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A detailed analytical theory is developed for studying the phenomenon of generation of high amplitude
wakefield using a seed laser pulse and another coaxially propagating, trailing pulse. The two laser pulses
are separated by a fixed distance between them and have the same polarization, frequency, length,
intensity, and profile. The study shows that the maximum energy gained by the test electron significantly
depends upon the distance between the two pulses. Phase space analysis shows that a test electron of
significantly lower energy, injected behind the trailing laser pulse, will be trapped and accelerated to
higher energy as compared to the single pulse case.

DOI: 10.1103/PhysRevSTAB.11.071301 PACS numbers: 52.38.Kd

I. INTRODUCTION

Plasma-based accelerators are capable of producing
compact and high energy electron sources in much shorter
distances than conventional accelerators. This is due to
large longitudinal electric field gradients that can be ex-
cited without the limitation of breakdown as in radio
frequency accelerators. The excitation of plasma waves
with large amplitude and a highly relativistic phase veloc-
ity can be accomplished by a number of schemes: a beat
wave accelerator [1,2] (BWA), a plasma wakefield accel-
erator [3] (PWFA), a laser wakefield accelerator [1,4,5]
(LWFA), and a self-modulated laser wakefield accelerator
[6,7] (SM-LWFA). In BWA scheme plasma waves are
resonantly excited by beating of two laser pulses with a
frequency difference equal to the plasma frequency. The
PWFA utilizes a high current bunched electron beam. In
LWFA a short, high power laser pulse produces accelerat-
ing wakefields as it propagates through plasma. Further, in
SM-LWFA the plasma wave is generated through resonant
self-modulation [6] of a relatively long pulse of a few
plasma oscillation periods, which is usually coupled with
Raman forward scattering (RFS).

Recently some innovative concepts have been proposed
for generation of high amplitude plasma waves. One such
scheme uses two slightly detuned counterpropagating laser
pulses, an ultrashort laser pulse, and a long pulse [8]. This
can be understood as a kind of Raman seeding. In another
scheme, a high amplitude wakefield is generated by a
copropagating second laser pulse behind the first pulse
[9]. This scheme has been studied using 1D and 2D
particle-in-cell (PIC) simulations by considering the first
pulse to be an ultrashort pulse (shorter than a plasma
oscillation period), while the second pulse is relatively
long (few plasma oscillation periods). The second pulse
is cross phase modulated (XPM) [9–12] leading to genera-
tion of high amplitude wakefields. The advantages of such
schemes are that they allow high amplitude plasma wave
generation within small plasma dimensions, with moderate

laser intensities in a controlled way. Also it releases the
necessity of using ultrashort intense laser pulses in the
standard LWFA scheme. Further, employing lasers in ei-
ther a three-pulse or two-pulse configuration [13,14], col-
liding pulse injector (CPI) concept has been proposed for
enhanced trapping and acceleration of background plasma
electrons. Recent simulation [14] and experiment [15]
based on CPI have reported generation of monoenergetic
multi-MeV electron beams.

The aim of the present work is to take up a detailed
analytical study of a novel idea of wakefield amplification
making use of two laser pulses copropagating one behind
the other, with a fixed distance between them. The laser
pulses are considered to be identical, such that they have
the same moderate intensities, polarizations, frequencies,
and profiles. The study is aimed at observing the effect of
the electric wakefield generated by the seed (first) laser
pulse on the wakefield generated by the trailing (second)
laser pulse. The study proceeds by considering plasma to
be cold, uniform, and underdense ( n0 � ncr=4, where n0

is the unperturbed plasma electron density and ncr is the
critical density required for laser pulse propagation in
plasma). The model is applicable for weakly relativistic
laser pulses with a2

0 � 1, where a0 is the laser strength
parameter. The pulse length (L) is considered to be short
(L � �p, where �p is the plasma wavelength), so that large
amplitude laser wakefields can be generated. For pulse
lengths near the plasma wavelength, relativistic self-
focusing of the laser beam does not occur in plasma.
Hence, the pulses will propagate over a Rayleigh length
(which is of the order of dephasing length) without under-
going any significant distortion due to relativistic nonline-
arity [16,17]. Further, a one-dimensional (1D) model is
used for which broad laser beams (r0 � �p, where r0 is the
minimum spot size of the laser beam) are considered [16].
This also results in a large Rayleigh length ZR ( � �r2

0=�0,
where �0 is the laser wavelength) leading to longer accel-
eration distance in uniform plasma. The present study
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shows that efficient electron acceleration can be achieved
in the weakly relativistic, 1D linear wake regime using the
two-pulse scheme.

The organization of the paper is as follows: In Sec. II
fundamental equations governing wakefield generation by
the seed pulse are given and the concept of trailing pulse is
introduced. In Sec. III, the effect of pulse separation on the
accelerating force experienced by a test electron in the
presence of the resultant amplified wakefield is analyzed.
The theory of injection and trapping of a test electron in the
amplified wakefield generated behind the trailing pulse is
studied using phase space analysis. The present case of two
coaxial laser pulses is compared with the single pulse case
(standard LWFA scheme). Conclusions are presented in
Sec. IV.

II. WAKEFIELD GENERATION AND
AMPLIFICATION

A. Seed and trailing pulse dynamics

Consider a linearly polarized seed laser pulse propagat-
ing through uniform preionized plasma along the positive z
direction. The electric field vector of the pulse is given by

 E �r; z; t� � êxE0�r; z; t� cos�k0z�!0t�; (1)

where êx is the unit vector of polarization and E0�r; z; t�,
k0, and !0 are the amplitude, propagation constant, and
frequency of the laser pulse, respectively.

Wakefield generation due to interaction of a laser pulse
with plasma (in the weakly relativistic regime) is governed
by fluid (Lorentz force and continuity) equations
 

@v
@t
� �

e�E�Ew�
m

�
1

2
r�v 	 v� � v




�
r
 v�

e�B� Bw�
mc

�
(2a)

and

 

@n
@t
�r 	 �nv� � 0; (2b)

where v is the velocity of plasma electrons under the
influence of the perturbing laser field, m is the rest mass,
and n is the density of plasma electrons. Further, Ew and
Bw are the generated electric and magnetic wakefields,
respectively, while B is the magnetic field vector of the
laser pulse. In order to study the excitation of plasma waves
we use the quasistatic approximation (QSA), according to
which it is assumed that the duration of interaction between
the plasma and the pulse is smaller than the characteristic
time of modification of the laser pulse due to nonlinear
self-effects [12]. This corresponds to writing the
plasma fluid equations in terms of independent variables
� ( � z� vgt, where vg is the group velocity of the laser
pulse) and � ( � t), and neglecting explicit dependence of
the fluid variables on �. Thus, plasma electrons experience

a laser field, which is a function of � and r variables only.
Perturbative expansion of Eq. (2a) and substitution of
Eq. (1) leads to the first order velocity component repre-
senting transverse quiver motion of plasma electron as

 vx � ca�r; �; �� sink0�; (3)

where a�r; �; �� � eE0�r; �; ��=mc!0 is the normalized
electric field amplitude of the seed pulse. With the help
of Eq. (3), the second order slow axial velocity component
can be obtained from
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where vz (Ewz) is the longitudinal component of the second
order velocity (generated electric field). Further, it has been
assumed that if the electron fluid is initially vortex free
then it remains so during subsequent stages of interaction
[v
 �r
 v� �eB=mc�� � 0].

Propagation of the laser pulse through plasma leads to
charge separation between electrons and heavy ions due to
ponderomotive force [represented by the second term on
right-hand side of Eq. (2a)] of the pulse. As a consequence,
electrostatic Coulomb force of attraction appears between
electrons and ions, which sets the plasma oscillating at
frequency !p�� 4�e2n0=m�. This leads to plasma wave
generation in the wake of the laser pulse. Using QSA, the
time dependent Maxwell’s equation representing the lon-
gitudinal electric wakefield is given by [18]
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where Jz ( � �envz) is the axial current density.
Considering that the Bw� (magnetic wakefield) component
is slowly varying in the transverse direction, the second
term on the right-hand side of Eq. (5) can be neglected in
comparison to the first. Taking the partial derivative of
Eq. (5) with respect to � and using Eq. (4) gives
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where kp ( � !p=vp) is the wave number and vp is the
phase velocity of the plasma wave. In obtaining Eq. (6), the
phase velocity of the plasma wave is considered to be
approximately equal to the group velocity of the laser
pulse. Generation of axial wakefield in underdense, homo-
geneous plasma is governed by Eq. (6). Assuming a sinu-
soidal pulse, its profile can be represented by

 a2 � a2
rsin2��=L; (7)

where a2
r � a2

0 exp��2r2=r2
0�. Using Eq. (7), the solution

of Eq. (6) in the region lying behind the pulse (� < 0) is
given by

 Ewz �
"kpf

8
�sinkp�L� �� � sinkp��; (8)
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where " � mc2a2
r=e and f � �1� �k2

pL
2=4�2���1. Equa-

tion (8) represents the axial seed wakefield, as obtained in
standard single pulse LWFA schemes [18,19]. The field is
maximum when L! �p and is given by

 Ewz
max
� �

"�2

4�p
coskp�: (9)

B. Wakefield amplification

Consider a second trailing laser pulse copropagating at a
distance �z behind the first pulse [Eq. (1)]. The electric
field vector of the trailing pulse is given by

 E t�r; �0; �0� � êxEt�r; �0; �0� cosk0�0; (10)

where subscript t represents the trailing pulse, �0 � z�
�z� vgt, �0 � t, and �� �0 � �z. The trailing pulse is
assumed to be propagating coaxially behind the seed pulse.
Further, it has the same intensity, polarization, frequency,
length, and profile as the seed laser pulse. As the trailing
pulse propagates in plasma, electrons experience longitu-
dinal and transverse electrostatic fields generated behind
the seed pulse along with the fields due to the second pulse.
Consequently, the Lorentz force equation governing the
slow plasma electron motion behind the trailing pulse is
given by
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where vtx [ � ceEt�r; �0; �0�=mc!0] is the quiver velocity
imparted to plasma electrons under the influence of the
electric field [Eq. (10)] of the trailing pulse. The evolution
of the resultant (slow) plasma electron velocity (vt) is
governed by the wakefield (Ew) of the seed laser pulse,
the resultant wakefield (Etw) behind the trailing pulse and
the ponderomotive force given by the last term on the right-
hand side of Eq. (11). Using QSA, the slow axial velocity
component as obtained from Eq. (11) is given by
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where vtz and Etwz are the axial components of velocity
and electric wakefields due to trailing laser pulse, respec-
tively. Further, at�r; �0; �0� [ � eEt�r; �

0; �0�=mc!0] is the
normalized electric field amplitude of the trailing pulse.
With the help of Eq. (5) (for trailing pulse) along with
Eq. (12) and using the same procedure as used for the seed
pulse, the axial component of the electric wakefield due to
the trailing pulse is given by
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Since in homogeneous plasma the wakefield generated
behind the laser pulse is utilized for accelerating properly
phased electrons, the solution of Eq. (13) behind (�0 < 0)

the trailing pulse is
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In obtaining Eq. (14), it is assumed that the trailing pulse
has the same profile (a2

t � a2
rsin2��0=L) and pulse length

(L) as the seed pulse. The resultant axial wakefield behind
the trailing pulse will be maximum when the laser pulse
length is nearly equal to the plasma wavelength (L 
 �p).
Using Eq. (14) the maximum axial wakefield behind the
trailing pulse in the limit L! �p is given by
 

Etwz
max
�
"�2

4�p
f� sin�kp��0 ��z�� � cos�kp��0 � �z��

� coskp�0g: (15)

It may be noted that the resultant electric wakefield is a
function of the interpulse separation �z. An appropriate
value of this parameter will be required for generating
optimum amplitude axial electric wakefields behind the
trailing pulse.

III. ACCELERATION OF A TEST ELECTRON

Consider a test electron moving along the positive z
direction, behind the trailing laser pulse. Because of the
axial wakefield [Eq. (15)], the electron will experience a
maximum force (Ftwz) given by

 Ftwz �
dp
dt
� �eEtwz

max
; (16)

where p ( � m�evez, vez is the test electron velocity) is the
relativistic momentum and �e {� �1� �p2=m2c2��1=2g is
the relativistic factor for the test electron. In Fig. 1, using
the set of Eqs. (15) and (16), we give the surface plot for
evolution of the maximum normalized accelerating force
(Ftwz=mc!p) acting on a test electron with normalized
distance (�0=�p) for different values of normalized inter-
pulse separation (�z=�p). The parameters used in plotting
Fig. 1 are a2

0 � 0:1, �0 � 1:0 �m, !0 � 1:88

1015 sec�1, laser pulse intensity I0 � 1:4
 1017 W=cm2,
r0 � 25:0 �m, r � 4:0 �m, n0 � 5:32
 1018 cm�3,
�p � 15:0 �m, and !p � 1:25
 1014 sec�1. The figure
shows that, for a given value of �z=�p, the accelerating
force evolves periodically with the distance. It is observed
that, as the distance �z between the seed and the trailing
pulse increases, the normalized force oscillates with in-
creasing amplitude. The two peaks seen in the figure occur
at �z=�p � 0:40 and 0.85 for which accelerating gradients
are calculated to be 30 and 42 GV=m, respectively. Since
the maximum energy gained by the test electron depends
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directly on the peak accelerating force experienced by it
due to the wakefield, the figure shows that maximum
enhancement of electron energy will occur for �z close
to �p.

The exchange of energy between the plasma wave and
test electron can be obtained with the help of Eq. (16) as
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In obtaining Eq. (17) transverse velocity components of the
test electron have been neglected in comparison to the axial
velocity.

Defining the phase of the test electron relative to the
resultant wakefield generated behind the trailing pulse as  
( � kp�0 � kp�z), Eq. (15) can be rewritten as
 

Etwz
max
�
"�2

4�p
�� sin � cos� � 2kp�z� � cos� � kp�z��:

(18a)

Differentiating  with respect to time gives
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Solving Eqs. (17) and (18b), using Eq. (18a) and integrat-
ing gives

 �e � �p��
2
e � 1�1=2 � A�� cos � sin� � kp�z�

� sin� � 2kp�z�� � C; (19)

where A � ��a2
0=8� exp��2r2=r2

0�, �p � !p=ckp, C�
�e0��p��2

e0� 1�1=2�Ab�� sin�kp�z�� sin�2kp�z�c is
the constant of integration, and ��e0 � 1�mc2 is the test
electron energy at the initial phase.

For the single pulse case the maximum axial field
[Eq. (9)] can be written as

 Ewz
max
� �

"�2

4�p
cos s; (20)

where  s ( � kp�) is the phase of the test electron relative
to the wakefield generated by the single pulse. Using
Eq. (20) along with Eqs. (17) and (18b) gives

 �e � �p��2
e � 1�1=2 � A�sin s� � Cs; (21)

where Cs � �e0s � �p��
2
e0s � 1�1=2 is the constant of in-

tegration and ��e0s � 1�mc2 is the test electron energy at
the initial phase for the single pulse case.

The trapped and untrapped trajectories of the test elec-
tron in the phase space bucket of the resultant wakefield
generated by two pulses and a single pulse are, respec-
tively, plotted in Figs. 2 and 3, using Eqs. (19) and (21).
The figures are plotted for the same parameters used in
plotting Fig. 1 along with �p � 0:998. The set of curves
(a)–(e) in Fig. 2 represents the trajectories for electrons
injected with initial energies given by 0.30, 0.40, 0.50, 2.60,
and 3.73 MeV, respectively, in the phase space bucket at
 � 0 for the two-pulse scheme, with �z � 0:40�p.
Correspondingly, curves (a)–(e) of Fig. 3 represent the
orbits for electrons of same initial energies (as in Fig. 2)
injected at  s � 0 for the single pulse scheme. The curves
(b) and (d) in Figs. 2 and 3, respectively, show the separa-
trices, which are the orbits that separate the trapped [curves
lying inside the curves (b) and (d)] and untrapped [curves
lying outside the curves (b) and (d)] trajectories of the test
electron [20]. It is observed from Fig. 2 that the minimum
energy [��e0 � 1�mc2] necessary for an electron to trace
the separatrix in the phase space is 0.40 MeV. However, for

FIG. 2. Phase space plot for the two-pulse case showing un-
trapped orbit for 0.30 MeV (curve a), separatrix for 0.40 MeV
(curve b), and trapped orbits for 0.50 MeV (curve c), 2.60 MeV
(curve d), and 3.73 MeV (curve e) initial energy electrons
injected at  � 0 with �z � 0:40�p, a2

0 � 0:1, �p � 0:998,
�p � 15:0 �m, r0 � 25:0 �m, and r � 4:0 �m.

FIG. 1. Variation of peak normalized accelerating force
(Ftwz=mc!p) acting on a test electron with normalized distance
(�0=�p) for different values of normalized interpulse separation
(�z=�p) in the two-pulse case for a2

0 � 0:1, �p � 15:0 �m,
r0 � 25:0 �m, and r � 4:0 �m.
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the single pulse case (Fig. 3) the minimum energy [��e0s �
1�mc2] required is 2.60 MeV. Consequently, the analysis
shows that the minimum injection energy necessary for
trapping of the test electron, for the two-pulse case, is
approximately 6.5 times less as compared to the single
pulse case.

For the two-pulse case (Fig. 2) the electron riding the
separatrix [curve (b)] attains a maximum energy [��emax �
1�mc2] of 0.09 GeV leading to an energy gain [��emax �
�e0�mc2] of 0.089 GeV, while in case of single pulse
[Fig. 3, curve (d)] the maximum energy attained
[��esmax � 1�mc2] is 0.03 GeV leading to an energy gain
of [��esmax � �e0s�mc2] 0.027 GeV. Thus, the study shows
that the energy gained by the 0.40 MeV (injection energy)
electron in the two-pulse scheme is approximately 3.0
times more as compared to that attained by the 2.60 MeV
(injection energy) electron in the single pulse scheme.
The dephasing length Ld {� �p!2

0=�!
2
p � �4c2=r2

0��,
Ref. [17]} and the Rayleigh length are approximately 0.3
and 0.2 cms, respectively, for the given set of parameters.
In uniform plasma, since the Rayleigh length is also the
acceleration distance, therefore Ld > ZR ensures efficient
electron acceleration. It is also observed that the dephasing
length for the two cases of interest is approximately the
same.

The curves (d) in the Figs. 2 and 3, respectively, repre-
sent the closed orbit of the test electron (with
injection energy � 2:60 MeV) trapped in the two-pulse
scheme and which will move along the separatrix in the
single pulse scheme. In Fig. 2 all closed orbits lying out-
side (injection energies < 2:60 MeV) and inside
(injection energies > 2:60 MeV) the curve (d), represent
electrons which will, respectively, remain untrapped and
trapped in the single pulse scheme. Figure 2 shows that

the maximum energy attained by high injection energy
( � 2:60 MeV) electrons is less in the two-pulse case as
compared to the single pulse scheme. However, the low
injection energy (< 2:60 MeV) electrons (untrapped in
the single pulse scheme) are now trapped and accelerated
to significantly higher energies.

IV. CONCLUSIONS

The analytical theory presented in this paper suggests a
new scheme for generation of high amplitude wakefields
(as compared to single pulse LWFA scheme). In the present
scheme two identical laser pulses propagate coaxially in
homogenous plasma with a given interpulse separation.
The study takes into account the effect of electric wakefield
generated by the seed laser pulse on the wakefield gener-
ated by the trailing laser pulse. It is observed that the
maximum energy gained by the test electron behind the
trailing pulse significantly depends upon the interpulse
separation and it tends to maximize when �z is close to
�p. Further, phase space analysis clearly shows that under
the present scheme a properly phased test electron having
significantly lower injection energy can be trapped and
accelerated to larger energy as compared to single pulse
schemes. In the present two-pulse scheme the maximum
energy gained (for the given parameters) by the test elec-
tron is of the order of that observed in recent simulation
and experiment [14,15] on CPI concept. The two-pulse
scheme has the advantage of significantly controlled non-
linearity during the acceleration process as compared to the
single pulse scheme, where high intensities (a2

0 � 1) are a
compulsion. The two-pulse scheme in the limit a2

0 ! 1 can
lead to accelerating gradients of hundreds of GV=m, thus
resulting in accelerated electrons with energies character-
istic of the single pulse LWFA scheme in the a2

0 � 1
regime. Such large accelerating gradients can also be
achieved by use of multiple (more than two) laser pulses
in the present scheme.
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