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An analytical description of volume reflection of charged ultrarelativistic particles in bent single
crystals is considered. The relation describing the angle of volume reflection as a function of the
transversal energy is obtained. Different angle distributions of the scattered protons in single crystals
are found. Results of calculations for 400 GeV protons scattered by the silicon single crystal are presented.
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I. INTRODUCTION

Volume reflection of charged particles in single crystals
represents the coherent scattering of these particles by
planar or axial electric fields of bent crystallographic
structures. For the first time, this effect was predicted in
Refs. [1,2]. An angle of volume reflection is small enough
(of the order of the critical angle of channeling). Because
of this, it is thought that this process did not show itself in
experimental measurements. However, in the recent re-
ports [3,4] problems were discussed, which require the
existence of the volume reflection effect for explanation
of the proton and heavy ion collimation measurements.
Besides, the preliminary results of the experimental obser-
vation of volume reflection were published [5,6].

The recent meetings in CERN [7] which were devoted to
problems of utilization of interactions of proton beams
with single crystals attract considerable interest to the
phenomenon of volume reflection due to new possibilities
such as the collimation [8–10] and extraction [11] of
collider beams, creation of devises which can multiply
the effect [12] and so on.

In September 2006 at the CERN 400 GeV=c extracted
proton beam experiment, an effect of volume reflection
was observed and studied for various silicon single crystals
[13]. The use of the unique measurement technique pro-
vided a possibility to determine parameters of the process
with very high precision. In the immediate future, these
experimental works will continue on proton beams in
CERN [14] and IHEP [15].

By now, basic results of the theoretical investigation of
volume reflection are mainly based on Monte Carlo calcu-
lations. No doubt, this is a very powerful method. However,
an analytical solution of the problem is very useful for
understanding the process and its different characteristics.
In this paper we consider such a description of the volume
reflection effect.

It is well known that an ordered location of atoms in
single crystals creates periodic microscopic electric fields.
The entering charge particle in a single crystal moves
under interaction with these fields. However, the motion
of the particle is perturbed by multiple scattering on atoms

and electrons. Because of this, the character of particle
motion in single crystals becomes more complicated.

Taking into account that mentioned above, we start to
investigate the unperturbed motion of charge particles in
bent single crystals. It allows us to find various character-
istics of the volume reflection process. After that, we
consider multiple scattering and obtain an expansion of
the results for this case.

The paper is organized as follows. First, we describe an
analytical model of the phenomenon. Based on the equa-
tions of particle motion in bent single crystals, we find a
formula for the angle of volume reflection and analyze its
properties. After that, we find relations describing the
angle distributions of scattered particles and then consider
multiple scattering of particles in the body of a single
crystal and investigate its influence on the volume reflec-
tion characteristics.

In the second part, we illustrate the obtained equations
by numerical calculations.

It should be noted that, in this paper, we do not make the
comparison of our consideration with data which were
obtained in the recent experiment in CERN [13]. The
reasons are the following: first, these data now are treated
and hence, unpublished; second, we plan to carry out such
a comparison in the frame of a future paper which will be
devoted to a detailed description of the CERN experiment
results.

II. MOTION IN BENT SINGLE CRYSTALS

One can describe the motion of ultrarelativistic particles
in bent single crystals with the help of the following
equations [16,17]:

 E0�2v2
r=�2c2� �U�r� � E0�2�R� r�=r � E � const;

(1)

 dy=dt � vy � const; (2)

 vz � rd�=dt � c
�
1�

1

2�2 �
�v2

r � v
2
y�

2c2

�
: (3)

These equations take place for the cylindrical coordinate
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system �r; �; y�. Here vr is the component of particle
velocity in the radial direction, vy is the component of
the velocity along the y axis, vz is the tangential compo-
nent of the velocity, R is the radius of the bending of a
single crystal, E0 and � are the particle energy and its
Lorentz factor, E is the constant value of the radial energy,
U�r� is the one-dimensional potential of a single crystal, c
is the velocity of light, and � is the ratio of the particle
velocity to velocity of light. In this paper, we consider the
planar case when the scattering is due to the interaction of
particles with the set of the crystallographic planes located
normally to the �r;�� plane. On the practice it means that
vy=c� �ac but vy=c� 1 for ultrarelativistic particles,
where �ac is the critical angle of axial channeling.

One can transform Eq. (1) in the following form:

 E0�2v2
x=�2c2� �U�x� � E0�2x=R � E; (4)

where x is the local Cartesian coordinate which connected
with the cylindrical coordinate r through the relation x �
R� r and vx � vr. We also changed the r value in the
denominator of Eq. (1) on R. For a real experimental
situation, it brings a negligible mistake (of the order of
x=R). In Eq. (4) the E value has a sense of the transversal
energy.

The equations considered here describe the three-
dimensional motion of particles in a bent single crystal in
the cylindrical coordinate system. Let us introduce the
Cartesian coordinate system in which the xy plane is
coincident with the front edge of a single crystal. Now
we can calculate the x component of the velocity in this
system:

 Vx � vx cos�� vz sin� � vx � vz�: (5)

Figure 1 illustrates the geometry of the proton beam
volume reflection and different coordinate systems which
will be used in our consideration.

III. ANGLE OF VOLUME REFLECTION

One can see that Eq. (4) describes the one-dimensional
motion in the effective potential Ue�x� � U�x� �
E0�2x=R. There are two different kinds of infinite motion
in the effective potential. One case corresponds to motion
when the particle after its entrance in the single crystal
moves in the direction of the increasing of potential (in the
positive direction of the x axis). In this case, the velocity vx
decreases and in some point xc becomes equal to zero and
then the particle begins to move in the opposite direction. It
corresponds to the case when the effect of volume reflec-
tion is possible. In the second case, the particle after
entrance in a single crystal moves in the negative direction
of the x axis and the volume reflection is impossible.
Obviously, a trajectory belonging to some kind of events
is determined by the initial conditions of particles at the
entrance in a single crystal: the first case takes place at the
positive entering angles � relative to crystallographic
planes (see Fig. 1). We also will consider below the case
when the absolute value of � is larger than the channeling
angle �c.

One can calculate the trajectory in the x direction (x0 	
x 	 xc) up to point xc as

 t �
Z x

x0

dx����������������������������������������������������������
2c2

E0�2 
E�U�x� � E0�
2x=R�

q ; (6)

where t is the time and t � 0 corresponds to a coordinate
x0 at the entrance of a single crystal. We can rewrite this
equation in the following equivalent form:

 t �
Z x

x0

�
1����������������������������������������������������������

2c2

E0�2 
E�U�x� � E0�2x=R�
q � F�x�

�
dx

�
Z x

x0

F�x�dx; (7)

where the function F�x� reads

 F�x� �
1������������������������������������������������������������

2c2

E0�2 
E�U�xc� � E0�
2x=R�

q ; (8)

and the critical point xc is determined by the equation

 E�U�xc� � E0�2xc=R � 0: (9)

Note that the equation t �
R
x
x0
F�x�dx describes one di-

mension motion of a particle, which does not interact with
the electric field of a single crystal. We name this case the
neutral motion.

FIG. 1. Scheme of the volume reflection process. XYZ is the
Cartesian coordinate system at the entrance in a single crystal,
xyz is the local Cartesian coordinate system connected with the
current location of a particle. The Y-axis is directed normally to
the plane of the figure. � and � are the initial and volume
reflection angles. AB and BC lines are the incoming and out-
going directions of a particle.
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Taking the integral
R
x
x0
F�x�dx, we get

 t � T�x0; x� � R=c2
~v�x0� � ~v�x��; (10)

where

 T�x0; x� �
Z x

x0

�
1����������������������������������������������������������

2c2

E0�2 
E�U�x� � E0�2x=R�
q � F�x�

�
dx;

(11)

and ~v�x� is the velocity of neutral motion in the point x of
its trajectory:

 ~v�x� �
���������������������������������������������������������������������������
2c2=�E0�2�
E�U�xc� � E0�2x=R�

q
: (12)

The angle � in Eq. (5) is approximately equal to
Vzt=R � Vt=R � ct=R. For our aims, a small difference
between Vz, V, and c is of no significance. We will use the
relation � � ct=R. Hence, Eq. (5) has the following form:

 Vx � vx � vzct=R � vx � c
2t=R: (13)

Taking t from Eq. (10), one can get

 Vx � vx � T�x0; x�c
2=R� ~v�x0� � ~v�x�: (14)

Now we assume that the distance dvr � jxc � x0j is large
enough (see estimations and calculations below). Hence,
Vx � ~v�x0� [vx � ~v�x�, T�x0; x� � 0] when a particle
moves far from the critical point (near the x0 point). It is
easy to see that in the critical point vx � 0, ~v�x� � 0, and
Vx � ~v�x0� � T�x0; xc�c2=R. Using the obvious symmet-
rical properties of one-dimensional motion, we can get
that, for a distant enough from critical point values x >
xc Vx � ~v�x0� � 2T�x0; xc�c2=R. From here, the angle of
volume reflection � � 2T�x0; xc�c=R or its explicit value
has the following form:

 � �
2c
R

Z xc

x0

�
1����������������������������������������������������������

2c2

E0�2 
E�U�x� � E0�2x=R�
q � F�x�

�
dx:

(15)

It is easy to understand the meaning of the F-function
introduced in Eq. (8). This function allows one to eliminate
an influence of geometrical factors on particle motion in
the cylindrical coordinate system. The visual picture of
volume reflection may also be observed in the cylindrical
coordinates r and �. Really, the trajectories of the charged
and neutral particles have the same critical radial coordi-
nate rc but different values of �c. The difference of �c
coordinates determines the angle of volume reflection.

IV. PERIODICITY OF VOLUME REFLECTION
ANGLE

Considering the volume reflection angle as a function of
the transversal energy E, one can see that this function is
periodic. The period is equal to

 �E � E0�2d=R: (16)

One can get this fact by the substitution x � x� d (d is the
interplanar distance) and taking into account the periodic-
ity of the potential U�x�.

The transversal energy E has the following representa-
tion:

 E � E0�2�2=2�U�x0� � E0�2x0=R: (17)

The replacement x0 on x0 � d corresponds to new energy
E� �E. It means that the angle � is a periodic function of
the initial coordinate x0.

The volume reflection angle is also a periodic function
of the square of initial angle �. In this case the period is

 ��2 � 2d=R: (18)

It should be noted that the periodicity of the volume
reflection angle relative to the above pointed parameters
violated if the condition dvr � �cR is not satisfied or, in
other words, at transformation from one energy to another
the distance jx0 � xcj should be large enough.

V. PARTICLE DISTRIBUTIONS AT VOLUME
REFLECTION

In calculations, we will assume that the distribution of a
particle beam over the initial coordinate x0 is uniform (in
the limits of one period). If the function ��x0� (0 	 x0 	
d) is known, we can find the distribution of particles over
the angle of volume reflection with the help of the follow-
ing relation:

 

dN
d�
��� �

X
i

1

d

��������d�dx0

���������1
; (19)

where the sum over i means that the sum should be taken
over every domain of the function single valuedness and
the derivative d�=dx0 should be calculated for values x0i
which satisfy the equation ��x0i� � �̂ in which �̂ is the
current (computed) value of the volume reflection angle.
Note Eq. (19) was obtained at the condition that the initial
angle � is fixed. Besides, in this paper we use the distribu-
tion functions which were normalized to 1.

In actual practice, a particle beam has some distribution
over the initial angles. It is obvious that the distribution
function in Eq. (19) depends on the initial angle �. On the
other hand, the volume reflection angle is the periodic
function of the �2 value. At large enough � angles and a
small range of variation of this angle, one can consider the
angle � as a periodic function of the initial angle �with the
period:

 �� �
d
�R

: (20)

It is easy to see that �� is a very small value. Simple
estimations give values of ��� 1–0:01 �rad for radius
in the range 1–100 m, correspondingly, for the initial angle
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about 100 �rad and d about some angstroms. Real particle
beams have a significantly more broad angle distribution.
Assuming the uniform distribution of the initial angles
within the angle period �� (at the assumption that diver-
gence of beam satisfied the condition ��� �), we get the
distribution averaged over its period:

 hdN=d�i �
1

��

Z ����

�

dN
d�

d�: (21)

This equation is obtained for a physically narrow particle
beam. Under this term, we understand the beam with the
small divergence of initial angles, which in tens or more
times exceed the angle period in Eq. (20). The distribution
of a beam with the valuable quantity �� (however, ���
�) has the following form:

 

�
dN
d�
���

�
��
�
Z �2��0

�0��1

�b�	; �0�

�
dN
d�
��� 	�

�
d	; (22)

where �b�	; �0� is the angle distribution of the beam
around the initial angle �0, �1 and �2 are the minimal
and maximal values of the initial angles (�� � �2 � �1).
In this equation the angle � is the planar angle relative to
direction which is determined by �0.

Now we can give another representation of the particle
distribution over the volume reflection angle. For this
purpose, we write the distribution function dN

d� in the fol-
lowing form:

 

dN
d�
��; �� �

X
j

dN
dE
��; E�

��������d�dE �E�
���������1

; (23)

where the sum over j means that the sum should be taken
over every domain of the function single valuedness and
the derivative d�=dE should be calculated for values Ej
which satisfy the equation ��Ej� � �̂ in which �̂ is the
current value of the volume reflection angle [see also
Eq. (19)]. Function dN

dE ��; E� is the distribution of the
incoming particles (under fixed initial angle �) over the
transversal energies. This function reads

 

dN
dE
��; E� �

X
k

1

�

��������dUe�x0�

dx0k

���������1
; (24)

where Ue � U�x0� � E0�
2x0=R and the sum should be

taken over every domain of the function single valuedness
and x0k is the root of Eq. (17). Here � is the size of set
fx0kg. This equation is based on the equiprobable distribu-
tion of the incoming particle over resolved coordinates and
it is similar to the equation in Ref. [18] which was obtained
for straight single crystals when � � d. Note that � de-
pends on the bending radius of a single crystal.

Now we can obtain the distribution function hdNd� ���i
[see Eq. (21)]. Let us consider the transversal energies
within only one period [see Eq. (20)]. Let x0k be the root
of Eq. (21) at the angle � and transversal energy E. We can
select another transversal energyE0 and write the following

equation:

 E0�
2�2=2� E0�

2��2
1 � �

2�=2�Ue�x0k�

� E� �E0 � E�: (25)

It is clear that, at the condition �E0 � E� � E0�
2��2

1 �
�2�=2, the root of this equation for a particle with the
transversal energy E0 and angle �1 is the same as for a
particle with the corresponding values E and �. From here
and Eq. (24), we obtain that dNdE ��; E

0� is the same [as dNdE 
��; E�] in the angle range (�, �� ��) [see Eq. (20)] but
their values are shifted in between. As a result, we get that
the distribution dN

dE ��; E� averaged over the period of � is
equiprobable [hdNdE �E�i � 1=�E].

Then the corresponding distribution [see Eq. (21)] has
the following form:

 

�
dN
d�
���

�
�

1

�E

X
j

��������d�dE
���������1

(26)

at the similar explanations as after Eq. (23). Note that the
results of calculations with Eqs. (19)–(21) and (26) are
equivalent.

Let us find the mean value of the angle reflection:

 h�vri �
Z ��

��
�
�
dN
d�

�
d� �

1

�E

Z E��E

E
��E�dE; (27)

where �� and �� are the minimal and maximal values of
�. Here we used the previously obtained result: hdNdE �E�i �
1=�E. Thus, for finding a mean angle of volume reflection
(and other higher moments of the distribution), there is no
necessity to know the distribution function hdN=d�i.

VI. INFLUENCE OF MULTIPLE SCATTERING

The above-mentioned results of our consideration are
appropriate for the ideal case only when dissipative pro-
cesses in the body of a single crystal are absent.
Monte Carlo calculations can give a detailed description
of these processes. Here we make an attempt to take into
account the influence of multiple scattering on the effect of
volume reflection in the frame of analytical examination.
However, in this case some realistic assumptions are
needed. As was said earlier, the main contribution in the
integral in Eq. (15) gives a relatively not large space area
near the critical point xc. Hence, we can neglect by mul-
tiple scattering in this area.

The process of multiple scattering on the particle path
from x0 until �xc brings the variation of the transversal
energy E. Bearing in mind that the scattering can play the
important role in a small area near the xc coordinate, we
suppose that this factor may be taken into account by the
corresponding changing of the initial data [see Eq. (17)].
We assume that the physically narrow beam has the initial
angle �. Then we can consider that the initial distribution
of particles is the following:
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�
dN
d�
���

�
ms
�
Z 1
�1

��’;
�
�
dN
d�
��� ’�

�
d’; (28)

where ��’� � 1�����
2�
p



exp��’2=2
2� is the angle distribu-

tion of multiple scattering with the parameter 
 depending
on the distance � jxc � x0j=�. We also expect that the
redistribution of the initial coordinates is small and do
not consider this factor. Here it is important that the
distribution of particles within the interplanar distance
remains uniform.

Now we can obtain the angle distribution after a single
crystal for the physically narrow beam:

 

�
dN
d�
���

�
exit
�
Z 1
�1

��’;
1�

�
dN
d�
��� ’�

�
ms
d’

�
Z 1
�1

��’;
2�

�
dN
d�
��� ’�

�
d’; (29)

where 
1 depends on the distance � jxe � xcj=� (xe is the
exit coordinate) and 
2

2 � 
2 � 
2
1.

For real beams with the distribution function �b�’�, we
get the following resulting angle distribution:

 �R��� �
Z 1
�1

�b�’�
�
dN
d�
��� ’�

�
exit
d’: (30)

The limits in the integral from �1 until 1 have the
conditional character [see explanations for Eqs. (21) and
(22)]. From the last equations follows

 h�Ri � h�bi � h�mi � h�vri; (31)

where h�Ri, h�bi, h�mi, and h�vri are the mean values of
�R, �b, �m, and hdNd� ���i distributions, correspondingly.
Here the h�mi value requires some explanation. This value
is the shift of the mean value of a multiple scattering angle
relative to the initial direction (before the single crystal, in
other words) of the motion of a charge particle. For amor-
phous medium, this value is equal to zero due to the fact
that the left and right directions are equivalent. In the case
of the bent single crystal, the left and right directions are
not equivalent and, hence, the h�mi value may differ from
zero, in principle. In calculations of the volume reflection
effect, we assume that multiple scattering occurs as an
amorphous medium. However, we believe if the h�mi value
differs from zero essentially, we can see this fact by
comparing the calculations and experimental data.

For the dispersions of the corresponding distributions,
we get the relation

 
2
R � 
2

b � 

2
m � 
2

vr; (32)

where 
2 �
R
1
�1��� h�i�

2����d�. For the central mo-
ment of the third order, we get

 MR � Mb �Mm �Mvr; (33)

where M �
R
1
�1��� h�i�

3����d�. For amorphous me-
dia Mm � 0.

VII. GENERALIZATION OF DESCRIPTION

One can write the equations obtained in this paper in a
more general form. It is easy to get from Eq. (15) that

 � �
������������
2d=R

p
f�	�; (34)

where f is a function of the parameter 	 � R=�E0�2d� �
1=�E. The multiplier 2 in the equation (under the root sign)
is our choice. Thus, the value 2d=R is the angle period ��2

[see Eq. (18)]. Knowing the function f�	�, one can find the
angle of volume reflection for various energies of a particle
beam and different bending radii. One can get the f�	�
function if calculating � for fixed energy E0 as a function
of the bending radius.

Introducing the critical angle of channeling �c ���������������������������
2U0=�E0�

2�
p

, one can write the following relation:

 

�
�c
�

1����
�
p f���; (35)

where U0 is the potential barrier and the dimensionless
parameter � reads
 

� � U0R=��
2E0d� � 10U0
eV�R
m�=��2E0
GeV�d
 �A��

� U0	: (36)

Here f is the same function as in Eq. (34).
Equations (34) and (35) are valid only for the selected

plane of a single crystal [for which the potential function
U�x� is given].

VIII. CALCULATIONS

In this section, we demonstrate the applications of ob-
tained relations for calculations of the specific cases of the
volume reflection effect. Most of our calculations will be
done for the energy of proton beam equal to 400 GeV,
which was planned in the CERN channeling experiment
[13] and for the (110) plane of silicon single crystal.
Besides, at the end of this section we will give an illus-
tration of calculations with the use of a generalized
parameter.

A. Atomic potential for calculations

In contrast to the channeling regime, the above-barrier
particles move throughout all the points of the potential,
and its influence on the motion of the particle arises near
critical point xc, where the particle is located close to the
top of the potential barrier for a long time. Because of this,
we think that the correct choice of the one-dimensional
atomic potential is an important problem.

Taking into account the aforesaid, we choose the one-
dimensional atomic potential according to Ref. [19], where
potential was calculated on the basis of the measurements
of atomic form factors with the use of x rays [20]. For this
aim, we use an expansion of the potential in the Fourier
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series. In a similar manner, we find the one-dimensional
electric field and electron density. All these characteristics
were calculated at room temperature. It should be noted
that this potential was used for comparison of the theoreti-
cal description and experimental results for coherent
bremsstrahlung of 10 GeV positrons for the (110) plane
of silicon single crystal [21], and in this work was shown
very good agreement between theory and measurements.
Besides, we successfully checked the potential with the use
of experimental data [22] which were obtained in the
1.2 GeV electron beam.

We also calculated the one-dimensional potential and
electric fields using the Moliere approximation of atomic
form factors. The forms of both potentials and electric
fields are similar in between, but absolute values for the
Moliere potential are larger approximately by 10% than for
potential on the basis of x-ray measurements. So, the
potential barriers are equal to 23.36 eV and 21.38 eV for
Moliere and above-mentioned approximations, corre-
spondingly (see Fig. 2).

B. Calculation of volume reflection angle

From general considerations, one can expect that behav-
ior of scattered particles depends on the value of bending
radius. Really, at very small radii the effect of volume

reflection should disappear due to a dominant value of
the linear term in the effective potential. Mathematically,
the next condition should be satisfied: �E� U0. From
here one can expect that R0 � �2E0d=U0 is some charac-
teristic radius of the process. Our calculations confirm this
simple argument.

For 400 GeV proton beam, the characteristic radius is
equal to� 3:6 m. The calculations show that at R> 3:6 m
the coherent scattering of particles takes place in one
direction (side) relative to their initial motion and at R<
3:6 m such scattering becomes in both directions. At R>
3:6 m, the incoming particle is deflected in the direction
which is opposite to the convexity of bent planes of a single
crystal, as shown in Fig. 1. For definiteness, we name this
direction the usual one. The angle of the usual direction
[calculated according to Eq. (15) and for the coordinate
system in Fig. 1] is a negative value, but for convenience of
presentation data we define its as the positive one.

Figures 3 and 4 illustrate the calculated volume reflec-
tion angle as a function of the transversal energy for several
values of the radius. As expected, this function is periodic
in accordance with Eq. (16). However, we see that ��E� is a
discontinuous function. The purpose is obvious: it is a
transition by bound from one potential cell to another. It
is significant that function ��E� has a clear maximum and
the value of the maximum decreases weakly with the
radius decreasing. We have found that the appearance of
the maximum (or specifically, when derivative d�=dE �

0) is connected with the form of the atomic potential. For

FIG. 2. One-dimensional potential (a) and electric field (b) in
the (110) plane of a silicon single crystal (at the room tempera-
ture), as functions of the relative coordinate x=d, where d �
1:92 �A is the interplanar distance. Curves 1 and 2 correspond to
calculations based on the atomic form factors from x-ray mea-
surements and the Moliere model.

FIG. 3. The angle of volume reflection as a function of the
transversal energy for the values of radius equal to 25 m (a),
10 m (b), and 5 m (c), respectively.
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some model potentials [such as a parabolic or polynomial
[19] (with several numbers of terms) potentials], the maxi-
mum coincides with the point of discontinuity. Note that
with the decreasing radius the interval of the possible
angles increases. It means that the angle divergence is
small at large enough radii.

Our calculations (see Fig. 4) show that for small bending
radii (< 3:6 m) the scattering takes place in both sides
with respect to the initial direction of motion and for
negative angles absolute values of these angles in 1.5–3

times exceed the maximal value of the positive angles (see
Fig. 5).

Figure 6 illustrates convergence of the integral in
Eq. (15). We see that the main contribution in this integral
brings the range dvf & 100 angstroms. One can assume
that the process is mainly the result of interaction in the
area ��R in the longitudinal direction. This estimation
corresponds to area ��2R in the transversal direction.

C. Initial distributions of particles

Knowledge of the function ��E� allows us to calculate
the initial distribution of particles hdN=d����i over the
volume reflection angle. The calculations may be done
with the help of Eqs. (19)–(21) or Eq. (26). Obviously,
the use of Eq. (26) for calculations is more simple.
However, we made a reconstruction of the distribution
function by the two methods and we verify that they give
the same results. One can find some details of calculations
on the basis of Eqs. (19)–(21) in [23].

Figure 7 illustrates the calculated distribution functions
for several values of the bending radius. One can see that
the distribution functions have a divergence at the maximal
angle �, where the derivative d�=dE is equal to zero [see
Eq. (26)]. At this angle the distribution function dN=d�
tends to �1. However,

R
��
��
dN��� � 1.

We compared our results of calculation according to
Eq. (26) with the calculations by the Monte Carlo method
of the same distributions and got a very good agreement in
between.

The results of calculations of distribution functions for
small bending radii will be presented below.

D. Entering angle distributions

As was considered, multiple scattering distorts the initial
particle distribution. For calculations of this factor, we can

FIG. 5. The picture of volume reflection in a bent single crystal
with R � 1 m and � � 100 �rad. Curves 1 and 2 correspond to
maximal absolute values of � (positive and negative, respec-
tively). For visualization, this figure is shown in a turned (on �)
coordinate system, or, in other words, the z-axis of the new
coordinate system is directed along the initial particle velocity.
The two ellipses present the location of atoms in a bent single
crystal. The elliptic form is due to the difference in scales along x
and z axes.

FIG. 6. Calculations of the volume reflection angle according
to Eq. (15). The relative value ��dvr�=��1� as a function of the
distance dvr � jx0 � xcj. Curves 1, 2, and 3 correspond to R �
25, 10, and 5 m.

FIG. 4. The angle of volume reflection as a function of the
transversal energy for the values of radius equal to 1 m, 2 m, and
3 m (1,2,3 curves, respectively).
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find the distance where the particle is scattered according
to relation: lc � Rj�j. Decreasing of angle j�j decreases
the distance lc. On the other hand, the inequality lc �
Rj�cj should be fulfilled. Thus, we can find that the optimal
angle � lies in the angle range 50–100 �rad. It corresponds
to lc � 0:125–0:25 cm for R � 25 m. We also should take
into account the distance ld after the critical point (see
Fig. 1). Our estimation [see Eqs. (28) and (29)] shows that
the distribution form of the entering beam depends on the
total distance ls � lc � ld and is practically independent of
the relation between lc and ld. Figure 8 illustrates the
results of calculations of the entering angle distributions
at different radii. The calculations are presented for the
three thicknesses ls for every radius. They are 0.125, 0.25,
and 0.5 cm for R � 25 m; 0.05, 0.1, and 0.2 cm for R �
10 m; and 0.025, 0.05, and 0.1 for R � 5 m (curves 1, 2,
and 3, respectively). We assume the initial (incoming)
distribution is physically narrow. From our calculations,
one can see that a form of the outgoing angle distributions
is close to the Gaussian one.

The angle width of the incident beam in the CERN
experiment is expected about some microradians. Then
assuming its Gaussian form, it is easy to find the resulting
angle distribution after a bent single crystal. At the present
time, the precise Monte Carlo calculation of the angle
distributions for conditions of the experiment in CERN
[13] were made [24]. The first measurement [13] of the
mean volume reflection angle for the (110) plane of silicon
gave value 
13:9� 0:2�stat� � 1:5�syst�� �rad. The ana-
lytical description and Monte Carlo predict 14:5 �rad and

14:7–15:0 �rad, correspondingly [13]. We can say that our
analytical description is consistent with experimental re-
sult and Monte Carlo simulations.

It should be noted we also investigate the process of
volume reflection for negative charged particles. Our ana-
lytical description is valid completely for this case (at
corresponding well-known changing of a planar potential).
In particular, we calculate the angle of volume reflection as
a function of the transversal energy. For large enough radii
( � 25 m), the result is similar as in Fig. 3 but the value of
maximal angle is less in� 1:8 times. As result at the same
conditions, the deflection of negative particles due to vol-
ume reflection is more weak in � 1:8 times.

Besides, we made calculations of the entering distribu-
tions for small bending radii <3:6 m. Figure 9 illustrates
these results for 400 GeV positive and negative charged
particles. One can see that the mean angle of volume
reflection is close to zero ( � 1 �rad). However, the dis-
tributions have a large squared mean value of angle (which
exceed the similar angle due to multiple scattering in 3–4
times). We see also the long tail in the direction of the
negative angles. Thus, the relatively small part of particles
may be deflected on a large enough angle in comparison
with the case of large bending radii. We can explain this
fact by the specific form of the effective potential for small
radii (see Ref. [23]). According to our calculations, the part

FIG. 8. Distributions of particles after volume reflection and
multiple scattering (at the output of a single crystal) as functions
of the deflection angle. The zero angle corresponds to the initial
direction of a beam. Calculation was made for different radii:
25 m (a), 10 m (b), and 5 m (c). For additional information, see
the text.

FIG. 7. Distributions of particles over the angle of volume
reflection. Curves 1, 2, and 3 correspond to R � 25, 10, and 5 m.
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of the particles with j�j � 10 �rad is � 28% and � 11%
for positive and negative particles, correspondingly.

It is interesting to note that multiple scattering (in 0.1 cm
of silicon) weakly distorts the volume reflected distribution
(except the singular point vicinity).

E. Calculations with the use of generalized parameters

To this point, we have illustrated the possibilities of our
analytical description only for the beam energy equal to
400 GeV. Now we will discuss calculations with the use of
Eq. (35), which contains the generalized parameter � and is
valid for various energies of ultrarelativistic particles.
Figures 10 and 11 illustrate the behavior of the mean and
squared mean values (divided by the channeling angle �c)
of volume reflection angle for positive and negative parti-
cles as a function of the parameter �. We also present here
the following value: �Mvr�

1=3=�c, where Mvr is the third
central moment of distribution function [see Eq. (33)]. This
value characterizes a degree of the asymmetry of any
distribution. All these values apply only to the pure volume
reflection process. Equations (31)–(33) allow one to take
into account the angle divergence of a beam and multiple
scattering in single crystals.

Calculations were carried out for (110) planes of the
silicon and tungsten single crystals at room temperature.
For the tungsten single crystal, we use the Moliere model
for atomic form factors. One can see that the corresponding
characteristics of both crystals are closely related together.
Our analysis shows that the visible difference is due to a
difference in the form of planar potentials [i.e. due to the
difference of U�x�=U0-function for various crystals].
Hence, we can conclude that curves presented in Figs. 10
and 11 are approximately universal for a class of simple

planar potentials like the (110) plane potential in silicon or
tungsten single crystals.

The main peculiarities of the volume reflection process
are clearly reflected in the figures and were discussed
earlier. So a maximum of the square mean angle takes
place at radii slightly more than the critical radius Rc. It
should be noted that the use of value R=Rc instead R=R0 in
parameter � is impaired universality curves for different
single crystals.

FIG. 10. The main characteristics of volume reflection for
positive particles. (a) Values h�vri=�c, 
vr=�c, and M1=3

vr =�c as
functions of the generalized parameter � for (110) planes of
silicon and tungsten single crystals (the thin and thick curves 1,
2, and 3, correspondingly); (b) normalized potentials U�x�=U0 of
the (110) plane in silicon (1) and tungsten (2) as functions of the
relative coordinate.

FIG. 11. The main characteristics of volume reflection for
negative particles. (a) Values h�vri=�c, 
vr=�c, and M1=3

vr =�c
as functions of the generalized parameter � for (110) planes of
silicon and tungsten single crystals (the thin and thick curves 1,
2, and 3, correspondingly); (b) normalized potentials U�x�=U0 of
the (110) plane in silicon (1) and tungsten (2) as functions of the
relative coordinate.

FIG. 9. Distributions of particles after volume reflection and
multiple scattering (at the output of a single crystal) as functions
of the deflection angle. The zero angle corresponds to the initial
direction of a beam. Calculations were made for R � 1 m, ls �
0:1 cm, and E0 � 400 GeV. Curves 1 (�1) and 2 (�2) correspond
to positive and negative particles. Curves �1 and �2 do not take into
account multiple scattering. The right tails of distributions are
shown in the enlarged scale at 50 times.
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IX. CONCLUSIONS

As considered in the paper, the analytical description of
the process of volume reflection of charged particles in
bent single crystals allows one to find necessary character-
istics of the scattered beam. We think that the proposed
method may be useful at different investigations of particle
interactions with single crystals. This method may be used
in addition to Monte Carlo calculations. Further develop-
ment of our description is needed: (i) the process of the
volume capture of particles in channeling regime should be
included in consideration with the aim of the full descrip-
tion of the process; (ii) the extension of the method on
single crystals with the variable radius is very desirable.

We suppose that the first point may be realized easy
enough because the main cause of the phenomenon is well
known. We believe that the second point may be also
solved if take into account that, near the critical point,
the confined periodicity of the volume reflection angle
takes place in some small volume of the bent single crystal.
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APPENDIX: VOLUME REFLECTION IN FINITE
SINGLE CRYSTALS

Here we will consider bent single crystals of a finite
thickness. This problem was actual for some samples
which were used in CERN experiment [13].

Let us introduce the following definition:

 T�x; xc� �
Z xc

x0

�
1����������������������������������������������������������

2c2

E0�
2 
E�U�x� � E0�2x=R�

q
�

1������������������������������������������������������������
2c2

E0�2 
E�U�xc� � E0�
2x=R�

q �
dx; (A1)

where xc is the critical point [see Eq. (9)]. Then in the case
of a single crystal with the finite thickness, one can find the
angle of volume reflection in the following manner:
 

��x0; xe� � 
vx�xe� � vx�x0� � ~v�x0� � ~v�xe��=c

�
c
R

T�x0; xc� � T�xe; xc��; (A2)

where x0 and xe are the particle coordinates on the entrance
in a single crystal and exit from it. If j�j is the absolute
value of the entrance angle, then

 jx0 � xcj � R�2; (A3)

 jxe � xcj �
l2

R
� R�2 � 2lj�j � R�2

1; (A4)

where l is the thickness of a single crystal. For the sym-
metric case, we have jx0 � xcj � jxe � xcj � l2=�4j�j�. If
calculated in accordance with Eq. (36), the value jxe � xcj
is negative which means that the volume reflection process
is absent.

One can get the following relations:

 vx�x0� � ~v�x0� �

�����������
2c2

E0�2

s

U�xc� �U�x0��

2
������������������������������
E� E0�x0=R

p
�

c
����
R
p���

2
p
E0�2


U�xc� �U�x0���������������������
jxc � x0j

p ; (A5)

 vx�xe� � ~v�xe� �

�����������
2c2

E0�
2

s

U�xc� �U�xe��

2
������������������������������
E� E0�x0=R

p
�

c
����
R
p���

2
p
E0�

2


U�xc� �U�xe���������������������
jxc � xej

p : (A6)

These equations are valid at conditions where E�
E0�2x0 � U�x0� [� U�xe�]. It means that the crystal
thickness is finite but large enough.

Now we can find the meaning of the first square bracket
in Eq. (34):

 
� � �� �

����
R
p���

2
p
E0�2

�
U�xc� �U�xe��������������������
jxc � xej

p �
U�xc� �U�x0��������������������
jxc � x0j

p �
:

(A7)

One can see that for the symmetric case the result is equal
to zero. It takes place if the surface nonhomogenities are
considerably less than the value j�jd. However, on the
practice this condition is violated. Taking into account
this violation, we should consider the values x0 � 	0 and
xe � 	e instead of x0 and xe, where random variables 	0

and 	e are defined in the range of one period d. Under the
assumption of the equiprobable distribution of 	0 and 	e
variables, we can find the mean value of Eq. (A3):
 


� � �� �

����
R
p���

2
p
E0�

2

U�xc� � �U�

�
1�������������������

jxc � xej
p �

1�������������������
jxc � xej

p �

�
1���

2
p
E0�2


U�xc� � �U�
1=�� 1=�1�; (A8)

where �U is the mean value of the potential.
Our calculations show that the value U�xc� as a function

of the transversal energy E is a practically linear one at
large enough quantities of bending radius. Now we can
calculate the angle of volume reflection as a function of the
transversal energy. The further consideration is analogous
to the case of the infinite single crystal.

It should be noted that an additional term [see Eq. (A4)]
is equal to zero for the symmetric case, but our study may
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be used for calculations of nonsymmetric passage of
charged particles through the finite bent crystals.
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