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Superconductor—semiconductor hybrid systems play a crucial role in realizing nanoscale quantum devices,
including hybrid qubits, Majorana bound states, and Kitaev chains. For such hybrid devices, subgap states play
a prominent role in their operation. In this paper, we study these subgap states via Coulomb and tunneling
spectroscopy through a superconducting island defined in a semiconductor nanowire fully coated by a supercon-
ductor. We systematically explore regimes ranging from an almost decoupled island to the open configuration. In
the weak-coupling regime, the experimental observations are very similar in the absence of a magnetic field and
when one flux quantum pierces the superconducting shell. Conversely, in the strong-coupling regime, significant
distinctions emerge between the two cases. We attribute this distinct behavior to the existence of subgap states
at one flux quantum, which become observable only for sufficiently strong coupling to the leads. We support our
interpretation using a simple model to describe transport through the island. Our study highlights the importance
of studying a broad range of tunnel couplings for understanding the rich physics of hybrid devices.
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I. INTRODUCTION

Improvements in the growth of semiconductor—
superconductor heterostructures [1-3], combined with
the introduction of new material combinations [4-9], novel
nanofabrication techniques [10-14], and new measurement
methods [15-17] have led to groundbreaking hybrid devices,
such as Cooper pair splitters [18—-20], minimal Kitaev chains
[21-23], Andreev spin qubits [24,25] and gate-tunable
transmon qubits [26-30]. These devices share a common
characteristic: their working principle is based on the
presence of Andreev bound states, i.e., subgap states, which
are a natural consequence of a non-uniform superconducting
order parameter [31]. In particular, subgap states in hybrid
semiconductor—superconductor systems are utilized to couple
spin-polarized quantum dots to realize minimal Kitaev
chains [21-23,32-34] that can be used to encode quantum
information [35]. Extending these systems to create longer
Kitaev chains [36,37] and demonstrating non-Abelian
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statistics through braiding and fusion schemes will require
precise control over these subgap states.

In addition, these subgap states are a recurring theme
in semiconducting nanowires fully wrapped by a supercon-
ducting shell (full-shell) nanowires. These nanowires exhibit
a modulation of the superconducting order parameter as a
function of the magnetic flux piercing the superconducting
shell, known as the Little—Parks effect [38—40]. Signatures of
low-energy states in full-shell nanowires have been previously
reported and interpretations based on Majorana zero modes
or trivial states have been provided [41-47]. However, to date
most of these studies have not investigated in detail the impact
of the transparency of the tunnel barriers on the experimental
manifestation of the zero- and high-bias features.

In this paper, we study the transport properties of
InAs/Al full-shell nanowires. Tunneling and Coulomb block-
ade spectroscopy measurements were performed for different
tunnel-coupling configurations and magnetic field strengths;
we report data from a 400-nm-long (device A) and a 900-nm-
long proximitized island (device B). By comparing finite-bias
spectroscopy in the different coupling regimes, we show the
existence of weakly coupled subgap states at one flux quan-
tum. We explain their impact on the experimentally observed
features across a wide parameter space. We find that weakly
coupled subgap states block current for bias voltages below
twice the gap. In this regime, the current above the gap is
allowed by Cooper pair recombination. In the strong-coupling
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FIG. 1. Device layout and tunneling spectroscopy in the weak- and strong-coupling regimes. (a) False-color scanning electron micrograph
of device B. Purple corresponds to Al, green to InAs and yellow to Au. The inset represents a sketch of the nanowire cross section, with
t 225 nm and D =~ 110 nm. The bias (current) is always applied (measured) to (from) the same lead; the tunnel barrier configuration
determines the side on which the spectroscopy measurement is performed. (b) [(c)] Differential conductance dI/dV [second derivative
d*1/dV?] of device A as a function of voltage bias V and flux & with the left side tuned to weak coupling (G. = 0.001 Gy) and the right
side tuned to be fully transparent (resulting in E. = 0). (d) [(e)] dI/dV [d*I1/dV?] as a function of V and ® with the right side tuned to weak
coupling (Gg ~ 0.004 Gy) and the left side fully transparent. (f) [(g)] d1/dV [d*I/dV?] as a function of V and & with the left side tuned to
strong coupling (G ~ 0.65 Gy) and the right side fully transparent. (h) [(i)] dI/dV [d*I/dV?] as a function of V and ® with the right side
tuned to strong coupling (Gr =~ 0.6 Gy) and the left side fully transparent. A Savitzky—Golay filter was used to improve the readability of the

d*1/dV? maps.

regime, subgap features appear, signaling transport mediated
by subgap states.

II. SETUP AND TUNNELING SPECTROSCOPY

A scanning electron microscopy image of a typical device
is shown in Fig. 1(a). The superconducting island (purple) is
defined by wet etching and the potential in the bare sections of
InAs (green) can be tuned via nearby gates. In particular, the
normal-state conductances of the left and right barriers (G,
and GRr) are independently controlled by applying voltages
WVL12 and VR as indicated in the figure. We say that a barrier
is tuned to the weak-coupling regime if its associated conduc-
tance G or Gt is smaller than 0.05 Gy (where Gy = zhiz is the
conductance quantum), otherwise we will refer to it as strong
coupling [48]. The equilibrium charge occupancy of the island
can be varied through the island gate voltage Viq.

We first show local tunneling spectroscopy data for de-
vice A, i.e., the 400-nm-long island (for device B the data
are shown in Appendix A). Measurements were carried out
using standard ac lock-in techniques in a dilution refrigera-
tor with a three-axis vector magnet and base temperature of
20 mK. We open one side (Gr > 2 Gy), such that the charg-
ing energy of the island E. = ¢*/2C is suppressed, where
e is the electron charge and C the total island capacitance.
We keep the other side of the island in the weak-coupling
regime (Gp =~ 0.001 Gy) to measure the local density of states.
Figure 1(b) shows the differential conductance at the left
side dI/dV as a function of voltage bias V and the mag-
netic flux & threading the nanowire. At zero field we see a
clear superconducting gap Ay ~ 180 ueV. When increasing
the field, the superconducting gap A is modulated owing to
the Little-Parks effect [38—40]. The gap vanishes close to

o = %CDO (®y is the magnetic flux quantum), and it reopens
around ® = 0.6 ¥, reaching a local maximum at & = P,.
We will refer to these two superconducting regions as the
zeroth lobe (OL) and first lobe (1L). No subgap states are
visible in any of the two lobes. This observation is further
clarified by the second derivative d>I /dV?, shown in Fig. 1(c),
emphasizing the absence of observable subgap conductance
features. A similar result is obtained if tunneling spectroscopy
is performed at the right side of the device, i.e., tuning the
right junction to the weak-coupling regime (Gr ~ 0.004 Gy)
and opening the left junction, see Figs. 1(d) and 1(e). We
note that in this case, a faint feature, more clearly visible in
the d*1/dV? map, appears close to A. We attribute this small
difference between the left and right sides to slightly different
tunnel barrier strengths.

Now, we focus on spectroscopy measurements performed
in the strong-coupling regime. Figure 1(f) shows the data
with the left junction tuned to the strong-coupling regime
(GL = 0.65 Gy) and the right junction fully transparent. In the
OL, the conductance below A is increased because of Andreev
processes but no subgap states appear. However, in the 1L,
subgap states are now visible. This is further illuminated by
the sign changes in the second derivative, see Fig. 1(g). An
analogous situation was also observed on the right side with
an even more pronounced presence of subgap features, see
Figs. 1(h) and 1(1).

It is challenging to comment on the origin of these sub-
gap states with just tunneling spectroscopy measurements,
i.e., using only a local probe. In particular, it is difficult to
understand if they are localized at the InAs junctions, like
Yu—Shiba—Rusinov states can be [44,49] or extend along the
nanowire [43], such as Caroli-de Gennes—Matricon states
[50-53]. Since Coulomb spectroscopy provides additional
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FIG. 2. Coulomb spectroscopy going from the weak- to strong-coupling regime for different ® and for a 900-nm-long island device. Each
panel shows the measured differential conductance, which can be positive (blue) or negative (red), as a function of applied bias voltage V
and the island gate potential Viy. The three columns of panels have ® =0, & = %<I>0, and ® = @, from left to right. The four rows have
increasing G r from top to bottom, as indicated at the panels. The weak-coupling data (top row) have E, ~ 4A, and by lowering the barriers

E. gets reduced until E. & A in the bottom row.

information about the spatial spread of the subgap states in-
volved in transport [54], we next study finite-bias transport in
different coupling regimes.

III. COULOMB SPECTROSCOPY

By exploiting the full tunability of our junctions, we per-
form Coulomb spectroscopy in different regimes on device B,
i.e., the 900-nm-long island (the data for device A are shown
in Appendix A). We start by tuning both junctions to the
weak-coupling regime (G ~ 0.03 Gy and Gg = 0.02 Gp) and
we measure the differential conductance d//dV as a function
of V and Vjy for ® =0 [Fig. 2(a)], ® = %CDO [Fig. 2(b)],
and ® = P, [Fig. 2(c)]. In Fig. 2(b), the Little-Parks effect
destroys the superconductivity completely, meaning that the
device becomes a normal single-electron transistor. These
measurements allow us (i) to read off E. ~ 4 Aj, where
Aoy ~ 180 peV is the superconducting gap in the absence of
a magnetic field, and (ii) to conclude that the applied bias
V is dropping asymmetrically over the two barriers. Since
E. > Ay, the ground state of the island has either an even or
an odd number of electrons, depending on Vig. In this regime,
charge degeneracy points exist for certain values of Vi, where

single electron transport is allowed at low energy, and should
lead to a finite zero-bias conductance. Surprisingly, both in the
absence of a magnetic field [Fig. 2(a)] and at one flux quantum
[Fig. 2(c)] no zero-bias transport signatures are observed,
despite the presence of charge-degeneracy points. In all cases,
finite conductance only appears for e|V| > 2A, where A is
the flux-dependent gap. In the next section, we provide an
interpretation based on the blockade of electron tunneling via
the island’s continuum of states.

The suppression of the zero-bias conductance persists
when increasing the tunnel coupling to the leads (G ~ 0.1 Gy
and Gr =~ 0.2 Gy), second row of Fig. 2. Conductance steps
across all Vi now appear at e|V | = 2A [54,55] owing to an in-
creased contribution from inelastic cotunneling processes that
leave two excited electrons above the gap, thereby opening up
a transport channel [55]. To observe transport for e|V| < 2A,
we need to increase the coupling further. Figure 2(g) shows
the Coulomb diamond pattern with G, = 0.15 Gy and Gg ~
0.3 Gy for ® = 0. In this case, the zero-bias transport is even—
odd modulated, indicating E. > A, and negative differential
conductance (NDC) features emerge [56-58]. At half flux
quantum [Fig. 2(h)], the island becomes normal, allowing for
transport at low bias. Zero-bias transport persists in the 1L
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[Fig. 2(1)], indicating the presence of low-energy states. These
states can be either discrete or form a quasi-continuum.

If the couplings are further increased (Gr ~ 0.6 Gy and
Gr ~ 0.7 Gy), such that E. =~ Ay, as shown in the bottom
row of Fig. 2, zero-bias transport becomes 2e periodic in the
absence of flux, [Fig. 2(j)] [59], while in the 1L le periodic
zero-bias transport persists [Fig. 2(1)]. Additional data are
shown in Appendix A. We proceed by developing a theoretical
model to understand our Coulomb diamond data, which needs
to capture our two main observations. First, transport is sup-
pressed for e|V| < 2A in the weak-coupling regime, where
E. > A. Second, the cases ® =0 and ® = P, give similar
results in the weak-coupling regime, but differ significantly in
the strong-coupling regime.

IV. THEORETICAL MODEL

To understand the qualitative transport features described
above, we consider a transport model that accounts for elec-
tron pairing and electrostatic repulsion between electrons on
the island, see Appendix C for details. We allow the island
to host discrete subgap states with energy € < A, and we use
a rate-equation approach that accounts for sequential tunnel-
ing processes between the leads and the island to describe
the source-drain current. We emphasize that we only include
tunneling events to the lowest order in the couplings and thus
do not describe cotunneling or Andreev processes.

We begin our analysis in the weak-coupling regime, where
spectroscopy measurements do not show signatures of subgap
states in any of the two lobes and Coulomb spectroscopy
suggests that transport is only possible for e|V| > 2A, see
Figs. 1(b)-1(e) and the top row of Fig. 2. The height of the
Coulomb diamonds in Fig. 2(b) indicates that E, > Ay, as
discussed before. In this case, zero-bias conductance peaks
are generally expected to appear at charge-degeneracy points
where the lowest even and odd states are degenerate. The ab-
sence of such zero-bias features suggests that the quasiparticle
states energetically allowed to contribute to transport are not
well coupled to the leads. On the other hand, the observed
features at higher bias, e¢|V| > 2A, suggest not only that
single-electron transport is mediated by the continuum states
but also that the coupling between these continuum states and
the leads is strong enough to induce significant tunneling (also
supported by the clearly visible continuum states in Figs. 1(b)
and 1(d).

To resolve this apparent contradiction, we developed the
following picture: We assume that possible subgap states
are too weakly coupled to the leads in this regime to con-
tribute to transport. Single electrons or holes with energies
above A can efficiently tunnel into the above-gap contin-
uum owing to its large density of states, where the required
excitation energy is provided by the lead. Subsequent tun-
neling out of the quasiparticle, however, involves only the
single state it was occupying, and this process is therefore
much slower [58]. The excited charges in the continuum can
block current flow owing to electrostatic repulsion, even at the
charge-degeneracy points. Finite current can, however, arise
because of the sequential excitation of two quasiparticles,
after one electron tunnels from the source and a hole from
the drain. The excitation processes are followed by the

recombination of these quasiparticles into a Cooper pair. This
cycle of processes requires a total energy of at least 2A from
the leads, and is illustrated in Fig. 3(a). More “conventional”
Andreev processes involving only one of the leads are sup-
pressed by the relatively large charging energy on the island.
Using this picture, we can understand the locations of the
onset of finite conductance in the (V, Ng) plane, where N,
represents the charge offset, proportional to Vi . For this, we
write the state of the system as (NV,, ng, n.), where N,./2 is the
number of Cooper pairs, n, the number of quasiparticles in
the continuum, and n, the number of quasiparticles excited in
the subgap states. The latter becomes relevant in the strong-
coupling regime. The lowest-bias voltage for which a cycle
like the one sketched in Fig. 3(a) can take place is when the
electrochemical potential of the electrons in the source lead
u{ equals the energy difference between the states marked
(N,, 0, 1) and (N, 0, 0) in Figs. 3(b) and 3(c) and the chemical
potential in the drain lead u’ equals the energy difference
between (N, — 2, 0, 2) and (N, 0, 1). The energy differences
of the two sequential tunneling processes are sketched in
Fig. 3(c), for the case of N, being tuned to the yellow spot
in Fig. 3(b) and assuming symmetric bias, i.e., u§ = uh =
eV /2, for simplicity. The explicit conditions mentioned above

E.(N:+1— Ng)2 + A — E.(N: — Ng)2 = /‘L;;
Ec(Ne — Ng)* +2A — E((N. + 1 — Ng)* — A = b,

can be straightforwardly rewritten as

1 + g =24,
1 A plh— g
Ny = = 1+2NC+—M,
2 Ec pg +ng

which determines the location of the onset of finite conduc-
tance corresponding to the yellow point in Figs. 3(b)-3(d).
When increasing Vi (and thus Ny) but keeping e|V| = 2A,
the next point with finite conductance is expected at the blue
point in Figs. 3(b)-3(d), where it has to be noted that the order
of the tunneling processes is reversed, and the corresponding
conditions read in this case

1 + g =24,
1 Ay — s
Ny=(3+2N + =B 1LY
2 Ec pg + 1y

We thus see that these points of lowest-bias finite conductance
always occur at e|V| = 2A and are regularly spaced by le,
independent of the bias asymmetry, i.e., the ratio u / uf‘e. The
exact position of the points, however, does depend on the bias
asymmetry.

The numerical results of a full transport calculation in the
weak-coupling regime are presented in Figs. 3(d) and 3(e) for
the OL and 1L, using the model and ingredients introduced
above. We see that the model reproduces the main features
observed in the experiment, as shown in the top row in Fig. 2.
For these calculations we used E. = 3A,.

The situation is different in the strong-coupling regime,
where our measurements consistently show signatures of sub-
gap states, see Figs. 1(f)-1(i) and the bottom row of Fig. 2,
especially Fig. 2(j). We take this as an indication that in
this regime, the tunneling rates into possible subgap states
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FIG. 3. Theoretical model of the hybrid island in the weak- and strong-coupling regimes. (a) Transport cycle in the regime where the
coupling to the subgap states is negligible. (b) Energy spectrum as a function of the island’s charge offset, where we used notation (N, ng, n.),
with N, n;, and n. being the number of electrons forming Cooper pairs and quasiparticle excitations in the subgap and the continuum of states,
respectively. (c) Transport processes represented in the energy domain. (d)(e) Simulated conductance in the weak-coupling regime for the OL
and 1L. (f)(g) Simulated conductance in the strong-coupling regime, where leads couple efficiently to the island’s subgap states. We consider
the charging energy renormalization caused by the coupling to the leads, and take E. /A = 3 and 0.8 for the weak [(d)(e)] and strong coupling
[()(g)], respectively, with A, being the gap in the OL. The gap in the 1L is taken slightly smaller and is set to 0.6 A. The subgap state energy is
e = 0.9 A for the OL and & = 0 for the 1L. The tunnel rate to the continuum of states is taken as 1 x 10™*A, and the tunnel rate to the subgap
states is negligible in the weak-coupling regime and 1 x 1073 A in the strong-coupling regime. We used a bias asymmetry ;. /g = 0.15 and

1 for the two regimes, and kg7 = 0.025 A,.

have become comparable to the total tunneling rates into the
continuum of states.

To describe the strong-coupling situation, we include the
effect of discrete subgap states in our description. For sim-
plicity, we add only one state with energy ¢ < A and assume
that it has significant (equal) tunnel coupling to the source
and drain leads, allowing for efficient tunneling in and out
of quasiparticles. We note that higher-order processes are not
included in our rate-equation approach, so it does not describe
cotunneling features or the charging energy renormalization,
instead effectively included by reducing E.. When ¢ < E.,
the inclusion of this state can open up a transport channel
at the even—odd charge degeneracy points, leading to zero-
bias conductance features. The spacing and periodicity of the
zero-bias features depend on the magnitude of ¢ compared to
E. [58,60].

In the OL, see Fig. 2(j), we observe zero-bias peaks that
are approximately 2e-spaced. The NDC appearing at small
bias signals the presence of nearby excited odd states that
can block the current. In our model, the continuum states
can play this role since the fast intracontinuum relaxation
causes the tunneling rates into and out of the continuum
to be vastly different, even within the strong-coupling limit.
Thus, as soon as incoming electrons have enough energy to

excite quasiparticles in the continuum, the electron flow is
quenched until the leads can provide enough energy to excite
two quasiparticles above the gap, which can recombine into a
Cooper pair, leading to a region of NDC. The relatively low
V at the onset of the NDC indicates that A is most likely
only marginally larger than ¢. Similar signatures have been
reported before and attributed to bound states with energies
close to A [57,58].

In the 1L, see Fig. 2(1), the picture is qualitatively different.
Here, the sample also shows low-energy transport, but (i) no
NDC features are observed at low bias and (ii) the periodicity
of the zero-bias features appears doubled compared to that in
the OL. Both these observations indicate the presence of low-
energy states that contribute to transport [45].

Figures 3(f) and 3(g) show the calculated conductance
using the same model as in Figs. 3(d) and 3(e), but with a sig-
nificant tunneling rate to the subgap state. In the OL, Fig. 3(f),
the subgap state is considered close to the gap (¢ = 0.95A)
and in the 1L, Fig. 3(g), we set it at zero energy. In both
cases, we assumed that £, = 1.25 A. We see that our model
captures most qualitative features in the data discussed above.
Our simulations, based on a few simple ingredients reproduce
all qualitative features of the data and provide a consistent
understanding of the behavior of the device.
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FIG. 4. Tunneling spectroscopy data for device B. (a) [(b)] dI/dV [d*I/dV?] of device A as a function of voltage bias V and flux ® with
the left side tuned to weak coupling (G, =~ 0.01 Gy) and the right side tuned to be fully transparent (resulting in E. =~ 0). (c) [(d)] dI/dV
[d%1/dV?] as a function of V and @ with the right side tuned to weak coupling (Gg ~ 0.008 Gy) and the left side fully transparent. (e) [(f)]
dl/dV [d*1/dV?] as a function of V and @ with the left side tuned to strong coupling (G, & 0.6 Gy) and the right side fully transparent. (g)
[(h)] dI/dV [d*I/dV?] as a function of V and ® with the right side tuned to strong coupling (Gg ~ 0.55 G) and the left side fully transparent.
A Savitzky—Golay filter was used to improve the readability of the d*I/dV? maps.

V. CONCLUSIONS

In this study, we performed tunneling and finite-bias spec-
troscopy of an InAs/Al full-shell island for different tunnel
barrier configurations to explore the subgap physics of the hy-
brid superconductor—semiconductor island. The experimental
data show that the presence or absence of subgap features
depends strongly on the coupling strength to the leads.
With local tunneling spectroscopy, we observed signatures of
subgap states only in the 1L and in the strong-coupling
regime. Coulomb spectroscopy at strong coupling not only
confirmed the presence of extended subgap states in the 1L,
but also suggested the existence of a subgap state with energy
close to the superconducting gap in the OL. The subgap states’
dependence on the applied flux and their interaction with
tunnel barriers suggest compatibility with vortex-like states,
whose visibility might be influenced by the tunnel barrier,
as theoretically proposed in Ref. [51]. Our paper emphasizes
the importance of tunable tunnel barriers, to understand the
complex phase space of subgap states in hybrid devices.

ACKNOWLEDGMENTS

This research was supported by the Scientific Service
Units of ISTA, through resources provided by the MIBA
Machine Shop and the Nanofabrication facility. This research
and related results were made possible with the support
of the FWF Project with DOI10.55776/F86. We acknowl-
edge support from the European Research Council under the
European Unions Horizon 2020 research and innovation pro-
gramme under Grant Agreement No. 856526, the Swedish
Research Council under Grant Agreement No. 2020-03412,
the Spanish Comunidad de Madrid (CM) “Talento Program”
(Project No. 2022-T1/IND-24070), the Spanish Ministry of
Science, innovation, and Universities through Grant PID2022-
140552NA-100 and NanoLund.

APPENDIX A: ADDITIONAL DATA

Here, we present additional data that further corroborate
our findings. Local tunneling spectroscopy measurements for
Device B, featuring a 900-nm-long island, are displayed in
Fig. 4. These results are consistent with the tunneling spec-
troscopy data previously shown for Device A in Fig. 1.

Coulomb spectroscopy measurements of Device A, which
features a 400-nm-long island, are presented in Fig. 5 for
both weak and strong coupling regimes. The data in the weak
coupling regime (Figs. 5(a)—(c)) closely align with the cor-
responding results for Device B (Figs. 2(a)—(c)). Similarly,
the strong coupling regime data (Figs. 5(b)—(d)) exhibit strong
agreement with the Coulomb spectroscopy data of Device B
(Figs. 2(j)—(1)). These comparisons highlight the consistency
of our observations across devices and coupling regimes, fur-
ther validating the reproducibility of our findings.

For completeness, a crossover from tunneling to Coulomb
spectroscopy is shown in Fig. 6 and Coulomb spectroscopy

(a) G, = 0.004Go
GR = 0.001Go

=0
101

dI/dV (Go)

dI/dV (Go)

Vg1 (mV)

FIG. 5. Coulomb spectroscopy data for device A. First [second]
row corresponds to ® = 0[O = Dy].
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(a) dI/dV (Go) (b) dI/dV (Go) (c) dI/dV (Go)
—0.001 0.000 0.001 —0.002 0.000 0.002 —0.03 0.00 0.03
8 =
1
2
>4 0 0 0
-2
1 —1
—8 T T T
—20 0 20 20 —20 0 20
Vigl (mV) Vigl (mV) Vigl (mV)

FIG. 6. Crossover from Coulomb to tunneling spectroscopy at ® = 0. Coulomb diamonds for different coupling strengths. In (a) both
tunnel barriers are in the weak coupling regime (G, = 0.001 G, and Gg = 0.004 Gy). Thus, transport is allowed only if e[V| > 2A. In (b), the
junctions are asymmetrically tuned (GL. = 1.6 Gy and Gg = 0.006 Gy) such that transport is allowed only if e|V| > A, resembling a tunneling
spectroscopy experiment. In (c) one junction is in the weak coupling regime (GL = 0.01 G, and the other one is open Gr > 2 Gy), leading to
negligible effects of E.. Data in (a) and (b) are taken from the 400-nm-long island and data of (c) are taken from a 900-nm-long island.

for an asymmetric tuning of tunnel barriers is shown
in Fig. 7.

APPENDIX B: INTERPLAY BETWEEN E. AND A

In order to understand how the even—odd spacing of
Coulomb peaks emerges, we study the interplay between E.
and A in the strong-coupling regime, where transport is dom-
inated by subgap states. We focus on the OL, where the energy
of the subgap state appears close to A.

To ensure that at least one junction is in the strong-coupling
regime and to tune the device from the superconductivity-
dominated regime (A > E;) to the Coulomb-dominated
regime (A < E.), we adjust both junctions and, additionally,
D.

First, in Fig. 8(a), we tune the couplings asymmetrically
(GL ~ 0.01 Gy and Gg = 1.6 Gy) such that E. ~ 80 ueV,i.e.,
A/JE. ~ 2.1 at ® = 0. Transport at e|V| < A is still observed,
indicating the presence of a subgap bound state, similar to

(a) (b) (c) (d)

G1, = 0.02Gp G1, ~ 0.02Gg G1, = 0.02Go
GR ~ 0.08Go GR ~ 0.35G) GR ~ 0.44Go
d=0 d=0 d=0
2 0.5
—~ 1 0.5
>
Eo 0 0.0 0.0
- -1 0.5
—9 —0.5
() (h) ® = dg @) o = P 6))
2 0.5
—~ 1 0.5
>
Eo 0 0.0 0.0
- -1 —0.5
—9 —0.5
—25 0 25 —25 O 25 -25 0 25
Vigl (mV) Vil (mV) Vigl (mV)

Fig. 2(j). However, the typical arc shape symmetric around
V =0 accompanied by NDC is pushed to higher energies,
suggesting that both A and ¢ are indeed larger than E.. Next,
we increase the charging effects slightly by decreasing the
junction transparencies, such that A/E. ~ 1.6 [Fig. 8(c)].
Now, the transport arcs move to lower values of V. This
is caused by a reduction of the excitation energy involving
quasiparticles excited in the subgap state. Eventually, the arcs
merge when ¢ = E,, yielding finite zero-bias transport at the
charge-degeneracy points N, = 2n + 1.

Next, we further reduce A/E. below 1; to this end, we
tune the junctions symmetrically (GL =~ 0.6 Gy and Gr ~
0.55 Gy) such that E. = 180 peV and then we decrease the
superconducting gap by applying a small magnetic field ® =
0.125 @), altogether resulting in A/E. = 0.85. In this case,
the arcs merge at zero bias, symmetrically with respect to
Ny =2n+ 1, giving an even—odd spacing of the Coulomb
peaks [57,61]. The Coulomb peaks move further apart when
the ratio A/E, is decreased further, which we probe by

()

G, = 0.02Gg Gy, ~ 0.02Go G, = 0.02Gg
GR =~ 0.71Gg GR ~ 1.5Go GR =~ 1.9Go
d =0 d =0 d =0
0.2 0.2 @
0.0 0.0 =
e
~
0.2 0.2 S
-3, ® )
0.2 0.2 @
0.0 0.0 =
=
~
—0.2 0.2 S
25 0 25 -25 0 25 —-25 0 25
Vil (mV) Vigl (mV) Vigl (mV)

FIG. 7. Diamond evolution for asymmetric tunnel barriers (device B). First [second] row corresponds to ® = 0 [® = &(]. We note that
the skewness of the Coulomb diamonds initially decreases with increasing Gg and then seems to increase again, in the opposite direction. A
more systematic study of the shape of the Coulomb diamonds as a function of Gy, g and the bias direction could reveal the detailed dependence
of the island’s capacitance matrix on all gate voltages.
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(a) (c) (e) (2) @)
Fe =21 Fo =16 Fo =085 f =038 F =06
dI/dV (Go) dI/dV (Go) dI/dV (Go) dI/dV (Go) dI/dV (Go)
~0.001 0.000 ~ 0.001 —0.001 0.000 ~ 0.001 —0.05  0.00 0.05 —0.05  0.00 0.05 —0.01  0.00 0.01
0.2 T —
01 . _-=
% 00 > L
=01 4 = -~ -
—0.2 'FI% T T
b g d g f
(®) —0.5 0.0 0.5( ) —0.5 00 0.5( )
1 -
i it Il W S
= o~
S04
=~ 5 A
il | [ W N
-1 4
T T
4.5 5.0 55 4.5 5.0 5.5
Ng Ng

FIG. 8. Interplay between E. and A in the strong coupling regime (device B). (Top row) dI/dV as a function of V and of N, o Vig in
the strong coupling regime for different value of E; and A. In (a), GL =~ 0.01 Gy, Gr = 1.6 Gy, ® =0, A = 180 peV. In (c), G = 0.01 G,
Gr ~ 0.9Gy, ® =0, A =180 peV. In (e), GL = 0.6 Gy, Gr = 0.55 Gy, ® = 0.125 Oy, A = 150 peV. In (g), GL =~ 0.6 Gy, Gr =~ 0.55 Gy,
O =0.17 Dy, A =130 peV. In (i), G ~ 0.6 Gy, Ggr ~ 0.55 Gy, & = 0.25 ®y, A = 115 peV. (Bottom row) Calculated g as a function of V
and N, for the same parameters, assuming that A — ¢ = 0.05 A. The dashed magenta horizontal lines indicate the values of A.

increasing ® further, see Figs. 8(g) and 8(i). All these obser-
vations are reproduced qualitatively by our theoretical model,
see Figs. 8(f), 8(h), and 8(j), where we used the same ratios of
A/E. as extracted from the experiments.

APPENDIX C: THEORETICAL MODEL

We describe the superconducting island coupled to super-
conducting leads using the Hamiltonian

H = H, + Hy + Hr, (C1)
where the leads are described by
H =Y (ko — )Chi oo (€2)

v,k,o

Here, &,;, represents the electron energy, and c,, is the
annihilation operator for an electron in lead v = L, R with
momentum k and spin ¢ € 1, |. We assume that each lead is
in internal equilibrium, described by a Fermi-Dirac distribu-
tion ng with chemical potential u, and temperature 7 .

The superconducting island is described by

Hy = 281'07/]2)/1'0 + Eq(N).

j.o

(€3

In this equation, j indices a state with single-particle energy
€jo. In this paper, we consider two types of states. We first
consider a discrete state with energy below the superconduct-
ing gap (j =0), goo < A. We also include the continuum
of states on the island (j > 0), appearing for energies above
the superconducting gap A resulting from superconduct-
ing proximity. We describe the continuum states using the

conventional BCS density of states

gjo(w)) = /A + @73,

where w; is the energy of the jth quasiparticle state. The
Bogoliubov—de Gennes (BdG) operators are given by

e dl

Jjo’

(o2))

Vijo = ujdja — Po Vj (C5)
where, d and d" represent the annihilation and creation oper-
ators of electrons on the island, e~ annihilates a Cooper pair
on the island (where ¢ is the phase operator of the induced
superconducting order parameter in the semiconductor), and
po = % for 0 =1, |. Here, u; and v; are the BAG coeffi-
cients of the states. For the continuum of states, we use the
conventional BCS expressions, given by uf =+wj/e)/2
and u; + v7 = 1. For the BAG coefficients of the subgap state,
we take u(z) = v% = 1/2, although the described qualitative
features are independent of this specific choice.

Because of electron confinement, the island shows a charg-
ing energy given by

Ea(N) = E.(N — N,)?, (C6)

Here, N, represents the dimensionless gate-induced charge
offset, and N is the (excess) electron number operator, taking
into account the fermionic occupation of the states and the
number of Cooper pairs on the island, N = N, + n; + n,.

Finally, the tunneling between the leads and the supercon-
ducting island is described by the Hamiltonian

Hr = ) (twjocli,djo +He).
vk, j,o

€N
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Here, ¢ represents the tunneling amplitude. We define the cor-
responding tunneling rates as I' j, = 27 pr, |ty o |2, assuming
them to be k independent in the wideband limit, where pr, is
the density of states at the Fermi level of lead v.

1. Formalism

In this paper, we consider the limit where the tunneling
rates are the smallest energy scales, so we can use a perturba-
tive treatment using first-order rate equations, I, j, < T, for
details, see for example, Ref. [54].

For our transport calculations, we label the relevant state of
the island as

la) = (Ne, ng, ne), (C8)

where N, /2 is the number of Cooper pairs in the island and
ny and n, describe the occupation of the subgap and contin-
uum excited states. In this work, we assume that coherences
between different states in the superconducting island are
negligible. Therefore, the system is fully characterized by
occupation probabilities P,, and their time evolution is given
by the master equation

Bo =" [=TassPa + ThraPsl. (C9)
b

In the stationary limit, the system does not evolve in time
and we can impose P$™ = 0. These conditions, together with
normalization ), P, = 1, form a complete linear system of
equations for the stationary occupation probabilities of the
island states. Using the resulting P5™, the current flowing
from lead v to the device is determined by the island transition
rate to other states as

L= Sab ToasssPy™, (C10)
a,b

where I'), ,_, is the transition rate between |a) and |b) involv-
ing an electron tunneling to or from lead v = L, R, and the
sum runs over all the possible tunneling processes. Here, we
take s = +1 (s = —1) in case an electron tunnels in (out) of
the island from (to) the lead v when transitioning from |a)
to |b).

In Egs. (C9) and (C10) (and using the approximation 7 =
Hr), we are only considering processes that change the island
occupation by *1 electron. Therefore, we disregard cotun-
neling features and processes changing the island occupation
by more than 1 electron, like Andreev reflection. These two
processes are important to quantitatively describe the open
regime, when the I'’s become comparable to other energy
scales.

2. Tunneling rates

The tunneling rates between the leads and the island can
be calculated. For the tunneling between the leads and the

discrete subgap state, they are given by

s _ 2 ‘
Fv,\N(.,n:,n(.)—>\N(.,nx—kl,nc) - ]/U’()|M()| nF(Ef —E — I‘Lv)7

s 2

F\j,‘N(.,nl\.’n(.)a‘N(.,n_vfl,nL.) = Vv,0|u0| nF(l’LU + Ef - Ei)?
S 2

L Nen = N2 =1y = Voolvol np(Eyp — Ej — ),

oo Nes ) INe—2e L) = Yolvol*ne(iy + Ef — E)),
(C11)

where E; and E are the initial and final energies of the island,
and ny is the Fermi distribution function. The two first rates in
Eq. (C11), proportional to luo|?, describe the normal tunnel-
ing in/out of electrons between the lead and the island. The
second two terms, proportional to |vg|?, represent processes
where a Cooper pair additionally splits/recombines after the
tunneling of an electron.

Electrons have many available states to tunnel into in the
continuum of states of the island above the gap. To account for
this, we must integrate over the above-gap density of states.
The total rate for one electron tunneling in to the continuum
is thus given by [58]

o0
F]‘j'|NL’!n.x'an’>_)|NL’!n.D”L’+1) = y]}flc/o\ de(w)nF(Ef - Ei - ,U«v)v

(C12)
where the density of states of the superconductor is given by

A(w) = Im|: (C13)

1)
VAT = (0 +in)? |
where 7 is the Dynes parameter broadening the density of
states, set to 0.002 Ay, with Ay being the gap at zero applied
magnetic field. Breaking of a Cooper pair is another process
that can excite a quasiparticle above the continuum. This
process is described by a similar tunnel rate, given by

FC
V,|Ne,ng,ne)—>|Ne—2,ng,nc+1)

o0
= V&,’L/ doA(w)ng(u, + Ef — E;). (Cl14)
A
In these expressions we have assumed a very low density of
quasiparticles in the superconducting island, in such a way
that the available states in the continuum do not fluctuate.
The rates for tunneling out are given by
: 2
FLL),INc,nS,m)—>IN<,ns,n(-—l) = y\?,l;th'tc' ne(py + Ey — Ej),
ty, 12
Fch,\Nc,nx,nc)%\NC+2,nx,n,71) = y\?l; |UC| nF(Ef - Ei - u"’)'
(C15)

Similarly to the case of the subgap state we choose |u.|*> =
[v.|> = %, consistent with the BCS prediction for the edge of
the continuum. Again, our qualitative results do not depend on
this choice.

Finally, we consider processes where two quasiparticles in
the continuum of states can recombine forming a Cooper pair.
This process, which does not conserve energy, is essential to
understand some of the features, including the open Coulomb
diamonds in the regime where E. > A. The rate for Cooper
pair recombination is included as

(C16)

r T
LNy i) N4 20 —2) = V-

This process conserves the charge on the island and does not
contribute directly to the current in Eq. (C10).
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