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Quantum droplets with magnetic vortices in spinor dipolar Bose-Einstein condensates

Shaoxiong Li and Hiroki Saito
Department of Engineering Science, University of Electro-Communications, Tokyo 182-8585, Japan

® (Received 29 February 2024; revised 26 July 2024; accepted 23 October 2024; published 25 November 2024)

Motivated by the recent experimental realization of a Bose-Einstein condensate (BEC) of europium atoms,
we investigate the self-bound droplet state for a dipolar BEC with spin degrees of freedom. Under a sufficiently
weak magnetic field, the droplet has a torus shape with circulating spin vectors, which is referred to as a magnetic
vortex. The ground state transforms from a torus to a cigar shape through bistability with increasing magnetic
field. Dynamical change of the magnetic field causes the torus to rotate due to the Einstein—de Haas effect. The

magnetic vortices form a supersolid in a confined system.

DOLI: 10.1103/PhysRevResearch.6.L.042049

Introduction. A magnetic flux-closure structure is a stable
configuration of a ferromagnetic material in which magneti-
zation vectors form closed loops to reduce the magnetostatic
energy. This structure can be observed in a ferromagnetic
material with multiple magnetic domains below the Curie
temperature [1]. The magnetic flux-closure structure has also
been realized within nanoscale particles [2—10], in which the
magnetization vectors circulate along a toroidal loop. This
state is referred to as a magnetic vortex. Nanoparticles with
magnetic vortices can be used, e.g., for data storage [11],
cancer therapy [12], and neuromorphic computing [13]. Such
isolated objects with magnetic vortices have so far been re-
stricted to solid materials. Is it possible to produce a liquid
or gas analog of this state of matter, i.e., a self-bound droplet
with a magnetic vortex? Although permanent-magnetic liquid
droplets have been produced recently [14], the magnetic-
vortex structure has not been observed.

Here we propose a self-bound superfluid droplet that con-
tains a magnetic vortex. Self-bound states of Bose-Einstein
condensates (BECs) have attracted much interest recently and
are referred to as quantum droplets [15]. In a quantum droplet,
the attractive mean-field interaction balances the repulsive
beyond-mean-field effect [16], which stabilizes the system
against collapse and expansion in free space. This novel state
of matter was realized in a BEC with a magnetic dipole-
dipole interaction (DDI) [17-21] and a Bose-Bose mixture
[22-24], and various theoretical studies have been performed
on these systems [25-39]. However, in experiments on quan-
tum droplets with DDI to date, the magnetization of the
system has been frozen in the direction of the strong external
magnetic field. If the external magnetic field is sufficiently
suppressed, spin degrees of freedom in a dipolar BEC are
liberated, which allows for a spinor dipolar BEC [40-65].
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In the present study, we will show that there exists a stable
self-bound droplet of a spinor dipolar BEC that contains a
magnetic vortex with a torus-shaped density distribution. This
state is stable under a weak external magnetic field. As the
magnetic field is increased, the ground state changes from
the magnetic-vortex state to the well-known cigar-shaped
droplet, and these two states exhibit bistability. If the external
magnetic field is gradually changed, the total magnetization
of the torus-shaped droplet is also changed, which induces
mechanical rotation of the torus to conserve the total angu-
lar momentum, resembling the Einstein—de Haas effect. The
ground state of the system confined in an elongated trap ex-
hibits periodic alignment of the torus-shaped droplets and can
be regarded as a supersolid.

For concreteness, we consider a BEC of ""!'Eu atoms,
which was recently realized experimentally [66]. A pecu-
liar feature of "'Eu is its wide range of hyperfine spins
(F =1,...,6) with small spin-dependent contact interac-
tions, which could be smaller than the DDI. The spin state in
this system is therefore mainly determined by the DDI under
a weak external magnetic field, and DDI-dominant spinor
dipolar phenomena can be investigated. Although the s-wave
scattering length for the F = 6 hyperfine state measured in
Ref. [66] is too large to form a self-bound droplet, the scatter-
ing lengths for the other hyperfine spins F and those for >*Eu
are unknown, and formation of spinor dipolar droplets may be
possible. Furthermore, the contact interactions may be con-
trollable using microwave-induced Feshbach resonance [67].
As we will show, a spinor dipolar droplet with a magnetic
vortex is possible, as long as the DDI is sufficiently larger than
the spin-dependent and spin-independent contact interactions.

Formulation. We consider a BEC of '>'Eu atoms with
hyperfine spin F at zero temperature using the beyond-mean-
field approximation [25,26]. The total energy consists of six
terms,

E = Ein + Es + Eaai + ELny + Ep + Ecx. (D

The kinetic energy is given by
Eun = > [ arivynmr @)
kin =— M : m P
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TABLE I. Magnetic moment g, in units of the Bohr magneton
g, and the dipolar lengths a,,, in units of the Bohr radius ag, for
5'Eu with hyperfine spin F.

F 1 2 3 4 5 6
1/ s 9/2 13/3  19/4 275  37/6 7
agafag 2472 2292 2754 3560 4642  59.82

where 1,,(r) is the macroscopic wave function for the
magnetic sublevels m = —F, —F +1,...,F, and M is the
mass of an atom. The wave function is normalized as
Yom f | (r)|2dr = N, where N is the total number of atoms.
The spin-independent contact interaction has the form

2w hla;
E, =
M

p*(rydr, 3)

where ay is the spin-independent s-wave scattering length and
p(r) =Y, |¥n(r)|? is the total density.
The DDI energy is given by

_ Mo(g/LB)2/d S@) - f)=3[f(r)-ellf(r)-e]
== rdr )

Eaai
' 8 r—r3

“

where (1o is the magnetic permeability of the vacuum, g is
the hyperfine g factor, up is the Bohr magneton, f(r) =
> i Ve (0)(S) e Y (r) with S being the spin matrix, and
e = (r — r')/|r — r'|. The relative strength of the DDI is char-
acterized by e4q = aga/as, where agq = pou*M /(1272 is
the dipolar length. The magnetic moment of an atom with
hyperfine spin F, total electron spin S, and nuclear spin / with
orbital angular momentum L = 0 is given by u = gugF', with
the g factor [68]

_FFE+D+SS+D—-10+1)
&= F(F+1) '

&)

For the electronic ground state of '>'Eu (and also °*Eu), § =
7/2 and I = 5/2. The magnetic moment u and the dipolar
length agq = oM/ (12 k%) of '*'Eu are given in Table I.
The spin distribution is mainly determined by the DDI if ayq is
sufficiently larger than the spin-dependent scattering lengths
that consist of the differences Aa among the scattering lengths
ap.2....2r in collisional spin channels. The values of Aa are
predicted to be relatively small for europium atoms [66,69,70]
and we ignore the spin-dependent contact interaction. The
effects of the spin-dependent contact interactions will be dis-
cussed later.

As will be confirmed numerically, the spin state is al-
most fully polarized in the droplet. In this case, we do not
need to consider the Lee-Huang-Yang (LHY) corrections for
spinor BECs, and we use the LHY correction for a fully
polarized dipolar BEC, which has the same form as that of
the single-component dipolar BEC [71,72]. Under the lo-
cal density approximation, the LHY correction is written as
[25,26,73-75]

Eoo 232 4ni?
T s3ym oM

a2 (eaa) / pP@ydr,  (6)

where x (&4q) is the real part of foﬂ dOsin0[1 + gqa(3 cos? 6 —
DI2/2.

In the presence of an external magnetic field B(r), the
linear Zeeman energy has the form Ep = gup f f(r) - B(rydr.
The ratio of the quadratic Zeeman energy to the linear Zeeman
energy is estimated to be uB/Ap ~ 107* at most for the
present magnetic field, ~0.1 mG, and the quadratic Zeeman
energy can be neglected even for the relatively small hyperfine
splitting Ap¢/h ~ 100 MHz for a europium atom [77]. The
external potential energy is given by E = f P (r)Vex (r)dr;
no external potential is applied (Voxy = 0) in “Results” sec-
tions except “Supersolid in trapped systems” section.

The Gross-Pitaevskii (GP) equation is obtained as
indy,,/ot = 8E /8. The explicit form is given by

.halﬂm n? V2 + Vit + 47 i*ay "
n——=—— m xt Wm m
o1 M ext M
L2 4w h*ad? (a)o™
— 8 = m
3/ M X(€dd)p
+ gusB + Baa) - (S Y )

where the magnetic field Byq produced by the dipole-dipole
interaction (DDI) is defined as

Bu(r) = S / g ) =3 @) el

r—r)?

®)

To obtain the ground state or metastable state, the GP equa-
tion is propagated in imaginary time, in which i on the
left-hand side of the GP equation is replaced with —1. The
GP equation is numerically solved using the pseudospectral
method with typical spatial and time steps dx ~ 0.01 um and
dt ~ 0.1 ps.

Results: Torus-shaped droplets. First, we consider the case
in which the external magnetic field B is zero. Figure 1 shows
a typical ground state, which has a torus shape, in contrast
to the usual cigar-shaped droplet in a strong magnetic field
[17-21]. The magnetization vectors f circulate along the
torus, as shown by the arrows in Fig. 1(a), which is a magnetic
vortex. The magnetic-vortex state with a torus shape is an
energetically favorable state because all the spin vectors are
aligned in a head-to-tail manner, which reduces the DDI en-
ergy. This is also understood from the fact that the flux-closure
structure is stable in magnetic materials. This is an example of
a self-bound droplet of a fluid containing a magnetic vortex; in
previous studies, magnetic-vortex states have been proposed
only for trapped systems [45,47].

In the LHY energy in Eq. (6), we assumed that the spin
state is fully polarized, and here we examine the validity of
this assumption. Figure 1(c) shows the distributions of the
atomic density p and magnetization density |f|, which indi-
cate that the spin is almost fully polarized, i.e., |f|/p ~ F =
1, except near the center. This result justifies the use of Eq. (6)
since the LHY correction is important only in the high-density
region to counteract the collapse. The central hole of the torus
is mainly occupied by the m = 0 component since the m # 0
components have topological defects at the center, as shown
in Fig. 1(b).
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FIG. 1. Self-bound ground state with magnetic vortex for F =1,
N = 15000, g44 = 1.2, and B = 0. The origin and z axis are taken as
the center and symmetry axis of the torus, respectively. (a) [sodensity
surface at half of maximum density. The arrows represent the magne-
tization f on the z = 0 plane. (b) Density and phase distributions of
components m = 1, 0, and —1 on the z = 0 plane. (c) Distributions
of p and |f| along the x axis.

We study the stability of the torus-shaped droplet against
external disturbances. First, we prepare the torus-shaped
droplet state in the presence of a random potential by the
imaginary-time evolution of the GP equation. The random
potential is produced by placing random numbers on a nu-
merical grid and low-pass-filtering them using a cutoff wave
number of 27 /(0.25 um). The initial disturbed droplet is
shown in Fig. 2(a) (t = 0 ms). At ¢ = 0, the random potential
is removed and the real-time evolution is started, as shown
in Fig. 2. First, a small number of atoms are emitted from
the droplet, as shown in Fig. 2(b) (r = 0.15 ms), since the
Bogoliubov modes with energies larger than |x| are unbound
[30], where p < O is the chemical potential of the droplet
state. After that, an axial stretching mode remains (see the
movie in the Supplemental Material [76]), which has a period
of ~ 1.6 ms. The energy of this mode is smaller than |u| =~
27 h/(0.8 ms) and the mode is thus bound to the droplet. In
the numerical simulation, emitted atoms that travel far from
the droplet are removed, so that they do not affect the droplet
again. We have numerically confirmed that the system exhibits
behavior similar to Fig. 2 for different N, £44, and F . Thus, the
torus-shaped droplet with a magnetic vortex is rather robust
against external disturbances.

Figure 3 shows the parameter dependence of the density
profile. The size of the droplet increases with the number of
atoms, N, while the size of the central hole appears almost un-
changed [left and middle panels of Fig. 3(a)]. For a larger spin
F = 6, on the other hand, the hole of the torus is significantly
enlarged [right panel of Fig. 3(a)]. As shown in Eq. (11), this
is due to the kinetic energy that arises from the spin winding,
which is proportional to F.

(a) t=0ms t=0.15ms t=0.8 ms

yj/x 0.001
sl

2um 0 0.8 Num?

FIG. 2. Dynamics of torus-shaped droplet with F =1, N =
80000, g4 = 1.2, and B = 0. The initial state is the ground state
with a random potential. (a) Isodensity surface at half of maximum
density. A movie showing the dynamics is provided in the Supple-
mental Material [76]. (b) Density profiles on the z = 0 plane. Note
that the color ranges in the main panels and insets are different. The
density hole at the center of the torus cannot be seen for the narrow
color range in the main panels.

Variational analysis. To analyze the parameter dependence
of the torus-shaped droplet, we perform the variational analy-
sis. We employ the variational wave function as

W, (r) = v/ pu(r, 2)e 50 ©)

where (1, ¢, z) are the cylindrical coordinates, and ;(y) rep-
resents the spin state fully polarized in the y direction with
>om |§',,(1y )|2 = 1. The z axis is taken as the symmetry axis of

FIG. 3. Self-bound
(1,15000, 1.2), (1, 80000, 1.2), and (6, 15000, 1.3). (a) Density
distributions obtained by GP equation. Cross sections on two
symmetric planes are shown. (b) Density distributions p(r, z = 0)
obtained by GP equation (solid lines) and variational method
(dashed lines).

ground  states for  (F,N,&q) =
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the torus. The matrix e~ rotates the spin vector to make
a magnetic vortex. We propose a torus-shaped variational
density as

N 2_2
Pt

772 (10

713/20,.2A+2GZF()»+1)F ¢ 10

pU(r’ Z) ==

where o, > 0, 0, > 0, and A > 0 are variational parameters
and I" is the gamma function. Substituting Eqgs. (9) and (10)
into the kinetic energy Eii,, we obtain

hz
Bon = 557 | dr[(wm + zpv}

—th L2+ E) s (11)
©2M | 202 rA) o 202]

where the term proportional to F arises from the winding
of the spin vector. The central hole of the torus increases
with F due to this term, as shown in Fig. 3. For the present
form of the variational wave function, the z component of the
magnetization f,(r) vanishes and the integral part I of the DDI
energy Eq4q4i can be expressed as

drdr’
/| s r,|3{f() f) =30f@) - ellf@) - el}

drd
— _J;L_{_zfgnf(fxl—Sé)

r—r)?
3
- Z[f+(r)f+(r/)e2_ + (N f- (r’)ei]}

dk

W{_(1_3COS o) fr(—k)f_ (k)

+ 7 sin® afe > fi (—k) fi (k) + P f_(—k) f_ (k)] }
(12)

where @ and § are the polar and azimuthal angles in the k
space, respectively, fi (k) is the Fourier transform of fy(r) =
fx(r) £ify(r), and the convolution theorem was used in the
third equality. Noting that f. (k) is proportional to e and
fi(=k) = — fi (k) for the forms of Egs. (9) and (10), Eq. (12)
can be reduced to

47

I =—— |y ()2

(2 )3

2
- —4”3F [ areo, (13)

which gives
drp(r). (14)

This result indicates that Eqqi/E; = —&44, and therefore e4q9 >
1 is the necessary condition for the droplet to be bound by the
attractive part of the DDI. Using Eq. (10), the DDI and s-wave
interaction energies are calculated to be

MEyq; ME; Nag 'L+ 1/2)

= g = . as)
N2 “NRZ T 2rT0 + Dolo,

The LHY energy in Eq. (6) is obtained as

MEpyy  2OMHIDRN32@PAT(50/2) ¢ (8aa) (16)

NK2 3 7/456343/205/2() + 1)0 30, 3/2

The total variational energy is given by the sum of these
energies.

We minimize the variational energy with respect to the
variational parameters o,, o, and A, which is numerically
performed using the Newton-Raphson method. Figure 3(b)
compares the density distributions p(r, z = 0) obtained by
the GP equation and by the variational method. The two
distributions agree well with each other. For N = 80 000, the
deviation near the peak becomes significant since the flat-top
tendency of the density distribution is not taken into account
in Eq. (10). The density at r = 0 must vanish for the fully
polarized assumption in Eq. (9), whereas the center is slightly
occupied for the GP results.

Using the variational method, we can estimate the crit-
ical number of atoms below which the minimum or local
minimum of the variational energy disappears, namely, the
stationary state does not exist and the system always expands.
Figure 4(a) shows the critical number of atoms, where the
lines are obtained by the variational method and the plots
by the GP equation. The variational method can predict the
critical number of atoms very well, which facilitates the study
of this system because the numerical cost for the GP sim-
ulation is much higher than that for the variational method,
especially near the critical stability line where convergence of
the imaginary-time evolution is slow.

Figures 4(b)-4(e) show the variational parameters that
minimize the variational energy. The droplet size o, (also o)
decreases with g44 due to the attractive nature of the DDI, as
shown in Fig. 4(b), while o, increases with N except near the
critical number of atoms, as shown in Fig. 4(c). In Figs. 4(b)
and 4(c), the droplet size steeply increases near the critical
values (left-hand edges of the lines) since the droplet is about
to become unbound. Figure 4(d) shows the aspect ratio A(X)
for the torus defined by

—1/2
_ 1] ,

a7

2
AGY = (r) _[(A+1)F A+1)

() =2 L T0+3/2)

where (-) represents the expectation value with respect to the
variational wave function. The aspect ratio A(A) in Eq. (17)
is a monotonically increasing function of A. We find from
Figs. 4(d) and 4(e) that A(L) is largely dependent on the spin
F. This is due to the term proportional to F/A in Eq. (11), i.e.,
the kinetic energy arising from the spin winding. The aspect
ratio is not significantly sensitive to g49 or N, as shown in
Figs. 4(d) and 4(e).

To clarify the physical mechanism for the formation of
the torus-shaped droplet, we consider the well-known cigar-
shaped droplet for comparison. We assume that the spin is
fully polarized in the z direction and employ the Gaussian
variational wave function as

N2 2

1ﬁm=F(r)=W€ up (18)
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FIG. 4. (a) Lines: Critical number of atoms above which the
torus-shaped droplet is stable, obtained by the variational method.
Below the lines, the atomic cloud always expands. The six lines
represent F' =1, ..., 6, from left to right. The circles (crosses)
indicate that the stable torus-shaped droplet exists (does not exist) for
F =1 (blue) and F = 6 (red), obtained by the GP equation. Inset: A
magnification of the main panel. (b)-(e) e49 and N dependence of
variational parameters that minimize variational energy. (b) Depen-
dence of o, on gq44, (¢) 0, on N, (d) A on g4, and (e)Aon N for F = 1
and 6. N = 50000 in (b) and (d), and e49 = 1.2 in (¢) and (e).

and v, .r(r) = 0, where d, and d, are the variational param-
eters. Substituting Eq. (18) into the s-wave interaction energy
E; and the DDI energy Eg4qi, We obtain

Eqqi
= —eaaf(d,/dy), (19)
s
where
1 2 3k _1
f(/{):m<2K +l—ﬁtanh 1—/(2).
(20)

The function f(x) is a monotonically decreasing function
with f(0) = 1. This indicates that a very elongated cigar
shape with d, <« d, minimizes the DDI energy; however, a

small d, leads to a kinetic energy cost. Thus, the DDI energy
of the torus-shaped droplet in Eq. (15) that satisfies Eqq;/E; =
—&4q 18 optimal, which cannot be achieved by the cigar-shaped
droplet. The large negative DDI energy of the torus-shaped
droplet is due to the flux-closure structure of the magneti-
zation. This is why the torus-shaped droplet is energetically
favorable compared with the cigar-shaped droplet for zero
magnetic field.

Effect of spin-dependent interaction. We investigate the
effect of the spin-dependent interaction, which is neglected
above. Since the spin state is almost fully polarized in the
torus-shaped droplet, as shown in Fig. 1(c), the most relevant
term in the spin-dependent interaction energy is the f - f term
given by

_ Znhzaf
= "MF?

/ £ - Frr, @1

where ay = arr — a, with a,r being the scattering length for
a colliding channel with a total spin 2F', and a, being the spin-
independent scattering length. Assuming that the spin state is
fully polarized everywhere, the sum of the spin-independent
interaction energy £ and E; has the form

27 -
E, +E; ~ w / P(r)dr

2 h2a2 r 2
=_ = rydr. 22
i p=(r) (22)
The other spin-dependent energies vanish for the fully polar-
ized spin state. Thus, the effective ratio between the DDI and
contact interaction energies is found to be
off  ddd _ ddd

&gy = = —. 23
dd as + ay arr 23

To confirm Eq. (23), we study the stability of the torus-
shaped droplet by numerically solving the GP equation for
F =1, where the terms

SE;  AmRay
510:1 r) - M f(r) ’ ;(S)mm’ Yo (1) 24)

are added to the right-hand side and a; in the LHY correction
term is replaced with a, + a [71]. Figure 5 shows the stability
diagram with respect to a; and ay. We find that the stability
boundary follows a, + ay > constant, which confirms that the
stability of the droplet is determined by aj‘;f in Eq. (23).

If ay is positive and larger than aqq, the ferromagnetic
spin state no longer minimizes the energy and the polar state
becomes energetically favorable (for ' = 1). In this case, the
self-bound state is not formed, even if 83{{ 21 is satisfied
(with negative a;). For the parameters in Fig. 5, we have nu-
merically confirmed that the torus-shaped droplet exists only
for as/aqq < 0.9. In the presence of spin-dependent energies
other than Eq. (21) (for F > 1), the stability condition for the
torus-shaped droplet will be similar, i.e., |asq| < aqq, Where
agq 1s the corresponding spin-dependent scattering length.
This condition can also be expressed as |Aa| < aqq since the
spin-dependent scattering lengths ayq are linear combinations
of differences Aa among the scattering lengths for colliding
spin channels ag ;. 2. To summarize, the stability condition

L042049-5
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FIG. 5. Stability diagram for the torus-shaped droplet obtained
by imaginary-time evolution of the GP equation including the spin-
dependent interaction term in Eq. (24), where F = 1, N = 15000,
and B = 0.

of the torus-shaped droplet is axr < agq and |Aa| < agq in the
presence of the spin-dependent interactions.

Effect of external magnetic field. We examine the effect
of the external magnetic field applied in the z direction. Fig-
ure 6(a) shows a typical ground state for a large magnetic
field B,, where the droplet has a cigar shape, as observed
experimentally. The spin is almost polarized in the z direction,
whereas it is slightly tilted around both edges of the cigar
shape and exhibits a flowerlike structure [45]. Figure 6(b)
shows the stability diagram with respect to N and B,. There is
a critical magnetic field, above which the torus-shaped droplet
becomes unstable, whereas the cigar-shaped droplet becomes
unstable below some critical magnetic field. In Fig. 6(b), there
is a bistability region in which both torus-shaped and cigar-
shaped droplets are stationary (both circles and squares are
marked).

Figure 6(c) reveals the bistability with plots of the en-
ergy E and the averaged magnetization in the z direction
F. = [ f.dr/N for both droplets. The bistability ranges from
B, ~0.03 to >~ 0.17 mG, and the energies of the two droplets
cross at B, >~ 0.14 mG. The direction of the torus-shaped
droplet is fixed by the magnetic field in such a way that the
toroidal plane is parallel to the z direction, as shown in the
inset of Fig. 6(c). In this inset, the right-hand side of the torus
becomes slightly thicker than the left-hand side, which results
in an increase in F;.

The increase in magnetization F; with magnetic field B,
implies the emergence of the Einstein—de Haas effect [78,79];
if B, is increased adiabatically, the spin angular momentum
F, will increase, which must be accompanied by a decrease
in the orbital angular momentum L, = —i [ Y dry(xd, —
y9,)¥,r (in unit of /) to conserve the total angular momentum.
Figure 7 demonstrates the dynamics of the Einstein—de Haas
effect, where the initial droplet state is prepared for B = 0
with the symmetry axis in the y direction, and B, is linearly
increased in the first 10 ms. As expected, the droplet begins
to rotate around the z axis, where the total angular momentum
F, + L. is maintained to be zero. We note that such mechanical

—
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FIG. 6. Effects of magnetic field B, obtained by the GP equa-
tion for F =1 and &4 = 1.2. (a) Isodensity surface at half of
maximum density of the ground state for N = 50000 and B, =
0.2 mG. The panel shows a magnification of the magnetization on the
symmetry (y = 0) plane. (b) Stability diagram. The regions marked
by circles and squares, respectively, indicate that the torus-shaped
and cigar-shaped droplets are stable or metastable. In the region
marked by crosses, the system is unstable against expansion. (c) B,
dependence of energy E and averaged magnetization F, of torus-
shaped and cigar-shaped droplets with N = 50000. Inset: p and f
distributions for the torus-shaped droplet for B, = 0.16 mG, where
the cross section is taken for the symmetry (y = 0) plane.

rotation of the torus is a clearer manifestation of the Einstein—
de Haas effect than that in a trapped system [41,42].

Supersolid in trapped systems. We consider the ground
state of the system confined in an elongated harmonic
potential,

M
Veulr) = (036 + 0]y” + 022%), @5

with (@, wy, w;) = 27 x (100, 3000, 3000) Hz. Figure 8
shows the density and spin distributions for the ground state,
in which multiple droplets with magnetic vortices are aligned
along the x axis with alternate circulations of the magnetic
vortices. This state can be regarded as a one-dimensional su-
persolid because the ground state has a (quasi)periodicity that
breaks the (quasi)translation symmetry (in the x direction);
each droplet is connected to adjacent droplets, which enables
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-0.04 | ,}FZ

FIG. 7. Einstein—de Haas effect in torus-shaped droplet for F' =
1, e4¢ = 1.2, and N = 50 000. The initial state is the ground state for
B = 0 with its symmetry axis in the y direction. (a) Time evolution of
density distribution on the z = 0 plane (main panels) and isodensity
surface observed from the —y direction (insets), where the magnetic
field is linearly ramped up from B, = 0 to 0.1 mG in the first 10
ms. See the Supplemental Material [76] for a movie of the dynamics.
(b) Time evolution of orbital angular momentum L, (solid lines), spin
angular momentum F; (dotted lines), and total angular momentum
F, + L, (dashed lines) for B, = 0.05 mG [blue (dark gray)] and 0.1
mG [red (light gray)].

superflow between them. We note that the dipolar supersolid
of cigar-shaped droplets [80-82] also requires confinement in
one or two directions, i.e., restricted geometry is required for
the dipolar BEC to split into multiple droplets. If the trap in the
y or z direction in Fig. 8 is removed, the ground state becomes
a large single droplet with a magnetic vortex.

The phase coherence between the droplets is necessary for
the supersolidity. In general, the F = 1 ferromagnetic spin
state can be expressed as [83]

e~ cos?

5
O /2 cos g sin g , (26)

i in2 B
e Sln2

FIG. 8. Ground state for F =1, N =4 x 10°, g4q = 1.5, and
B, = 0 in cigar-shaped harmonic potential given in Eq. (25). (a) Iso-
density surface at half of maximum density. The color on the surface
represents the overall phase. (b) Distributions of density p and mag-
netization f on z = 0 plane.

-
o

—~~
Vext / hoy &
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FIG. 9. Out-of-phase Goldstone mode for torus-shaped droplets
in cigar-shaped harmonic potential. The parameters are the same as
those in Fig. 8. (a) Additional potential V,44 in Eq. (27) used to pre-
pare the initial state. The solid line plots the harmonic potential plus
Vadda,> and the dashed line plots the harmonic potential. (b) Snapshots
of density distribution on the z = 0 plane at# = 0 and 4 ms. The size
of the panels is 6 x 1 um. (c¢) Time evolution of one-dimensional
density distribution p(x,y =0,z =0, t), where V,qq is removed at
t = 0. The black line represents the center-of-mass position (x) at
each time. The white dashed line indicates # = 4 ms. A movie show-
ing the dynamics is provided in the Supplemental Material [76].

where ¢?(1, 0, 0) is rotated by the Euler angles «, 8, and y.
The overall phase 6 — y is therefore obtained by arg[vy(r)]
or arg[y(r)y¥_;(r)]/2. The color in Fig. 8(a) represents
the overall phase of the droplets, which is uniform every-
where in the system, showing the phase coherence between
the droplets. We have numerically confirmed that the phase
coherence is robust against noise. To further clarify the super-
solidity, we excite the out-of-phase Goldstone mode [84]. In
addition to the cigar-shaped harmonic potential, we impose a
potential V44 as

7
Voad(r) = Vo 2(25 + l)e—[(xﬁ-xo—xll)/a]z, @7
=0

in the preparation of the initial state, where we take V =
1.3%w,, xg = 2.95 um, x; = 0.7 um, and ¢ = 0.2 wm. This
additional potential and the ground-state density distribution
are shown in Figs. 9(a) and 9(b), respectively. Due to the
potential V,qq, the droplets have an imbalanced distribution;
droplets on the right-hand side are enlarged, while those on
the left-hand side are shrunk. At ¢ = 0, the potential V44 is
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removed and the subsequent dynamics is shown in Fig. 9(c).
One can clearly see that the pattern oscillates in the x direction
with a period of ~8 ms. The center-of-mass position,

(x) = % / drxp(r), 28)

is shown as the black line in Fig. 9(c), which is almost at rest.
This counterintuitive dynamics in which the pattern largely
moves while the center-of-mass position remains unchanged
is the manifestation of the out-of-phase Goldstone mode [84],
which is a hallmark of supersolidity, namely, the superflow
compensates for the movement of the pattern to maintain the
center-of-mass position.

Conclusions and discussion. To summarize, we have in-
vestigated a self-bound droplet in a spinor dipolar BEC. For
a large number of atoms, large e4q, and a small magnetic
field, there exists a stable self-bound torus-shaped droplet that
contains a magnetic vortex (Fig. 1), which is stable against
disturbances (Fig. 2). We proposed a variational wave function
for the torus-shaped droplet, which agreed well with the GP
results (Figs. 3 and 4). The torus-shaped droplet is stable
even in the presence of the spin-independent interactions, if
the dipolar length aqq is sufficiently larger than the relevant

scattering lengths (Fig. 5). For some range of the magnetic
field, the system exhibits bistability between the torus- and
cigar-shaped droplets (Fig. 6). The torus-shaped droplet ex-
hibits the Einstein—de Haas effect as the applied magnetic field
is changed (Fig. 7). Multiple droplets form a supersolid in
an elongated trap (Fig. 8), and the supersolidity was corrob-
orated by the excitation of the out-of-phase Goldstone mode
(Fig. 9).

A torus-shaped droplet may be generated experimentally
by the following procedure. First, the condensate atoms
are prepared in the |F, m = 0) hyperfine state in an optical
trap. When the DDI is large, this nonmagnetized state is
dynamically and energetically unstable against spontaneous
magnetization [51]. If the BEC is confined to the expected
droplet size, the spontaneous magnetization will form the
magnetic-vortex state that has the lowest energy [45]. After
some relaxation time, the optical trap is switched off, which
results in a self-bound torus-shaped droplet. When hyperfine
spins with higher energies (F' # 6) are used, the above exper-
imental procedure must be accomplished within the lifetime
due to hyperfine exchanging collisions, which has not been
measured for a europium BEC.
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