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Relativistic classical and quantum dynamics in intense crossed laser beams
of various polarizations

M. Verschl* and C. H. Keitel’
Max-Planck-Institut fiir Kernphysik, Saupfercheckweg 1, 69117 Heidelberg, Germany

Theoretische Quantendynamik, Physikalisches Institut, Albert-Ludwigs-Universitdit Freiburg, Hermann-Herder-Strafie 3, 79104

Freiburg, Germany
(Received 24 October 2006; published 2 February 2007)

The dynamics of an electron in crossed laser fields is investigated analytically. Two different standing
wave configurations are compared. The counterpropagating laser waves are either linearly or circularly
polarized. Both configurations have in common that there are one-dimensional trajectories on which the
electron can oscillate with vanishing Lorentz force. The dynamics is analyzed for the situations when the
electron moves in the vicinity of these ideal axes. If the laser intensities imply nonrelativistic electron
dynamics, the system is described quantum mechanically. A semiclassical treatment renders the strongly
relativistic regime accessible as well. To describe relativistic wave packets, the results of the classical
analysis are employed for a Monte Carlo ensemble. This allows for a comparison of the wave packet
dynamics for both configurations in the strongly relativistic regime. It is found for certain cases that
relativity slows down the dynamics, i.e., for higher laser intensities, wave packet spreading and the drift

away from the ideal axis of vanishing Lorentz force are shown to be increasingly suppressed.
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I. INTRODUCTION

Over the past few decades, experimentally available
laser power has increased by several orders of magnitude
up to intensities of 102> W /cm?. The interaction of lasers
with atoms involves different regimes, ranging from inten-
sities where the perturbation of atoms by the laser fields is
small up to intense laser fields that exceed the fields of the
nuclei.

With lasers strong enough such that the tunneling regime
is entered, high harmonics of the laser frequency are
generated: The superposition of the electric fields of the
laser and the nucleus creates a potential barrier where parts
of the electron wave packet can tunnel out. As the laser
phase reverses, the ionized wave packets return to the core.
During this recollision process high harmonic radiation is
emitted. For a review of the physics of atoms in intense
laser fields see [1-6]. Recollisions and high harmonics
generation have a variety of applications such as nonse-
quential double ionization [7,8], the creation of attosecond
pulses [9,10] and coherent ultraviolet light [11,12], probing
nuclear motion [13-15], or tomographic imaging of mo-
lecular orbits [16].

Recollisions are suppressed if the laser is too intense,
because the laser magnetic field exerts a force on the
electrons in the laser propagation direction as they are
driven by the electric field. Consequently, ionized electrons
return to the core at a certain distance (for the electron drift
see e.g. [17]). That means the electron velocity has to
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remain small compared to the speed of light for effective
recollisions.

Today, laser intensities have been reached [18,19] which
can accelerate electrons to highly relativistic velocities
[20] giving rise to further effects like pair production
[20—-22], electrostimulated nuclear fission, or nuclear ex-
citation by means of electron impact [23]. However, these
intense laser fields do not allow for recollisions because of
the above-mentioned electron drift due to the Lorentz
force.

Several methods have been proposed to circumvent this
problem of the electron drift such as the application of
additional electric fields pointing in the laser propagation
direction [24], the preacceleration of particles [25,26], to
work with antisymmetric molecular states [27], tailoring
the laser pulses [28], or the use of positronium where both
particles are subject to the same drift [29]. There are
further proposals to work with counterpropagating laser
waves. With the electric fields of linearly polarized lasers
being parallel [30,31], the standing wave has nodes where
the magnetic field vanishes and the electric field amplitude
is maximal. Electrons move along these nodes where the
Lorentz force is suppressed. With circularly polarized
counterpropagating laser fields the magnetic field is anti-
parallel to the electric field, i.e., the Lorentz force vanishes
if the electron oscillates in the electric field direction [32].
Crossed field configurations have been discussed in con-
nection with other applications as well, such as particle
acceleration [33] or high harmonic generation [34].
Stochastic electron acceleration in two superimposed laser
fields has been studied in [35,36].

Experimentally, counterpropagating, strong laser fields
have been created by means of a beam splitter and mirrors

© 2007 The American Physical Society


http://dx.doi.org/10.1103/PhysRevSTAB.10.024001

M. VERSCHL AND C. H. KEITEL

Phys. Rev. ST Accel. Beams 10, 024001 (2007)

[37]. In this setup, an intensity of the order 10'° W/cm?
was achieved implying relativistic electron dynamics.
Further, a new laser system, the Astra Gemini project
which is currently under construction, will provide two
separate laser beams of intensities up to 10> W /cm? (for
details see [38]). Thus, crossed laser beams in the highly
relativistic regime are expected to be available in the near
future.

The purpose of this article is to compare the electron
dynamics in counterpropagating laser field configurations
of linear and circular polarization and to identify the
virtues of the two field configurations. The dynamics is
considered in the regions where the Lorentz force is weak
and the electron motion is close to a one-dimensional
oscillation in the electric field direction. Chaotic behavior
does not occur in these regions. The analysis is carried out
analytically for free laser-driven electrons which includes
classical and quantum mechanical approaches for energies
ranging from the nonrelativistic limit to the highly relativ-
istic regime. The analytical solutions allow for intuitive
insight into the dynamics of electrons in these standing
laser field configurations.

The article has the following structure: In the first sec-
tion, the two laser configurations, which are to be com-
pared, are introduced. Then the classical equations of
motion are analyzed. Solutions are presented both for the
nonrelativistic and the strongly relativistic case. In Sec. IV,
the problem is treated quantum mechanically, including
magnetic field effects of the order 1/c. The dynamics of
Gaussian wave packets is established. In Sec. V, wave
packets are described by means of the classical Monte
Carlo method of phase-space averaging. This approach
also includes the highly relativistic case.

II. LASER CONFIGURATIONS

In the following sections, the dynamics of an electron in
a strong laser field will be examined analytically for two
different standing wave configurations being introduced
now. These configurations are constructed by the superpo-
sition of two counterpropagating plane waves which are
either linearly or circularly polarized. Both have in com-
mon that the Lorentz force due to the magnetic field
vanishes on certain axes. However, the difference is that
the magnetic field itself is zero only in the first case. This
gives rise to a different behavior of electrons moving in the
vicinity of these axes.

Throughout the article atomic units (a.u.) will be used,
i.e., electromagnetism is described by the Gaussian system
with the electron mass, unit charge, and Planck’s constant
set equal to unity (e = m =h = 1).

A. Linearly polarized laser fields

The laser fields are given by the superposition of two
counterpropagating plane waves with equal amplitudes and
the same polarization directions. The electromagnetic
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FIG. 1. The field configuration for two counterpropagating
laser fields with linear polarization in the x direction is depicted.
The laser fields are plane waves propagating in the z direction.
The fields are shown in the vicinity of z = 0, where the magnetic
field is small.

fields and the vector potential A are given by

E = E,cos(wt) cos(kz)%, (1a)

B = E, sin(w?) sin(kz)3, (1b)

A= —EO£ sin(wt) cos(kz)X, (1¢)
3]

with the polarization direction %, and Z being the laser
propagation direction. The explicit form of the two super-
imposed counterpropagating waves can be recovered by
applying the corresponding trigonometric identities.

It is clear that the magnetic field vanishes for kz = nm
(with n being an integer) whereas the electric field has
maximal amplitude. Thus, the dynamics of electrons mov-
ing in these planes will be dominated by the electric field.
Figure 1 shows the field configuration for the vicinity of
z =0, i.e., for (kz)*> < 1. The fields do not depend on the
coordinates x and y.

B. Circularly polarized laser fields

The other field configuration of interest is the superpo-
sition of two counterpropagating, circularly polarized
waves. The superimposed fields are given in the following
form:

E = Eycos(wt)[cos(kz)% — sin(kz)$], (2a)
B = —E, sin(wt)[cos(kz)% — sin(kz)$], (2b)
A= _Eog sin(wt)[cos(kz)® — sin(kz)P],  (2¢)

where the propagation direction is again chosen to be the z
direction. Since only one of the two configurations will be
considered at a time, the notation for the fields E, B, A is
not distinguished. Note here that the magnetic field is
antiparallel to the electric field, i.e., if the electrons move
in the E-field direction, the Lorentz force F= 55/ cXB
vanishes despite the fact that the magnetic field is nonzero
(see Fig. 2).
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FIG. 2. The field configuration for two counterpropagating
laser fields with circular polarization are shown for the vicinity
of the plane z = 0. The plane laser waves propagate in the z
direction. In this configuration, the magnetic field is antiparallel
to the electric field. The plot is at a time where sinwt = coswt.

Y

III. RELATIVISTIC CLASSICAL PARTICLE
DYNAMICS

The classical dynamics of an electron moving in the
vicinity of an axis with vanishing Lorentz force is exam-
ined. The dynamics will be dominated by the simple one-
dimensional oscillation which is found if the particle is
placed exactly on the axis with vanishing initial momen-
tum. Different regimes of laser intensities are considered.
Later on, the classical solutions will be employed to de-
scribe the dynamics of wave packets by means of a Monte
Carlo calculation (see Sec. V).

A. Simplified equations of motion

A classical particle driven by the laser fields is described
by three nonlinear coupled differential equations which are
challenging to deal with analytically. However, if the par-
ticle dynamics deviates only slightly from the ideal one-
dimensional motion along an axis, the equations can be
simplified, decoupled, and partly solved analytically.

1. Linear polarization

The relativistic classical equations of motion are given
by

A =FE+ xB with7=<1 —%) S

dt c c
where the fields are determined by Eqgs. (1). To simplify
these coupled equations, several approximations can be
applied. First, kz is assumed to be small. Consider the
following example for near-infrared laser light with the
wavelength of A = 800 nm. The absolute value of the
wave vector evaluates to k =27/A =42X 10" in
atomic units. The particle is expected to move in the
vicinity of the ideal plane z =0, i.e., as long as the
displacement is not greater than a few hundred atomic
units, kz remains below a small number of the order

107", The case of higher displacements means that the
electron leaves the ideal axis and the trajectory cannot be
considered stable anymore. However, the examples con-
sidered here will be in the regime, where kz remains small.

Second, the motion in the y and the z direction is
assumed to be nonrelativistic, i.e. y/c and z/c are small,
whereas the motion in the x direction, which can become
highly relativistic, is not restricted. This is reasonable,
because the initial conditions are nonrelativistic and the
acceleration by the electric field is in the x direction, which
means that the solution is expected to be only a slight
variation of the ideal solution of a one-dimensional oscil-
lation along the x direction. If these assumptions are ful-
filled, the small terms can be considered up to linear order
and higher order terms are small corrections only. The
results of the examples considered later on will comply
with these assumptions, i.e., the following approximations
are justified:

sin(kz) = kz, cos(kz) = 1, (4a)
5 Ny o
(X) ~ (5) ~Y.2 <, (4b)
c c c c
Yikz~kz=~0. (4e)
c c

Now, the simplified set of equations adopts the following
form:

d
.7 (yx) = Eycos(wt), (5a)
d, ..
E(Yy) =0, (5b)
%(’}/Z) = EOJ—; sin(wt)kz, (5¢)
2\ —1/2
y = <1 - %) : (5d)

From Egs. (5a) and (5d) the y-factor is found to be

p 2
v=_1+ (R sin(wt) + —X>
c
R si t
~ [t Rsin?(on) + —BSin@) P g
J1 + R%sin*(wt) €

with the definition R = E,/(wc) and the initial condition
for the momentum vx(t=0)= p, = (p,, Py, D). For
nonrelativistic initial velocities considered here, i.e., for
p./c < 1, the y-factor can be expanded with respect to
p,/c and it is seen that the term of first order in p,./c is
only a small correction to the leading term.

With the expression for the y-factor, the motion in the x
direction is given by
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Rsin(wt) + L= R sin(wt)
\/1 + [Rsin(wr) + 2P 1+ Rsin?(wi)

pi/c
[1+ R%sin®(wt) /%’

cos(wt)}

o | =

(7a)
¢ arcs'n[ R

x ~ — 1 e —
) V1 + R?

dt
+
Px f[l + R%in?(w?) /2

+ X, (7b)

where the initial position is defined by X(r =0) =
(%0, Y0, 29).- The approximations are again a first order
expansion with respect to p,/c.

Finally, the following equations of motion for the y and
the z direction are found:

R E— (8a)

J1+ Rsin(w1)
5 sin?(wt)

—Z’
J1 + R?sin*(wt)

d
E(Yz’) =Ro (8b)

where the small terms p,/c, p,/c, and kz are again con-
sidered to first order only.

Figure 3 shows the motion of an electron for one laser
period according to Egs. (7) and (8). The diagrams depict
the position depending on time for the moderately relativ-
istic case of R = 1.5. It can be seen that the motion is
dominated by an oscillatory motion in the electric field
direction. The motion in the z direction is unstable, i.e., the
velocity in that direction grows rapidly. It is clear that the
results become invalid once the approximations in Eq. (4)
are violated. However, in this case the electron will have
left the vicinity of the x axis, i.e., it will be outside the
range of interest if the system is applied to induce
recollisions.

Before further investigating Eqs. (8) for certain limits of
R, the analog procedure will be carried out for the case of
circular laser polarization.

(a)

x[10%a.u.]

0 20 40 60 80 100
tla.u.]

2. Circular polarization

The equations of motion (3) for circular laser polariza-
tion [see Egs. (2)] can be simplified by means of the same
approximations (4) as applied in the previous section. Then
the equations of motion adopt the following form:

%(7)&) = Eycos(wt), (9a)
i(yy) = —Eo[kz cos(wt) + z sin(wt)} (9b)
dt c
4y = EOF sin(wi)kz + 2 sin(wt)} 9c)
dt c c

¥2\-1/2
y = <1 - —2> . (9d)

c

Comparing these equations with Egs. (5), it is seen that the
dynamics of y and the motion in the x direction are
identical to the case of linear laser polarization [see
Egs. (6) and (7)]. Now, Eq. (9b) can be integrated to yield

) — Rwzsin(wt)
y="2 . (10)

V1 + R%sin*(wt)

With this result, the dynamics in the z direction is found to
be

_ TR _ R
. p- py{arcsm[m cos(wt)] arcsmm}

V1 + R%sin*(wt)

n

where quadratic terms of p,/c, p,/c, and kz are dropped
again.

The motion of an electron according to Egs. (7), (10),
and (11) with R = 25 is shown in Fig. 4. The diagram for
the motion in the electric field direction becomes an in-
harmonic triangular shape, because the velocity is limited
by the speed of light. As compared to the case of linear
polarization (see Fig. 3), there is no instability in the z
direction.

40
(b)
—30
S,20

10

0 1 2 3 4
yla.u.]

FIG. 3. The motion of an electron in a linearly polarized standing laser field is shown for the moderately relativistic parameter of
R = 1.5. The dynamics is plotted for one complete laser cycle with the initial momentum of the electron p, = 0, p, = p, = 0.05 a.u.
Part (a) shows the time-dependent motion in the polarization direction and in (b) the trajectory in the y-z plane is depicted. It is seen

that the motion in the z direction is unstable.
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FIG. 4. The motion of an electron in a circularly polarized standing laser field is depicted for four laser cycles. Part (a) shows the
dynamics in the x direction whereas (b) shows the trajectory in the y-z plane, i.e., perpendicular to the electric field. With the parameter
R = 25 the motion is relativistic. The initial momentum is chosen to be p, = 0, p, = p, = 0.05 a.u.

B. Nonrelativistic limit

The equations of motion derived above can be solved
completely, if the nonrelativistic limit is considered. In the
following, the parameter R is assumed to be small such that
R? < 1. According to Eq. (6), the y-factor reduces to one
and thus the problem becomes nonrelativistic. Then the
equations of motion simplify from the beginning.

1. Linear polarization

If terms of the order R? are neglected in the equations of
motion (5), the system can be solved immediately. The
following nonrelativistic solution is found:

R
x = — 25 cos(wr) + pyt + xo, (12)
)
Yy = pyt + Yo, (12b)
7= p,t+y,. (12¢)

The motion in the y and the z direction is equal to that of a
free particle. In the polarization direction, one finds a
harmonic oscillation caused by the electric field of the
laser with an additional drift term p,¢.

2. Circular polarization

In the nonrelativistic limit where R? << 1, the equations
of motion (9) for circular laser polarization can be solved
as well. The following result is found:

x=— % cos(wt) + p.t + xo, (13a)
y=pyt+y+ R(t - % sin(an‘))pZ

— R(p.t + zo)[1 — cos(wi)], (13b)
z=p.t+zy+ R(t — é sin(wt))py. (13c¢)

The dynamics in the x direction is equal to the case of
linear polarization [compare Eq. (12a)], whereas the dy-
namics in the other directions differ slightly by the terms
proportional to R. This is due to the different magnetic
fields of the two configurations.

C. Highly relativistic case

The fully relativistic equations of motion can also be
simplified for the interesting case that the motion in the x
direction becomes highly relativistic. In this limit, the
approximation R? > 1 will be applied, i.e., terms of the
order one are neglected with respect to those of the order
R?. With this approximation, the position can be deter-
mined analytically at several interesting instants of time,
e.g., after a quarter of a period when the particle has
reached its maximum speed or after a full period.
According to Eq. (6), the maximum value of the y-factor
becomes Y.« = R.

1. Linear polarization

To integrate the equation of motion for the y direction
(8a) two different periods of time are considered:

B —py
V1 + R%sin?(wt)
Py 102
— sin*(wt) K 1
— \lll;tv(th)z L ) (14)
Rsin(wn)’ R*sin (Cl)t) > 1.

These terms can be integrated to yield

y = %arsinh(th) + Yo, for sin*(wr) < 1, (15a)
w

y = Py log<tanw—t> + Yo, for R?sin’(wt) > 1. (15b)
Rw 2

Now, the integration constant y; needs to be matched such
that the function is continuous. At the matching point 7,
which needs not to be specified here, both conditions in
Eq. (14) sin’(wf) < 1 and R?sin’(wf) > 1 have to be
valid. These are employed for the following approxima-
tions:

arsinh(Rw?) = log[Rwi + 4/1 + (Rw?)*] = log(2Rw?),

(16a)

lo tanw—f = lo ot
o) = 1oe( )

(16b)
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The condition that (15) be continuous gives
. Dy
Yo =2 log(4R) + yo. (17)
w

The error of this result decreases as R increases, because
the requirements R?sin?(w?) > 1 and sin?(w?) << 1 can be
better fulfilled simultaneously in the area where the two
functions (15a) and (15b) have to match. A comparison of
this result for y(wt = 77/2) with a numerical integration of
Eq. (8a) for the moderate value of R = 10 gives only a
relative error of less than 0.2%.

Note, that the distance the electron travels in the y
direction is proportional to R, i.e., the greater the laser
intensity becomes, the closer the electron stays to the initial

position y,. This can be understood as follows. According
|

[1 + (RoH?*) 5 = —RPwi=+ (Roi’z,
w w

3
w2

The first equation can be solved perturbatively:
[R72+ (a)t)z]i2 + oo — (w1)?z5 = Mw)*(z — z¢),
w w

(20a)

2(t) = fo() + Af1(0) + - - - (20b)

The parameter A is equal to unity and serves only to count
the orders of the perturbation expansion. By inserting the
ansatz (20b) into Eq. (20a), a differential equation is found
for each order of A which can be solved successively. With
the right-hand side of Eq. (20a) being a small perturbation,
the series converges quickly. The dominating part of the
solution will be given by the zeroth order term fy(z),
whereas the first order correction can be used to control
the error.

The inhomogeneous linear differential equation of ze-
roth order in A is solved by the ansatz

fo_  p@

—, 2
© 1+ (Rwt)?
which yields the following result:
inh(Rwt
[ . S—. 2<wt _ _arsithRwr) )ZO, (22)
JI+ (Rwt)? 2 R\1 + (Rwt)?

— Pz
. Rw

, (wt)?* arsinh?(Rwt)
h(Rwt) + 1+ - .
arsinh(Rw?) zo( 1 iR )

(22b)
The error of considering only the lowest order in the

expansion (20b) is small, which can be shown by determin-
ing an approximation for the first order correction term

Z
= —cot(wt)— + z,
w

to Eq. (5b) the momentum in the y direction is constant:
Yy = py. This means, if the y-factor becomes high due to a
relativistic motion in the x direction, y has to become
small.

To investigate the dynamics in the z direction, the dif-
ferential equation (8b) has to be analyzed. It can be rear-
ranged to the form

[1 + R?sin?(wt)] —R?sin(w?) cos(a)t)5
w

< _
o2
+ R%sin*(wt)z. (18)

The equation is examined separately for two different time
domains and reduces to the following simplified equations:

for sin?(w?) < 1, (19a)

for R%sin*(wt) > 1. (19b)

{
f1(8). Therefore, R > 1 can be employed to simplify f(7)
and one can derive the approximate correction term

f1(0) = 6—14 (w1)*z, (23)

which is in fact only a small correction for the times
sin’(wt) < 1 where the differential equation is valid.

Now, the differential equation has to be solved for the
times when RZsin’(wt) > 1 [see Eq. (19b)]. Linearity
requires the solution to be of the form

z= hl(wt)% + hy(w)Z, (24a)

2= (@) 2+ i(wng = hi(@n)p. + hyw)od,
(24b)

i.e. z(#) can be written as a linear combination of two time-
dependent functions /,(¢) and h,(¢), whereas the initial
conditions at the initial time 7 are given by z(t = 7) = Z,
and z(t = 7) = p,. The prime in Eq. (24b) denotes the
derivative with respect to (w?). Since the differential equa-
tion does not depend on R, the coefficients can be calcu-
lated numerically for certain times ¢ without loss of
generality. The constants /1, /,(w?) and £/ j»(o1) are fixed

by calculating the solution for two linearly independent
pairs of initial conditions. An interesting instant is when
the particle reaches its maximal velocity, i.e., for wt =
7r/2. Equations (19a) and (19b) are coupled at the time 7,
which needs to be chosen suitably such that the validity of
both limits sin’(w?) < 1 and R?sin*(w?) >> 1 is ensured.
With w7 = 0.1 good agreement with the original differen-
tial equation (18) is expected for values R > 50, but as it
will turn out, the results will be valid for values much
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smaller. The coefficients are found to be

T T
=) =0.44, =) =179,
h1<wt 2) 0 h2<wt 2> 79

h’2<a)t — g) — 1.32.

The initial velocity p, and the initial position Z, are deter-
mined by Eqgs. (22) for the preceding time domain. The
results for z(wt = 7/2) and z(wt = 7/2) can be written in
matrix form:

(Zé)g/)w> - B(z‘(zfgi/)w> -5 'A< oo ) (26)

with the definitions

(25)
hﬁ(wt — g) —0.38,

B ( = Llog®? log@))
- _ 5log® 10 ’
0.05 — 2% I on
s (179 044
1.32 0.38 )

Matrix A follows from Eq. (22), which can be simplified by
means of the same approximations already applied to
decompose the original differential equation [see
Egs. (18) and (19)], ie. sin’(wf) = (wf)> <1 and
R?sin?(wf) = R*(wf)*> > 1. This also implies the approxi-
mation (16a). B is determined by Eqgs. (24) and (25).

In the same way, the position and the velocity can be
calculated after half a period:

) =2 aigi) =2 €24, 5)
28)

(s

The matrix C is again calculated numerically by solving
the differential equation (19b) in the interval 7/2 < wt <
7 — wi. D can be constructed from Eq. (19a), because the
differential equation (18) looks the same for the intervals
(7 — wi) < wt < 7 and 0 < wt < wf (a time shift of half
a period leaves the equation invariant), i.e.,

2m) 27— i)
(zw)/w) —P (zw - wa/w)
f 20\ _ [ A~
@b (Z'(O)/w) (Z(—wi)/w’ 29

where D! follows immediately from Eqs. (22) with the
time given by = —7. Then the following results are
found:

3.81  4.41 | loa®/S)
= = 10
¢ <13.20 17.89)’ b <%R 1?6 - (30)

To obtain D, a term log(R/5)/200 = log(2Rw?)wf/2 has
been considered small as compared to one. In principle,
this term could become large, but for the corresponding
high values of R the matching point 7 can be chosen to be
much smaller which increases the precision and changes
the matrix entries.

The coefficients in the differential equation (18) are
periodic in wt = 7, i.e. 7 and Z can be determined at any
time w? = n - 7/2 (n being an integer) by subsequently
multiplying the matrices B+ A and D - C.

There is an important difference between the dynamics
in the y and the z direction. Whereas the motion in the y
direction freezes as R becomes high, the motion in the z
direction is unstable. By multiplying the corresponding
matrices, the following limits for high values of R are

found:
T
Z(§> = 1.81Z0,

z(m) = (5.11 + 4.78 logR)z,.

(31a)
(31b)

Thus, the distance to the plane z = 0 roughly doubles
during a quarter of a period and depending on R it increases
further for half a period.

For R > 30 the entries of the matrices B-Aand D - C -
B - A deviate from the exact results by less than about 1%.
The error increases for smaller values, but for R = 10 it is
still of the order of 5% only. The essential result is that in
the strongly relativistic regime the motion in the z direction
becomes unstable for times greater than half a laser period.
This instability originates from the nonvanishing magnetic
field in the vicinity of the plane z = 0. Obviously, the
magnetic field in the y direction is directed such that,
together with the motion in the x direction, the Lorentz
force pushes the particle farther away from the plane
z=0.

2. Circular polarization

Now, the corresponding analysis will be carried out for
circular laser polarization. The location and the velocity of
the electron will be calculated for wt = 77/2 such that a
direct comparison with the case of linear polarization will
be at hand. A further instant of interest is the time when the
equations of motion adopt their original form again, which
is after a full laser period. Knowing the state of the particle
after a period, this allows for an analysis of the long-term
behavior.

In the strongly relativistic case, i.e., for R> > 1 Eq. (11)
can be simplified by means of
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R over a whole period yields
—=1, (32a)
V1+R?
. T-ot, O0=sowt<m b ) = /2” (p. + 3 py)d(wi)
aresinfcos(w?)] = {wt -3, 7=wt<2m (32b) 0 @1+ R%*sin’*(w?)
T log(4R)
Then one finds = 4<Pz + Epy> - + 2. (34)
_ 1
/1 + R2sin?(w?) The integral in Eq. (34) has already been solved in the
previous section [compare Eq. (14)].
+ p,wi), = owt< . S .
{(p el O=owt<m (33) If the integration is only for a quarter of a period, the
[p. + py,Q7m —0t)] 7=wt<2m following integral is split up into regions where either
sin?(wt) = (wt)? < 1 or R2%sin?(wt) > 1 can be ex-
Considering that [i(wt = m/2)/[1 +  ploited; € is a matching point where both conditions are

R%sin?(w1)]7'2d(wt) = 0, the integration of Eq. (33)  valid:
|

/2 t € t 1 (m/2 t 1 [e t 1.832 1
[ dton =~ [Tatwn = ¢ [ aton T [Cdlon 2=
0 /T + R2sin%(w1) 0 1+ (Rwi)? R Jo sinlwt) R Jo sin(wt) R R

(35)

The first integral is carried out analytically, the second one can be evaluated numerically without spoiling the dependence
on R and the third one simplifies because (w?)> << 1 for ¢t < €. Finally, employing both conditions at the matching point
R?sin’(€) = (Re)?> > 1, the result becomes independent of e.

In all, the z position after a quarter of a period is given by

+
Row Rw

2

(77> _ p loglR) | P, (1.832 - %) + 2 (36)

The position in the y direction is obtained by integrating Eq. (10). Therefore, the following integral needs to be analyzed:

wt R - si ®
l ZM = zarcsin[cos(w?)] — zzo — f tz’ arcsin[cos(w?) d(w?). (37)
1 + R%sin%(w?) 2 0

This is obtained by a partial integration and by employing Eq. (32a).
For a whole period, i.e., for wt = 277, and by employing Eq. (32b), the following integral occurs which can be solved
with the same reasoning as applied to Eq. (35):

2
a T — 1t — t T — € t - t
T ot w>d(w)xf B S Y G G}
1 + R?%sin?*(wt) 0 /1 + R%sin*(w?) 0 /1 + (Rwi)?
27 (/2 wt(7m — wt) e wt(m — wi) 7 logdR 8.414 27
R [ﬂ) sin(wt) dlw?) ﬁ) sin(wt) d(wt)} 2 R R R?
(33)

d(wt)

The first integral has the same form as in Eq. (34). A term (2R*) 'arsinh(Re) has been dropped here, because the
dependence on R™? makes it only a minor correction. Summarizing, the y position after a whole period is found to be

410g4R 2 2
y2m) = 228 [(1 +%>py+gpz}—&<16.83—%>+y0. (39)

Rw Row
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Considering the y position after a quarter of a period,
integrals occur which have already been considered [see
Egs. (35) and (38)] and the following result is found:

y(ar/2) = 2K (py - Epz> - &<7.085 - 1)

Rw 2 Rw 2R
P: 1 ™

+ L (1830 — ) =T 4y, 4
Rw( 83 R) 5% T Yo (40)

Considering the limit of high values of R, this expression
reduces to

y(m/2) = — gZO + Yo (41)

Here, the initial z position appears with a factor similar to
the case of linear polarization [compare Eq. (31a)].
However, after a full period the particle returns to its initial
position (yo, zp) according to Egs. (34) and (39). This
means that the configuration of circularly polarized light
becomes superior to the other in the long-term behavior.
This can be further investigated. The particle state after a
full period is given by y = p,, Z = p,, and Egs. (34) and
(39). The equations of motion are periodic, i.e., these
results can be used to obtain the particle state after any
complete period by consecutively calculating the initial
conditions of the next period. The following result is found
for the state after n full periods:

y(wt =2mn) = p,, (wt =2mn) = p,,

y(wt =2mn) = nly(wt =2m) = yo] +y0,  (42)

2wt = 27n) = n[z(wt = 27) — z¢] + 2.

After any full period, the momentum takes its initial value
whereas the distance to the origin increases linearly, i.e.,
there is no exponentially growing instability as in the case
of linear polarization. The distance from the x axis even
grows more slowly as the laser intensity increases which is
seen from the R~ !-dependence of y(wt = 27) and z(wt =
21) [see Eqgs. (34) and (39)].

IV. QUANTUM MECHANICAL TREATMENT

In the following, a quantum mechanical description of
the electron dynamics will be developed. As opposed to
classical mechanics, the wave character of the particle is
taken into account. With the quantum mechanical results at
hand it will be seen how they are related to the classical
description.

A. Solution of the Schrodinger equation

The quantum mechanical dynamics of an electron in a
laser field is determined by the Schrodinger equation:

Oy —ny =L LAT
lal/I—H(// 2[ iV CA:|<//

= 1[—62 8 iAZ}p. 43)
2 c c?

The vector potential is assumed to be given in the Coulomb
gauge (6 A= 0). For the two laser configurations defined
by the vector potentials (1c) and (2c), this equation can be
solved for a spatially restricted area. It will be assumed that
the particle is found close to the plane z =0, i.e., the
calculation will be carried out to linear order in (kz).
Once the solutions are known, wave packets describing
localized particles can be constructed which conform to
this assumption.

1. Linear polarization

The vector potential for the case of linear laser polar-
ization [see Eq. (Ic)] reads

A= —E)= sin(wn)s, (44)
w

if terms of quadratic or higher order in (kz) are dropped.
Then the following ansatz is inserted into the Schrodinger
equation (43):

i = expil po - (¥ — %) + w(1)], (45)

where py = (p.. py, p.) denotes the initial electron mo-
mentum. This yields a condition for the time-dependent
function w(z) which can easily be integrated. Then the
solution is found to be

s s S . E
¢ = exm[po (¥ = Xo) — Epozt + w—gpx cos(wt)
E? 1
- m(f - % sm(2wt)> i| (46)
Later on, this result will be used to construct a localized
wave packet. But first, the corresponding calculation will
be carried out for the case of circular polarization.

2. Circular polarization

The simplification that only linear terms of (kz) are
considered reduces the vector potential (2c) to the follow-
ing form:

A= —Eog sin(wn)[# — (k2)9]. 47)

As opposed to the case of linear laser polarization, the
vector potential does not become independent of the z
coordinate. The corresponding Hamiltonian reads

-1 g2y 9l
H 2[ \% 2zw sm(wt)(ax (kz)ay>

2
+ Eozsinz(a)t)} (48)
w
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The solution to the Schrodinger equation is found the same
way as in the previous case. Because of the dependence on
(kz), the ansatz (45) needs to be extended by an additional
term g(¢) - kz in the exponent:

= expi[ py - (¥ — %) + w(n) + g(1) - kz]. ~ (49)

By inserting this ansatz into the Schrédinger equation (43),
two conditions for the unknown functions w(z) and g(z) are
found, one for each order of (kz). Terms of quadratic order
in R = E/wc can be neglected with respect to unity,
because R is a small number in the nonrelativistic regime
considered here. Then the wave function ¢ is found to be

. l, E
Y= exm[po (&= Fo) =Pt + w—gpx cos(wr)
E} 1. 1 .
m(f % Sln(2wt)> prpz<t ; Slﬂ(a)t))

+ pr<1 - cos(wt))z} (50)

With the results of the following section, this solution will
be employed to construct a Gaussian wave packet.

B. Gaussian wave packets

Gaussian wave packets have the convenient property
that they are easy to handle and that the widths in both
momentum and coordinate space are well defined.

The goal is to superimpose general functions of the form

b = explif(x, p, )], (51)

1
N2
with the following, normalized Gaussian shaped weighting
factor:

_ 1 _(p — po)?
'3 exp N

VAP

(52)

Here, f(x, p, t) is a general real function which depends on
time, one spacial variable x, and the corresponding mo-
mentum p. The maximum of the momentum distribution is
given by p, with the width A p, where the width is defined
such that the probability distribution of momentum |&|?
drops by a factor of the Euler number with respect to
the maximum for the momentum p, = Ap. If the
p-dependence of f(x, p, t) is only linear or quadratic, the
superimposed wave function W(x) and the probability
density |W(x)|> have an explicit solution (for a detailed
calculation see [17]):

W(x) =7 Y4Ap~t —iApf'(py)] V2
Ap?f'(po)?

X explif(po)lexp— T= A" (pg)’ (53a)
P12 = 72 [Ap~2 + Apf'(po)*] />
/ 2
X exp— F'(po) (53b)

Ap=2 + Ap?f"(po)*

The primes denote derivatives with respect to p. The
maximum of the wave packet is determined by the first
derivative of f(x, p, t), the width by the second.

C. Quantum mechanical wave packet dynamics

The results of the last section, together with the solutions
of the Schrodinger equation, can now be employed to
construct localized wave packets. This means the assump-
tion that the particle is found close to the plane z = 0,
which was used to solve the Schrodinger equation, will
finally be met such that consistent solutions will be at hand.

1. Linear polarization

The solution (46) of the Schrodinger equation can be
written as a product of three factors, each depending only
on one momentum variable p,, p,, or p.. Then Eq. (53b) is
applied to each of the factors to obtain the following result
for the probability density:

(e y, 2 D = 7w 32[Ap~2 + Ap2R2] 32

R+ f

X exp— ————"2",
P AP 2+ Ap22

(54)
R

fi=x—xy+ e cos(wt) — p,f,
w

Hi=Ey=yo—pt fo=27 27 pit

The dynamics of the maximum of this wave packet is
found by equating the functions f, . to zero. It is seen
that the maximum describes the same trajectories as a
classical particle [compare Eqgs. (12)].

The wave packet remains spherically symmetric, with
the spacial widths Ax> = Ap~2 + Ap?s>. The spreading
dynamics is identical to the one of a free particle (compare
for example [39]), i.e., in the configuration of linear laser
polarization, wave packet spreading is not affected by the
laser fields.

2. Circular polarization

The solution of the Schrodinger equation (50) contains a
mixed term pyp,, i.e., it cannot simply be written as a
product of three exponentials where each depends only on
one momentum variable. Thus the three-dimensional prob-
lem does not reduce to three one-dimensional ones from
the beginning. However, a separation can be accomplished
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by means of a coordinate transformation, i.e., the exponent
of Eq. (50) is a quadratic form which needs to be diago-
nalized. The diagonalization is achieved via a rotation
about the x axis by an angle of 77/4. The new coordinates
¥ and 7 are related to the old ones by the following trans-
formation law:

| _ b
y —ﬁ(y+z), y —\/E(y ?), 55)
= Gmy) =G+
RV A G,

This transformation is applied to both the spacial and the
momentum variables p, and p.. Then the wave function
(50) can be separated according to (p,, Py, p;) =
exp(p,) - exp(p,) - exp(p.). Now, Eq. (53b) is applied to
each factor and the probability density turns out to be

lp(x, y, 2, D> = 732 (Aw, Aw, Aw_)~!
ﬁ__ﬁ__ﬁ}

Aw2  Awr Aw?

X exp[—
Rc
fr=—(x—x0) — . cos(w?) + p.t,
fy= == 50) — 3R = cos(@n](5 + 2)

+ pyt + Rp,

1
t—— sin(wt)),
)

i RN

ﬂz—@—m+—(vwmw®@+a

[\

- - L.
+ p.t— sz<t -— sm(wt)),
w

JAPTE+ Ap*P,
1 2
Aw, = \/Ap_2 + Apz[t - R(l -— sin(wt))} .
w
(56)

Wy

By equating the arguments of the exponential functions to
zero, the motion of the maximum of this Gaussian is found.
If the result is transformed back to the original coordinates
by means of Eqgs. (55) the classical equations of motion
(13) are recovered.

The exponents in Eq. (56) contain mixed terms y 7, i.e.,
the widths of the wave packet cannot simply be read off.
Instead of carrying out a cumbersome coordinate trans-
formation which diagonalizes the quadratic form in the
exponent, the widths are examined only after full periods.
At these times the mixed terms do not appear.

The following widths after n laser cycles are found:
2
Ax = \/Ap2 + A,ﬂ(ﬂ) ,

1)

Awg: = \/Ap2 + Ap2<%(l + R))

For full laser cycles, the wave packet widths are similar to
those of the linear polarization configuration [compare
Eq. (54)]. Differences are given by the factors (1 = R)
which only slightly deviate from unity in the nonrelativistic
regime considered in this section. The deviations originate
from the nonvanishing magnetic field of this laser
configuration.

(57)

2

V. RELATIVISTIC WAVE PACKET APPROACH

For a fully relativistic quantum mechanical description
of wave packets, one has to deal with relativistic wave
equations. One approach is the numerical propagation of
wave packets on a grid by means of the Dirac equation
[40—46]. However, these calculations remain challenging
due to limited computing power. An analytical solution of
the Dirac equation for an electron in a propagating laser
field is given in [47]. A further method to describe the
electron wave packet dynamics is phase-space averaging
where an ensemble of classical trajectories is used to
mimic the wave packet. The initial conditions of the elec-
tron are not known exactly because the electron is subject
to some quantum mechanical initial state which has to
conform with Heisenberg’s uncertainty principle. The
probability to find the electron in a certain volume is then
determined by varying the initial conditions and checking
how many classical trajectories end in this volume. This
classical Monte Carlo description has been applied to
describe both nonrelativistic [48—50] and relativistic
[32,51,52] laser-atom processes. Here, an analytical im-
plementation of phase-space averaging is chosen which
makes use of the classical solutions derived in Sec. III.
This approach describes wave packet spreading but it does
not include intrinsic quantum mechanical effects like in-
terferences or spin. However, in this one-particle scheme
interference effects are expected to play a minor role and
spin effects can be neglected for laser intensities that are of
interest here [6,53].

For calculating reaction rates such as for electron-core
collisions, the spreading dynamics of wave packets is
essential. In general, the more wave packets spread in the
directions perpendicular to their directions of motion, the
more the reaction rates decrease. Therefore, the electron
probability densities for the two configurations will be
determined for the y-z plane.

A. Circular polarization

The solutions of the classical equations of motion are
given in a form where the dependence of the initial con-
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ditions is linear. For the motion in the y and the z direction,
they have the following structure:

y(1) =g(t) - p, + g3() - p, + g5(1) - 2o + Yo

(58)
2(t) = g2(1) - p, + g4(1) - py + 2.

These equations need to be inverted, such that the momen-
tum is found which is needed for a classical particle to
travel from the initial position (y,, z) to some other point
(y, z) at time ¢. Then the probability to find the particle
there is proportional to the probability w(p,, p.) that the
particle has the required initial momentum (p,, p.). The
initial state ¢ is given by the product of two Gaussians as
in Eq. (52) which give the following distribution for the
initial momenta:

(py - pym)2 + (pz - sz)z
Ap?

w(py, p.) exp[— } (59)

(py,» Pz,) is the maximum of the initial momentum distri-
bution. Now, the initial position (yy, z¢) is distributed ac-
cording to the probability density following from the initial
state in coordinate space i, which is related to i, by a

Fourier transformation. Thus, the probability density is
given by

p(y, 2, 1) * ﬂ dyodzow(py, p.) * [ (o, 20)I*

— ! 2 + _ 2
_ ff dyodo exp_{(p} IJM)A 2(pZ p.,)
p

+ Ap*(yo — ym)* + Ap?(zo — zm)z} (60)
|

Ap=2(y* + 22) + Ap*[(g3z — g29)* + (g3y — 812)*]

where (y,,, z,,) is the initial position of the wave packet
maximum. This double integral can be carried out in
principle, but it is much more instructive to consider the
interesting special case of an initially spherical wave
packet whose maximum moves along the x axis. This
means, with Ap, = Ap. = Ap and py,, = poy = 2y =
v, = 0, the calculation simplifies considerably. Although
the motion of the maximum will be one-dimensional, this
does not hold for the members of the classical ensemble.
Simply speaking, the major part of the wave function does
not move on this axis. Further, the probability density will
be calculated for full periods only. The advantage of this
restriction is that the coefficient g5 becomes zero and g;
and g, are equal. Both is seen if the equation of motion in
the y direction (10) is partially integrated:

y(t) = <]01 z(e"dr' + z0> arcsin[\/% cos(wt):|
— 20 arcsin[\/%}

: R
— | dr'z(t) arcsin|:— cos(wt’)}
ﬁ V1 + R?

1+ R2sin’(wf)

(61)

For full periods, the terms depending on z, cancel. The
equality of g3 and g4 is seen by formally integrating
Eq. (11) and by comparing the terms proportional to p,
to the terms of Eq. (61) proportional to p,.

After some algebra, the final result can be written as

p(y, z, 1) * exp—

The factor which renders this proportionality an equality
can be found by normalizing the probability density. This
will be accomplished once the widths of the wave packet
are evaluated.

The next step is to employ the expression for the proba-
bility density to derive expressions for the wave packet
widths in the relativistic regime. Therefore the quadratic
form in the numerator of Eq. (62) needs to be diagonalized
such that the mixed terms yz vanish. With the correspond-

ing coordinates Y, Z the normalized probability density
|

Aw?

[Ap~2 + Ap*(gd — 818 + (g1 + £2)°

[Ap~2 + Ap?(g3 — g18)F + (g1 + g2)°

(62)

{
adopts the form

o 1 Y \2 Z \2
P2 = oo () (@) ]
(63)

The transformation from the old to the new coordinates is
not important here. It is sufficient to determine the widths
Aw , by means of the eigenvalues. The widths are found to
be

2= :
Ap~2+ Apd + (g3 + 83) = 1,/(e7 — 3 + 4gd(e + £2)*]

(64)
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There is an important result which can be deduced from
this complicated looking result. In the relativistic limit of
the classical equations of motion (34), (39), and (42), one
finds that all of the coefficients g, g5, g3 are proportional
to 1/R after n full periods:

n a? 27
= |41+ 2)log4R — 16.83 +
g1 Rw[ ( 2) og 6.83 R } (65a)
4nlogdR
gy = R_g , (65b)
w
27nlog4R
g3 =T (65¢)
w

This means that the greater R is chosen, the smaller the
widths will be after n full periods. This behavior has a
simple explanation. As the particle approaches the speed of
light, time dilation inhibits wave packet spreading. The
theoretical limit for the minimal widths is given by the
initial widths of Aw;, = Ap~!. As opposed to the case of
linear laser polarization, the dynamics is not unstable in the
z direction.

A comparison of the relativistic and the nonrelativistic
regime is shown in Fig. 5. The probability densities are
plotted according to Egs. (10), (11), and (62). It is seen that

wave packet spreading is reduced in the relativistic case.
|

2
o~ o y
PO, 2) "e"p[ Ap_z+Ap§(10g4R)2/(Rw)2}eXp[

B. Linear polarization

An analogous derivation can be carried out for the case
of linear laser polarization. However, the structure of the
equations of motion is easier since the equations decouple.
Therefore, the solution for each direction can be written in
the one-dimensional form:

x(t) = a(t) - po + b(t) - xo + d(1), (66)

where the functions a(z), b(z), d(z) do not depend on the
initial conditions p, and x,. As in the case of circular
polarization, this needs to be solved for the initial momen-
tum pg, inserted into the initial momentum distribution
[the one-dimensional analog of Eq. (59)] and finally the
initial position has to be averaged [compare Eq. (60)].
Then the one-dimensional probability distribution is found
to be

_ _[x = b()x,, — d(t) — a(®)p,,J*
ol ) = wexp| = e
(67)

where « can be adapted to normalize the distribution.

For example, this result can be employed to construct the
probability distribution for the y-z plane after a quarter of a
laser period for the relativistic case. The coefficients a(z),
b(t), d(r) follow from the classical solutions given by
Egs. (15b) and (26):

_ z (68)
3.28Ap 2 + Ap*(1.53 + 1.7910gR)*/(Rw)?* |

R=0.1

o
120 a.u.

120 a.u.

-
=

R=25

/

y

FIG. 5. The wave packets in the y-z plane, i.e., perpendicular to the electric field, are depicted for counterpropagating circularly
polarized laser fields at the initial time and at four consecutive full periods. The initial widths are Ap = 0.2 a.u. In the highly
relativistic regime (bottom row, R = 25), wave packet spreading is strongly suppressed compared to the nonrelativistic case (top row,

R=0.1).
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R=0.1

40 a.u.

40 a.u.

/.\
N4

R=10

y

FIG. 6. The nonrelativistic wave packet evolution (top row, R = 0.1) is compared to the relativistic case (bottom row, R = 10) for
linearly polarized crossed laser fields. The probability densities in the y-z plane, i.e., perpendicular to the electric field, are shown for
the times wt = {0, 77/4, /2, 377/4, 7} (from the left to the right) with the initial widths Ap = 0.5 a.u. As long as the wave packet is
small, spreading is suppressed in the relativistic case, but after some time the instability in the z direction becomes dominant.

K is the normalization constant.

Figure 6 depicts the evolution of the wave packet in the
y-z plane for a full period, based on Egs. (8) and (68). Two
different parameters R have been chosen to compare the
nonrelativistic to the relativistic wave packet dynamics.

It can be seen that wave packet spreading is inhibited in
the relativistic case. However, for long times the instability
becomes dominant stretching the wave packet in the z
direction.

VI. CONCLUSIONS

Throughout the article it was assumed that the electron
in both configurations—linear and circular polarization—
oscillates close to an ideal axis where the Lorentz force
vanishes. For the case the electron can be described non-
relativistically, i.e., the velocity is small compared to the
speed of light and terms of higher order than 1/c are
negligible, the systems have been described classically
and quantum mechanically. It was found that the maximum
of a Gaussian wave packet moves like a classical particle.
For both configurations, wave packet spreading was found
to be similar to that of a free particle.

The strongly relativistic electron dynamics was de-
scribed analytically by passing over to a classical method
where wave packets are described by an ensemble of
classical trajectories. This Monte Carlo approach of
phase-space averaging requires the knowledge of the clas-
sical particle dynamics. Considering a classical electron
after a quarter of a period, i.e., at the time when it reaches
its maximum velocity for the first time, both configurations

give similar results. However, if the time is chosen to be
longer, the configuration with linear laser polarization
becomes highly unstable in the laser propagation direction,
i.e., the distance from the ideal axis increases quickly. This
behavior transfers to the wave packet dynamics in the
Monte Carlo approach. After a quarter of a laser period
when the electron has reached its maximal energy both
configurations work equally well, whereas higher laser
intensities reduce wave packet spreading. However, for
longer times, the case of circular polarization turns out to
be much more effective. The reduction of wave packet
spreading increases with the strength of the driving laser
fields. The configuration of linear laser polarization
shows a different behavior. For strong fields, the instability
in the laser propagation direction dominates the positive
effect of time dilation on spreading, i.e., the wave packet
is stretched. This effect increases with stronger laser fields.

In all, it has been found that the dynamics of electrons
oscillating close to an axis of vanishing Lorentz force have
similar properties in both configurations if the dynamics is
nonrelativistic. For short times like a quarter of a laser
period, this even holds for the highly relativistic case.
Differences occur in the relativistic long-term behavior.
As opposed to the case of circular polarization, the con-
figuration with linear polarization shows an instability in
the directions of laser propagation.
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