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Nonlinear Compton scattering and electron acceleration in interfering laser beams
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Yerevan Physics Institute, Alikhanian Brothers St. 2, Yerevan 375036, Republic of Armenia
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The exact solution of the classical nonlinear equation of motion for a relativistic electron in the
field of two electromagnetic (EM) waves is obtained. For the particular case of the linearly polarized
standing EM wave in the planar optical cavity, intensity of the nonlinear Compton scattering, the time
of flight, and the momentum variation after the relativistic electron passes along the cavity axis ar
calculated in weak and strong field limits. These effects depend on the initial phase of the EM wav
at the electron entrance into the cavity and can be used for producing, diagnostics, and acceleration
relativistic electron (positron) microbunches. [S1098-4402(98)00007-X]

PACS numbers: 13.60.Fz, 03.40.Kf, 03.65.Ge, 14.60.Cd
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I. INTRODUCTION

The theory of Compton effect in the interfering ele
tromagnetic (EM) waves, in particular, in two counte
propagating plane waves, has been addressed previ
to describe the Kapitza-Dirac effect [1,2], Compton las
[3,4], and inverse Compton laser acceleration [2,5]. T
physical principle of the nanometer-resolution Shinta
electron beam profile monitor [6–9] is also based on
understanding of Compton effect in a standing EM wa
The vacuum beat wave laser accelerator concept [10
lies on the ponderomotive acceleration resulting from
beat wave produced by the interaction of two copropa
ing laser beams.

Temporal diagnostics of ultrafine electron microbunc
sized to a portion of the laser wavelength is another
tential application for intense standing EM wav
Production and reliable characterization of such mic
bunches are essential for development of far-field
near-field laser accelerator schemes (see, for exam
review paper [11]) into practically meaningful monochr
matic electron (positron) accelerators. The example
such a scheme is the staged electron laser acceler
experiment (STELLA) at the Brookhaven Accelera
Test Facility (ATF) [12]. In this experiment, a regul
train of the1 mm thick electron microbunches grouped
the inverse free electron laser method to the period e
to the CO2 laser wavelength,l  10 mm, is phased to
the inverse Cherenkov laser acceleration stage drive
the same CO2 laser. Observation of Compton scatter
radiation from the interaction of periodically group
electrons with a standing EM wave, produced by t
counterpropagating CO2 laser beams, may permit a dire
assessment of the microbunch quality. The inve
process may also provide an alternative mechanism
generate microbunches starting with a quasicontinu
electron pulse.
1098-4402y98y1(3)y034001(9)$15.00
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Theoretical studies of Compton effect in two interferi
EM waves, comprehensively reviewed by Fedorov [
generally capitalize on various aspects of the perturba
theory or other approximate approaches. As long
we are interested in processes nonlinear to the field,
approach based on an exact solution of equations
motion is the most appropriate. The exact solutions
classical equations of the electron motion in a single pl
EM wave have been obtained by many authors us
different methods (see [13–17] and references there
A natural extension of this approach is to apply t
same methods to the case of two (or more) interfer
plane waves.

In the present work, this intent is partially accomplish
using the approach developed in [14,15]. The exact s
tion of classical nonlinear equations of electron motion
the field of two plane EM waves with different freque
cies and the same linear polarization is found in Sec
It is shown that the exact solution exists also in the cas
collinear (or anticollinear) plane waves linearly polariz
in arbitrary directions.

The particular case of a standing wave is considere
Sec. III in the weak field and strong field approximatio
We calculate the time of flight for the electron pass
through the radiation filled plane-parallel optical resona
and show that this parameter depends upon the pha
the standing EM wave at the moments when the elec
enters the cavity.

In Sec. IV, we calculate the phase dependent inten
radiated due to Compton scattering when the relativi
electron passes along the axis of the plane-parallel op
cavity.

Propagating along the axis of the standing EM wa
an electron can lose its energy via Compton scatte
or acquire it in the inverse process. Energy gain
proportional to the initial electron energy as it is typic
for the ponderomotive acceleration processes [10,16,
© 1998 The American Physical Society 034001-1
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In Sec. V, we demonstrate that electron accelera
depends upon the standing wave phase as well.

II. EXACT SOLUTION OF BASIC NONLINEAR
EQUATION

Following the approach outlined in [14,15], conside
classical equation of the electron motion in EM field

dpm

dt


e
m

Fmnpn , (1)

wherepm is the four-dimensional vector of the electr
energy momentumpms´, $pd equal top2

m  ´2 2 p2, t

is time in the relativistic frame of the electron (local
proper time), andFmn is a tensor of an EM field

Fmn 
≠An

≠xm

2
≠Am

≠xn

. (2)

The vector potentialAn is

An  as1d
n sz1d 1 as2d

n sz2d , (3)

where as1d
n

sz1d, as2d
n

sz2d are vector potentials of two lin
early polarized plane waves with frequenciesv1 andv2,
z1  ks1d

m
xm and z2  ks2d

m
xm are the phases of corre

sponding plane waves, andks1d
m

sv1, $v1d and ks2d
m

sv2, $v2d
are four-dimensional wave vectors. In Eqs. (1) and
and below the system of units withc  1, h  1 is used.

A four-dimensional electron vectorxm is
034001-2
n

)

xmstd 
1
m

Z t

ti

pmstd dt 1 xmstid . (4)

After introducingpm, the four-vector of the electron initia
momentum before the electron enters the EM field, we
search a solution of Eqs. (1)–(4) in the form

pmstd  pm 2 efas1d
m sz1d 1 as2d

m sz2dg

1 ks1d
m f1std 1 ks2d

m f2std , (5)

which is a linear decomposition over four-vecto
pm, as1d

m
, as2d

m
, ks1d

m
, ks2d

m
.

From Eqs. (4) and (5), the phases of the plane wa
are

dz1  dsks1d
m xmd


1
m

fks1dp 2 esks2das1dd 1 ks1dks2df2gdt ,

dz2  dsks2d
m xmd

(6)


1
m

fks2dp 2 esks2das1dd 1 ks1dks2df2gdt .

The scalar products of two four-vectors, e.g.,ks1d
m

ks2d
m

in
Eq. (6) and later, are denoted asks1dks2d or sks1dks2dd. In
Eq. (6), the conditionsks1d2

m
 0, ks2d2

m
 0, ks1d

m
as1d

m
 0,

ks2d
m

as2d
m

 0 are used. Substituting Eq. (5) in Eq. (1) a
using Eqs. (2), (3), and (6), the following equations forf1
andf2 can be obtained:
n

ear (or
general
es.

xpress
ons
d

df1

dt


e
m

d
dz1

∑
sas1dpd 2

e
2

sas1dd2

∏
2

e2

m

µ
as2d das1d

dz1

∂
1

e
m

f2
d

dz1
sks2das1dd ,

df2

dt


e
m

d
dz2

∑
sas2dpd 2

e
2

sas2dd2

∏
2

e2

m

µ
as1d das2d

dz2

∂
1

e
m

f1
d

dz2
sks1das2dd ,

(7)

wheredz1 anddz2 are expressed by Eq. (6) through the local time differentialdt. The nonlinear system of Eq. (7) ca
be solved exactly when additional conditions on the transverse EM field are fulfilled,

sks1das2dd  0, sks2das1dd  0 . (8)

The conditions in Eq. (8) are valid when both plane waves have the same linear polarization or are collin
anticollinear) and have an arbitrary linear polarization. Below, we consider linearly polarized waves that satisfy
transverse conditions expressed by Eq. (8). The same technique can also be used for circularly polarized wav

Using Eqs. (6) and (7), the following nonlinear system of equations forf1std andf2std is obtained:

fsks1dpd 1 sks1dks2ddf2g
df1

dt
 e

d
dt

∑
sas1dpd 2

e
2

sas1dd2

∏
2 e2as2d das1d

dt
,

fsks2dpd 1 sks1dks2ddf1g
df2

dt
 e

d
dt

∑
sas2dpd 2

e
2

sas2dd2

∏
2 e2as1d das2d

dt
.

(9)

The first integral of Eq. (9) can be found after summing the two parts of Eq. (9). Then, it is possible to e
f2 throughf1 and integrate the obtained equation forf1. The integration constants can be found from the conditi
f1  0, f2  0 at the initial momentt  ti when the electron with the initial momentumpm enters the region occupie
by the EM field. Finally, we obtain the following exact solutions:

f1 
sks2dpd
ks1dks2d

∑
exp

µZ t

ti

F1 dt

∂
2 1

∏
, f2 

sks1dpd
ks1dks2d

∑
exp

µZ t

ti

F2 dt

∂
2 1

∏
, (10)
034001-2
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where quantitiesF1 andF2 are

F1 ;
e

d
dt fsas1dpd 2

e
2 sas1dd2g 2 e2as2d das1d

dt

efsas1d 1 as2ddpg 2
e2

2 sas1d 1 as2dd2 1
sks1dpd sks2dpd

ks1dks2d

,

F2 ;
e

d
dt fsas2dpd 2

e
2 sas2dd2g 2 e2as1d das2d

dt

efsas1d 1 as2ddpg 2
e2

2 sas1d 1 as2dd2 1
sks1dpd sks2dpd

ks1dks2d

.

(11)
12

(5
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Equation (6) for phases of the fields takes the form

dz1 
sks1dpd

m
exp

µZ t

ti

F2 dt

∂
dt ,

dz2 
sks2dpd

m
exp

µZ t

ti

F1 dt

∂
dt .

(12)

The obtained solution described by Eqs. (5), (10)–(
is an exact one and satisfies the initial conditions att 
ti . Hence, according to the Cauchy theorem, Eq.
represents the only possible format to search for a solu
for pms´, $pd. It is easy to see that the above solutio
applied to the single plane wave, coincides with t
obtained in [14,15]. Consider the case when only
wave exists,as2d  0. Then

f1 !
1

sks1dpd

∑
esas1dpd 2

e2

2
sas1dd2

∏
2

∑
esas1dpd 2

e2

2
sas1dd2

∏
, F2 ! 0, f2 ! 0 ;

(13)
he
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pmstd, defined for this case by Eqs. (5) and (1
is equivalent to the solution for a single wave, o
tained in [14,15]. In addition to that, Eq. (13) contai
the constant term that depends upon the initial c
dition for the considered plane at the momentti

when pm  pm. This constant is equal to zero if th
plane wave is turned on adiabatically at the mom
of ti ! 2`.

The case whenas1d and as2d are two components o
a single wave withkm  ks1d

m
 ks2d

m
, am  as1d

m
 as2d

m

may serve as another possible test. Then, Eq. (5) forpm

takes the form

pmstd  pm 2 eam 1 kmsf1 1 f2d . (14)

In this case, the waves are collinear andsks1dks2dd ! 0.
The expressions in Eqs. (10) and (11) become uncer
and it is necessary to use asymptotic rules for th
calculations. Denotingsks1dks2dd ; x and considering
the limits F1,2 ; limx!0 F1,2 and f1,2 ; limx!0 f1,2, we
obtain
f1 
1

skpd

Ω∑
esas1dpd 2

e2

2
sas1dd2

∏
2 e2

Z t

ti

as2d das1d

dt
dt 1 c1

æ
,

f2 
1

skpd

Ω∑
esas2dpd 2

e2

2
sas2dd2

∏
2 e2

Z t

ti

as1d das2d

dt
dt 1 c2

æ
, (15)

f1 1 f2  f 
1

skpd

∑
esas2dpd 2

e2

2
sas2dd2

∏
1 const.
g
ir-

al

ht
Then, pm defined by Eq. (14) duplicates again t
solution for a single wave, except for the const
terms in Eq. (15). This solution can also be o
tained immediately from the initial differential Eq. (9
assumingsks1dks2dd  0.

Hence, from the general solution for two arbitra
waves it is possible to arrive at the limit of the soluti
for a single plane wave obtained previously in [14,15].
is tempting to look for a solution of Eq. (1) for more th
two waves. However, the described approach does
permit us to find the exact solution for three waves, e
for the case of the same linear polarization.

III. PARTICLE IN PLANE-PARALLEL OPTICAL
RESONATOR

Let us apply Eqs. (5), (10), and (11) to the particular c
of a standing EM wave formed by two linearly polariz
t

t

ot
n

e

plane waves of the same frequencyv, counterpropagating
along thex axis and polarized along they axis with

a
s1d
y sz1d  2

E0

2v
cosz1, z1  vst 2 xd ,

a
s2d
y sz2d 

E0

2v
cosz2, z2  vst 1 xd , (16)

Ay  a
s1d
y 1 as2d

y  2
E0

v
sinvt sinvx ,

where E0 is the amplitude of electric field. A standin
wave is confined between two conducting surfaces (m
rors) placed atx  0 andx  L  nly2  npyv, n 
1, 2, 3, . . . .

The electron moving along the axis of the optic
resonator enters the cavity at the momentt  tistid and
leaves it att  tfstf d (t is time in the laboratory scale,t

is the local time of the moving electron). Time of flig
034001-3
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in the lab system is

T  tf 2 ti 
Z tf

ti

g dt 
1
m

Z tf

ti

p0 dt , (17)

whereg is a Lorentz factor of the electron.
Let us consider a case of the weak field, when normalized field amplitude ish2  e2a2

m2 ø 1, wherea  E0

2v is the
amplitude of the potentials in Eq. (16). In this case, Eq. (11) forF1,2 can be expanded in series ofh2 and expressed a

F1 ø
ks1dks2d

sks1dpd sks2dpd

Ω
e

d
dt

∑
sas1dpd 2

e
2

sas1dd2

∏
2 e2as2d das1d

dt

æ
,

F1 ø
ks1dks2d

sks1dpd sks2dpd

Ω
e

d
dt

∑
sas2dpd 2

e
2

sas2dd2

∏
2 e2as1d das2d

dt

æ
;

(18)

subsequently, Eq. (10) forf1,2 takes the form

f1 ø
e

sks1dpd

Ω∑
sas1dpd 2

e
2

sas1dd2

∏
2

∑
sas1dpd 2

e
2

sas1dd2

∏
i

2 e
Z t

ti

as2d das1d

dt
dt

æ
,

f2 ø
e

sks2dpd

Ω∑
sas2dpd 2

e
2

sas2dd2

∏
2

∑
sas2dpd 2

e
2

sas2dd2

∏
i

2 e
Z t

ti

as1d das2d

dt
dt

æ
.

(19)

The expansion in Eq. (19) is valid for arbitrary orientation of the electron initial momentumpm, in particular when$p is
normal to $ks1,2d or collinear with $ks1d or $ks2d. In the ultrarelativistic case considered below, when$p is collinear to$ks1d,
we obtainks1dp  vs´ 2 pd ø v´

m2

2p2 , ks2dp  vs´ 1 pd ø 2v´, andjf2j ø jf1j.
By Eq. (19),

f1f  2
2p2h2

v

Ω
1
2

scos2 z1f 2 cos2 z1id 2
Z z1f

z1i

cosz2 sinz1 dz1

æ
, (20)

where

z1i  vti st  ti , x  0d, z1f  vsti 1 T d 2 vL , (21)

L is the length of the resonator andT is the time of flight, that by Eqs. (4), (5), and (17) are

T ; tf 2 ti 
1
m

Z tf

ti

p0 dt 
´

m
stf 2 tid 1

v

m

Z tf

ti

sf1 1 f2d dt ø
´

m
stf 2 tid 1

v

m

Z tf

ti

f1 dt ,

L 
p
m

stf 2 tid 1
v

m

Z tf

ti

sf1 1 f2d dt ø
p
m

stf 2 tid 1
v

m

Z tf

ti

f1 dt .
(22)

In order to estimate the integral entering Eq. (20) forf1 in the weak field regime, it is possible to adopt the approxim
expressions fordz1 anddz2 from Eq. (6),

dz1 ø
ks1dp

m
dt, z1 

ks1dp
m

st 2 tid 1 z1i ,

dz2 ø
ks2dp

m
dt, z2 

ks2dp
m

st 2 tid 1 z2i , z2i  z1i , (23)

dz2 ø
sks2dpd
sks1dpd

dz1, z2 
ks2dp
ks1dp

sz1 2 z1id 1 z1i .

Then it is not difficult to show that the integral in Eq. (20) is equal to the sum of terms which are, in the cons
ultrarelativistic case, proportional to

sks1dpd
sks2d 6 ks1d, pd

,
1

4g2
.

Thus these terms can be neglected and

f1f  2
p2h2

v
scos2 z1f 2 cos2 z1id . (24)
034001-4 034001-4
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Using Eqs. (23) and (24), it is possible to expressT through the local time intervalstf 2 tid,

T 
´

m
stf 2 tid 2

p2h2

m´

Ωµ
1
2

2 cos2 z1i

∂
1

1
4

m
sks1dpd stf 2 tid

∑
sin

µ
2ks1dp

m

∂
stf 2 tid 1 sin2z1i

∏æ
stf 2 tid ,

(25)
ange

for-

o-
ws:

26)
the

of
to
als.

and
and to find a corresponding relation betweenL and
stf 2 tid.

For a short resonator

ks1dpstf 2 tid
m

ø
vL
2g2 ø 1, svL  npd ; (26)

from Eqs. (22) and (25), it follows that

T 
´

m
stf 2 tid, L 

p
m

stf 2 tid ,

T 
´

p
L .

(27)

For a long resonator

ks1dpstf 2 tid
m

ø
vL
2g2

¿ 1 , (28)

and

T ø
´

m

∑
1 2

p2h2

´2

µ
1
2

2 cos2 z1i

∂∏
stf 2 tid ,

L 
p
m

∑
1 2

ph2

´

µ
1
2

2 cos2 z1i

∂∏
stf 2 tid ,

(29)

or

T 
´

p
L

∑
1 1

m2h2

2p´

µ
1
2

2 cos2 z1i

∂∏
. (30)

Using Eqs. (21), (27), and (29), the final phasez1f is
t

or

034001-5
z1f ø z1i 1 vL
´ 2 p

p
ø z1i 1

vL
2g2

. (31)

Note that for an arbitraryt sti , t , tfd and the
corresponding propagation lengthl , L,

z1std  z1i 1
vl
2g2

. (31a)

We can define the coherent interaction distancedc,
which corresponds to the distance where the phase ch
of the copropagating wave isDz1  z1 2 z1i  p (com-
pare with coherent radiation distance or radiation
mation zone [18]). Then, according to Eq. (31a),dc 
2p

v g2  lg2 and the definitions for short and long res
nators in Eqs. (26) and (28) can be modified as follo
L ø dc for the short resonator andL ¿ dc for the long
resonator. The distancedc strongly depends ong. Thus
it is possible to establish conditions according to Eqs. (
and (28) just by varying the electron energy while
resonator length is fixed.

When trying to consider the strong field caseh2 
e2a2

m2 ¿ 1, we realize that straightforward calculation
the integrals in Eqs. (10) and (11) is difficult due
rapid variations of the expressions under the integr
An alternative approach that involves transformation
integration of general expressions forf1,2, Eqs. (10) and
(11), is necessary. Then we obtain
∑

1 1
ks1dks2d

sks2dpd
f1

∏
3

∑
1 1

ks1dks2d

sks1dpd
f2

∏


2efsas1d 1 a
s2d
1 dpg 2

e2

2 sas1d 1 as2dd2 1
sks1dpd sks2dpd

ks1dks2d

efsas1d 1 a
s2d
1 dpgi 2

e2

2 sas1d 1 as2dd2
i 1

sks1dpd sks2dpd
ks1dks2d

. (32)

Equation (32) is exact, valid for arbitrary orientation of$p and $k1,2 and for an arbitrary field strengthh.
For counterpropagating plane wavesks1d

m
and ks2d

m
, linearly polarized along they axis, and with $p directed along

k1s $kx , 0, 0d, Eq. (32) takes the form∑
1 1

ks1dks2d

sks2dpd
f1

∏
3

∑
1 1

ks1dks2d

sks1dpd
f2

∏


h2scosz1 2 cosz2d2 1 1

h2scosz1 2 cosz2d2
i 1 1

 1 1 h2X2 , (33)
t
tion
o
e

where the conditionz1i  z2i is taken into account and

X2 ; scosz1 2 cosz2d2. (34)

Equation (33) can be rewritten as follows:

2v

´ 1 p
f1 1

2v

´ 2 p
f2 1

4v2

m2 f1f2  h2X2. (35)

Let us apply Eq. (35) first for small valuesh2 ø 1 that
correspond toE0 ! 0 (or v ! `). Take into accoun
thatf1,2 are dimensionless and must be proportional toh,
E0, andv, in certain power. Then, it is evident that f
h2 ø 1 Eq. (35) can be satisfied when

f1 
m2

sks1dpd
h2y1, f2 

m2

sks2dpd
h2y2 , (36)

wherey1,2 are functions ofz1,2 andy1 1 y2  X2.
From Eq. (19), it is possible to findy1,2 and to see

that the conditiony1 1 y2  X2 is satisfied indeed. Tha
means that the previously obtained approximate solu
for h2 ø 1, Eq. (19), fulfills the exact Eq. (35) up t
the terms proportional toh4. Notice that the interchang
ks1d $ ks2d in Eq. (36) provides the interchangef1 $ f2

as it is supposed to be, based on physical reasons.
034001-5
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For the strong field caseh2 ¿ 1, we use similar
arguments as forh2 ø 1 above. First let us notice
that the conditionh2 ¿ 1 is fulfilled when E0 ! ` (or
v ! 0). After applying the limith2 ! ` to the left- and
right-hand sides of Eq. (35), we see that only the last t
in the left-hand side of Eq. (35) survives, and the solut
for f1,2 must be

f1 
m2

2sks1dpd
hy1, f2 

m2

2sks2dpd
hy2 , (37)

where y1,2 are functions ofz1,2 and y1y2  X2. The
simplest choice that provides the symmetry conditi
ks1d $ ks2d, f1 $ f2, is y1  y2  jXj as is adopted
below.

From Eqs. (6) and (37), withy1  y2  jXj for h2 ¿

1, we have approximately

dz1 ø hjXj
ks1dp

m
dt, dz2 ø hjXj

ks2dp
m

dt ,

dz2

dz1


sks2dpd
sks1dpd

ø 4g2 ¿ 1 , (38)

z2 2 z2i 
ks2dp
ks1dp

sz1 2 z1id .

Note that the exact general expression by Eq. (32) per
us to consider the strong field case for the electrons w
the momentum perpendicular to the standing wave a
Such geometry is used for experimental investigation
the Kapitza-Dirac effect [2] and in the Shintake bea
profile monitor [6–9].

IV. PHASE SENSITIVE COMPTON SCATTERING
IN STANDING EM WAVE

The total radiated energy during the passage of
electron through the optical resonator of the lengthL is

DE 
2
3

e2
Z tf

ti

w2 dt 
2e2

3m

Z tf

ti

w2p0 dt , (39)

wherew is the four-vector of acceleration

w2 
1

m2

dpm

dt

dpm

dt
. (40)

For the weak field caseh2 ø 1, pm is given by Eqs. (5),
(10), (11), (18), and (19) [for the strong field case, u
Eq. (37) instead of Eqs. (18) and (19)].

Consider the ultrarelativistic electron moving alo
the standing wave axis in the weak field approximati
Then, the expression under integral in Eq. (39), up to
terms proportional toh4, is

w2p0 ø
e2´

m4

Ωµ
das2d

dz2

∂2

sks2dpd 1

µ
das2d

dz2

∂2

f1

3

∑
2sks2dpd sks1dks2dd 1

v

´
sks2dpd

∏æ
.

(41)
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In Eq. (41), we use Eq. (6) for phases and an approxim
expressionµ

dz2

dt

∂2

ø
µ

ks2dp
m

∂2

1 2
sks2dpd sks1dks2dd

m2
f1 ,

valid up to the terms proportional toh2.
Estimating the integral in Eq. (39), using Eq. (41) up

the terms proportional toh4 and of the order ofOsg21d,
it is possible to use approximate expressions for phasez1

andz2 described by Eq. (23). Results of such calculatio
are slightly different for long cavitiesLvy2g2 ¿ 1 and
short cavitiesLvy2g2 ø 1,

DE 
1
3

e2h2v2´s´ 1 pd2

m3
stf 2 tid f1 1 3h2wsz1dg ,

(42)

wsz1id 

8<:
1
2 2 cos2 z1i ,

Lv

2g2 ¿ 1 ,
1
2 2 cos2 z1i 1 cosz1i ,

Lv

2g2 ø 1 .
(43)

Using Eqs. (27) and (30) for the time of flightT through
the short and long resonators, correspondingly, we ob
the following expressions for the average intensity of
scattered radiationI 

DE
T : For a long resonator

Ilong ø
1
3

e2h2v2s´ 1 pd2

m2

∑
1 1 4h2

µ
1
2

2 cos2 z1i

∂∏
,

(44)

and for a short resonator

Ishort ø
1
3

e2h2v2s´ 1 pd2

m2

3

∑
1 1 3h2

µ
1
2

2 cos2 z1i 1
1
2

cosz1i

∂∏
.

(45)

In the cm-gram-sec (CGS) system, the right-hand s
of Eqs. (42) and (43) need to be multiplied by the fac
c27, the right-hand sides of Eqs. (44) and (45) need to
multiplied by the factorc25, and p will be replaced by
pc. Equations (44) and (45) comply, to the precision
up to h2, with the results obtained for a single plane wa
in Refs. [14,15] (if we take$p  0). The only difference
is due to the terms proportional toh4 which depend
upon the initial phase. The dependence of Eqs. (44)
(45) on phase can be used to control the intensity
the nonlinear Compton scattering, as in the case of
electron microbunch diagnostics. Terms proportiona
h4 disappear after averaging Eqs. (44) and (45) over
initial phasez1i .

For the strong field case, whenh2 ¿ 1, it follows
from Eqs. (5), (37), and (38) that the total radiated ene
during the electron passage through the optical res
tor is
034001-6
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ion to the
DE 
2e2

3m

Z tj

ti

w2p0 dt


2e2´h2

3m

Z z1j

z1ii

s1 1 hjXjd

3

∑
sks1dpd

m
sin2 z1 1

sks2dpd2

msks1dpd
sin2 z2 2 2

sks2dpd
m

sinz1 sinz2 2
sks1dks2ddm

sks1dpd
djXj

dz1

djXj

dz2

∏
jXj dz1 .

(46)

For the ultrarelativistic case, the second term inside the square brackets in Eq. (46) provides the main contribut
approximate expression forDE:

DE ø
16´4h4e2v

3m4

Z z1j

z1ii

sin2 z2scosz1 2 cosz2d dz1 ø
8´4h4e2v

3m4

Z z1j

z1ii

scos2 z1 1 1y2d dz1


8´4h4e2v

3m4

∑
sz1f 2 z1id 1

1
4

ssin2z1f 2 sin2z1id
∏

. (47)
ion

o
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rg
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, we

ies
In Eq. (47), in order to provide a rough characterizat
for the dependence of the integral radiation uponh and
z1i , the rapid variation ofz2 [see Eq. (38)] is taken int
account, and sin2 z2 and cos2 z2 are set equal to the
average values (equal to1y2).

From Eqs. (5), (23), (37), and (38), it follows that

T  tf 2 ti ø
e´2

m
hstf 2 tid jXj ,

L 
pe2

m
hstf 2 tid jXj , (48)

T 
e´2

p
L ,

where jXj means an average value ofjXj. Taking into
account that by Eq. (48)

z1f 2 z1i ; vsT 2 Ld  vL

µ
´

p
2 1

∂
ø

vL
2g2 , (49)

the following expressions for the integral radiated ene
can be obtained from Eq. (47). For a short reson
svLy2g2 ø 1d

DE 
4´2h4e2

3m2
v2L

∑
1 1

1
2

cos2z1i

∏
, (50)

and for a long resonatorsvLy2g2 ¿ 1d

DE ø
8e2´2h4v2L

3m2
. (51)

In Eqs. (50) and (51), the only terms with highest pow
of h are presented. In the CGS system, the right-h
side of Eqs. (50) and (51) will be multiplied by th
factor c26.

V. ACCELERATION OF CHARGED PARTICLES
IN PLANE-PARALLEL OPTICAL RESONATOR

Using general solutions obtained in Sec. III for t
electron passing through the radiation filled plane-para
034001-7
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cavity, we can address a problem of electron accelera
in vacuum. The momentum of the electron at the e
from the cavity is

pf  pi 1 vf1f 2 vf2f ø pi 1 vf1f . (52)

From Eqs. (19) and (24) for weak field caseh ø 1,

pf  pi 2
p2h2

´
scos2 z1f 2 cos2 z1id

 pi

Ω
1 2

ph2

´

∑
cos2

µ
z1i 1

Lv

2g2

∂
2 cos2 z1i

∏æ
.

(53)

For a short resonator, described by Eq. (26),

pf  pi

∑
1 2

ph2

´

µ
1
2

2 cos2 z1i 2 sin2z1i

∂∏
, (54)

and for a long resonator, described by Eq. (28),
ter averaging over small changes in frequency,Dv

v ø
4g2

vL ø 1,

pf  pi

∑
1 2

ph2

´

µ
1
2

2 cos2 z1i

∂∏
. (55)

Thus, if cos2 z1i .
1
2 , the acceleration takes place. F

example, if z1i  vti  0 and h2  0.25, then, after
passing the resonator,pf  1.12pi .

Usingm appropriately displaced resonator cavities w
z

k
1i  zi 1 2pk, wherez

k
1i is the phase at the entran

into thekth resonator, and pumped by the same laser
obtain

pj  pi

∑
1 2

ph2

´

µ
1
2

2 cos2 z1i

∂∏m

ø pi

∑
1 2

pmh2

´

µ
1
2

2 cos2 z1i

∂∏
. (56)

For the above example,pj ø 2pi at m  8. If we double
the laser power,h2 becomes equal to 0.5 and two cavit
034001-7
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are enough for approximate doubling of the elect
momentum.

For thex component of the electron momentum in t
strong field caseh2 ¿ 1, using Eq. (37) we obtain

px  pix 1 vsf1 2 f2d  pixs1 1 hjXjd . (57)

At the back end of the resonatorx  L 
l

2 n, n 
1, 2, 3, . . . , and X  0. Note that the maximum valu
of jXj, jXjmax  2, is attained inside the resonator
pointsx  lmax  s 1

4 1 mdl and at the moments of tim
t  tmax  s 1

4 1 md 2p

v , where m  1, 2, 3, . . . . If we
manage to extract the electrons at these points and
ments of time, they will acquire the maximum momentu
px ø 2hpix. As follows from Eq. (57), the electron mo
mentumpx is independent upon the initial phasez1i , but,
through jXj, it depends on the field phases at the act
moments of time and the electron position inside the re
nator [see Eq. (34)].

Acceleration of electrons, given by Eqs. (54), (55), a
(57), is due to the nonlinear part of the Lorentz for
even in the case of strong fields, when the field stren
h enters linearly in Eq. (57). In this casesh ¿ 1d it
is difficult to find f1,2 from Eqs. (10) and (11) directly
due to the rapid variation of the function under t
integral on the local time scale. From general solution
Eqs. (10) and (11), it seems, at first glance, thatF1,2 and,
consequently,f1,2 will not depend onh when h ! `.
This is true only when the phase dependent parts
dominators in Eq. (11) are nonzero, but pass zero mult
times, due to the rapid and strong variations of pha
as1,2d in the strong field of a resonator. Thus, the res
expressed by Eq. (57) is justified.

VI. DISCUSSION

In the present work, following the classical approa
developed in [14,15] for a single planar EM wave, t
general exact solutions for electron motion in the fi
of two planar EM waves with the same linear polariz
tion (as well as for copropagating or counterpropaga
waves with arbitrary polarization) are obtained. Detai
consideration is given to problems of propagation and
diation of the ultrarelativistic electrons, moving along t
standing EM wave axis.

The total radiated energy due to Compton scatte
is defined primarily by the wave counterpropagating
the direction of the electron momentum. This feature
physically understandable, if we take into account t
the ultrarelativistic electron moves practically in pha
with the copropagating component of the standing w
and experiences quickly oscillating force from the cou
terpropagating component. Thus, we can expect
the overall angular and spectral spread of the radia
photons shall generally obey distributions obtained
[14,15,19,20] for Compton (or Thomson) backscatter
034001-8
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of a single laser beam on the relativistic electron be
However, more detailed analysis may be necessary, e
cially for angular and frequency distributions of the rad
tion intensity that depend on the initial phase.

The copropagating wave affects the Compton backs
tering process through localization of the EM field ins
the finite planar optical cavity, and, as a conseque
through the dependence of the nonlinear componen
Compton scattering upon the standing wave phas
the moment when the electron enters the cavity. T
difference from the single wave case becomes more
nounced even in the weak field case when terms
portional to h2m sm $ 2d become appreciable. Pha
dependence of the nonlinear Compton scattering in a st
ing laser wave may be used for microbunch charac
ization (bunch duration, longitudinal charge distributio
as required in the advanced laser acceleration ex
ments, such as the STELLA experiment at the Brookha
ATF [12].

Contrary to Compton scattering, electron accelera
is primarily due to the component of the standing wa
collinear with the electron propagation. The effect of
second counterpropagating wave is dumped due to
phase averaging.

In the classical approach considered here, the acce
tion of electrons is due to the ponderomotive force
lated to the linear and nonlinear parts of the Lorentz fo
[10,16,17]. The facts that the electron-laser interactio
localized within the finite optical cavity and the accel
ating force is nonlinear to the laser field circumvent
Lawson-Woodward (LW) theorem [21], which otherwi
forbids the residual electron energy gain from EM wa
in vacuum. For a detailed discussion of the applicab
of the LW theorem and examples of vacuum laser ac
erator schemes see Ref. [10].

Dependence of the electron momentum at the exi
the optical resonator upon the initial phase of the sta
ing EM wave may be used for electron (positron) be
diagnostics as well. The results for the time of flig
Eq. (29), and the momentum change, Eqs. (53) and (
show also that an appreciable energy modulation suffic
for electron (positron) microbunching inside the opti
cavity, or within the,1 m drift space after passing th
cavity, is possible ath , 0.1 when the initial electron en
ergy isE0 , 50 MeV. Unfortunately, the laser intensit
corresponding to suchh (not talking about higher field
desirable for using the optical cavities as the acceler
stages) exceeds the damage threshold for material op
mirrors. Another limitation to direct application of the o
tained solutions to practical optical resonators is due to
fact that transition effects at the electron entrance and
through the material boundaries are not taken into acco
This problem needs additional consideration, for exam
along the lines of Refs. [18,22,23]. The transition effect
the integral intensity of Compton scattering becomes n
ligible, however, for long enough resonators.
034001-8
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It would be desirable to apply the obtained solutio
for a more practical case of the standing wave produ
within the waist of counterpropagating focused la
beams. We plan to explore this approach both analytic
and computationally in the future.

Finally, let us point out that the exact solution for t
electron motion in the field of standing wave, obtained
Sec. II, has a broader range of potential applications
are only partially addressed in the presented paper.
related not just to further concentration on the accelera
and diagnostics of electron beams considered here,
may be applied to other physical problems where class
solution is valid, i.e., when the energy of the radia
photon is much smaller than the electron energy.
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