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Electron beam distortions in beam-beam compensation setup
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This article is devoted to electron beam distortions in the “electron compressor” setup for
beam compensation in the Tevatron collider. The effects of electron space charge force a
interaction of the electron beam with the impacting elliptical antiproton beam are studied. We
an estimate of the longitudinal magnetic field necessary to keep the electron beam distortio
[S1098-4402(98)00018-4]
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I. INTRODUCTION

Proton and antiproton beams in the Tevatron collid
interact via their electromagnetic forces at two collisi
points B0 and D0 and at numerous locations along se
rated orbits in the same vacuum chamber where they
miss each other. Such an interaction causes betatron
cillation tune shift and the tune spread in both beams. T
tune shift and the tune spread are supposedly much la
in the antiproton beam than in the proton beam, beca
of several times larger proton intensity, and can reach
ues of about 0.01–0.02 in the Tevatron luminosity u
grade project TEV33 [1]. These effects are expected
be a problem for the machine operation if uncorrect
Compensation of the beam-beam effects in the Teva
with the use of high current, low energy electron be
was proposed in Refs. [2,3]. The electron beam tr
els in the direction opposite to the antiproton beam a
interacts with an antiproton bunch via its space cha
forces. The proton beam has to be separated from
electron and antiproton beams. Modifications of the p
posal are (i) the “electron lens” with modulated curre
which is supposed to provide different linear defocus
forces for different antiproton bunches (the bunch spac
is t  132 ns in the TEV33) and, therefore, equalize th
betatron frequencies, which are not naturally equal du
proton-antiproton interaction in numerous parasitic cro
ings along the ring; and (ii) an “electron compressor,” th
is a nonlinear but DC electron lens which compensates
average) the nonlinear focusing of antiprotons due to p
ton beam and, thus, to reduce the beam-beam footprin

A 10 kV electron beam about 2 m long, 2 m
diameter, with 1–2 A of current is to be installed
a place with large beta function (,100 m), away from
the main interaction points. The electron beam is
be born on an electron gun cathode, transported thro
the interaction region, and absorbed in the collector.

*Permanent address: Joint Institute for Nuclear Resea
141980 Dubna, Moscow Region, Russia.
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strong longitudinal magnetic field plays a significant ro
in maintaining stability of both electron and antiprot
beams [4]. It also suppresses the electron beam cu
distribution distortions and, therefore, the electron sp
charge force distortions.

This article is focused mostly on the time-depend
deviations of the electron beam shape during passag
the interaction region. In Sec. II we discuss the res
of numerical tracing of electron trajectories in the elect
compressor. Theoretical analysis of the distortions in d
approximation is presented in Sec. III. Section IV brie
summarizes our studies.

II. NUMERICAL TRACING OF ELECTRONS

The ZBEAM code [5] is used for tracing electron traje
tories. This is essentially a two-dimensional code wh
takes into account only transverse components of the e
tric and magnetic forces. It is a good approximation
the forces due to ultrarelativistic̄p bunch. Longitudinal
space charge forces of the nonrelativistic electron be
are negligible because the beam is either DC or mo
lated over a large scale oft ? c ø 40 m, which is much
larger than the beam transverse size of a few mm.

The code solves an equation of motion of a char
In the laboratory frame, with some external electric a
magnetic fields and in the presence of some additio
moving electric charges, the equation is as follows:

m
d2 $r
dt2

 q

√
$E 1 f $y 3 $Bg 1

nX
i1

$Ei 1

nX
i1

f $y 3 $Big

!
,

(1)

Here m, q, and $y are the particle mass, electric charg
and velocity, $E and $B are the external electric an
magnetic fields, and$Ei and $Bi are the electric and
magnetic fields of a bunch “macroparticle”

$Ei 
qisZd$r
2pe0r2 , $Bi 

1
c2 f $yi 3 $Eig . (2)

Tracking of a particle is achieved by integrating t
equation of motion over successive small time steps.
© 1998 The American Physical Society 064001-1
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FIG. 1. (Color) Expansion of the electron beam due to self-field (left) and trajectories of electrons insidep̄ bunch (right).
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Figure 1 shows trajectories vs longitudinal coordinatz
for electrons which originally had no transverse velocit
and started at radii equal tor0  0.1, 0.5, 0.8, and 0.9 mm
in the absence of longitudinal magnetic field.

The left plot demonstrates disruption under the imp
of the self-space charge forces in a round electron be
with constant transverse current distribution with t
following parameters: the beam radiusa  0.9 mm, total
current Je  1.5 A, kinetic energy of electronsUe 
10 kV. One can see a many fold increase of the be
size over a 180-cm-long path. Note that the elect
trajectories do not intersect each other; therefore,
particle at the borderr0  0.9 mm always stays at the
border.

The right plot in Fig. 1 shows trajectories of the sam
particles under the impact of the oncoming bunch
Np̄  6 3 1010 antiprotons having Gaussian distributio
with rms radial size ofsr  0.9 mm and longitudinal rms
size ofsz  30 cm, and the electron space charge is o
Again, a significant electron beam size increase is se
nevertheless, it is somewhat less than that due to elec
space charge—final radius of about 50 mm instead
120 mm—compared with the left plot.

Note that the 1800 mm path corresponds to the ti
for all antiprotons within63sz to add their impact to
the electrons’ motion. Now the trajectories intersect ea
other; thus the particle originally at the border of t
electron beam received the least angular deflection.

The solenoid magnetic field in the setup for the bea
beam compensation allows the avoidance of the disrup
of the high current electron beam. As shown in Ref. [
the electron beam stability in a solenoidal fieldB requires
its focusing strength to be more than defocusing due
electron and antiproton space-charge defocusing
4001-2
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, (3)

where the effective focal length due to the magnetic fi
B is

FB 
2gebemec2

eB
ø 3.3 fcmg

gebe

B fkGg
. (4)

Here be  yeyc 
p

2Ueymc2 and ge  1y
p

1 2 b2
e

are relativistic factors; e.g., for 10 kV electronsbe  0.2
and

FB  0.66 fcmgyB fkGg .

The defocusing length due to the electron space charg
the 1.5 A, 10 kV electron beam is

Fe 

s
J0g3

eb3
ea2

e

2Je
ø 0.77 fcmg ,

J0 
mc3

e
 17 kA .

(5)

The minimum defocusing length due to the pbar be
is

Fp̄ 

vuutgeb2
e

p
2p szs2

r mec2

e2Np̄s1 1 bed
ø 1.11 fcmg , (6)

where we take the same parameters as above—Np̄ 
6 3 1010, sr  0.9 mm, sz  30 cm.

The electron beam is stable if the focusing term1yF2
B

in Eq. (3) is stronger than the two defocusing terms t
corresponds toB $ 1 kG for nonrelativistic electrons
The defocusing due to the electron space charge is a
1.5 times stronger than the defocusing due to the p
beam; therefore, an approximate scaling law is valid
064001-2
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the minimum stabilizing solenoid field

Bmin ~
J

1y2
e

ae
, ae . sr . (7)

For example, doubling the electron current requires op
2 ø 1.41 more magnetic field strength.
Figure 2 presents electron trajectories in theB 

2 T solenoidal magnet while taking into account th
impact of both the electron and antiproton space cha
forces. The electrons are assumed to be brought to
interaction region adiabatically, i.e., without excitation
their transverse Larmor oscillations with a spatial peri
of lL  yeyvL  bemc2yeB ø 3.4 fmmgyB fkGg. The
p̄ bunch length is much longer thanlL, and, therefore,
antiprotons repulse electrons adiabatically and do
excite the Larmor oscillations—one can see no rad
variations in the top plot of Fig. 2.

The only effect of the space charge forces is an a
muthal drift of electrons as it is presented in the lower p
of Fig. 2. One can see that all electron trajectories star
with a y coordinate equal to 0, but during the passage ti
all of the particles have been rotated while staying on
same radii. The drift velocity in the crossed electric a
magnetic fields$E and $B, respectively, is equal to

$yd  c
f $E 3 $Bg

B2 . (8)
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FIG. 2. (Color) Electron beam
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The space charge electric field inside the const
current densityj  Jeypa2

e is proportional to the radius
$E  2j $rybe, and, therefore, the angleud of the drift
rotation over the time intervalt does not depend on th
radiusud  ydtyr  2jctybeB. The electric field due to
the Gaussian̄p beam is not linear; therefore, the rotatio
angleud is no longer independent ofr, and electrons with
larger r perform drift rotation on a different (smaller
angle even though the difference is negligible under
parameters we used—see the lower plot in Fig. 2.1

One can conclude that the interaction with a roundp̄
bunch in the strong magnetic field conserves the a
symmetry and radial size of the electron beam. Theref
the electron beam space charge forces are the sam
antiprotons at the head and at the tail of thep̄ bunch.

That is no longer true if the electron or the antiprot
beam is not round. Roundness of the electron beam
be assured by using a round cathode in the electron

1In fact, the magnetic forces produced by the electron
antiproton currents produce additional drifts similar to elect
ones, but their contributions areb2

e and be times smaller and,
therefore, are negligible. Nevertheless, it will be taken in
account in the formulas of Sec. III.
 B = 2 T

000 1200 1400 1600 1800

z (mm)

r0 = 0.9 mm

r0 = 0.8 mm

r0 = 0.5 mm

r0 = 0.1 mm

behavior insidep̄ bunch at 2 T.

064001-3



PRST-AB 1 VLADIMIR SHILTSEV AND ALEXANDER ZINCHENKO 064001 (1998)

th

io
m
V

d
id
th

s

ro

he
n
s

ith

t
cl

ts
ron
hen
ile

bed
wo
the
ing
ful
on

nd

on
and by the appropriate choice of the magnetic field in
transport section of the setup. Oppositely, thep̄ beam
roundness can be achieved in very few Tevatron locat
where vertical and horizontal beta functions are the sa
bx  by (vertical and horizontal emittances of 1000 Ge
beams in the Tevatron are approximately equal´rms

x,y ø
3.3p mm mrad). This condition cannot be fulfille
a priori. For example, at the present stage we cons
the installation of one of the electron lens devices at
Tevatron F48 location which is characterized bybx 
101.7 m and by  30.9 m, and, consequently, the rm
bunch sizes aresx  0.61 mm andsy  0.31 mm [3].

Figure 3 shows what happens with a round elect
beam (radiusae  0.31 mm) when it interacts with
elliptical antiproton beam in the 2 T solenoid field. T
ZBEAM code is used for the electric field calculatio
and electron tracing. The top left plot shows an ellip
which corresponds to1s of the Gaussian̄p bunch and
a circle of the electron beam cross section uniform
filled with electron macroparticles before interaction w
antiprotons. The top right plot demonstrates traces
the electrons under the impact of the asymmetric elec
field of the antiproton bunch. The resulting macroparti
positions and the shape of the electron beam inx-y and
064001-4
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r-f planes are shown in the lower left and right plo
of Fig. 3, respectively. One can see that the elect
beam becomes a rotated ellipse at the moment w
the tail of the antiproton bunch passes through it, wh
the head of the bunch sees the originally undistur
round electron beam. This might be of concern for t
reasons: (i) there appears a “head-tail” interaction in
p̄ bunch via higher than dipole wake fields propagat
in the electron beam, and (ii) in addition to the use
defocusing effect, electric fields of the elliptic electr
beam produce effectivex-y coupling of the vertical and
horizontal betatron oscillations in thēp beam.

In the following section we analyze the effect a
consider ways to reduce the distortion.

III. ANALYSIS OF ELLIPTIC DISTORTIONS

A. Distortion of electron density

We start with the continuity equation for the electr
charge densityrsx, y, z, td

≠r

≠t
1 divsr $yd  0 , (9)
FIG. 3. (Color) Narrow electron beam distortion due top̄ bunch.
064001-4
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where $ysx, y, z, td is the velocity of the electrons. Sinc
the longitudinal component of the velocity is consta
yz  bec and all of the longitudinal scales (such
the rms antiproton bunch lengthsz or the electron
beam length) are much longer than transverse scale,
can neglect the term≠y≠zsryzd in (9). In the pre-
vious section, we found that the major component
the transverse electron motion is the drift with velo
ity $yd from Eq. (8), while the fast Larmor motion i
negligible; therefore, in the further analysis we consid
$y  $yd . Now, if we assume that the unperturbed cha
distribution is axially symmetricrst  0d  r0srd and
that the maximum density distortion is smallr  r0 1

dr, dr ø r0, in the lowest order one gets from (9)

≠r

≠t
1 $yd ? $=r0 1 r div $yd  0 . (10)

The third term is equal to zero becausediv $yd 
0. The gradient in the second term is$=r0 
2$rd2r0sr2dydsr2d; thus we obtain

$yd ? $=r0 
2c
B2

dr0sr2d
dsr2d

f $E 3 $Bg ? $r . (11)

The electric field of the round electron beam does
contribute to the product above as it is proportional
$r. Its contribution in our case can be omitted in furth
analysis as long as the electron charge density distort
are small with respect tor0srd. The major reason for
the density changedr is the antiproton beam spac
charge force. The electric field of the elliptic Gaussi
relativistic p̄ beam is given by

$E  2eNp̄lszd $=U , (12)

where the linear density of antiprotons is normaliz
as

R
lszd dz  1, and the two-dimensional interactio

potentialUsx, yd is [6]

Usx, yd 
Z `

0
dq

1 2 e2fx2y2s2
x s11qRdg2fy2y2s2

y s11qyRdgp
s1 1 qRd s1 1 qyRd

,

R 
sy

sx
. (13)

Therefore, after some mathematics, we get

dr

∑
x, y, t 

z
s1 1 bedc

∏


∑Z z

2`

lsz0d dz0

∏
3

2eNp̄

B
dr0sr2d

dsr2d

3
xyIsx, yd ss2

x 2 s2
yd

s2
xs2

y
,

(14)

wherez is now the coordinate inside thēp bunch2 and

2For example, z  2` is for the bunch head, andRz
2` lsz0d dz0 is proportional to the antiproton charge whic

passed through the given part of the electron beam.
064001-5
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Isx, yd 
Z `

0
dq

e2fx2y2s2
x s11qRdg2f y2y2s2

y s11qyRdg

s1 1 qRd3y2s1 1 qyRd3y2
,

Is0, 0d 
2R

s1 1 Rd2
.

(15)

Now we can see the major features of the resul
distortion: (i) it is absent in the case of round̄p
beam whensx  sy; (ii) it performs two variations ove
azimuth dr ~ xy ~ sins2ud; (iii) it vanishes with the
solenoid fieldB increase or a decrease of the antipro
intensity Np̄; (iv) most of the distortion takes plac
at the radial edge of the electron beam and, s
dr0sr2dydsr2d . r

max
0 ya2

e, the wider electron beam ge
smaller density distortions during the interaction.

Finally, the scaling of the maximum distortion streng
is

drmax

r
max
0

,
0.2eNp̄

a2
eB

ø
0.6fNp̄ys6 3 1010dg

a2
e fmmgB fkGg

, (16)

and the value of 0.2 comes from the geometrical fa
~ xyIsx, yd. For example, the distortion is about 3
for a 1-mm-radius electron beam in aB  20 kG  2 T
solenoid field. As soon as the elliptic distortion is excit
it starts the rotation drift in the crossed fields of t
electron space charge and the solenoid field. Un
the conditions of the Tevatron beam-beam compensa
setup, the rotation is small. For example, one gets
over the time of thep̄ bunch passage62szyc  2 ns,
the angle in the field ofB  20 kG is about ud ø
4jszaeybeB ø 0.1 rad ø 1. Therefore, one can om
the factor$yd ? $=dr in Eq. (10).

Figure 4 presents theZBEAM simulations of the constan
density electron beam which is much wider than
p̄ beam ae  1.5 mm ø 2.5sx . Opposite to the cas
presented in Fig. 3, the electron beam distortions in
same field ofB  2 T are now very small.2%.

The distortion of other than constant electron den
can be calculated analytically with the use of Eq. (1
For example, the top left plot in Fig. 5 shows lines
constant density for the electron beam with a density o

r0srd 
1

1 1 sryaed2m
,

m  3, ae  sx  0.61 mm.
(17)

Here and below, thex and y coordinates are given i
units ofsx.

The constant density lines for the Gaussian distri
tion in the antiproton beam withsx  0.61 mm and
sy  0.31 mm are presented in the top right plot. T
lower left corner of the figure is for the change of the el
tron charge densitydrsx, yd after passage through the a
tiproton bunch withNp̄  6 3 1010 in the magnetic field
B  4 kG. With such a small solenoid field, the disto
tion is very largedrmax . 0.25, and the resulting electro
beam shaper  r0 1 dr is now a rotated ellipse as it
064001-5
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FIG. 4. (Color) Wide electron beam distortion due to narrowp̄ bunch.
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depicted in the lower right plot. Consequently, the kic
due to electron space charge fields are very differen
the antiprotons in the head and in the tail of the bunch

After consideration of the Tevatron beam-beam t
footprint in the presence of the electron lens in Ref. [3
was found that an electron beam 2–3 times wider than
p̄ beam size results in a smaller footprint area. That
helps to reducedr. Figure 6 demonstrates the electr
beam distributionr0 according to Eq. (17), but withae 
2.5sx  1.5 mm (see left plot) and the resulting distortio
dr (right plot), which is now less than 0.05.

B. Coupling due to distorted electron beam

The electric and magnetic fields of the elliptic electr
beam lead to effectivex-y coupling of vertical and
horizontal betatron oscillations in thēp beam. Since
the electron beam is originally round, the head of thep̄
bunch experiences no coupling force. But, as the elec
density distortion grows as

Rz
lsz0d dz0, the coupling

grows proportionally. Particles in the head and in
tail of the bunch change their positions while perform
synchrotron oscillations; thus an average coupling ef
is half of the maximum coupling spread. The avera
s
or

e
it
he
so

n

on

e
g
ct
e

coupling can be corrected in the Tevatron, while th
are no tools to compensate the spread in the coup
Therefore, the spread has to be small enough in orde
to affect thep̄ beam dynamics.

The tunes of a small amplitude particle can be writ
as

n6 
fsnx 1 Dnxd 1 sny 1 Dnydg

2

6

s
snx 1 Dnxd 2 sny 1 Dnyd2

4
1 jk 1 Dkj2 ,

(18)

wherenx andny are the unperturbed horizontal and ve
tical tunes, respectively; in the current Tevatron latt
they are 0.585 and 0.575, correspondingly.k is a com-
plex number describing the coupling. For a satisfact
operation of the Tevatron collider, the global coupli
is corrected down to a value ofjkj ø 0.001 [7]. The
D’s in Eq. (18) represent the changes of these quant
that arise from the interaction with the electron bea
The interaction is often described in terms of the tw
dimensional potentialV sx, yd; thus the horizontal tune
064001-6
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FIG. 5. (Color) Contour plots of the original electron density (top left),p̄ density (top right), change of the electron density due
interaction withp̄ space charge (bottom left), and the resulting electron density.
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shift can be found from

Dnx  2
bx

4p

≠2V
≠x2

. (19)

The coupling shift can be calculated as

Dk 

p
bxby eiscx2cyd

4p

≠2V
≠x≠y

. (20)

In the case of the almost round electron beam w
small elliptic distortion, one can writeV sx, yd  V0srd 1

Vskew sxyd. The potentialV0srd and corresponding tun
shift for a round, constant density electron beam with to
currentJe and total lengthL are equal to

V0srd  r2 s1 1 bedJeLrp̄

ebeca2
egp̄

,

Dnx  2
bx

4p

2s1 1 bedJeLrp̄

ebeca2
egp̄

.

(21)

Here rp̄  1.53 3 10218 m is the (anti)proton classica
radius, and the relativistic antiproton factor isgp̄ ø 1000.
For example, having parameters of experimentJe 
1.5 A, be  0.2, L  2.0 m, bx  100 m, and ae 
1 mm, one getsDnx  20.0091. The axisymmetric part
064001-7
h

l

of the electron beam distribution does not contribute
the coupling.

Now let us write the electron density distortion in th
form drsx, yd  xyCsx, yd, which emphasizes the produ
xy and the rest is a slowly varying function ofxy

Csx, yd 
2eNp̄

B
dr0sr2d

dsr2d
Isx, yd ss2

x 2 s2
y d

s2
xs2

y
. (22)

The effective 2D skew potential can be found as
solution of the following equation:

nVskew  24pdr
rp̄

gp̄
. (23)

That is approximately equal to

Vskew ø
prp̄

6gp̄
Csx, ydr2xy . (24)

The magnitude of the coupling coefficient can be fou
with the use of Eq. (20)

jkj ø
p

bxby rp̄

8gp̄
kCsx, ydr2l . (25)

The bracketsk· · ·l denote averaging over antiproto
betatron oscillations. Now one can estimate the maxim
064001-7
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FIG. 6. (Color) Wider electron beam (left) and its distortion (right).
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m

do
he
coupling spread using Eqs. (16) and (19)–(23) toget
with the approximate relationbx . 3by

jkj ø jDnxj
eNp̄

2
p

3 s2
xB

kSsx, ydl

ø
0.84fNp̄ys6 3 1010dg

s2
x fmmgB fkGg

kSsx, ydl . (26)

Figure 7 shows the numerical factorSsx, yd for the two
electron distributions satisfying Eq. (17) withae  sx

(left plot) and another withae  2.5sx (right plot). The
maximum value of this factor ofSmaxsx, yd  0.7 for the
slender electron beam and 0.13 for the wider elect
beam takes place at amplitudes of about the electron b
size. The coupling vanishes for small betatron amplitu
particles and at very large amplitudes. The effect
larger in the plane of the longer antiproton ellipse a
(horizontal in our case).

Let us assume a numerical example with the sa
parameters we used above—sx  0.61 mm, Np̄ 
6 3 1010, Dnx . 0.01. The maximum numerical facto
er

n
m

e
s
s

e

is aboutkSsx, ydlmax ø 0.5Smaxsx, yd; i.e., 0.35 forae 
1sx and 0.065 forae  2.5sx . Now, with a solenoid
field of B  2 T, one gets the maximum coupling spre
jkj . 4 3 1024 for the thin electron beam and7 3 1025

for the wider electron beam. Both of these values
rather small with respect to the Tevatron global coupl
correction goal of about 0.001.

IV. CONCLUSION

We have considered distortions of the electron be
in the beam-beam compensation setup. A rather
longitudinal field of about 1 kG can prevent the bea
blowup due to defocusing electron and antiproton sp
charge forces. A much higher solenoid field of abo
2 T is necessary to have the electron charge distribu
distortions within a few percent with respect to th
original axisymmetric distribution. The need comes fro
a requirement to contribute much lessx-y coupling
than other sources in the Tevatron collider ring and
not introduce significant spread of the coupling in t
ht).
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FIG. 7. (Color) The coupling functionsSsx, yd for antiproton betatron oscillations with thin (left) and wide electron beams (rig
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antiproton bunch. Both tracking with the computer co
ZBEAM and analytical consideration have shown that
distortion is smaller if the electron beam size is seve
times thep̄ beam size.
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