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We are proposing an experiment to test the new idea of enhanced optical cooling (EOC) in an electron
storage ring. This experiment will confirm new fundamental processes in beam physics and will
demonstrate new unique possibilities with this cooling technique. It will open important applications
of EOC in nuclear physics, elementary particle physics, and in light sources based on high brightness
electron and ion beams.
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I. INTRODUCTION

Emittance and the number of stored particles �N in the
beam determine the principal parameter of the beam, its
brightness can be defined as B � N=�"x�"z�"s, where
each �"x;z;s stands for invariant emittance associated with
the corresponding coordinate. Beam cooling reduces the
beam emittance, size, and energy spread in a storage ring
and therefore improves its quality for experiments. All
high-energy colliders and high-brilliance light sources re-
quire intense cooling to reach extreme parameters. Several
methods for particle beam cooling are in hand now:
(i) radiation cooling, (ii) electron cooling, (iii) stochastic
cooling, (iv) optical stochastic cooling, (v) laser cooling,
(vi) ionization cooling, and (vii) radiative (stimulated ra-
diation) ion cooling [1–3]. Recently a new method of
enhanced optical cooling (EOC) was suggested [4–7]. In
this proposal we discuss an experiment which might test
the last method in an existing electron storage ring having a
maximal energy �2:5 GeV, and which can also function
down to energies of �100–200 MeV.

EOC [4] appeared as the symbiosis of enhanced emit-
tance exchange and optical stochastic cooling (OSC) [8–
10]. These ideas have not yet been demonstrated. At the
same time the ordinary stochastic cooling (SC) is widely in
use in proton and ion colliders. OSC and EOC extend the
potential for fast cooling due to bandwidth. EOC can be
successfully used in a large hadron collider (LHC) as well
as in a planned muon collider.

In the simplest case, the EOC uses one pickup and one or
more kicker undulators located at a distance determined by
the betatron phase advance  bet

x � 2��kp;k � 1=2� for first
kicker undulator and  bet

x � 2�kk;k for the next ones,
where kij � 0; 1; 2; 3; . . . are the whole numbers. Other
elements of the cooling system are the optical amplifier
(typically optical parametric amplifier, i.e., OPA), optical
filters, optical lenses, a movable screen, and an optical line
with a variable time delay. In this case cooling is produced
in the longitudinal and transverse radial phase space.

Undulator radiation (UR) is emitted by a particle in the
pickup undulator in the form of undulator radiation wave-
lets (URWs). They are passed through an optical system
with a movable screen located on the image plane of the
particle beam. First, the screen in the optical system opens
the way for URWs emitted in the pickup undulator by
particles with higher deviations of their closed orbits x�
(higher energies) and higher positive deviations x� > 0
from their closed orbits. The radiation is then amplified
and passes through the following kicker undulator(s) to-
gether with the particle (see Fig. 1).

If the betatron phase advance for the lattice segment
between pickup and kicker undulators is �2p� 1�� and
the deviation of the particle in the pickup undulator x� > 0,
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FIG. 1. The scheme of the EOC of a particle beam (a) and
unwrapped optical scheme (b).
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then the deviation of the particle in the kicker undulators
becomes x� < 0. In this case the energy loosed by particles
is accompanied by a decrease in both energy spread and the
amplitudes of betatron oscillations of the beam (see Fig. 2).
If the accelerating rf system is switched off, radiation
energy losses are neglected, and all particles of the beam
are injected in the decelerating phases then, after the
movable screen will open images of particles with minimal
energy, the optical system must be switched off. Both the
spread of closed orbits and amplitudes of betatron oscil-
lations will be decreased and the cooling process can be
repeated. The EOC is going both in the longitudinal and
transverse degrees of freedom simultaneously. Definite
conditions must be fulfilled in the lattice and optical sys-
tem of the storage ring to inject all particles of the beam in
the kicker undulators at decelerating phases during the
process of cooling. An optical delay line can be used
together with (or without) an isochronous pass-way be-
tween undulators for this purpose. Cooling in the bucket
can be produced as well.

The screen can be immovable and open only a part of the
space for URWs, say x > xT > 0. In this case the sum of
betatron amplitudes and deviations of closed orbits of
particles in the cooled beam will be limited by the value
�xT . Another scheme can be used depending on parame-
ters of storage rings, availability of accelerating rf fields in
the cooling process, duration of impulses of the laser
amplifiers, distances between kicker undulators, delay
times for URWs, and so on. EOC in the longitudinal or
transverse planes only is possible [4,5].

II. TO THE FOUNDATIONS OF ENHANCED
OPTICAL COOLING

The total amount of energy carried out by undulator
radiation (UR) emitted by electrons traversing an undula-
tor, according to classical electrodynamics, is given by

 Ecl
tot �

2
3r

2
eB2�2�2Lu; (1)

where re � e2=mec
2 is the classical electron radius; e, me

are the electron charge and mass, respectively; B2 is an
averaged square of the magnetic field along the undulator
period �u; � � v=c is the relative velocity of the electron;
� � E=mec

2 is the relativistic factor; Lu � M�u is the
length of the undulator; and M is the number of undulator
periods. For a planar harmonic undulator B2 � B2

0=2,
where B0 is the peak of the undulator field. For a helical
undulator B2 � B2

0. The spectral distribution of the first
harmonic of UR for K < 1, M� 1 is given by

 dEcl
1 =d� � Ecl

1 f��� �0 � � � 1�; (2)

where Ecl
1 � Ecl

tot=�1� K
2�2, f��� � 3��1� 2�� 2�2�,

� � �1;min=�1, �1 min � �1j��0,
R
f���d� � 1, K �

e
������
B2

p
�u=2�mec2 is the deflection parameter, �1 � �u�1�

K2 � #2�=2�2 is the wavelength of the first harmonic of
the UR and# � ��; � is the axial angle between the vector
of electron average velocity in the undulator and the un-
dulator axis [11].

Electrons have an effective resonant interaction in the
field of the kicker undulator only with that part of their
undulator radiation wavelets (URW) emitted in the pickup
undulator if the frequency bands and the angles of the
electron average velocities are selected in the ranges

 

�
�!
!

�
C
�

1

kfM
; ��#�C �

���������������
1� K2

M

s
(3)

nearby maximal frequency and to the axes of both pickup
and kicker undulators. The coefficient kf is higher or equal
2. Below we will take kf � 2. Optical filters which are
tuned up to the maximal frequency of the first harmonic of
the UR can be used for this selection. In this case, special
screens can be used to select the URWs emitted at angles
#URW < ��#�C to the pickup undulator axis both in hori-
zontal and vertical directions before they enter optical
amplifier (to do away with the unwanted part of URWs
loading OPA). The angle between the average electron
velocity vector in the undulator and the undulator axis
will be small:

 ��#�e < ��#�C: (4)

Below we suggest that the optical system of EOC selects
a portion of URWs, emitted in this range of angles and
frequencies, by filters, diaphragms, and/or screens. This
condition limits the precision � bet

x;z of the phase advance
 bet
x;z determined by the equation

 ����bet
x;z < ����C; (5)

where ����bet
x;z � �2�Ax;z;bet=�x;z;bet� sin�� bet

x;z � is the
change of the angle between the electron average velocity
and the axis of the kicker undulator owing to an error in the

s

FIG. 2. Motion of a particle in the longitudinal-radial plane.
�x� is a jump of the closed orbit.
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arrangement of undulators, Ax;z;bet is the amplitude of the
betatron oscillations of the electron in the storage ring, in
the smooth approximation � bet

x;z � 2��s=�x;z;bet, �s is
the displacement of the kicker undulator from optimal
position, �x;z;bet is the length of the period of betatron
oscillations.

The number of the photons in the URW emitted by an
electron in the suitable for cooling frequency and angular
ranges (3) is defined by the following formula (see
Appendix A)

 Ncl
ph �

�Ecl
1

@!1 max
� �	

K2

1� K2 ; (6)

where �Ecl
1 � �dE

cl
1 =d!��!C � 3Etot=2M�1� K2�2,

!1 max � 2�c=�1 min, 	 � e2=@c 	 1=137 [11]. Filtered
URWs must be amplified and directed along the axis of
the kicker undulator.

If the density of energy in the URWs is approximated by
Gaussian distribution with a waist size 
w > 
ex;z, ZR >
Lu=2, the rms electric field strength Ecl

w of the wavelet of
the length 2M�1 min in the kicker undulator is defined by
the expression

 Ecl
w �

�����������������������
�Ecl

1

M
2
w�1 min

s
�

���
2
p
re�

2
������
B2

p
�1� K2�3=2

�����
M
p


w
; (7)

where 
ex;z is the electron beam dimensions, ZR �
4�
2

w;c=�1 min is the Rayleigh length. If
ex;z < 
w;c,
W �

w;c, the rms electric field strength Ecl

w of the wavelet
becomes

 Ecl
w �

4
�������
2�
p

re�
3
������
B2

p
Lu�1� K

2�2
; (8)

where 
w;c �
��������������������������
Lu�1 min=8�

p
is the waist size correspond-

ing to the Rayleigh length ZR � Lu=2.
Note that electric field values (7) and (8) do not take into

account the quantum nature of emission of URWs in a
pickup undulator. They are valid for Ncl

ph � 1. Such a case
can be realized only for heavy ions at KZ> 1, where Z is
the ion atomic number. For ions in the expression (6), the
coefficient Z2 must be introduced. If, according to classical
electrodynamics, Ncl

ph < 1, it means that in the reality,
according to quantum theory, one photon is emitted with
the energy @!1;max and with the probability pem � Ncl

ph <
1. In this case the electric field strength is determined by
the replacement of the energy �Ecl

1 on �Eq1 �
�Ecl

1 =N
cl
ph � @!1;max in (7) and the frequency of the emis-

sion of URWs fURW � f 
 pem � f 
 Ncl
ph < f, where f is

the revolution frequency of the electron in the storage ring.
The maximum rate of energy losses for the electron in

the fields of the kicker undulators and amplified URW is

 Pmax
loss � �eE

cl
wLu�?mf��Ncl

ph�Nkick
�����������
	ampl
p

j
w�
w;c

�
8�

����
�
p

e2f��Ncl
ph�NkickK

2 �����������	ampl
p

�1� K2��1;min

; (9)

where �?m � K=�, Nkick is the number of kicker undu-
lators, 	ampl is the gain in the optical amplifier. The func-

tion ��Ncl
ph�jNcl

ph�1 �
��������
pem
p

�
��������
Ncl

ph

q
takes into account the

quantum nature of the URWs emission at Ncl
ph � 1: the

frequency of emission of URWs �f 
 Ncl
ph and the electric

field strength�EqwjNcl
ph<1 � Ecl

w=
��������
Ncl

ph

q
. It follows that quan-

tum nature of the photon emission in undulators leads to
the decrease of the maximum average rate of energy losses
for electrons in the fields of the kicker undulator and

amplified URW by the factor ��Ncl
ph�jNcl

ph�1 ��������������������������
Ncl

phjK�1;Z�1

q
’ 0:107. For ions at KZ> 1 the function

��Ncl
ph�jNcl

ph>1 � 1.

The damping times for the longitudinal and transverse
degrees of freedom are

 �s;EOC �
6
E;0
jPmax

loss j
; �x;EOC � �s;EOC


x;0

x�;0

�
6�2Es
x;0
jPmax

loss j�x;kick
;

(10)

where 
E;0 is the initial energy spread of the electron
beam, 
x;0 is the initial radial beam dimension determined
by betatron oscillations, �x;kick � 0 is the dispersion func-
tion in the kicker undulator, 
x�;0 � �x;kick��2�
E;0=E�.
Note that the damping time for the longitudinal direction
does not depend on �x;kick and one for the transverse
direction is inverse to �x;kick. Factor 6 in (10) takes into
account that the energy spread for cooling is 2
E;0, elec-
trons meet less often with their URWs (screening effect),
and that the jumps of the electron energy and closed orbit
in general case lead to lesser jumps of the amplitude of
synchrotron and betatron oscillations [6]. It does not take
into account the decrease in efficiency of the interaction of
the electron with its URW if the angular and the energy
spreads of the beam are higher the limiting values [see (4)
and (14)].

The equilibrium beam dimensions 
EOC
x� , 
EOC

x , corre-
sponding spreads in the positions of the closed orbits and in
betatron amplitudes at Ncl

ph < 1 and at the number of pho-
tons produced by Ns � 1 extraneous electrons and noise
photons in the sample Ncl

ph;� ’ N
cl
ph�Ns � 1� � Nn > 1 are

 


EOC
x;eq � 
EOC

x�;eq � �

������
A2
x

q
�EOC
eq =

���
2
p
� �

������
x2
�

q
�EOC
eq =

���
2
p
jNcl

ph;�
>1

�
1

2
���
2
p �Ne;s � 1� Nn=N

cl
ph�j�x

1
�j; (11)

where �x1
� � �x;kick�

�2��Emax
loss =E� is the jump of the

electron closed orbit determined by the energy jump
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�Emax
loss � Pmax

loss =fN
cl
ph of the electron in the fields of the

kicker undulator and its amplified URW, Ne;s is the number
of electrons in the URW sample, Nn is the number of noise
photons in the URW sample at the amplifier front end [6,7].
Note that the energy jump �Emax

loss corresponds to emission
by signal electron in the pickup undulator of one-photon in
the URW. In our case Ne;s � 2M�1;minNe=
s;0, Ne stands
for the number of electrons in the bunch, 
s;0 is the initial
length of the electron bunch.

The equilibrium relative energy spread of the electron
beam 
EOC

E;eq � �2
EOC
x�;eqE=�x;kick or

 
EOC
E;eq �

1

2
���
2
p �Ne;s � 1� Nn=N

cl
ph��E

max
loss : (12)

The power of the optical amplifier is determined by the
power transferred to the electron beam and by a noise
power:

 Pampl � "cl
samplefNe=2� Pn; (13)

where "cl
sample � �Ecl

1 	ampl � @!1;maxNcl
ph	ampl is the aver-

age energy in the amplified URW. This power corresponds
to the case in which half of the total number of electrons
are involved in the cooling process simultaneously (screen-
ing is introduced) and the amplification time interval of the
amplifier is higher than the time duration of the electron
bunch: �tampl > �tb.

The initial phases ’in of electrons in their URWs radi-
ated in the pickup undulator and transferred to the entrance
of the kicker undulator(s), in the general case, depend on
their energies and amplitudes of betatron oscillations.
Name the electron with zero amplitude of betatron oscil-
lations and a dedicated energy Ed a signal one if it enters
the kicker undulator together with its URW and receive
maximal energy. Other electrons, depending on the initial
amplitude and initial energy, will enter the pickup undu-
lator nonsimultaneously at accelerating or decelerating
phases and receive lesser energy. All electrons will get
acceleration, if the orbit lengths between undulators for
the signal and other electrons differ less than �1;min=2. It
follows that the energy spread, the amplitudes of betatron
oscillations, and the transverse horizontal emittance of
such a beam in the smooth approximation must not exceed
the values
 


E
E
<
�

E
E

�
lim
�
�1 min

2Lp;k

�2

�c;l
;

Ax < Ax;lim �
����������������������
�1 min�x;bet

q
=�;

"x < 2�1 min=�;

(14)

where Lp;k is the distance between pickup and kicker
undulators along the synchronous orbit, �c;l �
�d lnTp;k=d lnp is the local slippage factor between the
undulators, p is the momentum of an electron, Tp;k �

Lp;k=c� is the pass by time between pickup and kicker
undulators. In accordance with the betatron phase advance
 bet
x � 2��kp;k � 1=2�, the value Lp;k � �x;bet�kp;k �

1=2�, where �x;bet � C=vx is the wavelength of betatron
oscillations, C is the circumference of the ring, vx is the
betatron tune.

The first equation in (14) can be overcome if the iso-
chronous bend or bypass between undulators will be used.
In some cases a controllable variable in the time optical
delay line can be used to change in situ the length of the
light pass-way between the undulators during the cooling
cycle to keep the decelerating phases of electrons in the
kicker undulator in the process of cooling [6,7].

Below we investigate this case in more detail: The
difference �t in the propagation time of the URW and
the traveling time Tp;k of the electron between pickup
and kicker undulators depends on initial conditions of the
electron’s trajectory which can be expressed as
 

c�tj��1 � ct �
Z s

s0

x
R
d�

� ct � x0

Z s

s0

C
R
d�� x00

Z s

s0

S
R
d�

�
�E

�2E

Z s

s0

D
R
d�;

where x � x� � x�, x0 � x0� � x0�, x� is the deviation of
the electron from its closed orbit, x� is the deviation of the
closed orbit itself from the synchronous one, x0� and x0�

stand for appropriate deviations at location s � s0, �E �
E� Ed is the deviation of the electron energy from the
dedicated energy Ed. Two eigenvectors are called sinelike
S�z� and cosinelike C�z� trajectories and R stands for the
local bending radius, ct is a constant which is determined
by the optical delay line. Basically vectors S�z�, C�z�
describe the trajectories with initial conditions like
x00�s0� � 0; x�s; s0� � x0C�s; s0� and x0�s0� � 0;
x�s; s0� � x00S�s; s0�, where s0 corresponds to the longitu-
dinal position of the pickup. So the transverse position of
the particle has the form [12]

 x�s� � x0C�s; s0� � x
0
0S�s; s0� �D�s; s0���E=�

2E�;

where dispersion D is defined as

 D�s; s0� � �S�s; s0�
Z s

s0

C���
R

d�� C�s; s0�
Z s

s0

S���
R

d�:

Dispersion D�s; s0� describes the transverse position of
the test particle having relative momentum deviation from
equilibrium as big as �p=p, while its initial values of
transverse coordinates at s � s0 are zero. So full expres-
sion for transverse position of particle comes to form
 

x�s� � x0�C�s; s0� � x00�S�s; s0�

� ��x;0C�s; s0� � �0x;0S�s; s0� �D�s; s0�
�E

�2E
;
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where �x describes the periodic solution for dispersion in
the damping ring (slippage factor) and x0�, x00� mark pure
the betatron part in the transverse coordinate; �0;x, �00;x
stand for its value at location of the pickup undulator. So
the time difference becomes
 

c�t �
�
ct � R51�s; s0�x0 � R52�s; s0�x00

� R56�s; s0�
�E

�2E

���������R51�R52�0

� ct � cTp;k�c;l
�E

�2E
: (15)

Elements of transport matrix Ri;j have their usual meaning
clear from previous equations. In the general case �c;l � 0,
R51 � R52 � 0, Ax > 0, Az > 0, 
E;0 � 0, the initial phase
of an electron in the field of amplified URW propagating
through the kicker undulator, according to (15), ’in �

!1;max�t � !1;max��tbet � �tdisp� � ’in;bet � ’in;disp � 0
and the rate of the energy loss

 Ploss � Pmax
loss f��E;Ax; Az� cos�’in�; (16)

where f��E;Ax; Az� � 1� j’in��E;Ax; Az�j=2�M, if
j’inj � 2�M and f��E;Ax; Az� � 0 if j’inj> 2�M,
’in;bet, ’in;disp are phase shifts responsible for betatron
oscillations and the energy deviation �E � E� Ed. The
function f��E;Ax; Az� takes into account that the electron
with small amplitude of betatron oscillations Ax � Ax;lim
[see (14)] or at R51 � R52 � 0 and the energy Ed enter the
kicker undulator simultaneously with its URW at the phase
’in � 0, ct � 0 and pass all undulator lengths at the maxi-
mum rate of the energy gain.

The power loss Ploss is the oscillatory function of the
energy jE� Edj with the amplitude linearly decreasing
from the maximum value jPmax

loss j at the energy E � Ed to
a zero one at the energy jE� Edj � M�Egap and Ax �
Az � 0 [see below (18)]. Electrons having the energies
E � Ed and their URWs enter the kicker undulator non-
simultaneously with different phases and travel together a
shorter distance in the undulator. According to (16), they
are accelerated or decelerated and gathered at phases’m �
�=2� 2�m, m � 0;�1; . . .� �M� 1�, and at energies

 Em � Ed �
�2m� 1���2

!1;maxTp;k�c;l
Ed

� Ed

�
1�
�2m� 1��1;min�

2

2Lp;k�c;l

�
; (17)

if the rf accelerating system is switched off and betatron
oscillations are neglected (see Fig. 3). Here Lp;k � c�Tp;k.

The energy gaps between equilibrium energy positions
have magnitudes given by

 �Egap � Em�1 � Em �
�1;min

Lp;k�c;l
�2Ed: (18)

If the rf accelerating system is switched off, the electron
energy falls into the energy range jE� Edj<M�Egap, the
number of particles in the sample is small, the multiple
processes of excitation of synchrotron oscillations by ex-
traneous URWs and noise photons does not move out
electrons from the gaps then the electron energy is drifting
to the nearest value Em. The last condition is valid if the
equilibrium energy spread of the beam

 
EOC
E;eq � �Egap: (19)

The variation of the particle’s energy looks like it produces
aperiodic motion in one of 2M potential wells located one
by one. The depth of the wells is decreased with the
number jmj.

If the delay time in the optical line is changed, the
energies Em and the energies of particles in the well are
changed as well. In this case particles stay in their wells if
their maximal power loss

 jPmax
loss j> jdEm=dt� P

ext
lossj; (20)

where jPext
lossj stands for the external power losses deter-

mined by synchrotron radiation.
We will take below the synchronous energy of the

electron Es � Ed � Em�0 � Ed � �Egap=2.

III. VARIANTS OF OPTICAL COOLING

Different variants of optical cooling of particle beams
can be suggested depending on the local slippage factor,
coefficients R51, R52, and R56 in (14), dispersion and beta
functions of the storage ring in the pickup and kicker
undulators, duration of the impulse of the laser amplifier.
Below we present some of them.

1. The local slippage factor �c;l � 0, amplitudes of
betatron oscillations satisfy the equations (14) (j’inj<
�=2), dispersion function in the pickup undulator
�x;pickup � 0. In this case the difference in the propagation
time of the URW and the traveling time Tp;k of the electron
between pickup and kicker undulators is �t ’ const.
Hence, the initial phase can be installed ’in ’ � for all
electrons. It corresponds to electrons arriving in the kicker
undulator in decelerating phases of their URWs under a
maximum rate of energy loss. Electrons will be gathered
near the synchronous electron if a moving screen opens the
way only to URWs emitted by electrons with the energy
higher than the synchronous one. This is the case of an

0

FIG. 3. In the EOC scheme electrons are grouping near the
phases ’in � �=2� 2�m (energies Em).
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EOC both in the longitudinal and the transverse plane
based on an isochronous bend and screening technique.

If the dispersion function in the pickup undulator �x �
0 or if the synchrotron oscillations of electrons are small
(no selection in the longitudinal plane), a moving screen
opens the way only to URWs emitted by electrons with
deviations x � x� � xb � 0, then the cooling takes place
only in the transverse direction. In this case the amplitudes
of betatron oscillations of electrons are decreased at every
interaction with their URWs but the amplitude of the
synchrotron oscillations is not changed in average in the
first approximation.

If the initial energy spread of the electron beam is small
(j’in;dispj � 1), amplitudes of betatron oscillations of elec-
trons at given energy exceed the limiting one (14), R51 �
R52 � 0, and that is why their initial phases are distributed
in a wide region j’inj � j’in;betj> 2�, the EOC will be
accompanied by grouping of electrons at phases ’m �
�=2� 2�m and amplitudes

 An �
�����������������������
2n�b�1;min

q
=� (21)

corresponding to the excess of the length of the real orbit of
the electron over the length of its closed orbit between
pickup and kicker undulators �s � c�t � n�1;min, where
n � 0; 1; 2 . . . . To decrease the amplitudes of betatron
oscillations Anjn>1, the next cooling cycles must start
with the initial decelerating phases ’in ’ � for the elec-
trons with these amplitudes and using variable time delay.

The jumps of amplitudes of synchrotron oscillations are
maximal if the deviation of the electron from its synchro-
nous position in the radial direction is maximal. That is
why the pulsed laser amplifier must be switched on when
URWs are emitted by electrons located near to the syn-
chronous one.

2. The scheme of OSC can be used at �c;l � 0 [8]. In this
scheme the pickup undulator is a quadrupole one and the
kicker undulator is an ordinary one. They have the same
period. The magnetic field in the quadrupole undulator is
increased with the radial coordinate x by the low B�x� 	
Gx and changes the sign at x � 0, where G stands for the
gradient. The phase of the emitted URWs changes its value
on � at x � 0 as well. That is why electrons with the
deviation x > 0 are decelerated and electrons with the
deviation x < 0 are accelerated in the ordinary pickup
undulator. It means that they are gathered around a syn-
chronous orbit in the ring where they do not emit URWs.

The deflection parameter in the pickup undulator is
increased with the radial coordinate (K / jB�x�j) and so
the emitted wavelength also. The deflection parameter in
the kicker undulator is a constant. It means that the reso-
nance interaction of the electron and URW emitted by this
electron is possible in the kicker undulator only at K� 1
or, in case of K ’ 1, at the narrow region of positions x�,
where the deflection parameters of undulators are near the

same. The last case opens a possibility for initial selection
of amplitudes in the pickup undulator suitable for cooling
and to preserve the electron beam from heating.

The continuous resonance interaction and cooling is
possible if the magnetic field of kicker undulator is de-
creased in time for cooling process.

The scheme with two quadrupole undulators (pickup and
kicker ones) is described in [13]. In this case the second
quadrupole undulator decreases the amplitudes of synchro-
tron oscillations for positive deviations x�;pickup > 0 and
increases them for negative ones. To cool the electron
beam in this case the additional selection of URWs can
be used by the screen (cut off URWs emitted by electrons
at negative deviations x, EOC scheme).

Another scheme based on the truncated pickup undula-
tor with the magnetic field of the form B�x�jx>0 ’ Gx,
B�x�jx<0 ’ 0 and quadrupole kicker undulator can be
used. The pickup undulator can be linearly polarized
with one upper array of magnetic poles. Such a kicker
undulator was used in the undulator radiation experiments
[14].

Betatron oscillations in this scheme must introduce the
phase shift <�=2. This condition can be arranged by
proper zeroing cos- and sin-like trajectory integrals [13].

3. If �c;l � 0, betatron oscillations of electrons intro-
duce phase shift <�=2 and the energy gaps have the
magnitude �Egap � �3� 5�
E;0, where 
E;0 is the initial
energy spread of the electron beam, then the transit-time
method of OSC based on two identical undulators can be
used [9]. In this case the initial phase for a synchronous
electron in the URW can be installed ’in;s ’ �=2. It cor-
responds to the electron crossing the kicker undulator
under a zero rate of the energy loss. The higher the devia-
tion of the initial phases of other electrons from the syn-
chronous one, the higher the rate of the energy loss
(� sin’in). In this case the main part of the electrons
including tail electrons will be gathered at the energy Es.
The time depended local slippage factor can be used to
decrease the energy gap during the cooling process in order
to increase the rate of cooling at small amplitudes of phase
and betatron oscillations.

4. If �c;l � 0, the energy gaps between equilibrium
energy positions have the magnitudes �Egap 	

�3� 5�
E:0=M, 
EOC
E;eq � �Egap [see (19)], rf accelerating

system of the storage ring is switched off, the screen
overlap URWs emitted by electrons at negative deviation
from the closed orbit corresponding to electrons having
minimum energy Emin, then electrons are gathered at
phases of URWs ’m � �=2� 2�m and, in the general
case R51 � 0, R52 � 0, Ax > 0, Az > 0, at energies and
amplitudes, which, strictly speaking, differ from Em and An
[see (17) and (21)] but near to them. After that, if the
optical system changes the delay time of the URWs to
move the energies of electrons E> Emin to the energy
Emin, then electrons lose their energy and amplitudes of
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betatron oscillations until their energy takes minimum one.
Cooling takes place according to the scheme of the EOC.
The cooling process must be repeated with the initial
decelerated phases ’in ’ � using variable time delay.

5. If �c;l � 0, the energy gaps between equilibrium
energy positions have the magnitudes �Egap � 
E;0=M,

EOC
E;eq � �Egap, the rf accelerating system is switched off,

the screen overlap URWs emitted by electrons at negative
deviation from closed orbit corresponding to electrons of
the beam having minimum energy Emin and optical system
changes the delay time of the URWs to move the energies
of electrons E> Emin to the energy Emin, then electrons
with smaller energy are captured increasingly in the re-
gions of the energy layers Em and lose their energy and
amplitudes of betatron oscillations until their energy takes
minimum one. Cooling takes place according to the
scheme of the EOC. This process can be repeated.

6. If �c;l � 0, the energy gaps between equilibrium
energy positions have the magnitudes �Egap � 
E;0=M,

EOC
E;eq � �Egap, rf accelerating system of the storage ring is

switched on, the screen overlap URWs emitted by elec-
trons at negative deviation from synchronous closed orbit,
the average energy loss per turn �Eturn

loss � jP
max
loss j=f is

higher than the energy gain jeV0�sin�� sin�s�j of the
electron in the rf accelerating system of the storage ring
or if

 j sin�� sin�sj � �Eturn
loss=eV0; (22)

then the phases of electrons in their URWs are drifting to
the nearest phases ’m � �=2� 2�m [the corresponding
energies and amplitudes in this case differ from Em and An
determined by (17) and (21)]. Here V 0 is the amplitude of
the rf accelerating voltage, �s is the synchronous phase
determined by the equation sin�s � �ESR;s=eV0 �
Vs=V0, �ESR;s � PSR;s=f � eVs is the synchrotron radia-
tion energy loss of synchronous electron per turn, PSR;s �
2
3 cr

2
e

�B2�2 ’ 2:77� 103�4=RsRs eV= sec is the average
power of the synchrotron radiation emitted by the electron
in the storage ring. The value PSR;s=f � 5:8�
10�7�4=Rs eV=turn, Rs is the bending radius of the syn-
chronous particle, Rs is the average bending radius of the
ring.

To keep the condition (22) satisfied at eV0 > �Eturn
loss , the

range of rf phases of particles 2j���sj interacting with
their URWs must be limited by the value 2j�c;1 ��sj
determined by equality in (22). This can be done by using
OPA with short amplification time interval �tampl;1 corre-
sponding to the range of phases !rf�tampl < 2j�c;1 ��sj

and by overlapping the center of this time interval with
synchronous particle, where !rf � 2�frf , frf is the fre-
quency of the rf accelerating system of the ring. The last
condition is equivalent to

 llaser
ampl < lampl;1 � 2cj�c;1 ��sj=!rf ; (23)

where lampl;1 is the length of the amplified laser bunch. In
this case, depending on the initial phases ’in, the electrons
will be accelerated or decelerated until they reach the
equilibrium phases ’m � �=2� 2�m and corresponding
energies and amplitudes of betatron oscillations Em and
An.

2M electron ellipses appear around synchronous phase
�s of the storage ring in the longitudinal plane if condi-
tions (19), (22), and (23) are fulfilled, and if the deviation
of the electron energy �E � E� Em from its equilibrium
one Em at the interaction moment is small. The last con-
dition can be overcame by limiting the amplification time
of laser amplifier by the interval �tampl;2 and the corre-
sponding length lampl;2 � c�tampl;2 to

 llaser
ampl < llaser

ampl;2 �

s;0
2
���
2
p

������������
�Egap


E;0

s
; (24)

where
s;0 is the initial length of the electron bunch. Above
we suggested that electrons are moving along elliptical

trajectories �E � �
E;0
������������������������
1� s2=
2

s;0

q
and interact with

URWs at the top energies �Em in the region of the energy
deviations �E � jE� Emj � �Egap=8, where s is the de-
viation of electron from synchronous one.

The equilibrium energies and amplitudes of betatron
oscillations Em and An are moved to synchronous energy
and zero amplitude of betatron oscillations if the optical
system decrease the delay time of the URWs.

Damping time (10) in variant 6 will be increased
2
s;0=lampl times:

 �EOC
s �

12
E;0
jPmax

loss j


s;0
lampl

�EOC
x �

12�2Es
x;0
jPmax

loss j�x;kick


s;0
lampl

:

(25)

The variant 6 permits one to avoid any changes in the
existing lattice of the ring (isochronous bend, bypass). It
works easier for existing ion storage rings (see
Appendix B).

The screen permits one to select in pickup undulator
electrons with positive deviations of both betatron and
synchrotron oscillations, and such a way to produce effec-
tive cooling both in the transverse and longitudinal direc-
tion. Using the number of kicker undulators Nkick > 1
permits one to cool the beam either in two directions or
in one (transverse or longitudinal) direction by selecting
distances between kicker undulators and time delays of the
optical line [4,6].

IV. OPTICAL SYSTEM FOR THE EOC SCHEME

UR of an electron gets its well-known properties only
after the electron passed the undulator and UR is consid-
ered in the far zone. The lens located near the pickup
undulator can strongly influence the UR properties if its
focus is inside the undulator [15].
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For effective cooling of an electron beam in a storage
ring, parameters of the beam under cooling and the optics
of EOC system must fulfill certain requirements.

1. Each electron in a beam should enter the kicker
undulator simultaneously with its amplified URW and
move in the decelerating phase of this URW. For the test
electron of a beam (for example, for the synchronous
electron with zero amplitude of betatron oscillations),
this requirement is satisfied by equating the propagation
time of the URW with the traveling time of the electron
between undulators. Conditions (14) are necessary for
other electrons of the beam to get decelerating phases of
theirs URWs in this case.

2. Each electron in the beam should enter the kicker
undulator with its URW near the center of this URW in the
transverse direction. This requirement will be satisfied if
the transverse sizes of all URWs in the kicker undulator are
overlapped.

3. The rms transverse size of one URW at the distance l
from the pickup undulator is equal to 
w ’ ����c�
�l�M�u=2�, where ����c is determined by (3). If the
optical screen opens the way to radiation from the part of
the electron beam, so only small angles to the undulator
axis �# < ��#�C passed through, then URWs will be
overlapped at the distance from the end of the undulator

 lc �
d
����c

; (26)

where d is the transverse size of the electron beam (see
Fig. 4). Electrons under cooling will hit their URWs in the
transverse plane if the transverse dimensions of the elec-
tron beam in the undulator are less than 2
w;b � 2d�
2
wjl�lc .

4. Generally, the angular resolution of an electron bunch
by an optical system is

 �’res 	 1:22
�1 min

D
; (27)

where D is diameter of the first lens. This formula is valid,
if elements of the source emit radiation which is distributed
uniformly in a large solid angle. In our case only a fraction
of the lens is affected by radiation, as usually D> 2
w;b.
That is why the effective diameter Deff � 2
w;b must be
used in (27). At the distances l > lc the size 
w;b ’ ����cl,
so the space resolution of the optical system is �xres 	
�’resl or

 �xres 	 1:22�1 min=����c � 0:86
�����������������
�1 minLu

p
; (28)

where ����c � ��#�c=� � �1=��
��������������������������
�1� K2�=M

p
is the ob-

servation angle.
5. URWs must be focused on the crystal of OPA. For the

URW beam, the dedicated optical system with focusing
lenses can be used to make the Rayleigh length larger to the
length of the crystal (typically �1 cm) for small diameters

of the focused URW beam in the crystal (typically
�0:1 mm).

6. The electron bunch spacing in storage rings is much
bigger than the bunch length. The same time structure of
the OPA must take advantage on this circumstance.

7. OPA amplifies linearly polarized radiation. That is
why the circular polarization of the URWs (if helical
undulator is used) in our case must be transformed into
the linear polarized one before it will be injected in the
OPA and then back to be used in the kicker undulator. The
usual quarter wave plate can be used for this purpose in the
simplest case. Planar undulators can be used as well.
Reflective optics can be used for dispersion-free undulator
light propagation.

8. OPA consists of one or more nonlinear crystals (NLC)
and a laser system for NLC pumping. The system consists
of a master oscillator and a picking device to reduce the
frequency of master oscillator down to that of bunches in
the storage ring fr. When the optical pulse length is equal
or greater than the bunch length, the master oscillator
length is to be set at the harmonic of fr precisely. In the
case of laser pulse length substantially shorter than the
bunch length, in some cases, a new master oscillator design
can be used. The main idea is the periodic change of cavity
length in the master oscillator. If the length exceeds the
length of a cavity tuned to fr, an optical pulse gradually
(cycle by cycle) shifts to the trailing edge of a bunch. On
the other hand, if the length is less than the length of a
cavity tuned to fr, an optical pulse gradually shifts to the
leading edge of a bunch.

V. USEFUL EXPRESSIONS FROM THE THEORY
OF CYCLIC ACCELERATORS

The equilibrium value of relative energy spread of the
electron beam in the isomagnetic lattice of the storage ring
determined by synchrotron radiation (SR) is described by
expression

 


eq;SR
E

E
�

����������������������
55��2

32
���
3
p
RsIs

vuut ’ 6:2� 10�6 ������������
RsIs

p ; (29)

where �c � @=mc ’ 3:86� 10�11 cm, Rs is the equilib-
rium bending radius of the synchronous electron, in the
smooth approximation Is � 4� 	c �Rs=Rs is a coefficient

FIG. 4. Scheme of URW’s propagation.
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determined by the magnetic lattice (0< Is < 3), 	c is the
momentum compaction factor [16].

For small synchrotron oscillations the equilibrium
length of the electron bunch is

 
eq;SR
s �

	cc
�


eq;SR
E

E
; (30)

where � � !rev

�������������������������������������������
h	ceV0 cos�s=2�Es

p
is the synchrotron

frequency, !rev � 2�f, h is an accelerating rf voltage
harmonic order.

The equilibrium radial synchrotron and betatron beam
dimensions are

 
eq;SR
x� � �x


eq;SR
E

E
;


eq;SR
x � �

����������������������������
55

���
3
p

�Rs
96

F
Ix

s
� 6:2� 10�6�

���������
RsF
Ix

s
;

(31)

where in the smooth approximation Ix � 	c �Rs=Rs � 1 is
a coefficient determined by the magnetic lattice (Ix �
Is � 3), F� 1 is a coefficient [16,17].

The damping time in the storage ring determined be
synchrotron radiation in the bending magnets and comes
to the following values (Iz � 1):

 �SR
x;z;s �

2E
PSR;sIx;z;s

�
3RsRs

cre�3Ix;z;s
� 355

RsRs
�3Ix;z;s

�sec:

(32)

The maximum deviation of the energy from its synchro-
nous one is

 

��E�sep

E
� ��

����������������������������������������������������������������������������
eV0

�h�cE
���� 2�s� sin�s � 2 cos�s

s
;

(33)

where �c � 	c � 1=�2 is the slippage factor of the ring.
For the ordinary storage ring lattice (without local iso-

chronous bend or bypass between undulators), the natural
local slippage factor

 �c;l ’ Lp;k�c=C: (34)

VI. EXAMPLES

Below we consider two examples of one-dimensional
EOC in the bucket of an electron beam in the transverse
x-plane in 2.5 GeV strong focusing storage ring Siberia-2
(Kurchatov Institute Atomic Energy, Moscow) [18]. The
magnetic lattice of the ring has separate functions. It con-
sists of six mirror-symmetrical superperiods, each contain-
ing an achromatic bend and two 3 m long straight sections.
For functionality, the half of the superperiod is arranged
with two sections. The first one, comprising the quadru-

TABLE I. Parameters of the ring.

The maximal energy of the storage ring Emax � 2:5 GeV
The energy for the experiment Eexp � 100 MeV
Relativistic factor for the experiment � 	 200
Circumference C � 124:13 m
Bending radius R � 490:54 cm
Average radius �R � 1962 cm
Revolution frequency f � 2:42� 106 Hz
Harmonic number h � 75
rf frequency frf � 181:14 MHz
Energy loss determined by SR P�;SR=f � 1:89 eV=turn
The amplitude of the accelerating voltage at Eexp V0 � 73 V
The synchronous phase ’s ’ 0:026
Radial tune vx � 7:731
Vertical tune vz � 7:745
Momentum compaction factor 	c � 7:6� 10�3

Dispersion function at the pickup and the kicker undulator �x � 80 cm
Radial beta function in pickup undulator �x � 17 m
Radial beta function in kicker undulator �x � 1:7 m
Vertical beta function �z � 6 m
Patrician coefficients Iz, Ix, Is 1, 0.97, 2.03
Damping times by SR at Eexp �z, �x, �s 43.1; 44.4; 21.23 sec
The length of the period of betatron oscillations �x;bet � 16:06 m
Slippage factor of the ring �c � 	c
Local slippage factor of the ring �c;l � 0:58 
 	c
Frequency of synchrotron oscillations at Eexp � 100 MeV � � 1:6� 10�3 f
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poles F, D, F, and two bending magnets is responsible for
the achromatic bend and high �x, �y functions in the
undulator straight section. The second part, comprising
quadrupoles D, F, D, and a dispersion-free straight section,
allows one to change the betatron tunes, without disturbing
the achromatic bend. The main parameters of the ring, the
electron beam in the ring, pickup and kicker undulators,
and OPA are presented in Tables I, II, III, and IV.

We accept the distance between pickup and the kicker
undulator along the synchronous orbit Lp;k � 72:27 m
( bet

x � 9�, kp;k � 4). It corresponds to the installation
of undulators in the first and seventh straight sections
which are located at a distance 72.38 m (we count off
pickup undulator). The second kicker undulator can be
located on the same distance from the first one. The optical
line is tuned in such a way that electrons are decelerated in
the first kicker undulator and accelerated in the second one.

A single electron bunch is used in the storage ring at the
energy 100 MeV in the experiment. The beam is cooled by
synchrotron radiation damping (see Sec. V). The energy
spread and the beam size acquire equilibrium values in
�40 seconds after its injection in the ring (see Table I).
The equilibrium energy spread is equal to 
eq;SR

E =E �
3:94� 10�5, the length of the bunch 
eq;SR

s � 2:32 cm at
the amplitude of the accelerating voltage V 0 � 73 V, the
synchronous voltage Vs � 1:89 V, the radial emittance

eq;SR
x � 1:25� 10�6E2 �GeV � 1:25� 10�8 cm rad, the

radial betatron beam dimension at pickup undulator

eq;SR
x � 4:61� 10�2 mm. The energy spread of the

beam limited by the separatrix is �Esep=E � 3:3� 10�4.
Following synchrotron radiation damping, the amplitudes
of radial betatron oscillations 
x;0 are artificially excited to
be suitable for resolution of the electron beam in the
experiment with EOC (see Table II). The amplitudes of
synchrotron oscillations must stay damped to work with
short electron bunches and short duration of amplification
OPAs. We took the number of electrons at the orbit Ne �
5� 104. In this case the number of electrons in the URW
sample is Ne;s � 129:5, the number of extraneous photons
in the sample is Nph;� � 2:48 for the case of one noise
photon at the OPA front end.

The number of electrons in the bunch is enough to detect
them in the experiment and not so high to neglect intra-
beam scattering.

The URWs have the number of photons emitted in the
pickup undulator (see Table III) Ncl

phjK�1 � 1:15� 10�2

per electron in the frequency and angular ranges (3) suit-
able for cooling. The limiting amplitude of betatron oscil-
lations (14) is Ax;lim � 1:8 mm. The electric field strength
of the nonamplified URW in the kicker undulator is Ecl

w 	
2:06� 10�3 V=cm. The maximal power loss for the elec-
tron passing through one kicker undulator together with its
amplified URW comes to Pmax

loss � 1:02� 105 eV= sec if
the amplification gain of OPA is 	ampl � 2:5� 104 (see
Tables II and IV). This power loss corresponds to the
maximal energy jumps �Emax

loss � 3:66 eV and the maximal
average energy loss per turn ��Eturn

loss � 0:042 eV=turn. The
jump of the closed orbits is �x1

� � 2:92� 10�6 cm. In
this storage ring the natural local slippage factor (34) is

TABLE IV. Optical parametric Amplifier.

Number of optical parametric amplifiers 2
Total gain 	ampl � 107

The wavelength of amplified URWs �1;min � 2� 10�4 cm
The characteristic URW waist size 
w;c � 0:77 mm
The URW beam waist size 
w � 2 mm
The duration of the amplification time of the OPA 15 psec (lampl � 4:5 mm)
The frequency of the amplified cycles fampl � f � 2:42� 106 Hz

TABLE III. Parameters of pickup and kicker undulators.

Magnetic field strength
������
�B2

p
� 1338 Gs,

Undulator period �u � 8 cm,
Number of periods M � 30,
Deflection parameter K � 1.

TABLE II. Initial parameters of the electron beam in the ring.

Number of electrons at the orbit Ne;� � 5� 104,
Number of electron bunches being cooled 1
Relative energy spread 
E;0=E � 3:94� 10�5,
Betatron beam size at pickup undulator (�x � 32 m) 
x;0 � 4 mm,
Betatron beam size at kicker undulator (�x � 2 m) 
x;0 � 1 mm,
Dispersion beam size 
x�;0 � 3:15� 10�2 mm,
Total beam size at pickup undulator 
x;tot �

������������������������������������
�
x�;0�

2 � �
x;0�
2

q
� 4 mm,

The length of the electron bunch 
s;0 � 2:32 cm,
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�c;l ’ 	cLp;k=C � 4:45� 10�3, the energy gap (18) is
�Egap � 0:62 keV, and the equilibrium energy spread
(12) is 
EOC

E;eq � 0:28 keV.
In the variants of the example considered below the

optical system resolution of electron beam, according to
(28), is �xres � 1:9 mm at �1;min � 2� 10�4 cm (@! ’
0:5 eV), M�u � 240 cm. It yields that effective EOC in
this case is possible if the beam under cooling has a total
size in the pickup undulator 
x;tot > 2:0 mm. The situation
could be better if we had effective OPA using the wave-
length �1;min ’ 3� 10�5 cm, i.e., about one order less.
The shorter undulator can be used as well to improve the
electron beam resolution.

We accepted the initial energy spread 
E;0 � 
eq;SR
E �

3:94� 103 keV, the dispersion beam size 
x�;0 � 3:15�

10�2 mm, the length of the electron bunch 
s;0 �

2
eq;SR
s � 4:64 cm, its transverse size at pickup undulator


x;0 � 4 mm, the radial betatron beam size in kicker un-
dulator 
x;0 � 1 mm, and the URW beam size 
w;b �
2 mm. The accepted energy spread 
E;0 of the electron
bunch was chosen small in order to have as small as
possible the length of this bunch and, according to (25),
the damping time. Moreover, it goes into 2M� 1 energy
gaps in the ring.

Below we consider EOC in the bucket in the transverse
plane. In this case the dispersion beam size is much less
than the special resolution of the optical system 
x�;0 �
�xres and that is why there is no selection of electrons in the
longitudinal plane (see variants 1, 6 in Sec. III). Electrons
in the kicker undulator change their energy up or down
with equal probability both at positive and negative devia-
tions of their closed orbit from the synchronous one. That
is why the energy spread of the beam is not changed in the
first approximation for one kicker undulator. Using two
kicker undulators permits one to neglect the multiple pro-
cesses of excitation of synchrotron oscillations in the sec-
ond approximation. The amplitudes of betatron oscillations
of electrons depending on the initial phases ’in are de-
creased (increased) at every loss (gain) of their energy until
they accept equilibrium values ’m � �=2� 2�m. Using
variable time delay will permit EOC.

Case 1.—The local slippage factor �c;l � 0, amplitudes
of betatron oscillations are higher than limiting ones (14),
the rf accelerating system is switched on, a moving screen
opens the way only to URWs emitted by electrons with the
energy higher than the synchronous one. In this case the
difference in the propagation time of the URW and the
traveling time Tp;k of the electron between pickup and
kicker undulators is �t � const for given amplitudes.
Hence, we can install the initial phase ’in � ’in;bet ’ �
for all electrons with zero amplitudes of betatron oscilla-
tions. The rest of the electrons will have initial phases
proportional to their amplitudes. The electron phases will
vary continuously with the change of the electron energy

and amplitude to the level corresponding to their equilib-
rium values ’m � �=2� 2�m. The variable in time opti-
cal delay line is used to decrease the length of the light
pass-way between undulators and equilibrium phases dur-
ing the cooling cycle and to move the phases to the phase
’mjm�0 � �=2 and amplitudes to An � 0.

For the parameters presented above and two kicker
undulators the cooling time for the transverse coordinate,
according to (10), comes to �x;EOC � 3:7 sec at the laser
amplification length llaser

ampl � 
s;0 � 2
eq;SR
s � 4:64 mm.

SR damping time is much bigger (� 40 sec ).
Necessary conditions for selection of electrons must be

created: high beta function in the pickup undulator (to
increase the transverse dimensions of the bunch for selec-
tion of electrons at positive deviations from closed orbit),
the isochronous bend between undulators for zero local
slippage factor. We believe that the lattice of the ring is
flexible enough to be changed in necessary limits by anal-
ogy with those presented in [19].

Case 2.—The local slippage factor �c;l � 0, amplitudes
of betatron oscillations are higher than limiting ones (14),

EOC
E;eq � �Egap, the moving screen opens the way only to

URWs emitted by electrons with the energy higher than the
synchronous one Es, optical system install the initial delay
time of the URWs so that they interact with electrons at the
energies E � Es and change the delay time of the URWs to
move the energies of electrons to the energy Es. Then
electrons with smaller energy are captured increasingly
in the regions of the energy layers Em and lose their energy
and amplitudes of betatron oscillations until their energy
takes equilibrium one and amplitudes are decreased.
Cooling takes place according to the scheme of the EOC.
This process can be repeated.

The conditions (23) and (24) or llaser
ampl < lampl;1;2 limit the

length of the laser URWs by the values lampl;1 � 1:69 cm,
lampl;2 � 0:32 cm. The accepted laser amplification length
llaser
ampl � 3:2 mm is enough to satisfy these conditions. The

damping time for radial betatron oscillations, according to
(25), is �x;EOC ’ 5:4 sec if two kicker undulators are used.

VII. CONCLUSIONS

We have shown in this paper that a test of EOC is
possible in the 2.5 GeV electron strong focusing storage
ring tuned down to the energy �100 MeV. The electron
beam can be cooled in the transverse direction. The damp-
ing time is much less than one determined by synchrotron
radiation. So the EOC can be identified by the change of
the damping rate of the electron beam. A variant of cooling
is found, which permits one to avoid any changes in the
existing lattice of the ring (for production of isochronous
bend, bypass). It can work for existing ion storage rings as
well (see Appendix B). Three short undulators in this
variant installed in the storage ring have rather long periods
and weak fields. They can be manufactured at low cost.
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The cooling of a relatively small number of electrons
(one bunch, Ne;� � 5� 104) is considered in this proposal
in an attempt to avoid strong influence of the nonsynchro-
nous URWs on the equilibrium energy spread of the beam.
The intrabeam scattering effects could be overcome as
well. Optical amplifier suitable for the EOC—so-called
optical parametric amplifier—suggested as a baseline of
the experiment, must have moderate gain and power. We
have chosen the wavelength of the OPA equal 2 mkm
because in this case OPA is pumped directly by a commer-
cially available highly efficient picosecond solid state la-
ser. At the present time, the OPAs having amplification
gain�108 and the power> 1 W fully satisfy requirements
for this experiment (see Appendix C). Usage of OPAs with
shorter wavelength will permit one to increase the spatial
resolution by the optical system and the degree of cooling
of the beam.

We have predicted that the maximum rate of energy loss
for electrons in the fields of the kicker undulator and
amplified URW calculated in the framework of classical
electrodynamics is

��������
Nph

p
’ 9:3 times less than one taking

into account the quantum nature of the photon emission in
undulators. Quantum aspects of the beam physics will be
checked in the proposed test experiment. It is suggested
that the scheme based on optical line with variable delay
time will be tested as well.

Similar considerations can be made for any damping
ring in service.

Using a movable screen and an optical line with a
variable time delay in the OSC leads to new opportunities
of enhanced cooling.
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APPENDIX A

Spectral-angular distribution of the UR energy emitted
by the relativistic electron in the pickup undulator on the
harmonic n is

 

@2En
@!@o

�
M
!1

@En
@o

sinc2
n�!;#�; (A1)

where @En=@o is the angular distribution of the energy of
the UR emitted in the unit solid angle do at the angle � to
its axis, sinc
n � sin
n=
n, 
n � �nM�!�!n�=!n,
!n � n!1 is the frequency of the nth harmonic of UR
[20–22]. For the helical undulator

 

@En
@o
�
e2Mn2!3

1�#��
2
?Fn�K;#�

c�2

�
6Etot�2

�
n2Fn�K;#�

�1� K2 � #2�3
;

Fn�K;#� � J02n �n�� � �
1�K2�#2

2K# �2J2
n�n��, Etot �

4�e2�M�2K2=3c, � � 2�c=�u, Jn, J0n is the Bessel
function and its derivative, � � 2K#=�1� K2 � #2�<
1, �? � K=�. The number of photons emitted in the
undulator on the harmonic n in the solid angle do �
�d#2=�2 and frequency band d! is determined by the
relation

 Nph;n �
	n2M2K2�u

�c

ZZ Fn�K;#�

�1� K2 � #2�2

� sinc2
n�!;#�d!do: (A2)

If the considered frequency band �!=!� 1=M� 1,
then we can neglect the angular dependence of the first
multiplier and the frequency dependence of the value
sinc
n in (A2). In this case the value sinc
n determines
the range of angles of the UR (3). The increasing of the
frequency band will lead to the increase of the angular
range. Taking the frequency band �! out of the integral
and taking into account that d#2 � �2��2=�M!1�d
n,
sinc
n � ���
n�, we can transform (A2) to (6) for
�!=! � 1=2M # � 0, and n � 1.

APPENDIX B

Below we investigate the possibility of lead ions cooling
(Z � 82) in the storage ring LHC based on using version 5
(Sec. III) of EOC. We take example 2 considered in [7]. In
this case the energy E � 1:85� 1014 eV, (� � 953) the
slippage factor of the ring �c ’ 	c � 3:23� 10�4, the
amplitude of the rf accelerating voltage V0 � 16 MV, the
RMS bunch length 8 cm, rf frequency frf � 400 MHz,
synchrotron frequency � � 23 Hz, circumference C �
2 665 888:3 cm, harmonic order h � 35 640, rms relative
energy spread 
E;0=E � 1:1� 10�4, 
E;0 � 2:04�
1010 eV, �x;bet � 415 m, rf bucket half-height �Esep=E �
4:43� 10�4, �Esep � 8:19� 1010 eV. We take the dis-
tance between pickup and kicker undulators Lp;k �
1453 m (k � 3), synchrotron radiation energy loss per
ion per turn PSR;s=f � 1:2� 104 eV.

For the parameters of the undulators [7], the energy loss
per turn is �Emax

loss � 3� 105 eV, 
E;0=M � 1:7� 109 eV
(M � 12), the gap between equilibrium energy positions is
�Egap � 1:97� 108 eV at �1;min � 5� 10�5 cm, Ncl

ph �

6:29, 
EOC
E;eq � 4:7� 106 eV at the number of ions in the

bunch Ni � 106, Ni;s � 132 at the length of the bunch
0.95 cm. It follows that 
EOC

E;eq � �Egap and that the con-
dition (19) is satisfied. In the case of ions the equation (22)
must include eZ 
 V0 instead of eV0. In this example
�Emax

loss =eZV0 � 2:2� 10�4. It follows the laser amplifica-
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tion length lampl;2 � 2:78 mm. By this choice the condition
(22) is satisfied as well. To cool the ion beam in the
transverse plane and to keep the magnetic lattice un-
changed, one pickup and two kicker undulators must be
used.

APPENDIX C

The principle of OPA is quite simple [23,24]: in a
suitable nonlinear crystal, a high frequency and high in-
tensity beam (the pump beam, at frequency!p) amplifies a
lower frequency, lower intensity beam (the signal beam, at
frequency!s); in addition, a third beam (the idler beam, at
frequency !i, with !i < !s < !p) is generated. (In the
OPA process, signal and idler beams play an interchange-
able role, we assume that the signal is at higher frequency,
i.e., !s > !i.) In the interaction, energy conservation

 @!p � @!s � @!i

is satisfied; for the interaction to be efficient, also the
momentum conservation (or phase-matching) condition

 @kp � @ks � @ki;

where kp, ks, and ki are the wave vectors of pump, signal,
and idler, respectively, must be fulfilled. The signal fre-
quency to be amplified can vary in principle from !p=2
(the so-called degeneracy condition) to !p, and corre-
spondingly the idler varies from !p=2 to 0; at degeneracy,
signal and idler have the same frequency. In summary, the
OPA process transfers energy from a high-power, fixed
frequency pump beam to a low-power, variable frequency
signal beam, thereby generating also a third idler beam.

The signal and idler group velocities vs and vi (GVM—
group velocity mismatch) determine the phase-matching
bandwidth for the parametric amplification process. Let us
assume that perfect phase matching is achieved for a given
signal frequency !s (and for the corresponding idler fre-
quency !i � !p �!s). If the signal frequency increases
to !s ��!, by energy conservation the idler frequency
decreases to!i � �!. The wave vector mismatch can then
be approximated to the first order as

 �k 	 �
@ks
@!s

�!�
@ki
@!i

�! �
�

1

�gi
�

1

�gs

�
�!:

The gain bandwidth of an OPA can be estimated using
the analytical solution of the coupled wave equations in the
slowly varying envelope approximation and assuming flat
top spatial and temporal profiles and no pump depletion.
The intensity gain (G) and phase (’) of the amplified
signal beam are given in [25] by

 G � 1� ��L�2
�
sinhB
B

�
2
;

’ � tan�1 B sinA coshB� A cosA sinhB
B cosA coshB� A sinA sinhB

;

(C1)

where A � �kL=2, B �
���������������������������������������
��L�2 � ��kL=2�2

p
, and � �

gain coefficient � 4�deff

����������������������������������������
Ip=2"0npnsnic�s�i

q
, �kL �

phase mismatch � �kp � ks � ki�L, where L is the
length of amplifier, deff is the effective nonlinear coeffi-
cient, Ip is the pumping intensity.

The full width at half maximum (FWHM) phase-
matching bandwidth can then be calculated within the
large-gain approximation as

 �� 	
2�ln2�1=2

�

�
�
L

�
1=2 1

j 1
�gs
� 1

�gi
j
: (C2)

The large GVM between signal and idler waves dramati-
cally decreases the phase-matching bandwidth; large-gain
bandwidth can be expected when the OPA approaches
degeneracy (!s ! !i) in type I phase matching or in the
case of group velocity matching between signal and idler
(�gs � �gi). Obviously, in this case Eq. (C2) loses validity
and the phase mismatch �k must be expanded to the
second order, giving

 �� 	 2
�ln2�1=4

�

�
�
L

�
1=4 1

j @
2ks
@!2

s
� @2ki

@!2
i
j
:

For the case of perfect phase matching (�k � 0, B � �L)
and in the large-gain approximation (�L� 1), Eqs. (4)
and (C1) simplify to

 Is�L� 	
1

4
Is0 exp�2�L�; Ii�L� 	

!i

4!s
Is0 exp�2�L�:

(C3)

Note that the ratio of signal and idler intensities is such that
an equal number of signal and idler photons are generated.
Equations (C3) allow defining a parametric gain as

 G 	 1
4 exp�2�L� 	 1

4 exp�8L�deff

����������������������������������������
Ip=2"0npnsnic�s�i

q
�

(C4)

growing exponentially with the crystal length L and with
the nonlinear coefficient �.

The noise (amplified self-emission) power of the optical
amplifier is determined by the expression

 Pn � Pn;0G0; (C5)

where Pn;0 is the noise power at the amplifier front end, G0

is the gain of the amplifier.
If the noise power corresponds to one-photon/mode at

the amplifier front end then Pn;0 � @!1 max=�coh [26,27],
where in our case �coh � 2MT is the coherence length,
T � �1 min=c.
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Example 1: Infrared OPA based on MgO periodically
poled lithium niobate

In recent years the development of periodically poled
nonlinear materials has enhanced the flexibility and per-
formance of OPAs. In the case of well-studied periodically
poled lithium niobate (PPLN), one can get access to the
material’s highest effective nonlinearity as well as retain
generous flexibility in phase-matching parameters and
nonlinear interaction lengths. PPLN well match with com-
mercially available highly efficient diode pumped pico-
second solid state lasers. For wideband optical parametric
amplification, we will use MgO: PPLN with a poling
period of 31.1 �31:2� �m, which has high damage thresh-
old and high nonlinear coefficient 16 pm=V [28]
(17 pm=V [29]). Operation near the degeneracy wave-
length of 2:128 �m reduces thermal-lens effect because
the signal and the idler wavelengths fall within the highest
transparency range of lithium niobate. To avoid photore-
fractive damage, thick (� 1–2 mm) the PPLN crystal will
be kept at elevated temperatures 150�C [30].

For the signal wavelength �s � 2 �m, ns � np � 2:1,
and the gain, according to formula (C4) comes to

 G 	
1

4
exp

�
3
� Ip
GW=cm2

�
1=2 l

mm

�
:

For G � 107, Ip � 1 GW=cm2, l � 5:8 mm. We pro-
pose the two-stage crystal amplifier (l1 � l2 � 3:5 mm).
OPA amplifies linearly polarized radiation. That is why the
circular polarization of the URWs (if helical undulator is
used) in our case must be transformed into the linear
polarized one before it will be injected in the OPA and
then back to be used in the kicker undulator. The usual
quarter wave plate can be used for this purpose in the
simplest case. Planar undulators can be used as well.
Reflective optics can be used for dispersion-free undulator
light propagation.

Example 2: Near-ultraviolet OPA based on
Beta-Barium Borate (b-BaB2O4)

Usage of OPAs with shorter than considered above
wavelength will permit one to increase the spatial resolu-
tion by the optical system and the degree of cooling of the
beam. Beta-barium borate (b-BaB2O4), known as BBO, is
one of the best candidates for near-ultraviolet OPA pumped
by fourth harmonic of a Nd or Yb lasers (� 260 nm). For
example, femtosecond pulses at 400 nm were amplified
using a noncollinear optical parametric amplifier pumped
by picosecond pulses at 267 nm [31]. The type I b-BaB2O4

crystal with 10 mm length was pumped with
�2:5 GW=cm2. A flat spectral gain exceeding 3500 was
achieved in single pass within the available 17 nm band-
width of the signal pulse. So a two-stage crystal amplifier
(l1 � l2 � 10 mm) and Ip � 2:5 GW=cm2 is needed to
obtain G � 107.
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