�1�m� ka1Gm�
�1 for m � 1

(41)

 

~Z �m�T �k� �
m
ka1

~Z�m�
k
�k� (42)

withG1 � V�=V� for the dipole mode (m � 1) andGm �
U�=U� for high multipoles (m> 1).

For the two-layer tube the monopole term of impedance
(41) coincides with the analytical expressions obtained in
[20]. In the ultrarelativistic approximation of the dipole
mode in (41), we kept the asymptotic presentation (31). In
the ultrarelativistic limit [ ln�	� ! 1] we get V� � U�,
V� � U� for m � 1 and the multipole impedance (m �
1) of (41) for two-layer tube coincides with the analytical
expressions obtained in [21].

For the three-layer tube the asymptotic analytical ex-
pression for the longitudinal monopole impedance can be
derived for the frequency range when the skin depths of the
layers are smaller than the inner radius of the tube:

 

~Z �0�
k
� j

Z0

�ka2
1

�
1�

2

ka1

"1k
"0
1


th�
1d1� ���d3; d2�

1� th�
1d1� ��d3; d2�

�
�1
; (43)

where

 ��d3; d2� �
"2
1

"1
2

"2
3th�
3d3�th�
2d2� � "3
2

"2
3th�
3d3� � "3
2 th�
2d2�
: (44)

In (43) and (44) d1, d2, d3 are the layer thicknesses. At
d1 � 0 or d3 � 0, expression (43) passes to the two-layer
tube impedance [20]. For d1 ! 1 [th�
1d1� ! 1], the
impedance is converted to the classical impedance of the
single-layer tube with infinite wall thickness [1].

VII. NUMERICAL EXAMPLES FOR PETRA III
VACUUM CHAMBER

The special cases of the results given in previous sec-
tions are the impedances of finite-thickness single and two-
layer tubes. In this section we present the numerical ex-
amples of the impedance calculation for the PETRA III
storage ring straight section and wiggler vacuum chambers
[4,34].

The standard straight section vacuum chamber is the
stainless steel tube of circular cross section with 47 mm
inner radius and wall thickness of 2 mm. Figures 2 and 3
present the frequency dependent part of longitudinal
~Z�m�
k
�k� and transverse ~Z�m�T �k� multipole impedances for

the standard straight section vacuum chamber. For a wall
thickness of 2 mm, the skin depth is equal to the wall
thickness when the frequency is equal to f0 � 42 KHz.
For frequencies f� f0, the results coincide with the
infinite-thickness round tube impedance given by Chao [1].

The wiggler vacuum chamber is an aluminum chamber
with internal NEG (nonevaporable getter) coating. The
geometry of the chamber has an elliptical cross section
with major and minor radii of a � 48 mm and b �
8:95 mm, respectively, the thickness of the chamber is
2.8 mm.

The longitudinal and transverse impedances of the ellip-
tical vacuum chamber are well approximated by the im-
pedances of round chamber (with radius b) multiplied by
the geometrical factors that depend on the aspect ratio a=b.
For the large aspect ratio a=b > 2, the geometrical factor
of the longitudinal impedance is equal to unity, the hori-
zontal geometrical factor vanishes and the vertical geomet-
rical factor is given by �2=8 � 1:23 [35].

Figure 4 presents the real and imaginary parts of the
vertical dipole impedance of the PETRA III wiggler vac-
uum chamber for the NEG thickness of 0.5 and 1 �m in
round chamber approximation. For the NEG thickness of
1 �m, the frequency that corresponds to the skin depth

 

FIG. 2. (Color) Real (left) and imaginary (right) parts of longitudinal multipole impedances for PETRA III vacuum chamber. Standard
straight section.
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equal to cover thickness is in order of f0 � 820 GHz. For
this case, as it can be seen from Fig. 4, the impact of the
NEG coating is visible for frequencies f � 5–10 GHz.

VIII. NUMERICAL EXAMPLE FOR THREE-
LAYER TUBE

In this section we present the numerical example for
longitudinal monopole impedance of the three-layer tube
in the ultrarelativistic limit. Tube inner and outer radii are
taken 5 and 6 mm, respectively. The layer materials are
(from external to inner layer): stainless steel (SS), copper
(Cu), and nonevaporable getter (NEG) with corresponding
static conductivities �SS � 0:14 107 ��1 m�1, �Cu �
5:88 107 ��1 m�1, and �NEG � 0:55 105 ��1 m�1.
Figure 5 presents the three-layer tube longitudinal imped-
ances for various thicknesses of the NEG layer
(0:01–10 �m) with intermediate copper coating of 1 �m
thickness. The thick smooth curves in the figure present the
impedances of stainless steel, copper, and NEG single-
layer tubes with infinite wall thickness and tube radii of

6, 5, and 5 mm, respectively. As a longitudinal coordinate
the dimensionless wave number k0 � ks0 is used
with characteristic parameter s0 given as s0 �

�2ca2
1"0=�Cu�

1=3 [23].
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0.1µµµµm

10µµµµm

1µµµµm
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FIG. 5. Three-layer tube longitudinal monopole impedance for
various NEG-layer thickness. Copper layer thickness is 1 �m.

 

FIG. 4. (Color) Real (left) and imaginary (right) parts of the transverse dipole impedance for PETRA III wiggler vacuum chamber.
Aluminum chamber with NEG coating.

 

FIG. 3. (Color) Real (left) and imaginary (right) parts of transverse impedances for PETRA III vacuum chamber. Standard straight
section.
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At very low frequencies, the three-layer tube impedance
is conditioned by the outer SS-layer impedance due to field
penetration, while the very high frequency part of the
impedance is conditioned by the inner NEG-layer imped-
ance. A characteristic high frequency peak is observed for
inner layer thickness of about 1 �m. The similar peak is
observed for a two-layer tube [20]. Note that the imped-
ance peak is correlated with the inner layer thickness.

IX. CONCLUSION

In this paper we described the method of calculating the
longitudinal and transverse impedances of the laminated
round pipe with many layers of different materials. The
matrix formalism has been developed to describe the field
transitions through the subsequent layers that allow cou-
pling the electromagnetic fields inside and outside the pipe.
The number of equations to be solved is then reduced to
four algebraic equations. The solutions and ultrarelativistic
approximations for the field harmonics in the inner and
outer regions of the pipe are derived. The multipole longi-
tudinal and transverse impedances are evaluated. The nu-
merical examples for the single-, two-, and three-layer
vacuum chambers are presented.
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APPENDIX A

The expressions for coefficients Dk (k � 1, 2, 3, 4) can
be presented in convenient form as

 Di � �j
q
�
Z0hm�
a1

Im��rq�Gi

Im��a1�G
; i � 1; 2; 3; 4; (A1)

where

 

G1 �
jm
&1
F42 � �F41;

G2 �
I0m�&1�

Im�&1�
F42 � �F21;

G3 � ��
�
�Im�&1��1 � jm

Im�&1�

&1
�2 � I0m�&1��4

�

G4 � ��
�
�Im�&1��

0
1 � jm

Im�&1�

&1
�0

2 � I
0
m�&1��

0
4

�

G �
jmIm�&1�

&1
G1 � �2I0m�&1�G2 � ��

0
3G3 ��3G4�;

(A2)

and

 

�k � �jm&
�1
2 Qk;1 � �Qk;2�Km�&2� � �

2Qk;3K
0
m�&2�

�0
k � ��jm&

�1
2 Qk;3 � �Qk;4�Km�&2� �Qk;1K0m�&2�

Fij � ��i�
0
j ��j�

0
i (A3)

with &1 � �a1, &2 � �aN�1 , and Qij the elements of field
transformation matrix Q̂.
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