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Bound Bogoliubov quasiparticles in photon superfluids
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Bogoliubov’s description of Bose gases relies on the linear dynamics of noninteracting quasiparticles on
top of a homogeneous condensate. Here, we theoretically explore the weakly nonlinear regime of a one-
dimensional photon superfluid in which phononlike elementary excitations interact via their backreaction on

the background flow. The generalized dispersion relation extracted from spatiotemporal intensity spectra reveals
additional branches that correspond to bound Bogoliubov quasiparticles—phase-locked collective excitations
originating from nonresonant harmonic generation and wave-mixing processes. These mechanisms are inherent
to fluctuation dynamics and highlight nontrivial scattering channels other than resonant interactions that could

be relevant in the emergence of dissipative and turbulent phenomena in superfluids.
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The dynamics of quantum many-body systems can be
conveniently described in terms of collective excitations, or
quasiparticles, and their interactions. At low temperature,
when a system is close to its quantum ground state, only few
quasiparticles are excited and collisions between them can be
neglected. Within this limit, Bogoliubov derived the spectrum
of collective excitations in a dilute homogeneous Bose gas [1].
The spectrum is linear at low momenta, which is indicative
of the collective (phononic) nature of the excitations, while
it becomes quadratic at high momenta where the quasipar-
ticles approach the energy of the individual constituents of
the gas. A system the collective excitations of which have
these spectral properties satisfies the Landau criterion for
superfluidity [2].

While noninteracting Bogoliubov quasiparticles provide
the microscopic framework of superfluidity, dissipation in
isolated quantum fluids arises as an effective phenomenon due
to quasiparticle interactions [3,4]. In three-dimensional (3D)
Bose gases, resonant processes involving three Bogoliubov
quasiparticles, known as Beliaev-Landau scattering [5-7],
provide the main channel for the finite lifetime of the ex-
citations [6,8,9]. These three-wave interactions result in the
generation of quasiparticles with different energy and mo-
mentum, while satisfying the Bogoliubov dispersion relation.
Due to the lack of a spectral gap and the convexity of the dis-
persion curve, energy and momentum for these processes are
conserved only in two or more spatial dimensions (see, e.g.,
Ref. [10]). In one-dimensional (1D) systems, quasiparticles
therefore decay only through higher-order scattering [11] or
via interactions with thermal fluctuations [12].
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Compared to the above resonant processes [13—17], non-
resonant interactions of Bogoliubov modes have received less
attention. In nonlinear wave theory, nonresonant interactions
are known to conserve energy and momentum giving rise to
secondary branches in the dispersion relation. Spectral com-
ponents lying on these branches are commonly referred to
as bound waves [18,19], since they are phase locked to free
waves that satisfy the original dispersion relation and cre-
ate them via (nonresonant) harmonic generation or nonlinear
mixing processes [20,21]. Most studies on this topic con-
cern wave-turbulence theory and related experiments [22-26],
where bound waves can explain the observed self-similarity
and universal scaling of energy spectra [27,28].

Here, we show that similar processes occur in the fluctu-
ation dynamics of a 1D photon superfluid, resulting in the
creation of bound Bogoliubov quasiparticles.

In such systems the photons propagating in a nonlinear
medium can be seen as a gas of Bose particles weakly in-
teracting via the material nonlinearity [29-31]. The slowly
varying envelope of the optical field plays the role of the
complex order parameter (macroscopic wave function), and
its fluctuations (small ripples on the transverse optical beam)
obey the Bogoliubov dispersion relation [32]. Important phe-
nomena such as superfluidity and drag-force cancellation
[33], nucleation of quantized vortices past an obstacle [34],
nonequilibrium precondensation [35] and Bogoliubov quasi-
particles [36,37] have been experimentally observed. Recent
experiments also revealed interference effects between Bo-
goliubov modes [38] and signatures of quantum depletion
[39], phenomena observed so far only in ultracold atomic
gases [40,41].

Bogoliubov’s theory of noninteracting quasiparticles aptly
describes all the observed phenomena, highlighting the pro-
found analogy between nonlinear photonics and quantum
gases. However, beyond the Bogoliubov regime, the scattering
and decay of elementary excitations serve as microscopic
mechanisms underlying dissipative and complex macroscopic

Published by the American Physical Society


https://orcid.org/0000-0003-1087-6105
https://orcid.org/0000-0002-1532-9584
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevResearch.6.L032006&domain=pdf&date_stamp=2024-07-09
https://doi.org/10.1103/PhysRevResearch.6.L032006
https://creativecommons.org/licenses/by/4.0/

MARZENA CISZAK AND FRANCESCO MARINO

PHYSICAL REVIEW RESEARCH 6, L032006 (2024)

dynamics. These processes remain unexplored for photon su-
perfluids.

In this Letter, we investigate nonresonant interactions be-
tween collective excitations in a 1D photon superfluid. As a
prototype system we consider a model with both local (Kerr)
and nonlocal (thermo-optical) nonlinearities that, depending
on the parameters, can support either massless or massive
Bogoliubov excitations [42,43]. For largely populated Bo-
goliubov modes, the excitation spectrum shows additional
branches corresponding to spontaneously generated bound
Bogoliubov quasiparticles. For massless excitations, the new
spectral components originate from harmonic generation pro-
cesses. On the other hand, massive excitations additionally
undergo Stokes and anti-Stokes scattering with a global
oscillation of the 1D quasicondensate, producing multiple
branches separated by the phonon’s rest frequency. These pro-
cesses provide one of the main channels for the spontaneous
decay of excitations in 1D superfluids.

We start from the paraxial wave equation describing a
monochromatic optical beam in a 1D nonlinear medium [44]

oy = 3050 = v [ drant - o ()
where 1 is the slowly varying envelope of the optical field
normalized to the peak intensity pg, the convolution inte-
gral with kernel An accounts for the refractive index change
relative to the linear refractive index ng, and the spatial co-
ordinates have been rescaled to the optical wavenumber k
[46]. The dynamics take place along the spatial direction x,
orthogonal to propagation direction of the laser beam, while
the propagation coordinate z plays the role of a dimensionless
time variable ¢ (see Ref. [47]).

Linearizing Eq. (1) around a homogeneous background
solution and Fourier transforming both in the dimensionless
time and the spatial coordinate, we obtain Q% = An(K)K? +
K*/4, where Q is _the angular frequency of the mode, K its
wavenumber, and An is the spatial Fourier transform of An.

We  consider simultaneous local (Kerr) and nonlo-
cal (thermo-optical) nonlinearities An = (n, + R(K ))po/no,
where n, > 0 is the optical Kerr coefficient and R the thermo-
optical response function. Optical responses of this kind are
found in quantum-dot suspensions [48,49], halide perovskites
[50], semiconductor materials [51], and nematic liquid crys-
tals [52]. In atomic superfluids, similar local and nonlocal
terms arise in dipolar Bose gases [53,54].

The functional form of R depends on the geometry and
on the system’s boundaries [55]. Based on previous theoret-
ical works [56-58] and experiments [34,36,59], we assume
a Lorentzian response R = (y /kz)lJr‘(’r—sz, where o is the di-
mensionless length scale of the thermo-optical nonlinearity
and y /k? its effective strength. The dispersion relation now
reads

252

oo oK +2K21+K2 )
= _— C — |,
Rl4+o02k2 " K2

where Qr = +/ 17— po and, in analogy to purely local photon
fluids (y = 0), we define the dimensionless sound speed as
¢s = +/napo/no and critical wavenumber K¢ = 2c¢;, separat-
ing the linear and quadratic regime of the dispersion relation

Eq. (2). Since Q? is always positive, the system is neutrally
stable to perturbations of all wavenumbers, hence supporting
propagating collective excitations (2> < 0 would correspond
to exponentially growing modes characteristic of linearly un-
stable flows).

For y =0, Eq. (2) reduces to the Bogoliubov dispersion
relation for (massless) collective excitations in a weakly inter-
acting Bose gas. On the other hand, for y > 0 the dispersion
relation becomes nonconvex, and in the limit of K > 1 de-
scribes massive Bogoliubov quasiparticles with rest frequency
Qr [42]. Such a regime can be reproduced by means of
suitable background optical beams comprising wavevectors
only of K > 1/0 (a procedure experimentally implemented
in Ref. [60]) or, similarly, by tuning the ratio between the
system’s size L and the thermo-optical scale o, as we will
show in the following.

To characterize the dispersion relation both in the lin-
ear and weakly nonlinear regime we integrated Eq. (1) for
a numerical time fy,, &~ 2.6 x 10* using a pseudospectral
second-order Strang splitting method with truncating 2/3
dealiasing rule. The integration was performed over a spatial
domain length L ~ 1638 (N = 2! grid points with spatial
resolution Ax = 0.05) with periodic boundary conditions.

To set meaningful values for the nonlinear coefficients,
we consider a colloidal suspension of PbS nanoparticles in
a C,Cly solution (5.9 nm size, concentration 6.06 uM) shined
by a laser beam at A = 1.539 um. A nonlinear Kerr coef-
ficient n, ~ 4.5 x 107! c¢cm?/W independent of the optical
intensity up to 25 MW /cm? has been measured, together
with a linear absorption coefficient « =2.5 cm™' and a
change in the refractive index with respect to the temperature
|B] = 0.9 x 1073 K~! [49]. The thermo-optic coefficient y is
given by y = «|B|/k, where « is the thermal conductivity of
the material. Using the thermal conductivity of C,Cly, k =
0.103 W/mK [61] and ny = 1.5, we obtain y /k> ~ 5.9 x
10~ cm?/W, close to the observed value of n,. The strength
of these nonlinearities can be precisely tuned, and even im-
proved, up to values of 10~7 cm?/W, by changing the type,
concentration, and size of the nanoparticles, using a different
solvent, or operating at different wavelengths or temperature
[48,49,62]. Here, we take nypo/ng = 10~° (a value attainable
for average intensities py ~ 22 kW /cm?) and, for simplicity,
we set the thermo-optical coefficient equal to the Kerr one,
ie., y/ (n2k?) = 1. However, the results we will show below
are not critically dependent on these parameters.

The system is initialized with a linearly chirped, Gaussian
wavepacket on top of a spatially homogeneous background
of fixed amplitude ¥ (x,0) = py/*(1 + &(x)) with &(x) =
w exp(—iK (x)x) exp(—x?/82) [see Fig. 1(a)], which allows us
to populate several spatial modes and observe their evolution
in a single realization. A noisy initial condition would yield
similar effects, though we have verified that the resulting dis-
persion curves are generally less defined, especially at higher
wavenumbers. The dispersion relation is extracted from
the two-dimensional (space-time) Fourier spectrum of the
intensity patterns | (x, 1)|>.

The results both in the local and nonlocal cases are shown
in Figs. 1(b)-1(e). For o = 0 the spectrum is gapless and
corresponds to the usual Bogoliubov dispersion relation. For
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FIG. 1. (a) The initial wavepacket ¥ (x, 0) constant background
subtracted, see text, with w = 107, K(x) = 3x/L, and § = 400
(black trace), and after a time ¢ = 410 (red trace). Panels (b)—(e)
display the numerical dispersion relations reconstructed from the
two-dimensional (space-time) Fourier spectrum of the intensity pat-
terns | (x, t)|?> obtained from Eq. (1) with ¢t = z, ny09/n9 = 1079,
y/(mk*) =1;(b) o =0; (c) 0 =1; (d) 0 = 10; (e) o = 103. The
dashed lines show the analytical dispersion relation [Eq. (2)].

(b)
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finite o instead the dispersion curves are nonconvex and ex-
hibit a dip centered at K = 0. The dip becomes increasingly
sharp as the characteristic length scale of the thermo-optical
interaction o increases. When 2w o > L, the condition 0 K >
1 holds for all modes supported by the system, in particular for
the lower wavenumber K, = 27w /L, and a gap forms with
frequency close to Qg.

Increasing the initial population of each mode, secondary
branches of collective excitations arise in the dispersion rela-
tion (see Fig. 2). All these branches can be interpreted in terms
of bound Bogoliubov quasiparticles originating from two dif-
ferent nonlinear processes. The first involves the propagation
of higher harmonics of free Bogoliubov modes satisfying
(2n, K,) = (n2,nK) with n =2, 3.... At difference with
resonant harmonics, these excitations do not propagate with
their own phase velocity, but with the one of the related
carrier modes €2,/K, = /K. We notice that by construc-
tion 2,(K) = nQ2(K/n) and therefore all branches are fully
determined by the dispersion relation of linear excitations
Q1 (K) = Q(K). An example is illustrated in Fig. 2(a), where
we show the numerical dispersion relation corresponding to
the local case y = 0 (massless excitations). Below the main
branch Q(K), a secondary branch given by 2,(K) is formed,
which corresponds to quasiparticles created via a second-
harmonic process. At a fixed K, we have (n — 1) peaks of
bound quasiparticles in the frequency Fourier spectrum that
can be gradually populated depending on the energy injected
into the system. Two of these peaks, corresponding to vertical
cuts of Fig. 2(a) made at the locations indicated by the arrows,
are shown in Fig. 2(b).

The second mechanism for the formation of bound quasi-
particles is the nonresonant mixing between an arbitrary free
Bogoliubov excitation and a dominant mode of the system
(25, Kp). This interaction results in the emergence of new
spectral components at (Qn, Kyn) = (2 £mQp, K £ mK,),

(d)
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FIG. 2. (a) Numerical dispersion relation of the intensity patterns of | (x, t)|* with w = 1072, K(x) = 4x/L in the local case ¢ = 0 and
(b) the correspondent frequency Fourier spectra for the wavenumbers K = 0.39 K¢ and K = 0.58 K¢, indicated by the black and blue arrows.
Numerical dispersion relation and frequency spectra for o = 103 are shown in (c) and (d). Black lines depict the analytical dispersion relations
obtained by Egs. (2) and (3) with © and K normalized to Qr and K¢, respectively: dashed lines in (a) and (c) correspond to the main branch
given by Eq. (2) or, equivalently, by € ; in Eq. (3). Dotted lines are the second-harmonic branches €2 ,. The dot-dashed curves in panel (c) are
the frequency-splitted dispersion branches €2_; ; and €2, ;. Other parameters as in Fig. 1.
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with m = 1, 2.... While such a dominant mode does not exist
in the local system, the weakly nonlinear regime of Eq. (1)
for y > 0 is characterized by a global oscillation of the 1D
quasicondensate. For sufficiently large L, the oscillation fre-
quency is close the rest frequency of the excitations Qg. Since
Qp(K) = QK £ mK,) £ mQ, with (2, K;,) ~ (Qg, 0), the
generalized dispersion relation describing all branches of
bound Bogoliubov excitations is

Qma(K) = nQ(%) + mQp, 3)
where n is the harmonic index and m identifies the corre-
spondent frequency-splitted sub-branches. Using this notation
the harmonic branches €2,(K) are denoted by ¢ ,(K). First
signatures of this structure can be seen in the spectrum in
Fig. 2(c) obtained for y > 0 (massive excitations). Apart from
the second-harmonic branch, other secondary branches of
bound waves are also visible on each side of the dispersion
relation. For each K, the interaction between free Bogoliubov
excitations and the quasicondensate global mode generates
spectral peaks at distances close to Qg [see Fig. 2(d)].
The process is reminiscent of Stokes and anti-Stokes scat-
tering, where the anti-Stokes sideband on the blue side of
the spectrum implies an energy transfer from the quasi-
condensate mode to Bogoliubov quasiparticles (frequency
up-conversion), and vice versa for the Stokes (red) side-
band. Similarly to bound quasiparticles associated to higher
harmonics, excitations on these branches are phase locked
to the corresponding free-wave components (in a frame ro-
tating at frequency mSpg they propagate with the phase
velocity of free Bogoliubov modes). The width of the spec-
tral peaks in Figs. 2(b) and 2(d) provides the decay rate
of the quasiparticles. We observe values between 1.2—1.7 x
10~* of the order of the frequency spacing between dis-
crete modes (92/0K)Kmin = 2.8-2.95 x 1074, compatible
with the regime of mesoscopic turbulence [63].

The phase coherence between free and bound Bogoliubov
components can be detected by computing the normalized
third-order correlation function (bicoherence)

(e, QDT (x, QY (x, Qi + 2;)))
(1 G, QDT (e, QI *(x, Qi+ )12
4)

where 1 (x, ) denotes the temporal Fourier transform of v
and (.) the averaging over space and time windows of the time
series. The bicoherence quantifies the proportion of quasi-
particle energy for any frequency pair (£2;, €2;) that is phase
coupled to generate a third quasiparticle at energy €2, such
that Q; = ; + ;. The bicoherence for a monochromatic ex-
citation corresponding to a specific Bogoliubov mode (carrier
mode) is depicted in Fig. 3. Points on the diagonal ; = Q;
are indicative of phase coherence of a given signal with itself.
The point (1,1) corresponds to self-coherence of the carrier
mode and implies the generation of a bound excitation via
second harmonic process. Self-coherence of such excitation
is found at (2,2). On the diagonal we also observe the points
(—1, —1) and (-2, —2) that represent the negative-frequency
counterparts of the above modes. Note that B(£2;, ©2;) is sym-
metric about the diagonal and we can thus focus only on half

B(R;, Q) =

2 *
1S s = o ay — A
|
- ! ¢
de 0 ‘r B kS
~_ | s D
= |
|
-1 - |
i
|
_2 1 ‘\'r—-
-2 -1 0 1 2
Qi/QOJ

FIG. 3. Bicoherence for a monochromatic excitation &(x) =
w cos(3x) in the nonlocal case y /(n,k*>) = 1 and o = 103 for w =
1072, All frequencies are normalized to the carrier frequency 2 ;.
Since the diagonal is a line of symmetry, B(£2;, 2;) is plotted only in
the half plane ; > Q; (white-background triangular region).

of the frequency plane (white-background region in Fig. 3).
The point (2, —1) is indicative of a second-harmonic bound
quasiparticle corresponding to the process 20, — 20,1 =
Qp.1. Similarly, the point A = (£2,,;/0,1, 1) signals the
phase coherence between the carrier Bogoliubov mode and
the anti-Stokes sideband split at about Qg with respect to the
carrier frequency. The corresponding process €211 — 20,1 =
Qg is also highlighted by the existing phase-coherence be-
tween the global mode at frequency Qg and the carrier g p,
shown by the points B and D. The bicoherence reveals several
other points, some of which represent the negative frequency
counterparts of the scattering processes above described, as
well as higher-order processes. For instance, point C signifies
phase coupling between the global mode Qg and the bound
excitation at frequency €2y, resulting in the generation of a
new quasiparticle at 2 , = Q92 + Qg.

For largely populated Bogoliubov modes, the excita-
tion energy is distributed over several new branches in the
wavenumber-frequency space. An example is shown in Fig. 4
for the case of massive excitations. While each branch is
exactly described by Eq. (3) with the corresponding indices
and without the need for free parameters (see Fig. 4, inset),
the space-time Fourier spectrum presents a high degree of
complexity, characterized by intersecting bands of bound ex-
citations. Stokes and anti-Stokes branches of order m appear
as organized in bands, each one corresponding to a given
harmonic number 7. In Fig. 4 one can distinguish three har-
monic bands (first, second, and third harmonic), each one
consisting of seven Stokes and anti-Stokes branches with m =
—3, —2...3. Such a complicated structure highlights energy-
transfer channels in photon superfluids other than resonant
interactions that, for the nonlocal case, can occur for any
wavenumber even in one dimension.

In conclusion, we studied the weakly nonlinear regime
of a photon superfluid, in which nonresonant phonon inter-
actions give rise to bound Bogoliubov quasiparticles. It is
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o

Q/0

FIG. 4. Numerical dispersion relation of the intensity patterns
of |¥(x,)> in the nonlocal case y/(n,k*>) =1 and o = 10° for
w = 6 x 1072, The black lines show the analytic curves €, cor-
responding to the central branches of each band of harmonics 2, :
n = 1 (dashed line), n = 2, and n = 3 (dotted lines). The inset show
a magnification of a region of the wavenumber-frequency space.

important to highlight that bound quasiparticles are the mani-
festation of the backreaction of collective excitations on the
underlying superfluid. The excitations perturb the initially
homogeneous flow, and this modulated flow subsequently
alters their propagation, giving rise to an effective interac-
tion mechanism. The resulting bound excitations, which are
revealed by a structure of extra branches in the dispersion
relation, could be detected and characterized by existing
experiments in both paraxial Kerr [38,39] and polaritonic
fluids of light [64], or in quantum nonlinear optical se-
tups [65], where they could emerge at the few-photon level.
Beyond the optical domain, a compelling direction lies in
the exploration of two-component atomic superfluids, where
the coexistence of massless and massive phonon excitations
has been experimentally observed [66]. Bound quasiparticles
evidence channels other than resonant interactions for the
emergence of dissipation and complex dynamics in 1D Bose
gases. Recent experiments with surface gravity waves have
shown that bound waves could explain the observed scal-
ing of turbulent energy spectra [27,28]. Bound quasiparticles
could act similarly in the context of Bogoliubov wave turbu-
lence, where the backreaction on the underlying condensate,
at the origin of these secondary excitations, determines the
dynamics [67,68].
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