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We calculate the longitudinal impedance for small obstacles of arbitrary shape located on the
of a round perfectly conducting pipe. Calculations are carried out in a small-angle approximatio
assumes a smallness of the angle between the surface of the obstacle and the unperturbed surfa
pipe. As an illustration of the accuracy of this approach, we compare the impedance of the tria
mask and an ellipsoidal protrusion in small-angle approximation with a more general result known
the literature. We also apply our theory to the calculation of the impedance due to the roughn
the wall surface in terms of the spectral function characterizing statistical properties of the micro
surface landscape. [S1098-4402(98)00019-6]

PACS numbers: 41.75.–i, 41.20.–q
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I. INTRODUCTION

Impedance calculation is an important part of acc
erator physics that often helps one to understand b
dynamics and optimize the parameters of the mach
Trying to minimize the impedance, the design of new
celerators usually requires smoother surfaces and sm
obstacles in the vacuum chamber. Numerical calculat
of the impedance for small obstacles are often difficul
perform because of the necessity of a fine mesh and
accuracy of calculations. On the other hand, using
smallness of the obstacle, one can try to develop a s
plified perturbation theory that would give an analytic
expression for the impedance.

The goal of this paper is to develop such a the
for small obstacles located on the surface of a ro
perfectly conducting pipe of an accelerator chamber.
simplicity, we limit our consideration by longitudina
impedance only, although transverse impedance can
be found using the same approach.

An important assumption that we will use in the deriv
tion is a small-angle approximation. It means that
angle between the surface of the obstacle and the
perturbed surface of the pipe is almost everywhere sm
compared to unity. A similar approach has been u
previously in a number of papers for periodic [1–3] a
arbitrary [4] axisymmetric perturbations where the pipe
diusb was assumed to be perturbed asbszd ­ b0 1 esszd,
with e being a small formal parameter. Our result can
considered a generalization of the previous papers a
cable for an arbitrary three-dimensional shape. It redu
to Warnock’s result [4] in the axisymmetric case.

This requirement excludes from consideration sh
objects, but allows one to develop a general the
applicable for an arbitrary shape of the obstacle in a w
frequency range.

As the first step in the derivation, we find the amplitud
of the propagating waves radiated into the pipe wh
a beam passes by the obstacle. We then calculate
energy of the waves and relate the radiative energy
1098-4402y98y1(6)y064401(10)$15.00
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of the beam to the real part of the impedance. Us
Kramers-Kronig relation between the real and imagin
parts of the impedance, we find the total impedance for
obstacle.

As an illustration of the accuracy of the small-angle a
proximation, we compute the impedance for two differe
shapes whose impedance is known from the literatur
triangular mask [5] and a small ellipsoidal protrusion [
We show that our result for these shapes agrees in
limit of shallow shapes and has an addition numerical f
tor if the angles are not small.

As another practically important application of th
theory, we derive the impedance of a perfectly conduc
rough surface. As was recently pointed out in [
roughness impedance can play an important role for s
bunches (see, e.g., [8]). Our formula reduces calcula
of the impedance for such surfaces to the integration
the spectral function characterizing statistical proper
of the microscopic surface landscape.

II. RADIATION FROM A SMOOTH OBSTACLE
IN PIPE

We consider a Fourier component of the relativis
beam propagating along the axes of the pipe with
currentI0e2ivt1ivzyc. In a circular pipe of radiusb0, the
beam carries the radial electric field

Ebsr, zd ­ r̂
2I0

cr
eikz , (1)

wherek ­ vyc, c is the speed of light, and̂r is the unit
vector in the radial direction. In Eq. (1) and followin
we drop the time dependent factore2ivt .

In a smooth pipe, the beam field is perpendicular to
wall surface and the electric field satisfies the bound
condition of zero tangential field for the perfectly co
ducting wall. With an obstacle, however, the electric fie
(1) will have a tangential component on the wall. We c
easily find this component assuming that the shape of
© 1998 The American Physical Society 064401-1
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obstacle is given by the equation

r ­ bsz, ud , (2)

where we use the cylindrical coordinatesr, u, andz with
the axesz directed along the pipe axis. Throughout th
paper we will assume that the angle between the obst
surface and that of the round pipe is small, which mea

j=bj ø 1 . (3)

This is the condition of small-angle approximation. W
will also assume that the height of the obstacle is sm
compared to the pipe radiusb0,

jbsu, zd 2 b0j ø b0 . (4)

In the small-angle approximation, the tangential co
ponentEt of the beam electric field (1) on the surface
the obstacle is

Eb
t ­

2I0

cb0
eikz

"
0,

1
b0

busz, ud, bzsz, ud

#
, (5)

where the three terms in the brackets denote rad
azimuthal, and axial components, respectively, and
subscript indicates the derivative with respect to
indicated variable.

The total electric field in the pipe with the obstacle c
be represented as a sum of the vacuum beam field (1)
the radiation fieldEr , E ­ Eb 1 Er , where the latter
satisfies the boundary condition

Er
t jwall ­ 2Eb

t jwall , (6)

so that the sumEr 1 Eb has a zero tangential compone
on the wall.

Because of the small-angle approximation, the tang
tial field Eb

t is a small (first order) quantity proportiona
to the angle between the tangent to the surface and
pipe axis. Since we assume that the height of the
stacle is also small compared to the pipe radius [Eq. (
in order to find the radiation field in the first approxim
tion, we can use the boundary condition (6) on the surf
of the round piper ­ b0 [rather than on the surface o
the obstacler ­ bsr , zd]. This introduces a second orde
error that is proportional to the product ofEb

t andb 2 b0,
and can be neglected. Hence the electromagnetic prob
reduces to solving the Maxwell equations in the circu
pipe with a given nonzero tangential electric field on t
wall. The solution can be found in textbooks on elect
dynamics; below we will follow the formulation given in
Ref. [9].

The radiated fieldfar from the obstaclecan be repre-
sented as a superposition of eigenmodes in the sm
pipe, TEn,m and TMn,m,

Er ­
X

TE,TM

X
n,m

a6
n,mE6

n,m, z ! 6` , (7)

where we denote modes propagating in the posi
and negative directions with the plus and minus sig
064401-2
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respectively. The amplitude of each modea6
n,m can be

found by integration of the tangential electric field2Eb
t

over the wall surface [9],

a6
n,m ­ 2

c
4pNn,m

Z `

2`

dz
Z 2p

0
du H7

n,m ? sr̂ 3 Eb
t d ,

(8)

whereHn,m is the magnetic field of the mode, andNn,m is
the mode norm defined as

Nn,m ­ 2
c

4p

3
Z

r dr du sE1
n,m 3 H2

n,m 1 H1
n,m 3 E2

n,mdz .

(9)

Having found the amplitudes of the radiated waves,
can calculate the energyP lost by the beam per unit tim
as a result of the radiation. This energy is carried ou
infinity by the propagating eigenmodes; hence

P ­
X

TE,TM

X
n,m

Pn,msja1
n,mj2 1 ja2

n,mj2d , (10)

wherePn,m is the energy flow in the eigenmode of un
amplitude. The summation in Eq. (10) goes over
modes with the cutoff frequency belowv.

Finally, we can relate the energy loss of the beam to
real part of the impedance [10]

ReZsvd ­
2P

I2
0

. (11)

III. EIGENMODES

In this section, we write down the expressions for
electric and magnetic fields in TM and TE modes in
straight circular pipe and calculate the energy flux a
the norm of the modes.

The electric and magnetic fields in the TMn,m mode of
frequencyv are

En,m ­ sEEE n,m 1 ẑEzn,mdeiskn,mz , (12)

Hn,m ­ HHH n,meiskn,mz , (13)

whereẑ is the unit vector in thez direction, and

Ezn,m ­
m2

n,m

b2
0

Jn

√
mn,m

r
b0

!
einu , (14)

EEE n,m ­ r̂
imn,mskn,m

b0
J 0

n

√
mn,m

r
b0

!
einu

2 û
nskn,m

r
Jn

√
mn,m

r
b0

!
einu , (15)

HHH n,m ­ r̂
nv

cr
Jn

√
mn,m

r
b0

!
einu

1 û
ivmn,m

cb0
J 0

n

√
mn,m

r
b0

!
einu , (16)
064401-2
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wherekn,m ­
p

k2 2 smn,myb0d2, Jn is the Bessel func
tion of order n, and mn,m is the mth root of Jn. The
integern can take both positive and negative values, c
responding to the right and left circular polarizations
the waves. The variables accounts for the direction o
the propagation; it is equal to11 for modes propagat
ing along thez axis and21 for modes propagating in
the opposite direction (the superscript inE6 and H6 in
the previous section corresponds tos ­ 61). We define
kn,m so that above the cutoffkn,m . 0; below the cutoff
kn,m is purely imaginary with Imkn,m . 0.

A simple integration gives the energy flowPn,m in a
TM mode of unit amplitude

Pn,m ­
1
8

vkn,mm2
n,mJ02

n smn,md , (17)

and the norm of the mode

Nn,m ­ 24Pn,m . (18)

As we see, the norm of a TM mode is negative with
absolute value equal to four times the energy flow in
mode.

For TE modes we have

En,m ­ EEE n,meikn,mz , (19)

Hn,m ­ sHHH n,m 1 ẑHzn,mdeikn,mz , (20)

where

Hzn,m ­
n2

n,m

b2
0

Jn

√
nn,m

r
b0

!
einu , (21)

HHH n,m ­ r̂
inn,mskn,m

b0
J 0

n

√
nn,m

r
b0

!
einu

2 û
nskn,m

r
Jn

√
nn,m

r
b0

!
einu, (22)

EEE n,m ­ 2r̂
nv

cr
Jn

√
nn,m

r
b0

!
einu

2 û
ivnn,m

cb0
J 0

n

√
nn,m

r
b0

!
einu , (23)

kn,m ­
p

k2 2 snn,myb0d2, andnn,m is themth root of the
derivativeJ 0

n. As above,n varies from2` to `, ands

accounts for the direction of the propagation.
Calculating the energy flow in the mode, one finds

Pn,m ­
1
8

vkn,mn2
n,m

√
1 2

n2

n2
n,m

!
J2

nsnn,md , (24)

and the norm of the mode is equal to four times the ene
flow

Nn,m ­ 4Pn,m . (25)
064401-3
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Note that, in contrast to the TM modes, the norm of t
TE modes is positive.

IV. IMPEDANCE OF TM MODES

We can now calculate the real part of the impedance
an obstacle of given shape given by Eq. (2). First, us
Eq. (5), we find the tangential electric field on the surfa
of the obstacle and, using Eq. (8), we find the amplitu
of the radiated waves. With given amplitudes, usi
Eq. (10), we find the energy radiated by the beam a
using Eq. (11), we find the real part of the impedan
Since the radiated energy is a sum over all eigenmo
in the pipe, the total impedanceZ will be represented by
contributions from TM and TE modes,

Z ­ ZTM 1 ZTE . (26)

In this section, we will focus on the derivation ofZTM,
leaving consideration ofZTE for the following section.

The real part of the impedance for TM modes f
positive realv resulting from the calculations outline
above is given by the following expression:

ReZTMsvd ­
X̀

n­2`

X̀
m­1

X
s­61

ReZn,msv, sd , (27)

where

ReZn,msv, sd ­
k

b2
0ckn,m

jŜnsk 1 skn,mdj2,

k .
mn,m

b0
,

ReZn,msv, sd ­ 0, k ,
mn,m

b0
, (28)

and

Ŝnsjd ­
Z `

2`
dz s̃0

nszdeijz , (29)

s̃nszd ­
1

2p

Z 2p

0
du Dbsz, udeinu , (30)

where Db ­ bsz, ud 2 b0 and the prime denotes th
derivative with respect to the argument. We remi
the reader here that for propagating TM modeskm,n ­q

k2 2 m2
n,myb2

0 . 0.
Using the Kramers-Kronig relation between the real p

of the impedance and the full impedance (see, e.g., [1

Zsvd ­ 2
i
p

Z `

2`

ReZsv0d dv0

v0 2 v
, (31)

one can find the total impedanceZ by integration of
ReZsvd. This calculation is performed in Appendix A
and the result is
ZTMsvd ­
2k

b2
0c

X
n,m

1
kn,msvd

Z `

2`

Z `

2`
dz du s̃0

nszd fs̃0
nsudgpeiksz2ud1ikn,m jz2uj, (32)
064401-3
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where the asterisk denotes complex conjugation.
Introducing the Fourier componentŝnskd

ŝnskd ­
1

2p

Z `

2`

dk s̃nszdeikz , (33)

we obtain

ZTMsvd ­
2k

b2
0c

X
n,m

1
kn,m

Z `

2`

Z `

2`
klŝnskd fŝnsldgp dk dl

Z `

2`

Z `

2`
dz du eikn,m jz2uj2islu2kzd. (34)

The internal integral overz andu can be easily computed if we assume, for convergence, thatkn,m has a small positive
imaginary part, due, e.g., to a weak damping of the modes,Z `

2`

Z `

2`
dz du eikn,mjz2uj2islu2kzd ­ 2

4pikn,m

sk 1 ld2 2 k2
n,m

dsk 2 ld , (35)

which reduces the impedance to

ZTMsvd ­ 2
8pik

cb2
0

X
n,m

Z `

2`
l2 dl

jŝnsldj2

sk 1 ld2 2 skn,m 1 i0d2
, (36)

where we explicitly indicated thatkn,m should be treated as having a small positive imaginary part. From this inte
we see that the real part of the impedance arises from the singular points of the integral where the denomina
integrand vanishes.

In case of axisymmetric obstacler ­ bszd, all harmonics withn fi 0 vanish, and only terms withn ­ 0 contribute
to Eqs. (32) and (36). In this limit, Eq. (32) reduces to the result obtained in Ref. [4].

V. IMPEDANCE OF TE MODES

Derivation of the impedance for TE modesZTE is analogous to the TM case. Below we will outline the calculati
in this case.

The real part of the impedance for TE modes is given by

ReZTEsvd ­
X̀

n­2`

X̀
m­1

X
s­61

ReZn,msv, sd , (37)

where now

ReZn,msv, sd ­
n2

b2
0ckkn,msn2

n,m 2 n2d
jR̂n,msk 1 skn,mdj2, k .

nn,m

b0
,

ReZn,msv, sd ­ 0, k ,
nn,m

b0
,

(38)

and

R̂n,msjd ­
Z `

2`
dz

"
skn,ms̃0

nszd 2 i
n2

n,m

b2
0

s̃nszd

#
eijz . (39)

The total impedance in this case can be found from the Kramers-Kronig relation and, as shown in Append
given by

Zsvd ­
z svd 2 z s0d

v
, (40)

where

z svd ­
2

b6
0

X
n,m

n2

kn,msn2
n,m 2 n2d

Z `

2`

Z `

2`
dz du r̃n,mszd fr̃n,msudgpeiksz2ud1ikn,mjz2uj, (41)

and

r̃n,mszd ­
1

2p

Z 2p

0
du fkn,mb2

0szsz, ud 2 in2
n,mssz, udgeinu . (42)
064401-4 064401-4



PRST-AB 1 IMPEDANCE OF SMALL OBSTACLES AND ROUGH SURFACES 064401 (1998)

0

Again, using Eq. (35) one can carry out the integration overz andu and, similar to Eq. (32), obtain

ZTEsvd ­ 2
8kpi

cb2
0

X
n,m

n2

sn2
n,m 2 n2d

Z `

2`

dl
l2jŝnsldj2

sk 1 l2d 2 skn,m 1 i0d2
. (43)
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For the axisymmetric case, whenŝn ­ 0 for n fi 0, the
impedance of TE modes vanishes.

VI. TOTAL IMPEDANCE FOR SMALL
OBSTACLES

Our result given by Eqs. (32) and (43) is valid f
arbitrary frequency and transverse size (width and len
of the obstacle under the conditions given by Eqs.
and (4). For example, these equations can be app
for smooth transitions of the length much larger than
chamber radius. In this paper, however, we are ma
interested in the limit when the characteristic transve
size of the obstacle, which we denote byg, is much
smaller than the pipe radiusb0. We will also assume tha
the frequency of interest is not very large compa
with the inverse transverse size of the obstacle multip
by the speed of light, so thatkg ø 11. In this limit, as we
will show below, the expression for the impedance can
significantly simplified.

It turns out that in the limitg ø b0, the main contri-
bution to the sums in Eqs. (32) and (43) comes from
terms such thatjkn,mj , 1yg, and hencen, m ¿ 1. This
means thatnn,m ø mn,m and kn,m ø imn,myb0, and we
can neglectk in comparison withl in Eqs. (32) and (43)

Zsvd ­ ZTMsvd 1 ZTEsvd

ø 2
8kpi

cb2
0

X
n,m

"
n2

sn2
n,m 2 n2d

1 1

#

3
Z `

2`
dl

l2jŝnsldj2

l2 1 snn,myb0d2 . (44)

The summation over indexm can be carried out, and, a
shown in Appendix B, one can obtain the following resu

Zsvd ­ 2
4kpi

cb2
0

Z `

2`
dl

Z `

2`
dn jŝnsldj2

l2b2
0q

b2
0l2 1 n2

.

(45)

It is convenient to introduce here new variableskz ­
l, kx ­ nyb0, andk ­

p
k2

z 1 k2
x , so that

Zsvd ­ 2
4ikp

cb2
0

Z `

2`
dkz

Z `

2`
dkx jŝskz , kxdj2

k2
z

k
,

(46)

where we use the notation̂sskz , kxd ­ b0ŝnsld. The
variableskz and kx have a meaning of wave numbe
in z and x directions, respectively, in a local coordina

1Note that this frequency can be much larger than the cu
frequency,cyb0.
64401-5
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system related to the tangential plane at the location
the obstacle, withx ­ b0u (see Fig. 1). Recalling th
definitions of Eqs. (30) and (33) one can write

ŝskz , kxd ­
1

4p2

Z `

2`
dz dx Dbsx, zdeikxx1ikz z , (47)

where ŝskz , kxd is now expressed in terms of the bum
shape in the local coordinate system on the surface o
wall.

For an axisymmetric protrusionr ­ bszd, one can
show that in place of Eq. (46) one obtains

Zsvd ­ 2
4ikp

cb0

Z `

2`
dkz jŝskzdj2jkzj , (48)

where

ŝskzd ­
1

2p

Z `

2`

dz Dbszdeikz z . (49)

VII. TWO EXAMPLES

In this section, we calculate the impedance of
ellipsoidal bump and a triangular mask using express
from the previous section and compare them with res
known from the literature.

First, consider a small ellipsoidal protrusion in t
chamber, for which

Dbsz, ud ; 2y ­ 2h0

q
g2 2 x2 2 z2 , (50)

where h0 is the height andg is the width of the ellip-
soid (see Fig 2). Assuming thatg ø b0, in the limit

z

r

θ

z

y

x

FIG. 1. A local Cartesian coordinate systemxyz on the
surface and a cylindrical coordinate systemruz in the vacuum
chamber of circular cross section.
064401-5
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FIG. 2. Ellipsoidal protrusion on the wall.

of frequencies such thatgk ø 1, the impedance of such
an obstacle in small-angle approximation can be fou
using Eq. (46). Note that the small-angle approximat
requires thath0 ø g; this condition guarantees that th
angle between the bump surface and the horizontal p
in Fig. 2 is small everywhere except the edges where
angle equals90±.

The Fourier image (47) for the ellipsoid (50) can
easily found

ŝskd ­
h0g2

2p

sink 2 k cosk

k3 , (51)

which gives the following result for the impedance of t
ellipsoid:

Zsa ­ 2i
Z0kh2g

4pb2
0

Z `

0
dk

sink 2 k cosk

k4

­ 2i
Z0kh2

0g

24b2
0

, (52)

where the subscriptsa indicates that this formula is
obtained in the small-angle approximation.

This result can be compared with a more gene
expression obtained in Ref. [6] and valid, in the limit
small frequencies, for an arbitrary ratio ofh0 and g (but
g, h0 ø b0),

Z ­ 2i
Z0kh0g2

6pb2
0

(
I21

1

√
h0

g

!
1

"
I2

√
h0

g

!
2 1

#21)
,

(53)

where

Insxd ­
x
2

Z `

0

dj

sj 1 1dnsj 1 x2d
5

2
2n

. (54)

The ratio ZsayZ is shown in Fig. 3. It is seen tha
for small values ofh0yg, Zsa agrees with the exac
formula (53); however, for larger aspect ratios, the sm
angle approximation underestimates the impedance.
h0yg ­ 1, corresponding to a semisphere, the small-an
approximation gives about 2 times smaller result. W
remind the reader here that the assumption of the sm
angle approximation breaks down whenh0 , g.

Another example where the small-angle approximat
can be compared with a more accurate theory is the c
of the axisymmetric triangular mask shown in Fig.
Using Eq. (49) for the Fourier spectrum of the triangu
064401-6
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FIG. 3. Ratio of the small-angle approximation impedan
Zsa, Eq. (52), andZ given by Eq. (53) as a function of the
ellipsoid aspect ratio.

shape, one finds

ŝskd ­ 2
2h0

pgk2

√
cos

gk

2
2 1

!
. (55)

Putting this into Eq. (48) gives for impedance in th
small-angle approximation (h0 ø g)

Zsa ­ 22sln 2d
ikZ0h2

0

p2b0
. (56)

A more general formula for the triangular mask, val
even for large ratiosh0yg (but h0, g ø b0), was derived
in Ref. [5],

Z ­ 2
ikZ0

4pb0
sae 1 gh0d , (57)

where

ae ­ 22n

"
ph0

sinspndGs1y2 2 ndGs1 1 nd

#2

, (58)

andn is defined by

tanpn ­
2h0

g
. (59)

g

h0

FIG. 4. Axisymmetric triangular mask. The dashed lin
shows the axis of the pipe.
064401-6
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triangle aspect ratio.

A comparison of the two results is shown in Fig.
Again, we have a good agreement between the two m
els in the limith0 ø g; however, increasingh0yg beyond
the limit of the applicability of the small-angle approx
mation leads to the overestimation of the impedan
by Zsa.

VIII. RANDOM SURFACE

With a small modification, our analysis can also
applied to the case of a rough surface. We assume
such a surface consists of randomly distributed bum
with a characteristic scale of the bumpg ø b0, and the
frequency of interestv satisfies the inequalityvgyc ø
1. The small-angle approximation also assumes that
typical angle between the tangent to the surface a
the horizontal plane is small. We can use a statisti
description of the rough surface in terms of the correlat
function and its spectrum. In this approach, the impeda
given by Eq. (46) is averaged over the random distribut
of surface bumps, and the averaged valuekjŝskz , kxdj2l is
used in Eq. (46) instead ofjŝskz , kxdj2. To carry out the
averaging we start from the equation

jŝskz , kxdj2 ­
1

s2pd4

Z
dx dy Dbsx, zdeikzz1ikxx

3
Z

dx0 dy0 Dbsx0, z0de2ikzz 02ikx x0

,

(60)
which directly follows from the definition of̂sskz , kxd.
Averaging this equation gives

kjŝskz , kxdj2l ­
1

s2pd4

Z
dx dy dx0 dy0

3 kDbsx0, z0dDbsx, zdleikz sz2z0d1ikxsx2x0d.

(61)
At this point we introduce the correlation functionKsx, zd
such that

Ksx 2 x0, z 2 z0d ­ kDbsx0, z0dDbsx, zdl , (62)
064401-7
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and the spectrumRskz , kxd, equal to the Fourier image o
the correlation function,

Rskz , kxd ­
1

s2pd2

Z
dx dz Ksx, zde2ikzz2ikxx . (63)

Putting Eqs. (62) and (63) into Eq. (61) and performi
integration over the surface of a pipe of lengthL gives

kjŝskz , kxdj2l ­
b0L
2p

Rskz , kxd , (64)

with the averaged impedance of the rough surface

Zsvd ­ 2
ikZ0L
2pb0

Z
dkz dkx Rskz , kxd

k2
z

k
. (65)

For an isotropic surface, such that all directions
the surface are statistically equivalent, the functionR
depends only on the absolute value of the vectorskx , kzd,
R ­ Rskd, and Eq. (65) reduces to

Zsvd ­ 2
ikZ0L

2b0

Z `

0
k2 dk Rskd . (66)

As an example of statistical description of the surfa
we consider here a model of a fractal landscape, w
a spectral function decaying as a power of the abso
value of the vectork,

Rskd ­
A
kq , k . k0 ,

Rskd ­ 0, k , k0 .
(67)

A picture of such a surface is shown in Fig. 6. In ord
to avoid divergence at small values ofk, we limited
the spectrum from below by some small valuek0. The
constantA is related to the rms heightd of the surface
bumps

d2 ­ 2p
Z `

0
k dk Rskd ­

2pA
q 2 2

k
22q
0 , (68)

where we assumeq . 2 for convergence of the integral.
Calculating the impedance with Eq. (66), we find t

impedance of a round pipe whose internal surface
characterized by the rms height of the bumpsd and
parameterk0

Zsvd ­ 2
ikZ0

4pb0

q 2 2
q 2 3

d2k0 . (69)

The inverse parameterk21
0 can be associated with

characteristic correlation length of the bumps on
surfacelcorr , k

21
0 . The structures on the surface ten

to be uncorrelated on the distance that is much larger t
lcorr . Equation (69) shows that the impedance not o
depends on the rms height of the bumps, but also on
correlation between the location of the bumps relative
each other.
064401-7
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IX. CONCLUSION

In this paper, we derived a general expression
the longitudinal impedance, Eqs. (36) and (43), of
protrusion of arbitrary shape located on the surface o
perfectly conducting cylindrical pipe. We assumed t
the height of the protrusion is much smaller than the p
radius, and we also used a small-angle approximation
the shape of the protrusion. These general expression
the impedance can be significantly simplified in the lim
of relatively small frequenciesvgyc ø 1, with the result
given by Eq. (46). The impedance in this limit is pure
inductive and can be easily computed for an arbitr
shape of the protrusion. In two examples, we showed
our result agrees with previously calculated impedance
these specific shapes. Those examples also demon
the accuracy of the small-angle approximation—ev
when this approximation is formally not valid, it sti
gives, within a numerical factor, the right expression
the impedance.

Extending our consideration, we applied it to the ca
of a rough surface. For such a surface, the result ca
expressed in terms of the spectrum of the roughness
a simple example of a fractal landscape, we showed
to calculate the impedance. Our result indicates that
only rms height of the surface is important, but correlat
properties of the landscape should also be taken
consideration.
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APPENDIX A

To calculate the total impedance of TM modes,
will represent it as a sum of contributions from differe
eigenmodesn, m [see Eqs. (27) and (31)],

ZTMsvd ­
X̀

n­2`

X̀
m­1

Zn,msvd , (A1)
64401-8
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where

Zn,msvd ­ 2
i
p

X
s­61

Z `

2`

ReZn,msv 0, sd dv0

v0 2 v
, (A2)

and ReZn,m is given by Eq. (28). In the last integral, i
order to avoid singularity atv ­ v0, one has to assum
that v has a small positive imaginary part, as shown
Fig. 1. Since ReZn,m is zero below the cutoff frequency
the integration path in the complex planev0 goes from
the cutoff frequencycmn,myb0 to ` along the real axis
and from2` to 2cmn,myb0, as shown in Fig. 7. (Note
that the real part of the impedance is an even function
frequency for realv0.)

We now define the longitudinal wave numb
kn,msv0d ­ sv02yc2 2 m2

n,myb2
0 d1y2 as a function of the

complex variablev0, so that it is an analytic function in
the complex plane with two cuts going along the real a
as shown in Fig. 8. As shown in this figure,kn,msv0d
is real on the edges of the cuts and takes positive
negative signs there. With this definition, we can n
change the integration path of Fig. 7 to two contoursC1

and C2, shown in Fig. 9, that go on the upper and low
edges of the cuts passing around the cutoff points,

Zn,msvd ­ 2
i
p

Z
C11C2

ReZn,msv0, sd dv0

v0 2 v
. (A3)

Note that the summation overs is removed in Eq. (A3)
because the contributions from negative values ofs are
now included in the lower branches of the contoursC1

andC2. It turns out that the integral in Eq. (A3) does n

ΒΑ

Im ω9

Re ω9

ω

FIG. 7. Complex planev0 and the integration path fo
Eq. (A2). The points A and B correspond to the cutoff fr
quency2cmn,myb0 andcmn,myb0, respectively. The frequenc
v has an infinitesimally small positive imaginary part.
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FIG. 8. Complex planev0 with cuts indicated by the wavy
line. The first cut goes along the real axis from2` to A, and
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figure.

depend ons, and both positive and negative values ofs

on the right-hand side give the same result.
Using Eq. (29) we get

jŜnsk 1 skn,mdj2 ­
Z `

2`

Z `

2`
dz du s̃0

nszd fs̃0
nszdgp

3 eisk1skn,md sz2ud, (A4)

and

Zn,msvd ­ 2
i

pb2
0c2

Z `

2`

Z `

2`
dz du s̃0

nszd fs̃0
nszdgp

3
Z

C11C2

dv0

v0 2 v

v0

kn,msv0d
eisk1skn,md sz2ud.

(A5)

We can now close the integration path by infinite
large semicircles as shown in Fig. 9. The contribut
to the integral from those semicircles will vanish beca
of the exponential factore2s Im km,nsz2ud in the integrand,
if we chooses ­ 1 for z 2 u . 0 and s ­ 21 for
z 2 u , 0. Then the integral reduces to the residue
v0 ­ v, and we obtain as a result Eq. (32).

Calculations for TE modes are completely analog
to the TM case with the same transformation of
integration path from the one shown in Fig. 7 to the clos
io
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FIG. 9. Complex planev0 with the integration contoursC1
andC2. The pathC1 1 C2 can be closed by adding infinite
large semicircles shown by dashed lines.

loop in Fig. 9 (with the cutoff frequency now6cnn,myb0
rather than6cmn,myb0). The only difference arises from
the fact that the real part of the impedance, Eq. (38),
a singularity atv ­ 0. As a result, after closing th
contour of the integration, there will be two residues
the integral: one atv0 ­ v and the other atv0 ­ 0. This
leads to the expression Eq. (40) in which the first term
the numerator is due to the residue atv, and the secon
one is due to the residue at the origin.

APPENDIX B

For large values ofn andm, one can use the followin
identity for the roots of the Bessel functions [11]

nm,n ø nf

√
m
n

!
, (B1)

where the functionfsxd is defined implicitly by the
equation

xfsxd ­
q

f2 2 1 2
1
f

. (B2)

Putting Eq. (B1) into Eq. (44) gives
Zsvd ­ 2
8kpi

cb2
0

X
n,m

f2

f2 2 1

Z
dl

l2jŝnsldj2

l2 1 snfyb0d2

ø 2
8kpi

cb2
0

Z
dm dn

f2

f2 2 1

Z
dl

l2jŝnsldj2

l2 1 snfyb0d2
, (B3)
n
l.

-

l.

8

where we used integration overn and m instead of
summation, which is valid because the main contribut
to the sum comes from largen and m. Changing
the integration variable fromm to f, so that dm ­p

f2 2 1 dfyf, and using the identity

Z `

1

fdfp
f2 2 1 sf2 1 a2d

­
p

2
p

1 1 a2
, (B4)

one obtains Eq. (46).
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