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Particle-core model for transverse dynamics of beam halo
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The transverse motion of beam halo particles is described by a particle-core model which uses the
space-charge field of a continuous cylindrical oscillating beam core in a uniform linear focusing channel
to provide the force that drives particles to large amplitudes. The model predicts a maximum amplitude
for the resonantly-driven particles as a function of the initial mismatch. We have calculated these
amplitude limits and have estimated the growth times for extended-halo formation as a function of
both the space-charge tune-depression ratio and a mismatch parameter. We also present formulas for
the scaling of the maximum amplitudes as a function of the beam parameters. The model results are
compared with multiparticle simulations and we find very good agreement for a variety of initial particle
distributions.  [S1098-4402(98)00022-6]

PACS numbers: 29.17.+w, 29.27.Bd, 41.75.—i

I. INTRODUCTION beam. In the model the central charge distribution, or

L . . core, oscillates as a consequence of the initial mismatch,
High-intensity charged-particle beams can develop ex: ; . . . o

; ' and particles, including those in the initial Debye edge,
tended low-density halos; examples of such halos have

. dre represented by single test particles that interact with
been observed at the output .Of the LANSCE proton IIr]a("the external focusing force and with the time-dependent
[1] and have also been studied experimentally [2]. The

existence of halos can have serious consequences in gp_ace-charge field of the core [11,12]. Various aspects
. ; = P the particle-core model have been studied at several
ticle accelerators. If halo particles are lost in the acceler

tor, they may induce radioactivity. For the nextgeneratiot?lIaboratorles [13-24]. Perhaps the most significant result

t hiahi ) . : obtained from an analytic solution of the model equations
of high Intensity proton ".”"%C projects, such as acceleratohz] has been the discovery that the interaction between
production of tritium [3], it is necessary to obtain a more

uantitative understanding of the phvsics of the halo the particles and the core results in a parametric resonance
9 9 Py . that is effective in driving some patrticles to large ampli-

Multiparticle simulation studies of round beams in uni- . ; o
X . . tudes, and this process is sufficient to account for the halo
form linear focusing channels have provided some use;

ful physical insights into the dynamics of high-currentthat is observed in the simulations,

oo o 7 In a typical proton linac after the beam is bunched, the
beams. For a nonequilibrium beam injected with the cor- . .

. S I bunches formed have an approximately spheroidal shape
rectly matched rms size, the initial distribution relaxes

. ) ) : with a longitudinal to transverse aspect ratio that ranges
with accompanying emittance growth over a time of only .

. .~ . . “from near 1 (spherical) to 3 or 4. To model the transverse

about one quarter plasma period to a quasiequilibrium

. ) . . dynamics for beams where the bunch length is several
state with an approximately uniform central core in real

space and with an edge that falls off over a distancé'mes larger than the radius, we use the simple particle-

approximately equal to the Debye length [4]. The rela-Co model based on transverse particle motion in the
. : space-charge field of a continuous cylindrical beam core
tive sizes of the central core and the Debye edge de- . : .

whose radius also oscillates because of a mismatch. We

pend on whether the beam is emittance or space-charg]%ve also studied a particle-core model for a spherical

dominated. In the extreme space-charge "m't t_he D.eby%unch [20,21], and the results are qualitatively similar
edge app_roaches Zero and the_spatlal _dgnsny S ur_ufomgo those that will be presented here; these results will
whereas in the emittance-dominated limit the profile is e the subject of a later paper. In th’e model the space-

dominated by the Debye edge and a spatial density thatl}harge field of the core is approximated by replacing the

. . . X K . C

IS approx'lmately Gaussian [5]. In numerlcal S'mmat.'on.sunknown beam distribution with that of an equivalent-

of rms-mismatched beams for both uniform and periodic . .
! : upiform beam, where the equivalent beam has the same

channels, a tail develops that is much more extended an : :

rms size as the actual beam. We find that the model

mgihggnzzgrﬁop'?:}aetesdin[q?JTalt%nthr?nglrtf E:\?gesgggl%gsults are not sensitive to the detailed choice of the core-

: ) . . ensity distribution.
a simple particle-core model to describe a mismatche . .
Several aspects of the particle-core model will be

emphasized in this paper that have not been given as
_ much attention in previous work. First, we are interested
*Present address: TechSource, Inc., 301 N. Guadalupén obtaining numerical results that are useful for linac
Santa Fe, NM 87501. design work and for comparison with particle simulations.
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Therefore, we solve the nonlinear equations of the modedpectively,y is the relativistic Lorentz factor] is the

by numerical integration. Second, we note that forbeam current (charge per unit length times axial speed),
practical equilibrium distributions in accelerators with _ , /Fﬁ _ XX, whereX’ = dX/dz and the bar
Ilnea_r fpcusmg fOVC?S’ _exc!udlng the smg_ular KaIOChInSky'indicates an average over the distribution, is the total
Vladimirsky (K-V) distribution and excluding the extreme nnormalized emittancec is the speed of light, and
space-charge limit, a tail exists at the beam edge thaﬁ is the permeability of free spapce For g n’1atched

. . . . 0 .
will usually extend into the region of influence of the beam in a uniform focusing channeki?R/dz? = 0,

resonance. For these beams, K-V core instabilities arglnd the matched-beam radius is given By — R% _

not required to explain the existence of particles near 5 - . .
the core that can be resonantly excited, although i e/ko)lu + V1 + u?], whereu = K/2¢eky is a dimen-

such instabilities are present [18,19,21], they could fee&lonless space-charge parameter. If the initial radius is

2 2
additional particles into the tail. Thus, we use the modefmequal to the matched \.’allkb' d .R/dz 7 O and 'for
a round beam a symmetric breathing mode is excited, re-

to represent a beam whose initial density CIiStribUtionsultin in oscillations in the radius. The transverse equa-
includes particles that populate a finite size Debye tail,[. Qf’ tion of a sinale particle .mo ing radially in tﬂe
and the fraction of those particles that are included Withinf!orl of motion singie parti ving 1ally |
the region of influence of the resonance will end up in ield of the uniform core is
the halo. Third, we emphasize the model prediction of a d*x 5
maximum amplitude for the resonantly-driven particles as ) + kX — Foe =0, (2)
a function of the mismatch, and we identify this maximum ) o )
amplitude as the maximum size of the halo. Finally, weWhereX is the radial displacement arfd. is the space-
find that the maximum amplitude is proportional to thecharge term given for a uniform density by
matched rms beam size, and using the analytic solution KX/R2, |X| <R
relating the rms size of the beam core to the current, Fy = {K/X ’ IX|=R" 3
emittance, and focusing strength, we obtain a scaling ’
formula for the size of the transverse beam halo. The net focusing force including the space-charge term
for a particle that always remains within the core is
Il. PARTICLE-CORE MODEL represented by the wave numbgrgiven byk? = k§ —
_ _ _ k;/2, wherek, = 2K/R; is the square of the plasma

Consider a round continuous beam propagating in &ave number. The core breathing-mode wave nuniper
uniform beam transport system with azimuthal symmetryegn pe expressed &8 = 23 + 2k% = 4K% + k2.
and a linear radial focusing force; such a transport system For the matched case, the core radius is constant,
can be useq to represent the average or smoothed behavig{d there is no net change in particle energy averaged
of a beam in a quadrupole focusing channel. The centradyer a complete period of the particle motion. For the
beam core will be assumed to have a uniform spatiaismatched case, the core radius oscillates, and particles
density and will be described by the envelope equationcan eijther gain or lose energy with each transit through
An arbitrary beam particle will experience an externalthe core. The particles experience a nonlinear force
focusing force and a space-charge force, which we wilhoportional tok /X when they are spatially outside the
calculate by assuming that the particle interacts onlygre and from Gauss's law this force is independent of
with the core. We approximate the transverse spacghe instantaneous size of the core. When the particles
charge force by assuming that the core is an infinitelyyass through the core, they are decelerated by the space-
long uniform cylinder of charge, whose radius oscillatescharge force as they approach the core, and accelerated
because of an initial mismatch. The space-charge force l§y the space-charge force as they leave the core. The
linear when the particle is inside the core and nonlineapet space-charge impulse delivered to the beam may be
when outside. We ignore any influence of an individualgescribed as the sum of a core-entrance contribution plus
particle on the motion of the core. . a core-exit contribution. These impulses may be either

The above assumptions lead to the following modelgdiminished or enhanced relative to the matched case,
The transverse equation of motion of the core-radius  gepending on whether the core radius is larger or smaller

given as a function of axial coordinateby than the equilibrium value at the time the particle passed
4R &2 K through. For example, if a particle enters the core when
el + k&R B TR 0, (1) its radius is larger than the matched value and exits when

Z

the radius is smaller than the matched value, a net energy
where the focusing force is represented hy which  impulse is delivered to the particle. Gluckstern [12] has

is also the wave number or phase advance per unghown that this motion can be described by a nonlinear
length of the transverse particle oscillations at zero curparametric resonance; the particles resonate with the core
rent, K = gl /2meomc’By3, whereg, m, and Bc are  motion when the particle wave number is related to

the charge, mass, and axial velocity of the particles, rethe core breathing-mode wave number by k. = 2v.
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Note thaty = k for particles that always remain within Particle
the core, andv > k for particles with amplitude larger I
than the core radius. For nonzero beam current, one can
show that the resonance condition is satisfied only when
v > k, i.e., for particles with amplitudes larger than the
core radius. The decrease of the space-charge field with g of
displacement experienced by particles that are outside the
core produces an increase of the wave numbewith
amplitude so that thé. = 2» resonant condition cannot
be maintained as the amplitude increases; this effect limits
the resonant amplitude growth. . . . . ‘ . . .
The two model equations, Egs. (1) and (2), can be con- 0 20 40 60O 80 100 120 140 160
verted to dimensionless form by introducing the following oz
variables:r = R/Ry, x = X /Ry, and7 = koz. We ex- FIG. 1. (Color) Displacement versus time for a particle tra-
press the in-core space-charge tune-depression ratio fi§ctory with initial coordinatesx = 0.77, x' =0, and with
the particles as; = k/ko = V1 + i — u. The dimen- # — 0-62andn =0.5.
sionless equation of motion of the core becomes

r = 1.5. We showx versust in Fig. 1, the continuous

2 2 _ 2
d_r2 4 — ’7_3 1-n _ 0, (4) phase-space plotin Fig. 2, and the stroboscopic plot taken
] dr ] r r o when the core radius is at its minimum value in Fig. 3, all
and the dimensionless single-particle equation is for a particle with initial coordinates = 0.77 andx’ =
d’x x/r?, x| <r 0, which is within the region of the parametric resonance.

“@ A _ _ 2
dr2 Fx = (=) X {l/x, x| = r- ) The amplitude of this orbit varies from a minimum of 0.77

Equations (4) and (5) depend 0n|y on the Sing]e paIO a maximum of 273 .O.UI' ChOiC? of the strobe phase,
rameter . The matched core corresponds to= 1.  When the core has its minimum radius, corresponds to the

The divergence’ in dimensionless coordinates becomestime at which the resonant orbits reach their maximum
x' = dx/dr = X'/koRy, and the emittance in dimen-  displacements. The maximum of the orbits within the
sionless coordinates becomgs= ¢/kyR3. To describe core occurs when the core is at its maximum radius.
the mismatch of the core radius we need a second parame-Next, we show stroboscopic maps for an initial array
ter, which we define as a mismatch parameter equal t8f 32 particle coordinates uniformly distributed along the
the initial core radiugt = riniiia1, Where the initial phase- Positive horizontal and vertical axes, again at a core-
space ellipse is assumed to be upright. oscillation phase that corresponds to the minimum core
radius. Figures 4—8 show the stroboscopic plots for a
mismatch parameter = 0.62 and for n = 0.1-0.9 in
lll. GRAPHICAL PRESENTATION OF steps of 0.2, all taken at the time when the core radius
SOLUTIONS is minimum. Recall thaty = 0.1 is a space-charge—

The differential equations, (4) and (5), for the evolutiondominated beam ang = 0.9 is an emittance-dominated
of the core radius and the trajectory of a single particle caR€am. A separatrix with inner and outer branches defines
be numerically integrated as functions gfand x. We three different regions. First are the quasielliptical curves
have integrated these equations numerically for different
initial conditions and use three methods to display the 3y
results of particle motion: 1) plot the particle trajectary
versus time, 2) display the continuous particle trajectory 27
in phase space from= 0 to some timer, and 3) show
a stroboscopic phase-space map of a particle trajectory
or an array of particle trajectories. The stroboscopic g )
method accumulates many snapshots of phase spacex
taken periodically at some specified phase of the core  _;}
oscillation. The stroboscopic map is useful as a method
for displaying regions in phase space where classes of -2}
trajectories can be identified. Using the stroboscopic
map, resonance regions surround stable fixed points, and = 3 > 1 o p > 3
regions of chaos appear as a random scatter of points. XMRy

_F'rSt’ we show in Flg.s.. ?'_3 f(he thr.ee plots for the Casg g, 2. (Color) Continuous plot ok versust in phase space
with » = 0.5 and an initial dimensionless core radiusfor a particle with initial coordinates = 0.77, x' = 0, and
r = u = 0.62, which corresponds to a maximum radius with . = 0.62 andn = 0.5.

Fereryryvennnwen

[
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FIG. 3. (Color) Stroboscopic plot for a particle trajectory with FIG. 5. (Color) Stroboscopic plot for mismatch parameter=
initial coordinatesx = 0.77, x' = 0, and with » = 0.62 and  0.62 and tune-depression ratiep = 0.3 for the uniform-
n = 0.5. The points are plotted once per core oscillationdensity core.
at the time when the core radius is minimum. These points
correspond to more core cycles than those in Fig. 2.
the positions of the stable fixed points are insensitive to

w; thus, the amplitude variation of the resonant orbits
near the center, including the beam core radius at  increases as the mismatch parameterdeviates from
0.62, and a small region between the core boundarynity.
and the inner separatrix. Second are the two regions Figure 9 shows the stroboscopic plot fer= 0.62 and
of concentric curves centered on the stable fixed pointgy = 0.5, obtained by replacing the uniform-density core
symmetrically located on ther axis. These regions with that of a Gaussian core. Outside the core region,
display the parametric resonance trajectories. Finallythis plot looks very similar to that for the uniform core
there are families of quasielliptical trajectories outsideshown in Fig. 6. The similarity of Figs. 6 and 9 suggests
the outer separatrix. For smaly = 0.3, breakdown that for resonant partices, the single-particle dynamics are
of the separatrix is clearly observed with associatednsensitive to the details of the core-density distribution
stochastic behavior; the stochastic regime growsnas used in the model.
decreases. In this parameter region the motion of the Next, we present our interpretation of the model and
trajectories near the separatrix becomes very sensitiies relation to beam halo. We assume that most of the
to the initial conditions. For smalk the stochastic particles that form the halo in the real beam are those
behavior replaces the regular trajectories between the cotRat initially populate the Debye edge of the beam that
boundary and the inner separatrix. Stroboscopic plotfies outside the inner separatrix and inside the resonance
have been made over the range betwgen 1.1 and 3.0.  region of the stroboscopic plot. Because the density of
The qualitative appearances of these plots are similar tthe real beam decreases with increasing amplitude, most
those atu = 0.62 (or 1.5). The areas occupied by the of these particles will initially lie near the inner separatrix.
parametric resonance increase with increaginglthough  After some time these particles will be driven outwards

KRy
XhgRy

FIG. 4. (Color) Stroboscopic plot for mismatch parameie+ FIG. 6. (Color) Stroboscopic plot for mismatch parameies
0.62 and tune-depression ratigg = 0.1 for the uniform- 0.62 and tune-depression ratieg = 0.5 for the uniform-
density core. density core.
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ar decreasing strongly with increasing transverse velocity,
we expect that the corresponding amplitude increase will
be small. Consequently, we will assume that the main
source of the beam halo is associated with those particles
that are initially within the spatial Debye edge of the beam
and that lie initially within the resonance region. These
particles will be limited by the outer separatrix, which we
will associate with the maximum amplitude of the halo.
Later, we will test the maximum amplitude predictions by
comparison with numerical simulation.

XhgRy

oo &/Ru ! : ¢ ¢ IV. CHARACTERISTICS OF RESONANT
TRAJECTORIES
FIG. 7. (Color) Stroboscopic plot for mismatch parameie+ . . o
0.62 and tune-depression ratioy = 0.7 for the uniform- In the previous section we have seen that orbits in
density core. the region of the parametric resonance can undergo large

changes in amplitude, and we have argued that these

. . articles constitute the majority of the halo. Figure 10 for
to the outer separatrix and will thereafter cycle back anti — 1.1 and Fig. 11 foru = 1.5 show the values of four
forth bounded by the two separatrices. Eventually, aftefmnortant parameters that characterize the stroboscopic
enough phase mixing, these particles form the halo thgliots for the uniform-density core as a function of the
will be distributed throughout the resonance region, an(iune-depression ratig. Shown are the minimum core
the outer separqtrlx W|_II define a maximum amplitude forl’adiUSrmm, the coordinate of the stable fixed point and
the halo. This picture is an approximation for at least tWOthe minimum and maximum values,, andxma, of the
reasons. First, if the core distribution is not stable, SOM&ntercepts of the separatrix with theaxis. From Figs. 10
particles that are initially within the core may increase theg,g 11 we see that the values of these dimensionless
numper of particles in the halo. This would pe an eﬁeCtparameters are very insensitive 0 As the mismatch
that is beyond the scope of the model, which assumesarametery deviates further from unity, the difference
a fixed core distribution. We find that an unstable core,gtyween xmn and rmn decreases, suggesting that the
does occur for a K-V beam, as shown in Sect. V, and hag mper of particles in the halo should increase, and the
been stud_led by G.Iucksteret'al. [18_,19,21]. Even for difference betweenima, and xmn increases, suggesting
these particles we find from simulation that the maximumy ot the amplification of the halo amplitude increases.
amplitude is still limited by the outer separatrix. Second, \ve can use the model to estimate approximate growth
the edge of a real beam may also extend outward acroggnes of the resonant amplitudes that determine the
the unstable fixed points on the velocity axis of thepgls Assuming that the resonance region of stroboscopic
stroboscopic plots and produce an initial population Ofshase space nearest the core is initially populated with
the focusing-dominated region. These particles would,giicles, we are interested in the time it takes for particle

have a larger maximum amplitude than that defined b¥1mplitudes to grow to a value neama. However
the outer separatrix. Because the particle distribution is

KRy
xRy

1 2 3 4

e T ' xRy
FIG. 9. (Color) Stroboscopic plot obtained by replacing the
FIG. 8. (Color) Stroboscopic plot for mismatch parameie+ uniform-density core with a Gaussian-density core of the same

0.62 and tune-depression ratigp = 0.9 for the uniform- rms size. The plot is shown for mismatch parameter 0.62
density core. and tune-depression ratip = 0.5.
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3r but, for most cases, agree to within only about a factor
p=11 of 2. The halo growth times from the simulations depend

on the initial particle distribution and are often difficult to
ot e e e e e e X define in an unambiguous way.

_ V. COMPARISON OF THE MODEL WITH
oo m MULTIPARTICLE SIMULATIONS

We have compared the maximum amplitude predictions
of the model with numerical simulation using* particles
o per run. Two space-charge codes were used; one uses
%0 01 02 03 04 05 06 07 08 08 10 Gauss’s law to calculate the space-charge fields in a cylin-
n drical geometry, and the other, called SCHEFF, which is
FIG. 10. (Color) Four parameters that characterize the strobd¥idely used for linac simulation studies, is based on a
scopic plots as a function of the tune-depression ratidor ~ particle-in-cell method [25]. Several initial distributions
u = 1.1. Shown are the minimum core radiugn, the co-  were used, including Gaussian in both position and ve-
ordinate of the stable fixed point,, and the minimum and |ocity space (truncated &), semi-Gaussian (uniform in
maximum values of the intercepts of the separatrix with.the space and Gaussian in velocity space), and 4D Waterbag
axis, xmin @andxmax, respectively. . . . s ’
(uniformly filled ellipsoid in 4D phase space). For each
case we have carried out a set of runs varying the initial
because the net restoring force is nonlinear, this timenismatch parametgr. After the beam sizes were set for
will depend on the amplitude and will be expected toa given mismatch parameter, the velocities were scaled to
increase as the initial coordinate approaches the inngiroduce the same emittance as for the matched case.
separatrix. To estimate the time scale for the growth, In Figs. 13 and 14 the ratio of the maximum particle
we have numerically calculated the period for amplitudeamplitude from simulation to the rms size of the matched
growth from the minimum to the maximum value, for beam is plotted versus the mismatch parametgrthe
small initial deviations from the stable fixed point, wherelower and upper curves in Fig. 13 are for tune-depression
the period is nearly independent of the initial deviation.ratios of = 0.5 and 0.9. The simulations were run for
These small amplitude results are plotted in units ofat least 100 plasma periods, sufficient for the amplitudes
core-oscillation cycles in Fig. 12 for mismatch parameterso reach an apparent asymptotic value. A typical high-
u =11, 1.5, and 2.0. Generally, the model predictspower proton linac may contain a few hundred plasma
that these growth times are insensitive to the mismatcheriods.
parameteru but increase strongly with tune depression The maximum amplitudes from the different space-
n for large n. Comparisons of these growth times from charge codes and for all the distributions agree very well
the model to numerical simulation results show that thawith each other and with the cylinder particle-core model.
results in Fig. 12 are of the correct order of magnitudeThe insensitivity of the maximum amplitude to the
initial particle distribution observed in the simulations is

displacement (units of Rg)
»

pn=15
. . - - - . . e * * Xmax - 60
o 2 *
5 g 50
2 2f §
i - = ] L] L] = - " = Xg E 40 | =
£ £ 30 =1.1-
8 1r 8 n \.
© X 'S
= a a . a a - a . min S 2 . p=15
] B . ° * . . . * rmin ‘é’ N * -
h=l 3 . - »
g 10 e * a N=
0 . e e £ A B p=20
00 01 02 03 04 05 06 07 08 09 1.0 o e , S
n 00 01 02 03 04 05 06 07 08 09 10

FIG. 11. (Color) Four parameters that characterize the strobo- K

scopic plots as a function of the tune-depression ratidor FIG. 12. (Color) Time in core-oscillation cycles for amplitude
u = 1.5. Shown are the minimum core radiug,,, the co- growth from the minimum to the maximum value for small
ordinate of the stable fixed point;, and the minimum and initial deviations from the stable fixed point, plotted versus
maximum values of the intercepts of the separatrix with.the the tune depression for mismatch parametera = 1.1, 1.5,
axis, xmin @andxmax, respectively. and 2.0.
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=y
o

tude from simulation is in excellent agreement with the
maximum amplitude from the particle-core model.

VI. SCALING OF BEAM HALO AMPLITUDES

We find that the normalized maximum particle ampli-
tude curves from the model, shown in Figs. 13 and 14, are
well described over the useful range of tune-depression ra-
tios by an approximate empirical formula

Xmax/a = A + B| In(#)l > (6)

4 06 08 10 12 14 6 where xmax is the maximum resonant-particle amplitude,
n a = Ry/2 is the matched core rms size, addand B

FIG. 13. (Color) Multiparticle simulations comparing the are Weak functions of the tune-depresglon rat'p' approxi-
particle-core model with the Gauss-law space-charge code fdhately given byA = B = 4 [20]. Equation (6) is not a

a round beam in a uniform-focusing channel. The ratio ofgood approximation for values @f very near 1, where at
the maximum amplitude to the matched rms size is plottedy, = 1, xha/a = 2. Based on Eqg. (6), we obtain simple
versus the mismatch paramejer The lower and upper curves ?,Caling formulas for the maximum particle amplitudes

are from the particle-core model for tune-depression ratios o .
n = 0.5 and 8.9, respectively. The solid arllod open symbolsOf the mismatched beam. The space-charge parameter

are for the initial Gaussian and semi-Gaussian distributionsintroduced in Sect. Il can be written as
respectively, and the circles and squares are for tune-depression
ratios ofp = 0.5 and 0.9.

Maximum amplitude/rms size

0@ = N W A OO O ~N O O

al @)
u= .
167 eomc?y2 Bkol f &nms

. . . . The parameters appearing in Eq. (7) include the average
consistent with the results shown earlier that the partcheEeam currentl for a string of bunches with bunch

core model predictions are insensitive to the choice o requencyf, the total bunch length, and normalized rms

T igire 15 shows paride simulation results from helMPUt EMI@NCee, m. = Bye/4. The average current
9 P is related to the number of particles per bunghand

Gauss-law space-charge routine for a mismatched K-V "'\ on frequency’ by T = gNf. The particle-core

beam having the same parameters as Fig. 6. Althoug odel for an rms-mismatched beam predicts that the halo

e e e or o e oS elicles prodiced by the resonance have 4 maximu
ang the resrilltiné] phase space of Fig 1p5 is highly nonuniz—impmUde for a given mismatch. From Eq. (6), the
form. The curve bounding the distribution in Fig. 15 lies numerical solution predicts that the maximum amplitude

just outside the outer separatrix shown in Fig. 6. Thus™ proportional to the matched rms sizeof the core

: . -given b
even for an unstable core, the maximum particle amph-g y
&
a’> = =W+ u + . (8)
koBy
1071
S ot
[ 0.006
7] L
E 8
B 7 L 0.004 [
©
2 8
g' 5T 0.002 |
4
§ i
E’
s 2 |
= n 0.002 |
o . . . . . ‘
04 0.6 0.8 1.0 1.2 14 1.6 -0.004 -
FIG. 14. (Color) Multiparticle simulations comparing the O er ot Towor om0 owos  o.or  ooms o0z

% (m)

particle-core  model (curve) with the Gauss (circles) and
SCHEFF (squares) space-charge codes for a tune-depressiBlG. 15. Beam phase space fron2ax 10° particle simula-
ratio of n = 0.5. The ratio of the maximum amplitude to the tion of an initial K-V distribution. The outer peanut-shaped
matched rms size is plotted versus the mismatch parameter curve lies just outside the outer separatrix of the particle-core
The initial distribution is a 4D Waterbag. model shown in Fig. 6.
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In the space-charge dominated limit, whers> 1, the Now let us briefly review the assumptions and limita-
rms beam size is tions of the model. The particle-core model is a simple
26 7 approximation for the evolution of particles in an rms-
2 n,rms q . .
a = = (9)  mismatched beam. To use the model, one integrates the

k 293820 (k3 . : ; one Inegre

o 0By 8megme?y*Bfk ___equations of motion of test particles moving in the field of
which is mdependen_t of the input emittance. Sul_)stltutlngin rms-mismatched core; the core itself is modeled by in-
the result of Eq. (9) into Eq. (6), the model predicts thateqgrating the rms envelope equations. We assume that the
for a given value ofx, the maximum transverse halo form of the core distribution function does not change and
amplitude increases with increasing beam current angha¢ the core emittance does not change. In a real beam
with decreasing frequency, bunch length, and focusinginer collective modes in addition to the breathing mode,
strength. The emittance-dominated limit corresponds tQ,q other resonances of the particle-core system, may also

u < 1, and we find _ be present. Charge redistribution in the core may rapidly
2 _ Engms ql (10) change the core distribution, an effect that is not included
"~ koBy 167 gomc2y2 B L fko&n.ms in this non-self-consistent treatment of the core. The com-

In this limit the second term is much less than unity, anu;%ex'ty of the real situation has been described elsewhere in
{

the model predicts that the maximum amplitude increase rrlns ofttr:erulegce models tOf fbeam hﬂollzihztﬂ' Never?
mainly with increasing emittance and with decreasing ele_ss,l te;goo agreei[m(taﬁ toth(.)u”gg g Wi I e.PuLnerl-
focusing strength. cal simulations suggests that this added complexity has a

minor effect on the maximum resonant amplitude. We be-
VIl. SUMMARY lieve that the'particle-core model includgs theT main'rgs'o-
nant mechanism that explains how particles in the initial
The particle-core model describes the transverse dynantail of a realistic beam distribution can be driven to larger
ics of particles in a beam halo. We use the model to repamplitudes to form a halo. We find that the basic struc-
resent a beam whose initial density distribution includedure of the separatrix in the stroboscopic phase-space plots
particles that populate a finite size Debye tail at the edgef the model is nearly the same for both a uniform and a
of the beam. The particle-core model makes quantitativ€&aussian core, which suggests that the halo dynamics de-
predictions about the halo that is formed from the resoscribed by the model is a general property of a mismatched
nant interaction between individual particles in the tail andoeam that is insensitive to the shape of the core distribu-
a mismatch-induced core oscillation. We have expressetibn and is not an artifact of any particular core distribution.
the model in a dimensionless form and have solved th&or most realistic beam distributions, an initial tail exists
nonlinear equations of the model by numerical integraat the edge of the beam that can easily extend beyond the
tion. Over a wide range of mismatch parameter valuesnner separatrix into the resonance region of the strobo-
the results expressed in dimensionless form are remarkabsgopic phase-space plot; particles that lie within this outer
insensitive to the tune depression and to the core-densitgil will be resonantly driven to larger amplitudes to form
distribution. The exception to this is the growth rate ofthe halo. For the special cases of a K-V distribution or an
the halo which, for large values af, depends strongly equilibrium distribution in the extreme space-charge limit,
on the tune depression, increasing with increasings the beam has a uniform cross section with no initial tail. In
the beam becomes more emittance dominated, as showntimose cases, an additional mechanism is required to explain
Fig. 12. The model predicts that the halo will be limited how the particles cross the inner separatrix, after which, a
to a maximum amplitude, which depends on the magnihalo will develop because of the resonance [28]; such an
tude of the mismatch parameter. The simulation resultsadditional mechanism may involve other collective modes.
using two different space-charge codes and three differert this paper we have studied transverse dynamics under
initial particle distributions, agree well with the model pre- the assumption that the external focusing force is linear.
dictions for the maximum amplitude. We have obtainedWhen we track large amplitude particles beyond the outer
a scaling formula for the maximum amplitude and haveseparatrix, we see bounded betatronlike motion in a field
shown that for a given beam current and energy, the maxdominated by the linear focusing field. The longitudinal
mum transverse amplitude is reduced by stronger focusinglynamics for a bunched beam, which is not treated by our
higher frequency, longer bunch length, and smaller inpumodel, is being studied using a similar particle-core model
emittance. based on a spheroidal bunch geometry [22,28]. The in-
For small values of the tune-depression rafjo< 0.3,  clusion of nonlinear rf forces in that model may lead to
stochastic behavior is observed, which begins along thenbounded motion for some particles.
separatrix and grows with decreasing The main effect Once the expected beam mismatch is estimated, the
of the chaos is not so much to increase the maximunparticle-core model may be used to estimate the maximum
halo amplitude, but to reduce the spacing between the coteansverse amplitude of the beam halo and a suitable
radius and the inner separatrix. Qualitatively, this can beperture size can be chosen that will reduce the threat
expected to increase the population of the halo. of beam loss from the halo. In determining the expected
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