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Increasing the transverse mode coupling instability threshold by RF quadrupole
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Transverse mode coupling instability is one of the major limitations of a single bunch current in
storage rings. Until now it has appeared in large electron-positron machines, while its presence
proton colliders has not been observed. This paper describes a theoretical analysis of the effect
longitudinal variation of the betatron tune on the transverse mode coupling instability. This variatio
can be introduced by an RF quadrupole. In the result, the instability threshold could be significant
increased when a modulation of the betatron frequency is comparable with the synchrotron tun
[S1098-4402(98)00012-3]
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I. INTRODUCTION

Recently [1] it was discovered by simulations that
incoherent tune shift can increase the threshold cur
for the fast head-tail instability. Probably one of t
reasons for this is the dependence of the betatron tun
longitudinal coordinates. Earlier, a remarkable rise in
threshold current of transverse coupled-bunch instabil
was observed at the Photon Factory at KEK (Japan) u
a high frequency quadrupole magnet [2]. An influence
betatron tune modulation on the transverse mode coup
instability (TMCI, see [3,4]) threshold is analyzed here

For the purpose of this article, one transverse
one longitudinal degree of freedom is considered. T
definitions of wake functions correspond to [4]; all
the results are obtained in general form. After that
particular case with a constant wake function1 is studied.

The action of the RF quadrupole is expressed
dependence of the betatron frequency on the longitud
coordinate

vb ­ v0 1 sg , (1)

where v0 is the initial betatron frequency,s is the
distance of a particle from the center of the bunch, a
the longitudinal derivative of the betatron frequencyg is
proportional to a strength of the RF quadrupole2.

It is shown below that the betatron frequency mod
lation comparable to the synchrotron tune increases
TMCI threshold by a factor of 3. Then the thresho
grows with the gradientg growth.

The physical reason for such a phenomenon can
explained in the following way. During one-half of

*On leave from Budker Institute of Nuclear Physics, Novo
birsk 630090, Russia.

1It corresponds, for example, to the wake function of a s
line.

2The wavelength of RF oscillations is assumed to be m
larger than the bunch length.
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synchrotron oscillation, head particles change the beta
phase of backward particles; when the change of
betatron phase over the synchrotron period is of
order of unity, this instability occurs. The betatro
frequencies are usually the same for the head and
tail of a bunch, so the particles are always in resona
When the longitudinal gradient of the betatron frequenc
is applied, the particles get out of resonance, wh
suppresses the collective motion.

In the next section the simple model of a “hollo
beam” is presented; then all of the calculations are car
out for a more practical Gaussian distribution.

II. “HOLLOW-BEAM” MODEL

It is usually convenient to study a simple model
understand general properties of eigenvalues and
dependence on parameters. At first we use a model o
bunch, which consists of particles with one synchrot
amplitude. The basic equation for a dipole mom
motion in the presence of a distributed wakefield is

D00 1 v2
bD ­ F , (2)

where

F ­
e2

L

Z `

s
WsDsdDss0drss0d ds0, (3)

Ds is the distance between the forward and the
particle, W is the wake function of a vacuum chambe
D and r are the average transverse dipole mom
and density of the forward particles, andL is the
circumference of the machine.

More general wakefields can be considered with
help of averaged equations. LetA andc be the amplitude
and slow phase of betatron oscillations of the test part
dipole moment for a fixed synchrotron phase. T
averaged equation for them reads (the chromaticity
the longitudinal gradient of betatron frequencies is eq
to zero)

dAeic

dt
­

vbb3y2

igmc2

Z T

0
Fe2ivbt dt

T
­ F , (4)
© 1998 The American Physical Society 041301-1
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where the integration timeT must be larger than the be
tatron oscillation period;vb , b are the betatron frequenc
and theb function, andvbdt ­ dzyb, and the forceF
is the same as in (3), but with arbitrary dependence of
wake function on time.

After averaging by using the relationvbdt ­ dzyb,
the equation for hollow beam (for zero longitudin
gradient of the betatron frequency) reads

dAeic

dt
­

Ne2b

i4pgmc2T0

Z jfj

2jfj
W sDsdD sf0d df0, (5)

where theb function is supposed to be constant for si
plicity, f is the synchrotron phase3, N is the number of
particles,Ds ­ a cossfd 2 a cossf0d, T0 is the revolu-
tion frequency, andD ­ Dp

b
is the average normalize

dipole momentD ­ Aeic .
For a nonzero longitudinal gradient of betatron frequ

cies, the slow betatron phasec consists of two parts [se
Eq. (1)]

c ­ C 1 g
Z t

s dt ­ C 1
glT0E0

U
d ,

wheret is time,C is the slow part of the betatron phasel

andU are the wavelength and amplitude of the RF syst
E0 is the energy of particles,T0 is the revolution period
andd ­ DEyE0. It is convenient to use a new variab
AeiC becauseA and C here are influenced only by
collective force. One can easily obtain the equation
this variable:

dAeiC

dt
­ e2i glT0E0

U
d Ne2b

i4pgmc2T0

3
Z jfj

2jfj
WsDsdD sf0d df0. (6)

Taking into account thatD ­ AeiC1i glT0E0
U

d and after
rewriting the total derivative on time via partial deriv
tives on time and synchrotron phase, the previous e
tion converts to

≠d
≠t

1
≠d
≠f

­
Ne2b

i4pgmc2T0
e2iP sinsfd

3
Z jfj

2jfj
W sDsd dsf0deiP sinsf0d df0, (7)

where d ­ AeiC and parameterP is half of the differ-
ences of betatron phases between maximum and minim
energy offsets for this particular synchrotron amplitu
[the amplitude and the relative energy offset are relate
each other by the formulad ­ ae sinsfd]

P ­
glT0E0

U
ae . (8)

Then for finding eigenfrequencies it is convenient
presentd in the form of an infinite sum of harmonic

3The module f in this formula was written due to th
symmetry of the collective force on the synchrotron phase.
041301-2
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of synchrotron frequency multiplied by the expone
function of time

d ­ eiat
1X̀

n­2`

dne2inf,

wherea is some eigenfrequency. After putting it in th
previous equation, multiplying it byeinf, integrating the
equation over the synchrotron phase from2p to p, and
rearranging the terms, one can obtain

dnsa 2 nvsd ­ 2K
1X̀

m­2`

dmKnm , (9)

where vs is the synchrotron frequency,K ­ Ne2by
2p2gmc2T0, and Knm ­

R
p

0 cosfnf 2 P sinsfdg df 3Rf

0 WsDsd cosfmf0 2 P sinsf0dg df0.
Usually the sum is truncated to a finite number of low

modes. In the case of only two lower modesn ­ 0, 21,
the matrix for finding eigenfrequencies isµ

a 1 K00K K01K
K10K a 1 vs 1 K2121K

∂
.

Setting the determinant of this matrix equal to ze
one can obtain an equation fora. For zeroP, K01 ­
2K10 and an imaginary part of eigenfrequencies appe
for some threshold current (see, for example, [3]).
is evident that whenK01, K10 have the same sign, th
quadratic equation never gives imaginary solutions,
the TMCI instability in this model disappears. Figure
showsK01, K10 versus parameterP (8) for constant wake
W ­ 1. For P . 0.77, the coupling terms are of th
same sign and TMCI disappears for such a simple mo
For another sign ofP, the figure ofK01, K10 versusP can
be obtained by the reflection of Fig. 1 over the zerox
axis, so the threshold depends on the modulusP4.
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FIG. 1. (Color) CoefficientsK01 (upper) andK10 (lower) versus
the parameterP [see Eq. (8)].

4The same is valid for all of the following results.
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III. GENERAL INVESTIGATION

The equation for Gaussian distribution in synchrotron phase space can be obtained in the same manner:

≠dsa, fd
≠t

1
≠dsa, fd

≠f
­

Ne2b

i4pgmc2T0s2 e2iPsays sinsfd
Z `

0
a0 da0 expf2sa0d2y2s2g

3
Z Fsa,a0,jfjd

2Fsa,a0,jfjd
W sDsd dsa0, f0deiPsa0ys sinsf0d df0, (10)
c
e

his
ed

the
l to
w-
ith
where a is the synchrotron amplitude,s is the lon-
gitudinal rms size, Ds ­ a cossfd 2 a0 cossf0d, and
Fsa, a0, fd is determined by

Fsa, a0, fd ­ a cosfaya0 cossfdg, if jaya0cossfdj , 1 ;

Fsa, a0, fd ­ p sgnfcossfdg, otherwise.

Ps is the half of the maximum betatron phase differen
for particles with the positive and negative energy offs
for ae ­ s,
t
tu
ca
o

a
nd
it

ck
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Ps ­
glT0E0

U
s . (11)

For practical calculations of the eigenvalues of t
problem, the bunch is divided into rings with the fix
amplitudes in the synchrotron phase space. So
dimension of this system increases in factor equa
the number of the rings in comparison with the hollo
beam model. The coupling coefficient of some mode w
azimuthal numbern and amplitudea with some mode
with azimuthal numberm and amplitudeb is
Knmab ­ R
Z p

0
cosfnf 2 Ps sinsfdaysg df

Z Fsa,b,fd

0
WsDsd cosfmf0 2 Ps sinsf0dbysg df0,
h

v

r
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whereR ­ Ne2bb exps2b2y2s2dy2p2gmc2T0s2.
The linear equation for eigenmodes is

dnsaid sa 2 nvsd ­ 2
X

j

1X̀
m­2`

dmsajdKnmaiaj , (12)

where a is the eigenfrequency, andi, j are the indices
of the rings in synchrotron phase space. The smaller
rings are, the closer the eigenvalues are to their ac
values. They can be found from the equation, which
be obtained after setting the determinant from the ab
matrix equal to zero.

Further, the results of the eigenvalue calculations
shown. The bunch is divided into five radial rings, a
each ring is presented by five azimuthal modes, so
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FIG. 2. (Color) Eigenfrequencies (real parts in bla
imaginary in red) of transverse oscillations versusX ­
Ne2bWy2p2gmc2T0. The parameterPs ­ 0.
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possible to see the behavior of the first 25 modes, w
usually gives a few percent deviation for the thresh
from its actual value.

In Fig. 2, one can see the eigentunes for the cons
wake function W versus X ­ Ne2bWy2p2gmc2T0,
which is proportional to the number of particles p
bunch. In this figure, the betatron tune correspond
zero at the vertical axis. All of the tunes are expres
in terms of the synchrotron tune, and the parameterPs

(11) is equal to zero. All of the real parts of frequenc
start from a zero current; the imaginary parts appear
the zero axis after the merging of some modes. Near
betatron tune, there is a bunch of the “radial” eigentu
with a zero “azimuthal” number. If, briefly, all of thes
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FIG. 3. (Color) Eigenfrequencies (real parts in bla
imaginary in red) of transverse oscillations versusX ­
Ne2bWy2p2gmc2T0. The parameterPs ­ 2.
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FIG. 4. (Color) Eigenfrequencies (real parts in blac
imaginary in red) of transverse oscillations versusX ­
Ne2bWy2p2gmc2T0. The parameterPs ­ 5.

modes for a small current have zero oscillations of
dipole moment over an angle in the synchrotron ph
space, and they differ in dependence of the dipole mom
on the synchrotron amplitude (radius in synchrotr
phase space). For each integer number, there are h
azimuthal modes whose tunes differ from the betat
tune in this particular integer number of synchrotron tu
for a small current. This number means the numbe
modulation of eigenmodes over the angle in synchrot
phase space. As in the case of “zero” azimuthal mo
there are a lot of radial modes for every azimut
number. The first merging of a zero azimuthal mo
and a “21” radial mode occurs forX ­ 0.12. The next
merging occurs for a five times larger current (21 and
11 modes). In both cases, a pair of the modes with eq
real parts of the tune and with opposite imaginary part
the tune appears; this, evidently, means instability of
bunch.

Figures 3 and 4 show the eigenvalues forPs ­ 2 and
Ps ­ 5, consequently. Finally, the factor of increasi
the TMCI threshold is shown in Fig. 5. One can see t
the RF quad can raise easily the threshold in factor
and more.

IV. CONCLUSION

The longitudinal gradient of the betatron frequency c
effectively suppress the TMCI instability as it does for t
transverse instabilities in linacs [6].

Rough estimations for the very large hadron collid
(VLHC) [5] can be made for the length of such
quadrupole. Let us take the maximum electric field eq
041301-4
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FIG. 5. The factor of increasing the TMCI threshold vers
parameterP

to 5 MVym, aperture and wavelength of RF equal
10 cm (the designed bunch length is approximately
same),b function equal to 600 m, the synchrotron tun
equal to 0.01, and the injection energy is 3 TeV. T
12.5 m quadrupole is needed to produce the betatron
spread of about one synchrotron tune. It seems possib
combine RF quadrupole with the basic RF system. In t
case, the same RF generators can be used. So the T
threshold can be suppressed by means of a convent
technique.
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