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Autoregressive neural quantum states of Fermi Hubbard models
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Neural quantum states (NQSs) have emerged as a powerful ansatz for variational quantum Monte Carlo
studies of strongly correlated systems. Here, we apply recurrent neural networks (RNNs) and autoregressive
transformer neural networks to the Fermi-Hubbard and the (non-Hermitian) Hatano-Nelson-Hubbard models
in one and two dimensions. In both cases, we observe that the convergence of the RNN ansatz is challenged
when increasing the interaction strength. We present a physically motivated and easy-to-implement strategy
for improving the optimization, namely, by ramping of the model parameters. Furthermore, we investigate the
advantages and disadvantages of the autoregressive sampling property of both network architectures. For the
Hatano-Nelson-Hubbard model, we identify convergence issues that stem from the autoregressive sampling
scheme in combination with the non-Hermitian nature of the model. Our findings provide insights into the
challenges of the NQS approach and make the first step towards exploring strongly correlated electrons using
this ansatz.
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I. INTRODUCTION

The Fermi-Hubbard model (FHM) describes itinerant, in-
teracting spin-1/2 electrons hopping on a set of spatially
localized orbitals. Despite its simplicity, it is paradigmatic
for our understanding of electronic correlations in quantum
materials in which strong Coulomb interactions play an es-
sential role. Its importance lies in the fact that it accurately
captures some of the key characteristics of strongly correlated
materials. Numerous phases this model can display have strik-
ing similarities to the behaviors observed in a wide range of
complex materials [1–5].

In recent years, neural network quantum states (NQSs)
[6–16] have emerged as promising ansatz for variational wave
functions. There are several remarkable aspects that make
NQSs attractive for use in the field of quantum many-body
physics. First is the ability of the NQS to capture a wide
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array of quantum states important to the study of quantum
many-body systems [13,14]. It has been shown that they can
encode volume law entangled states [17–21].

The second feature is related to the scaling of computa-
tional resources with the system size. The optimization and
evaluation of observables in NQS relies on sampling, typically
using a Metropolis sampling algorithm, which can become
computationally very demanding. Here, we show that autore-
gressive networks, with normalized wave-function amplitudes
that allow direct sampling instead of Metropolis sampling,
can be very efficient for correlated electron systems. The
autoregressive property refers to the use of a chain rule of
probabilities to generate a sequence of data elements in which
the probability of every element in the sequence depends only
on the configuration of the set of elements that came before
it. The scaling of the method with the system size can lead
to a potentially huge advantage over conventional numerical
treatment, such as the exact diagonalization (ED), density
matrix renormalization group (DMRG), or quantum Monte
Carlo (QMC) [22–25], which suffer from either exponential
scaling or other technical issues arising due to the fermion
“sign problem” [26–28].

Two prominent examples for autoregressive networks are
recurrent neural networks (RNNs) [29] and transformer neu-
ral networks [30–35] (although nonautoregressive versions
of transformers are possible, see, e.g., Refs. [36,37]). RNNs

2643-1564/2025/7(1)/013122(14) 013122-1 Published by the American Physical Society

https://orcid.org/0000-0001-9165-0444
https://orcid.org/0000-0002-0051-2087
https://orcid.org/0000-0002-5505-8176
https://orcid.org/0000-0002-0521-3692
https://orcid.org/0000-0001-7263-3462
https://orcid.org/0000-0002-3339-5200
https://orcid.org/0000-0003-4256-6232
https://ror.org/05rrcem69
https://ror.org/04qyvz380
https://ror.org/05591te55
https://ror.org/01vekys64
https://ror.org/04xrcta15
https://ror.org/01aff2v68
https://ror.org/013m0ej23
https://ror.org/05a28rw58
https://ror.org/01eezs655
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevResearch.7.013122&domain=pdf&date_stamp=2025-02-03
https://doi.org/10.1103/PhysRevResearch.7.013122
https://creativecommons.org/licenses/by/4.0/


EDUARDO IBARRA-GARCÍA-PADILLA et al. PHYSICAL REVIEW RESEARCH 7, 013122 (2025)

were initially developed for natural language processing and
are generative, i.e., they can be trained to infer the prob-
ability distribution of unlabeled data, which can then be
used to generate more data. The final joint distribution of
configurations in an RNN P(σ ), where σ represents a con-
figuration in a complete set, is normalized. This is a powerful
property; not only can one sample from a trained RNN but
also the trained RNN can, given a new configuration, re-
turn the associated normalized probability. The same property
can be enforced for a transformer neural network by mask-
ing out future inputs to the attention mechanism, see, e.g.,
Refs. [30–35].

In a pioneering work [29], Hibat-Allah et al. showed that
ground states of spin models can accurately be represented
using a wave function based on an RNN with two output
layers for the amplitude and phase of the wave function.
Namely, samples are drawn from the generative model and
the energy is computed and averaged over many samples and
minimized with respect to the parameters of the RNN using
the stochastic gradient descent. Weights and biases inside
a shared RNN unit are among the quantities that form the
optimization parameters. Since then, there have been several
notable studies exploring aspects of the use of RNNs in quan-
tum many-body physics, spanning representability, accuracy,
performance [38–42], including through the use of symme-
tries of the Hamiltonian [43] or more advanced autoregressive
architectures such as transformers [32–34,44].

Neural network wave functions have also been used re-
cently to study itinerant electron models at half filling and
beyond [41,45–57]. In Ref. [41], the authors use RNNs to
represent the ground state of the t-J , t-XXZ , and t-Jz mod-
els in one and two spatial dimensions. They present a novel
technique for mapping out the dispersion relation of the
single hole, complementary to other schemes [58–60], and
show that their results compare well with DMRG. This is
accomplished through computing the expectation values of
the translation operator for periodic systems. However, they
establish that the ground-state uncertainties for these mod-
els are generally much larger than those for spin models
studied previously.

Here, we utilize RNNs as a variational ansatz to access
the ground state of the FHM. We find that, as expected, a
naive application of the technique results in accuracies that
are less accurate than in the case of the t-J model. We then
introduce a ramping mechanism in which certain model pa-
rameters are gradually tuned from the initial values to the
desired final values during the training process and show that
the scheme leads to orders-of-magnitude improvements in
the ground-state energy and other observables (this is also
known as variational neural annealing [61]). We benchmark
our results for the method applied to the one-dimensional (1D)
and two-dimensional (2D) FHM at half filling and find that the
accuracy of ground-state properties is generally independent
of the system size for the same number of training steps,
confirming that the computational resources will indeed grow
linearly with system size. We then use the method to study
a non-Hermitian Hamiltonian in which the tunneling rates to
the left and right are unequal [the Hatano-Nelson-Hubbard
model (HNHM)] and discuss the limitations of current RNN
architectures for such problems.

The remainder of this paper is organized as follows: In
Sec. II we present the Fermi-Hubbard model, the observables
computed, the details of the RNNs, and the training schemes
used. In Sec. III we present our main findings, first for the 1D
FHM, second for the 2D FHM, and third for the 1D HNHM.
Section IV summarizes our findings and presents an outlook
for future studies.

II. MODEL AND METHODS

A. Fermi-Hubbard model

We study the FHM, whose Hamiltonian is expressed as

ĤFH = −t
∑

〈i, j〉,σ
(ĉ†

iσ ĉ jσ + H.c.) + U
∑

i

n̂i↑n̂i↓ − μ
∑
i,σ

n̂iσ ,

(1)
where ĉ†

iσ (ĉiσ ) is the creation (annihilation) operator for a
fermion with spin σ on site i, n̂iσ ĉ†

iσ ĉiσ is the number oper-
ator for spin σ on site i, 〈i, j〉 denotes the sum over nearest
neighbors, t is the nearest-neighbor hopping amplitude, U is
the interaction strength, and μ is the chemical potential that
controls the fermion density in the grand canonical ensemble.
We consider the repulsive case U > 0. We set the energy
scale to be t = 1. We consider 1D chains with N = L sites
and 2D square lattices with N = Lx × Ly sites. In all cases,
open boundary conditions (OBCs) are considered. We work in
the grand canonical ensemble and set the chemical potential
to μ = U/2 to achieve half filling on average in all cases
involving this model.

The HNHM is described by a non-Hermitian Hamiltonian
with unequal tunneling rates for left and right directions,

ĤHNH = − t
∑
i,σ

[(1 + g/t )ĉ†
i+1σ ĉiσ + (1 − g/t )ĉ†

iσ ĉi+1σ ]

+ U
∑

i

n̂i↑n̂i↓ − μ
∑
i,σ

n̂iσ . (2)

An important consequence of the anisotropic tunneling
rates is that the HNHM is particle-hole symmetric (PHS)
under the transformation ĉ†

iσ → (−1)iĉiσ and g → −g. The
regular particle hole transformation [only ĉ†

iσ → (−1)iĉiσ ]
maps the left kinetic-energy term into the right one, and vice
versa, therefore the change in sign of g is crucial to achieve
PHS.

We compute the energy E = 〈Ĥ〉/N , the density

n = 1

N

∑
i,σ

〈n̂iσ 〉, (3)

the kinetic energy

K = 1

N

〈
− t

∑
〈i, j〉,σ

(ĉ†
iσ ĉ jσ + H.c.)

〉
, (4)

the double occupancy

D = 1

N

∑
i

〈n̂i↑n̂i↓〉, (5)
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and the nearest-neighbor (nn) spin-spin correlation function

〈SzSz〉nn = 1

Nb

∑
i

∑
δ∈S(i)

〈
Ŝi

zŜ
i+δ
z

〉
,

where
〈
Ŝi

zŜ
i+δ
z

〉 = 1

4

∑
σ

(〈n̂iσ n̂i+δσ 〉 − 〈n̂iσ n̂i+δσ 〉), (6)

Nb is the number of bonds, S (i) denotes the set of nearest-
neighbor vectors consistent with the OBC for site i, and σ

denotes the opposite spin to σ .

B. Recurrent neural network wave functions

We use a recurrent neural network (RNN) to represent a
pure quantum state in each of our case studies. The wave
function ansatz is given by

|ψλ〉 =
∑

σ

√
pλ(σ )eiφλ(σ )|σ 〉, (7)

where λ denotes the variational parameters of the ansatz wave
function |ψλ〉, and |σ 〉 are the elements of the computational
basis, i.e., |σ 〉 = |σ1, σ2, . . . , σN 〉, where σi can take any value
of the local Hilbert space {0,↑,↓,↑↓}. λ includes hidden
variables hi used to pass information from site i to site i + 1
during a given sampling step. The size of hi is given by the
number of hidden units, nh.

In this work, we use one RNN cell and a Softmax layer to
model the probability, together with a Softsign layer to model
the phase. Specifically, we implement the gated recurrent unit
(GRU) as the elementary cell in our RNNs. For further details
on the parametrization of the GRU and RNN in this scheme,
we refer the reader to Ref. [29].

To find the ground state of the system, we perform vari-
ational Monte Carlo (VMC) to minimize the energy. In that
case, we minimize the expectation value of the energy of our
ansatz wave function

〈Hλ〉 =
∑

σ

|pλ(σ )|ελ(σ ), (8)

where we have defined

ελ(σ ) =
∑

τ

Hτσ

√
pλ(τ )

pλ(σ )
ei[φλ(τ )−φλ(σ )], (9)

and Hτσ = 〈τ |H |σ 〉.
In practice, we consider the cost function

C =
∑

σ

|pλ(σ )|[ελ(σ ) − 〈ελ(σ )〉] (10)

to minimize both the energy and its variance to stabilize the
training, and we use the adaptive moment estimation (adam)
optimizer to implement the gradient updates.

C. Pretraining with projective measurements

References [34,38,40] demonstrated the potential of hy-
brid quantum-classical methods for large-scale quantum
many-body system simulation by merging experimental data
from current quantum devices with autoregressive language
models.

More specifically, they observed that if the RNN wave
function is first trained using experimental projective mea-
surements (which we name pretraining) and then VMC is
performed, the convergence of the procedure is significantly
improved. The only difference between these two settings is
the loss function governing the optimization. In the VMC
stage the loss function is the energy while in the pretraining
stage the loss function is the Kullback-Leibler (KL) diver-
gence [40],

LKL =
∑

σ

pd (σ ) ln

[
pd (σ )

pλ(σ )

]
, (11)

where pd is the empirical distribution of the dataset. The
minimum of this loss function occurs when pd (σ ) = pλ(σ ).
Therefore, minimizing the KL divergence drives the matching
of the distributions. Note that in practice, it suffices to mini-
mize −〈ln[pλ(σ )]〉pd in this stage.

In this work, we also experiment with pretraining our RNN
models using projective measurements obtained from sam-
pling of the ground-state function in the computational basis
using exact diagonalization. For each case study, we generate
and use 10 000 samples.

D. Ramping of Hubbard parameters

Additionally, we propose an alternative way of enhancing
VMC simulators in which Hubbard parameters are ramped to
their desired value. This idea is inspired by the experimental
protocol for preparing low-entropy samples in optical lattices
and optical tweezer arrays in which it is more efficient to
load a band insulator and then modify the lattice (increase
the number of sites) to get on average one particle per site or
other target fillings [62,63]. In our proposed training scheme,
instead of modifying the lattice geometry (as is often done
in experiments), we modify the hopping amplitude during the
training.

As we discuss in Sec. III, we find that ramping the tun-
neling rate from a larger t to the desired final value provides
a scheme that either alone or in conjunction with pretrain-
ing with projective measurements, provides better results
than VMC with pretraining using projective measurements
alone.

The reason behind starting from large t rather than any of
the other Hubbard parameters is threefold: (1) While the μ

and U terms in the Fermi-Hubbard Hamiltonian are diagonal
in the niσ basis, the t term is not. For that reason, the kinetic-
energy term mixes elements of the computational basis and
its calculation involves knowledge of both the amplitudes and
the phases (in contrast with the other two terms that only
require the amplitudes). Therefore, starting from large t biases
the RNN to learn amplitudes and phases simultaneously. (2)
Starting from a larger t , the system promotes double occupan-
cies, which are essential for reaching the true ground state [64]
(3) Half-filling always occurs at μ = U/2 independently of t ,
so the target density remains constant during all stages of the
ramp.

Specific details of the ramps used in the study are presented
in Appendix A.
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FIG. 1. Relative errors for the half filled FHM as a function of training steps for different methods on a 10-site chain. Columns correspond to
U = 2, 4, 8, 12 and rows to the relative errors in energy, kinetic energy, double occupancy, and nearest-neighbor spin-spin correlation function.
Results are presented for the best random seed for all methods. Vertical lines at T1 = 300 (solid), T2 = 2000 (dashed), and T3 = 51 000 (dotted)
training steps corresponds to pretraining and ramping stages. Sharp jumps in the H Ramp curves (red) at T1 are because the tunneling rate of
the Hamiltonian is changed here from t to approximately 1.55t .

E. Exact diagonalization and density
matrix renormalization group

To benchmark our results we compare against numerically
exact methods: ED, and the DMRG. We perform ED on N =
6, 8, 10 chains and DMRG on N = 20 and 100 chains as well
as the N = 4 × 4 lattice using the iTensor package [65] with
an adaptable bond dimension and 30 sweeps, keeping the error
for the energy below 10−8.

III. RESULTS

For the results presented in this section, unless otherwise
specified, we used nh = 100 hidden units, a learning rate
of �r = 0.001, and generate Ns = 1000 samples for open-
boundary conditions per training step. When pretraining is
performed, we do it over the first 300 training steps, using
10 000 samples.

For every case study, we run the training using at least
25 random initial parameters of the neural network. We call
these realizations. For all the observables O considered, we
compute the relative error as RE = |1 − 〈O〉/OGS|, where
〈O〉 is either the value of the observable at each training step
or the average of the observable over the last 100 training steps
as specified, and OGS is the exact value of the observable
obtained using ED (or DMRG where explicitly indicated).
We also define the best realization as the realization with the
smallest relative error in energy.

In the following, we present results for different training
schemes which we refer to as methods. These are labeled as
follows:

(1) VMC: Minimize the energy only.
(2) H VMC: (Hybrid VMC) Perform pretraining, followed

by energy minimization.
(3) Ramp: Perform the training while ramping t . The tun-

neling rate is initialized from a large value ti > t and decreases
exponentially. The tunneling is set to its final value t at 51 000
training steps.

(4) H Ramp: (Hybrid Ramp) Perform pretraining, fol-
lowed by training while ramping t , which is set to its final
value at 51 000 training steps. We use the final value of t
also in the pretraining stage to evaluate E . After pretraining
is finished, the tunneling rate is set to the value obtained with
the Ramp after 300 training steps (which is approximately
1.55t). For the remainder of the realization, the tunneling rate
is updated using the Ramp.

A. One-dimensional Hubbard chain

In Fig. 1, we present the relative errors of E , K , D, and
〈SzSz〉nn as functions of training steps for U = 2, 4, 8, 12 on
a 10-site chain at half filling for the best realization of the
RNN. In this figure, the relative errors are calculated for the
expectation values of the observables at each training step and
no averaging over training steps is performed.

For U � 8, all methods are able to get converged re-
sults, and their relative errors are consistent with each other.
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(a)

(b)

FIG. 2. (a) Energy histograms for the half filled FHM for different methods on a 10-site chain. Columns correspond to U = 2, 4, 8, 12.
Results are obtained for 26 different initial random seeds, and the energies are reported as the average of the last 100 training steps for each
random initial condition. The insets replot the data in the same zoomed-in range for all U to aid the comparison. (b) Relative errors for the half
filled FHM for different methods on a 10-site chain. Columns correspond to U = 2, 4, 8, 12. Solid markers correspond to the best realization.
Error bars are only presented for the upper bound and correspond to the mean of the relative errors obtained using 〈O〉 ± σO , where σO is the
standard error of the mean (s.e.m.). Open markers correspond to the average of the relative errors obtained using 26 different random seeds
and their error bars are the s.e.m. of these different realizations.

However, for U = 12, VMC alone is unable to do so and
quickly gets stuck in the atomic limit solution (U/t → ∞)
where double occupancies are strongly suppressed.

It is important to note that, for the converged results, the
relative error in E is approximately constant for all values
of U and falls within the range (10−7, 10−3). In contrast, the
relative errors in K and D worsen as the interaction strength
is increased. This is evinced by the rise in the lower and up-
per bounds of the ranges containing these relative errors [for
example, for K at U = 2 these are (10−6, 10−2), but increase
to (10−5, 10−1) at U = 12]. This is indicative of the fact that
the errors in K and D are correlated, similarly to what is
observed in quantum Monte Carlo simulations. In contrast, the
relative error of 〈SzSz〉nn rapidly converges and also remains
mostly constant for all U considered. It is worth noting that the
lower bounds in the relative errors for D and 〈SzSz〉nn are flat,
whereas those for K and E continue to decrease and exhibit
oscillations as a function of the training step for longer. We
speculate that such difference in behavior may be traced back
to the requirement of the knowledge of phases in calculating
the latter quantities and the fact that φλ(σ ) may continue to be
learned after pλ(σ ) are converged.

Although almost all methods (except for VMC alone for
U = 12) are able to yield a converged RNN wave function
with comparable relative errors [�10−6 in E and �10−3 in
〈SzSz〉nn], an extensive search over initial random configura-
tions may be needed to find such lowest-energy configurations
for some of these methods. To reveal that, in Fig. 2(a) we

present histograms of the lowest energies obtained with the
different methods, while in Fig. 2(b) we compare the relative
errors in the observables between the best realization (solid
markers) and those obtained by averaging 26 different real-
izations (open markers) for each method.

At U = 2, all methods have a large weight in states with
energies very close to the ground state [see Fig. 2(a)]. How-
ever, performing VMC alone produces the least number of
realizations close to the exact ground-state energy. While
pretraining followed by VMC (H VMC) produces better re-
alizations, the two ramps yield a larger number of realizations
closer to the exact ground state and with shorter tails. When
comparing the relative errors of the different methods for
U = 2 in Fig. 2(b), we observe that, except for the energy,
the best realization (as judged by the relative error in energy)
and the averaged data for all methods are consistent with each
other within error bars.

As the interaction strength is increased to U = 4, the his-
tograms exhibit a similar profile as the one observed for U =
2, but for all methods the tails have grown, which increases
the relative error of the averaged results, as illustrated in
Fig. 2(b). Furthermore, the results obtained using the Ramp, H
VMC, and the hybrid ramp (H Ramp) yield the lowest relative
errors for the kinetic energy, double occupancy, and spin-spin
correlation functions.

These findings are more evident when analyzing the U = 8
results. At this interaction strength, most of the realizations
using VMC alone get stuck in higher-energy configurations,
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FIG. 3. Relative errors of the energy for the half filled FHM for different methods as a function of system size. Columns correspond to
U = 2, 4, 8, 12. Solid and open markers are the same as in Fig. 2(b).

and only two realizations are able to get close to the ground
state [see Fig. 2(a)]. On the other hand, the rest of the meth-
ods yield realizations with energies very close to the ground
state, where the H Ramp method yields the largest number of
realizations close to the ground state and a shorter tail for the
histogram. Their relative errors in Fig. 2(b) highlight that, for
the best realization, hybrid VMC and the hybrid ramp yield
the best results, but the ramps surpass all other methods if the
number of realizations is limited.

Finally, for U = 12, VMC alone is unable to converge to
the ground state as it gets stuck in the atomic limit solution
where no doublons are present at half filling. While the rest
of the methods are capable of producing one or two con-
verged realizations [see inset in Fig. 2(a)], the majority of
the realizations exhibit an energy difference with respect to
the ground-state energy of ≈4 × 10−3 (results lie outside the
range plotted in the inset). This larger energy difference is
reflected in larger relative errors in Fig. 2(b) for the open
markers. Such a struggle to produce converged realizations for
random initial parameters is evinced by the relative errors in
energy: while for the best realization this number is ≈10−6,
for the average over many realizations, it is roughly three
orders of magnitude larger.

To summarize this section, we find that, for all the in-
teraction strengths considered, the best realizations for each
method after 105 training steps are consistent with each other
within error bars. However, any of the ramping methods yields
the largest number of runs of the lowest relative errors among
the different realizations. This means that ramping the Hub-
bard parameters can achieve better converged results than
VMC or H VMC alone.

An important question for numerical methods is how
the amount of computational resources required to obtained
converged results scales with system size. In Fig. 3 we demon-
strate that, for a fixed number of hidden units and number of
samples and training steps, results on L = 6-, 8-, 10-, and 20-
site chains yield relative errors for the energy that are more or
less flat within error bars (except for some slight upward trend
that can be observed for U � 4 when increasing the system
size). This is indicative that, if the number of realizations is
limited, the computational cost to keep the relative error fixed
as the system size is increased beyond L = 20 will likely scale
at most linearly with system size. The observed behavior may
be unique to 1D and not hold in higher dimensions, where

one can in general expect a functional dependence of nh on
N to keep the error fixed. In Appendix B we present results
for the 1D FHM also as functions of the system size and the
interaction strength, where we demonstrate that they follow
the expected trends as functions of these parameters.

So far, we have benchmarked the RNNs’ performance in
studying the 1D FHM using various training schemes. It is
worth noting that while many one-dimensional problems can
be studied using efficient techniques, such as matrix product
states (MPSs) or the DMRG, RNNs present unique advan-
tages over these approaches. For instance, dispersion relations
are not straightforward to calculate with MPS but can be
calculated using RNNs, as demonstrated in Ref. [41]. To ac-
complish this, the model is trained to represent the ground
state initially and then a constraint in the loss function is
activated, forcing the system to reach a higher-energy state
with the corresponding target momentum.

B. Two-dimensional square lattice

Simulations of the FHM, to obtain even the basic proper-
ties, are the most challenging in dimensions higher than one
and away from half filling. For these reasons, we also explore
the capabilities of RNNs with different training schemes in
two-dimensional systems, 3 × 2, and 4 × 4 for U = 8 at half
filling. In Fig. 4 we present results for the 3 × 2 system using
the same methods and architecture details as was done for the
1D system. In the 2D case, the benefits of using the ramps
are even more evident. For the results presented in Fig. 4, the
ramping methods achieve relative errors that are one or two
orders of magnitude smaller than the hybrid VMC for all ob-
servables, thus highlighting the benefits of our physics-driven
method.

Further inspection in Fig. 5 shows that, in 1D, the system
is able to learn the balance between spin species (〈 1

N

∑
i Si

z〉 =
0) for all methods considered. Note that this symmetry is not
enforced during the training. In particular, as can be seen in the
left panels of Fig. 5 for L = 10, we observe that the pretrain-
ing and the ramping methods rapidly help the model to learn
the correct spin populations. On the other hand, the VMC
oscillates and struggles to figure that out, until eventually it
converges to correct values. However, in 2D, the oscillations
in the VMC method are uncontrolled and lead to a polarized
sample, as can be seen in the right panels of Fig. 5 for an
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FIG. 4. Relative errors for the half filled FHM as a function of
training steps for different methods on a 3 × 2 system at U = 8.
Rows correspond to the relative errors in energy, kinetic energy,
double occupancy, and nearest-neighbor spin-spin correlation func-
tion. Results are presented for the best random seed for all methods.
Light vertical lines at T1 = 300 (solid), T2 = 2000 (dashed), and
T3 = 51 000 (dotted) training steps corresponds to pretraining and
ramping stages. Markers on the right axis correspond to averages
of the observables for the last 100 training steps and error bars
correspond to the s.e.m.

N = 2 × 3 system. What is even more surprising is that, al-
though the pretraining method favors spin balanced mixtures,
when VMC is turned on after pretraining, the model immedi-
ately tends to spin polarization. Clearly the ramping method
has a major advantage as it yields the best convergence to-
wards exact results and ensures spin-balanced mixtures.

We further evaluate the performance of the RNN using the
ramping training scheme for the 4 × 4 square lattice in Fig. 6.
Specifically, we explore how the energy and the relative error
in energy depend on the number of hidden units for the Ramp
method. This is motivated by the fact that using nh = 100,
the ramping method achieves a relative error in the energy
of 1.2 × 10−4 for the 3 × 2 system, but this error grows to

3.3 × 10−3 for the 4 × 4 system. This worsening in the
relative error as the system size increases emphasizes the
significance of establishing the trend with nh, since we know
the method’s computational requirements scale linearly in nh.

In Fig. 6 we observe that the energy decreases with 1/nh,
and up to nh = 300, its behavior seems to be well described
by a linear fit. As nh increases, the relative error in energy
decreases and reaches 7.2 × 10−4 for the extrapolation in
the limit nh → ∞. These extrapolated results are comparable
to those presented in Ref. [48], where the authors bench-
mark their relative errors against auxiliary field QMC from
Ref. [66], and illustrate the power and viability of the physics-
based training scheme proposed here.

Finally, increasing the number of hidden units above 300
might change the scaling of E with nh from linear to a power
law, further reducing the relative error. However, these runs
surpass our current computational capabilities. Lastly, it is
worth mentioning that the functional dependence of nh on N
to keep the error fixed as a function of N for the FHM in 2D
remains an open question, which will be explored in future
studies.

C. Hatano-Nelson-Hubbard model

In addition to the FHM in 1D and 2D, we also explore the
one-dimensional Hatano-Nelson-Hubbard model (HNHM).
We study this model to evaluate the applicability, power,
and versatility of the method in tackling a wide range of
models that do not lend themselves to traditional numerical
treatments. In particular, we focus on the HNHM because (1)
non-Hermitian Hamiltonians are used in the study of open
quantum systems [67], (2) display important connections to
topological materials [68–70], and (3) pose difficulties for
solving with established numerical methods, despite recent
efforts that have been made to explore these type of models
with DMRG [65,71].

Here, we focus on the HNHM with open boundary con-
ditions. In this limit, after a gauge transformation, the model
exhibits a real spectra [68], and therefore we expect the RNN
architecture to be able to accurately obtain the ground state.
This is because, in current VMC implementations, the energy
(or loss function) is real. Nevertheless, we find that despite
the spectra being real, for sufficiently large value of |g/t |, the
RNN fails to converge to the ground state, as shown in Fig. 7
(more below).

In Fig. 7, we present results for an eight-site chain for
U/t = 2 at μ = U/2 as a function of the tunneling anisotropy
|g/t |. RNN results are obtained by performing the autore-
gressive sampling from left to right for two cases: (i) for
g > 0 (blue circles), which means the left-to-right tunneling is
favored and we label it as +g, and (ii) for g < 0 (red squares),
in which the right-to-left tunneling is now favored and we
label it as −g. In Fig. 7 we also compare the RNN results
against ED (green diamonds) for D, n, and 〈SzSz〉nn.

Due to the unequal tunneling rates in the HNHM, the trends
displayed by the left (KL) and right (KR) kinetic energies in
Fig. 7 as a function of |g/t | are expected. At g = 0, KL = KR.
As |g/t | increases towards the g = t limit, the magnitude of
the unfavored kinetic energy decreases, in a linear fashion, to-
ward zero. On the other hand, as |g/t | increases, the magnitude
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FIG. 5. Spin populations of the half filled FHM as a function of training steps for different methods on a 10-site chain and a 3 × 2 system
at U = 8. Rows correspond to three different methods used. Results are presented for the best random seed for all methods and system sizes.
Light vertical lines are the same as in Fig. 4.

FIG. 6. Energy for the half filled FHM as a function of the
inverse of the number of hidden units on a 4 × 4 system at U = 8.
Red solid circles are RNN results, the black diamond is the DMRG
result, and the solid line corresponds to a linear fit E = E0 + m/nh,
where E0 = −4.4223 ± 0.0004, and m = 1.17 ± 0.03. The open red
circle corresponds to the extrapolation to nh → ∞. Inset presents
the relative error of the energy, which for the extrapolated case
corresponds to 7.2 × 10−4.

of the favored kinetic energy increases. Although the results
for the favored Kx suggest a linear increase in magnitude,
followed by an upturn and a decrease around |g/t | = 0.6,
results for |g/t | > 0.5 are likely unconverged, as we discuss
below.

In Fig. 7 comparisons against ED (green diamonds) illus-
trate that convergence is only achieved for |g/t | � 0.5. For
larger |g/t |, the two realizations differ significantly: In the
case of g > 0 the system adds a particle into the chain and
favors the formation of double occupancies, while in the case
of g < 0 it prefers to remove a particle from the array and dis-
favors the formation of double occupancies. Furthermore, the
densities for the g > 0 and g < 0 curves behave as if they are
the particle-hole transformation of each other. This behavior
exposes that the relative direction of the favored tunneling rate
with respect to the direction of the autoregressive sampling
in the RNN plays an important role in its convergence, and
that the current sampling scheme alone is not capable of
recovering the PHS completely.

Motivated by these results, we then averaged the g > 0
and g < 0 results (gray pentagons in Fig. 7). Although these
are in good agreement with the exact results for the local
observables (D and n) for most values of |g/t |, they do
not agree for the spin-correlation function for |g/t | > 0.5,
further reflecting the lack of convergence of the individual
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FIG. 7. Observables of the Hatano-Nelson-Hubbard model at
U/t = 2 and μ = U/2 for the Ramp method as a function of |g/t |
on an eight-site chain. Results are presented for RNNs where the au-
toregressive sampling is performed from left to right and the favored
tunneling rate is to the right (blue circles) and left (red squares). Gray
pentagons correspond to the average of these two independent runs,
and green diamonds correspond to exact results with ED. Results
are presented for the best realization, where results are obtained by
averaging the observables for the last 100 training steps and error
bars correspond to the s.e.m.

runs. These findings suggest a need for designing a different
autoregressive sampling scheme. Therefore, we examined a
new scheme in which we reverse the direction of the au-
toregressive sampling after each training step. However, we

observed that the RNN convergence did not improve using this
scheme (not shown). The behavior to add or remove a particle
persists.

A similar calculation using an autoregressive version of a
transformer quantum state (TQS) yields similar results. The
architecture is similar to the one used in Ref. [34] for spin
models, but adapted to the larger local Hilbert space of the
HNHM. Figure 8 shows the relative errors obtained with the
TQS using different numbers of layers nl and embedding
dimensions nh (top) and the average filling (bottom) at the
end of the training. As observed for the RNN, the accuracy
decreases for g/t 
= 0. Furthermore, the average filling de-
pends on the sign of g: It is overestimated for g > 0 and
underestimated for g < 0, as can be seen in Fig. 8 (bottom) for
g/t = ±0.8.

Finally, we find that the RNN’s behavior of moving away
from half filling occurs for other values of U/t and for dif-
ferent system sizes too (see Appendix C). In particular we
observe that the “critical” g/t at which the system decides to
add or remove a particle shifts to lower values as the system
size increases and U/t decreases. Such behavior is reminis-
cent of nonergodicity issues in determinant QMC (DQMC),
in which the method sticks at incorrect densities at large U ,
and the incorrect density corresponds to adding or subtracting
integer number of particles [72]. Additionally, these issues
aggravate for larger systems (signatures of sticking are present
at higher temperatures for larger systems). For the FHM the
relevant parameter is U/t . For the HNHM, we have two
relevant ratios U/(t ± g). While in the isotropic limit g = 0,
U/t = 2 corresponds to weak coupling, for g = 0.6, U/(t −
g) = 5, and for g = 0.9, U/(t − g) = 20. These findings call
for further investigation into the design of RNN architectures
capable of addressing non-Hermitian Hamiltonians, which
will be a subject of our future studies.

FIG. 8. Results obtained using a autoregressive transformer quantum state with different numbers of layers nl and embedding dimensions
nh. We show the relative errors (top) and the average filling 〈n〉 (bottom) at the end of the training for g/t = 0.0, ±0.8 (left to right). In all
calculations, eight attention heads are used.
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IV. CONCLUSIONS

In this work we utilized RNNs as a variational ansatz to
access the ground state of many-body Hamiltonians. We eval-
uated their applicability, power, and versatility using different
training schemes for the FHM in 1D and 2D and in the 1D
HNHM.

We introduced a physically motivated method for enhanc-
ing VMC simulations that is independent of having access
to experimental or numerical projective measurements. Our
method is based on ramping the tunneling rate from a larger t
to the desired final value during the training of the RNN.

We first benchmarked our results for the FHM against ED
and DMRG on 1D chains with open boundary conditions. In
this regime, (1) we observed that as system size increases,
the computational cost to keep the relative error fixed will
likely scale at most linearly with system size, and (2) we
demonstrated that our proposed training scheme, either alone
or in conjunction with pretraining, produces results that are
generally better than VMC with pretraining with projective
measurements.

We then applied this training scheme to the FHM in the 2D
square lattice. We found that our proposed method performs
significantly better than the hybrid optimization technique,
achieving relative errors that are one or two orders of mag-
nitude smaller for all observables considered in this study.
Moreover, for the largest 2D system examined (4 × 4) we
obtained relative errors in the energy that are consistent with
those obtained with NQS simulations with constrained hidden
states [48].

Finally, our application of the method to the HNHM illus-
trated that further considerations need to be taken into account
for the study of non-Hermitian physics with RNN. These
point to interesting future studies, e.g., the use of stochastic
reconfiguration for the optimization of the RNN’s variational
parameters [73] or the use of symmetries [43].

In addition to exploring non-Hermitian Hamiltonians, an
immediate avenue for application of our method is to under-
stand the effects of doping Mott insulators and magnetically
ordered phases, which is one of the principal objectives in
strongly correlated matter. In particular, the approach pre-
sented here provides a useful starting point for the exploration
of the doped FHM in 1D and 2D with RNN- and TQS-based
VMCs in which one may have to ramp multiple model pa-
rameters simultaneously, including μ, during the training to
achieve a desired filling.

Finally, we also expect the method to perform well for
the attractive FHM too since it is equivalent to the repulsive
model at half filling due to particle-hole symmetry. Studies
involving the former model may provide useful insight into
the convergence and scaling properties of autoregressive neu-
ral networks on large lattices in two dimensions, where QMC
methods do not exhibit a sign problem away from half filling
and accurate calculations of very large system sizes at low
temperature are available for comparison [74].
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APPENDIX A: DETAILS OF RAMPS

The tunneling ramps used in this study are defined as
follows:

tRamp(n) =
{

t + (ti − t )e−W n	(n) n < 51 000
t n � 51 000,

(A1)

tH Ramp(n) =
⎧⎨
⎩

t n � 300
t + (ti − t )e−W n	(n) 300 < n < 51 000
t n � 51 000,

(A2)

where n is the training step number, and

	(n) =
{

5 × 10−4/t n � 2000
2 × 10−5/t n > 2000.

(A3)

We set ti = 2t and W = 4t . The ramps are illustrated in Fig. 9
for simplicity and visualization. We also observed that differ-
ent ramp parameters do not affect convergence.

FIG. 9. Visualization of the tunneling ramps used in the study as
a function of the number of training steps. The inset illustrates when
the exponential ramp is quenched to lower the tunneling rate to the
desired value of t .

013122-10



AUTOREGRESSIVE NEURAL QUANTUM STATES OF FERMI … PHYSICAL REVIEW RESEARCH 7, 013122 (2025)

(a)

(b)

FIG. 10. (a) Energy and (b) nearest-neighbor spin-spin correlation for the halffilled FHM for different methods as a function of system size.
Columns correspond to U = 2, 4, 8, 12. Results are presented for the best realization, where results are obtained by averaging the observables
for the last 100 training steps and error bars correspond to the s.e.m. (except for U = 12 for the VMC method, where results lie outside
the range plotted). For L = 20, results from DMRG are also presented for comparison (green crosses). DMRG results are also presented for
L = 100 for the ground-state energy. Black solid diamonds correspond to results from ED. The black lines are linear fits to the ED and DMRG
data, and the black open diamonds are the thermodynamic limit extrapolations of the linear fits.

APPENDIX B: FURTHER FERMI-HUBBARD MODEL
DETAILS IN ONE DIMENSION

For larger system sizes where ED is not feasible we com-
pare against DMRG and the extrapolated results from ED.
These are presented in Fig. 10, where we show E and 〈SzSz〉nn

as a function of 1/L. The results for the energy and the cor-
relation function from the RNN are consistent with ED and
DMRG.

In addition, in Fig. 11 we present results as a function
of U . The behaviors are as expected, as U increases, the
ground-state energy grows in magnitude, and both the kinetic
energy and the number of double occupancies decrease in

magnitude. On the contrary, the antiferromagnetic nearest-
neighbor spin-correlation function increases as U increases
before the expected decline at larger U . In all cases, for
converged results, there is good agreement with the exact
results.

APPENDIX C: MORE RESULTS FOR THE
HATANO-NELSON-HUBBARD MODEL

In Figs. 12 and 13 we present results for the HNHM as for
different system sizes and interaction strengths, respectively.
Figure 12 illustrates that, at fixed interaction strength, as the

FIG. 11. E , K , D, and 〈SzSz〉nn for the half filled FHM for different methods as a function of the interaction strength U/t on a 10-site chain.
Results are presented for the best realization, where results are obtained by averaging the observables for the last 100 training steps and error
bars correspond to the s.e.m. For the spin-spin correlation function, the VMC method marker at U/t = 12 is not presented since results lie
outside the range plotted. Black solid diamonds correspond to results from ED.
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FIG. 12. Observables of the Hatano-Nelson-Hubbard model at
U = 2t and μ = U/2 for the Ramp method as a function of g/t
for different sizes Lx . Results are presented for the best realization,
where results are obtained by averaging the observables for the last
100 training steps, and error bars correspond to the s.e.m.

FIG. 13. Observables of the Hatano-Nelson-Hubbard model at
μ = U/2 for the Ramp method as a function of g/t and different
values of U/t in a L = 10-site chain. Results are presented for the
best realization, where results are obtained by averaging the observ-
ables for the last 100 training steps, and error bars correspond to the
s.e.m.

system size increases, the “critical” g/t at which the system
moves away from half filling shifts to lower values. Further-
more, Fig. 13 shows that the value of the “critical” g/t also
shifts to lower values as U/t decreases.
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