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Recently, the theoretical framework of stochastic thermodynamics has been revealed to be useful for macro-
scopic systems. However, despite its conceptual and practical importance, the connection to hydrodynamics
has yet to be explored. In this Letter, we reformulate the thermodynamics of compressible and incompressible
Newtonian fluids so that it becomes comparable to stochastic thermodynamics and unveil their connections;
we obtain the housekeeping–excess decomposition of the entropy production rate (EPR) for hydrodynamic
systems and find a lower bound on EPR given by relative fluctuation similar to the thermodynamic uncertainty
relation. These results not only prove the universality of stochastic thermodynamics but also suggest the potential
extensibility of the thermodynamic theory of hydrodynamic systems.
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Introduction. The second law of thermodynamics is the
most fundamental, universal restriction on what physical sys-
tems can do. This century, its detailed character has been
revealed by stochastic thermodynamics in thermally fluc-
tuating nonequilibrium systems, which can be classical or
quantum, relying on entropy production as a critical quantity
[1,2]. Despite the significant development of our knowledge
of entropy production and the second law in such systems
[3–5], application of the developed techniques to other types
of systems is not well examined, except for deterministic
chemical systems [6,7].

Deterministic hydrodynamic systems described by the
Navier-Stokes equation are among the least investigated
subjects. The thermodynamics of such systems was once in-
tensively studied in the last century [8], but it has yet to be
considered from the viewpoint of stochastic thermodynam-
ics. Nonetheless, a universal understanding of hydrodynamic
systems as provided by thermodynamics is no less valuable
than that of thermally fluctuating or chemical systems be-
cause the Navier-Stokes equation governs many phenomena
ranging from the motion of tiny cells [9,10] to daily water
usage and industrial water management [11]. In particular,
entropy production has recently been attracting attention due
to its practical importance in evaluating the performance of
hydraulic machinery [12]. However, modern knowledge of
thermodynamics that stochastic thermodynamics has yielded
has been far from utilized for those systems.

In this Letter, we develop two ways to apply stochastic
thermodynamics to hydrodynamics, summarized in Fig. 1:

*kyoshimura@ubi.s.u-tokyo.ac.jp

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

First, we define a decomposition of entropy production rate
(EPR), which is called the housekeeping–excess decomposi-
tion and has been studied in stochastic thermodynamics for the
past quarter century [6,13–22]. It was first proposed to recover
the second law of thermodynamics, which becomes futile in
quasistatic processes between nonequilibrium steady states
[6,13–17]. Now, it is known that it can provide tighter ther-
modynamic trade-off relations reflecting the nonequilibrium
situation of the system appropriately [5,18–21,23]. Second,
we derive a lower bound on the EPR that resembles what
is known as the thermodynamic uncertainty relations (TURs)
[4,7,24–30], one of the most privileged thermodynamic trade-
off relations. The TURs have two aspects: They indicate
trade-off relations between dissipation and fluctuations [4,24]
or provide EPR estimators [28–30]. Our TUR is of the first
kind; it gives a lower bound with a changing rate of a vector
field and two fluctuations, one intrinsic in the system and the
other the vector field exhibits. In the two applications, the
key is the geometric expression of EPR and the definition of
conservative systems.

Preliminaries. We consider a compressible Newtonian
fluid in an n-dimensional connected region � with boundary
∂�. We assume the system is locally equilibrated so that we
can define thermodynamic quantities locally [8]. The tem-
perature is supposed to be homogeneous, so the dissipation
due to heat flow is absent. We especially set the temperature
to the unity. The extension to the incompressible systems is
discussed in Supplemental Material [31].

The state of a system is designated by the density field
ρ(x) and the velocity field v(x) = [vi(x)]n

i=1 at each point
x ∈ �. When considering the boundary conditions of velocity
fields, we focus on the values rather than the derivatives. The
dynamics are described by the continuity equations of density
ρ and momentum ρv as [32]

∂tρ = −∇ · (ρv), ∂t (ρv) = −∇ · J. (1)
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FIG. 1. In this Letter, we employ techniques of stochastic ther-
modynamics to derive housekeeping–excess decomposition of the
EPR and a TUR. Respectively, the housekeeping and excess EPRs
capture dissipation due to external driving that keeps the system out
of equilibrium and dissipation arising from the remaining transient
part that behaves as if the system were not driven. We also show that
they can be defined geometrically and that the excess EPR can be
interpreted as the minimum dissipation. The TUR is given by any
appropriate vector field and is inversely proportional to the viscosity
coefficient and the spatial fluctuation of the field.

Here, J denotes the momentum current, decomposed into
the reversible and irreversible currents as J = Jrev + Jirr . The
reversible part is given as Jrev = ρv ⊗ v + pI with pressure p
and the identity matrix I. Note v ⊗ v is a matrix whose (i, j)
element is viv j . The irreversible current expresses the mo-
mentum transfer via viscous stress. For the Newtonian fluids,
it is provided as Jirr = −(ζ − 2

nμ)(∇ · v)I − μ[∇v + (∇v)T]
with the volume and shear viscosities ζ and μ, which can be
dependent on the density. Note that ∇v is the matrix with
elements ∂iv j and the superscript T represents transposition.
For later convenience, we define λ := ζ − 2

nμ. In addition,
we write the symmetrized gradient [∇v + (∇v)T]/2 as ∇Sv.
As a result, the irreversible current can be rewritten as Jirr =
−λ(∇ · v)I − 2μ∇Sv.

The continuity equation turns out to be the renowned
Navier–Stokes equation if we rewrite it as

ρ
Dv

Dt
= ∇ · σ, (2)

where D/Dt := ∂t + v · ∇ and σ = −pI − Jirr . We can define
the pathline φt (x) as the solution of ∂tφt (x) = v(φt (x), t ) with
the initial condition φ0(x) = x. It gives the trajectory of a
particle starting from x in the fluid.

The local equilibrium assumption allows us to discuss the
entropy production rate (EPR). In general, EPR is given as
the product between the irreversible current and the thermo-
dynamic force that induces the current [8]. Not following
the traditional way, we regard the symmetrized gradient of a
velocity field as a thermodynamic force. That is, the thermo-
dynamic force F of a system (ρ, v) is defined as F = −∇Sv.
The thermodynamic forces are connected to the irreversible
currents through the constitutive equation Jirr = �ρ (F), the
form of which depends on the system. Here, ρ indicates its de-
pendence on the density field. Then, the EPR can be expressed
as �̇ = ∫

�
�ρ (F) :F dx, where the colon “:” denotes the inner

product between two matrices; A :B := ∑
i, j Ai jBi j . Inspired

by the expression, we define an inner product for symmetric
tensor fields as

〈F′
, F′′〉ρ :=

∫
�

F′ :�ρ (F′′)dx. (3)

It is actually symmetric and nondegenerate because we con-
sider the Newtonian fluids: For such fluids, the constitutive
equation is linear, �ρ (F) = λ(tr F)I + 2μF, and we have F′ :
�ρ (F′′) = λ(tr F′′)I :F′ + 2μF′ :F′′ and I :F′ = tr F′, so 〈·, ·〉ρ
is symmetric. As we assume the viscosities are always posi-
tive, the inner product can also be shown to be nondegenerate
[33]. The induced norm ‖F′‖ρ :=

√
〈F′

, F′〉ρ provides the
geometric expression of the EPR �̇ = ‖F‖2

ρ . We finally pro-
vide the space of thermodynamic forces as F = {F′ = (F′

i j ) |
F′ = F′T, ‖F′‖ρ < ∞, ∂2

i F′
j j + ∂2

j F
′
ii = 2∂i∂ jF′

i j}, where the
last condition is necessary for the force to have a velocity field
leading to it.

While we only deal with the linear constitutive equation in
the following, we can consider other constitutive equations,
such as the generalized Newtonian models, to treat non-
Newtonian fluids [34]. Though Eq. (3) is no longer symmetric
then, it is expected that we can reproduce our results presented
below based on some convex structure, as in chemical thermo-
dynamics [21,22].

Stochastic thermodynamics. Let us quickly review some
results of stochastic thermodynamics whose generalizations
we will consider. Stochastic thermodynamics studies ther-
mally fluctuating, hence mesoscopic systems [1]. However, its
framework has a deterministic flavor. Notably, the averaged
EPR is given as the product of currents and thermodynamic
forces, as in classical macroscopic systems [8]. This has en-
abled us to study chemical reaction networks (CRNs) in a
stochastic-thermodynamic manner [6,7].

EPR decomposition [6,13–22] and thermodynamic uncer-
tainty relations (TURs) [4,7,24–30] are crucial results of
stochastic thermodynamics, which can also hold in CRNs.
EPR decomposition breaks the total EPR, which quantifies
the total dissipation in the whole system, into partial contri-
butions, one required to keep the system out of equilibrium,
called the housekeeping EPR, and the remainder, the excess
EPR [13]. The excess EPR expresses the dissipation incurred
by relaxation to a steady state [14] or quantifies the minimum
dissipation to reproduce the dynamics [17]. What is signif-
icant about them is that they strengthen universal trade-off
relations by capturing essentially distinct aspects of the dy-
namics.

The thermodynamic uncertainty relation is an outstand-
ing example of such universal relations and is one of the
most meaningful findings of stochastic thermodynamics. It
is usually formulated as a lower bound on the EPR that is
inversely proportional to fluctuation measures [4]. It reveals
a trade-off that we must magnify fluctuations to reduce dissi-
pation, or alternatively, larger dissipation is inevitable to get
more accuracy [27]. As the decomposed EPRs are smaller
than the total EPR, they can provide more strict bounds
[5,18–21,23].

To generalize these results, we employ the so-called Maes-
Netočný (MN) decomposition of EPR [17], which utilizes the
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geometric structure of the thermodynamic forces [18–22]. It
defines the housekeeping EPR as the squared distance (or
divergence) between the current state and the subspace of
conservative forces. A conservative force includes no “cyclic”
contributions, leading the system to equilibrium. Therefore,
the housekeeping EPR evaluates how the detailed balance is
broken in the system. On the other hand, the excess EPR
will be given as the minimum EPR to induce the dynamics.
The connection between the two notions, the breaking of the
detailed balance and the minimum dissipation, manifests itself
in an orthogonal relation between forces.

Result 1: EPR decomposition. As geometry has already
been formulated, we now define the conservative subspace
to generalize the MN decomposition to hydrodynamic sys-
tems. We define the conservative subspace C in the total
force space F as the space of forces given by velocity fields
that vanish on the boundary, C := {F′ ∈ F | ∃u, s.t. u|∂� =
0 and F′ = −∇Su}, where ·|∂� means restriction onto ∂�. If
the thermodynamic force of a system (or the system, in short)
is conservative, F ∈ C, then the system can be seen to be
physically equivalent to a system on which no stress is exerted
on the boundary, so we can expect it to relax to equilibrium
globally. It is noteworthy that the definition of C also means
that when two forces F′ and F′′ differ by an element in C
(F′ − F′′ ∈ C), they will be given by velocity fields that share
the boundary values.

The orthogonal complement of C is shown to be given as
C⊥

ρ = {F′ ∈ F | ∇ · �ρ (F′) = 0}. Let F′′ ∈ C. Then, there is u
that vanishes on the boundary and satisfies F′′ = −∇Su. Not-
ing the symmetry �ρ (F)T = �ρ (F), we see that integration
by parts leads to

〈F′′
, F′〉ρ =

∫
�

u · [∇ · �ρ (F′)]dx,

which implies ∇ · �ρ (F′) should be zero everywhere. As
the inner product is nondegenerate, we can decompose the
thermodynamic force F ∈ F into the conservative part Fc ∈ C
and the nonconservative part Fnc ∈ C⊥

ρ as F = Fc + Fnc with
the orthogonal relation 〈Fc, Fnc〉ρ = 0.

To discuss the physical meaning of C⊥
ρ , consider two

systems with the same reversible current Jrev and different
thermodynamic forces F′ and F′′. If the difference is in C⊥

ρ , we
get ∇ · �ρ (F′) = ∇ · �ρ (F′′) due to the linearity of �ρ (·).
Hence, the dynamics they yield will coincide in terms of
momentum, as the irreversible term ∇ · Jirr in the continuity
equation is given by ∇ · �ρ (F′) = ∇ · �ρ (F′′). Since C⊥

ρ con-
tains the zero tensor field, it can be understood as the space of
forces that do not affect the dynamics. These interpretations
implicitly assume that the momentum and the thermodynamic
force can be separately considered, which may not always
be true in a real hydrodynamic situation. However, we can
expect that they would give a dynamical characterization of
the optimal transport theory of vector fields, such as the
Benemou–Brenier formula [35].

Now that the geometry and the conservative subspace
are obtained, we can define an EPR decomposition for hy-
drodynamic systems. Following the MN prescription, we
decompose the EPR as follows: First, the housekeeping EPR

is defined as

�̇hk := min
F′∈C

‖F − F′‖2
ρ. (4)

Measuring the distance between the present state F and the
conservative subspace C, the housekeeping EPR quantifies the
dissipation stemming from the boundary motion that makes
the system out of equilibrium. Next, we define the excess EPR
as

�̇ex := min
F′∈F

‖F′‖2
ρ s.t. ∇ · �ρ (F′) = ∇ · �ρ (F). (5)

The condition can be rephrased by F′ − F ∈ C⊥
ρ , which

leads to another expression �̇ex = minF′∈C⊥
ρ

‖F − F′‖2
ρ . The

definition shows that the excess EPR is the minimum dissi-
pation to induce the same dynamics as the original system in
terms of irreversible currents. They can be shown to sum up
to the total EPR, �̇ = �̇hk + �̇ex, and to be given by Fc and
Fnc as �̇hk = ‖Fnc‖2

ρ and �̇ex = ‖Fc‖2
ρ . As the proof of these

results only requires slight modifications of the existing proof
of the MN decomposition, it is provided in Supplemental
Material [31].

Result 2: TUR. In addition to the definitions using min-
imization, the EPRs also have maximization expressions,
which we are going to see finally yield a TUR. First, we give
the maximization representation of the total EPR,

�̇ = max
F′∈F

(〈F′
, F〉ρ )2

‖F′‖2
ρ

. (6)

This is derived from the Cauchy–Schwarz inequality
‖F′‖2

ρ‖F′′‖2
ρ � (〈F′

, F′′〉ρ )2 and setting F′′ = F. The equality
is actually achieved when F′ = αF (α ∈ R). We can also
provide the housekeeping and excess EPRs with the maxi-
mization expressions

�̇hk = max
F′∈C⊥

ρ

(〈F′
, F〉ρ )2

‖F′‖2
ρ

, �̇ex = max
F′∈C

(〈F′
, F〉ρ )2

‖F′‖2
ρ

. (7)

Again, these are derived from the Cauchy-Schwarz inequal-
ity: Choose F′′ = Fnc. Then, as long as F′ ∈ C⊥

ρ , we have
〈F′

, Fnc〉ρ = 〈F′
, F〉ρ because F − Fnc ∈ C. Since the equality

holds when F′ = αFnc (α ∈ R), we get the formula for the
housekeeping EPR. The excess version can be proved simi-
larly.

These expressions lead to a TUR similar to the short-time
TUR derived in stochastic thermodynamics [29]. Consider
a time-dependent vector field a = a(x, t ) such that ∇Sa ∈ C
and ∇ · a = 0 for all t . The second equality in Eq. (7) implies
�̇ex � (〈∇Sa, F〉ρ )2/‖∇Sa‖2

ρ for such a. Further calculation,
presented in Supplemental Material [31], finally leads to the
TUR

�̇ex � (J̇a)2

μmax‖∇a‖2
. (8)

Here, J̇a := d
dt

∫
�

ρv · adx − ∫
�

ρv · Da
Dt dx gives the changing

rate of the quantity
∫
�

ρv · adx minus the local effect of a’s
dynamics (so it only reflects the system’s dynamics). The
interpretation of J̇a as a changing rate gets clearer if we
further assume that a is given by a time-independent vector
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FIG. 2. Decomposition of the EPR in the perturbed Couette flow.
We consider a fluid exerted shear on by a wall moving at speed γ̇ .
The sinusoidal perturbation will vanish and the steady Couette flow
will remain. In our geometric decomposition, the housekeeping EPR
represents the dissipation incurred by the moving wall and is given by
the Couette flow. The excess part, on the other hand, stems from the
transient mode, vanishing in the relaxation. Note that although the
steady flow emerges in the decomposition, the decomposition can be
implemented solely with the instantaneous fields and the boundary
condition, without referring to the steady state.

field A(x) and the pathline φt (x) as a(x, t ) = A(φ−1
t (x)), be-

cause then Da
Dt = 0 holds and J̇a becomes the time derivative

d
dt

∫
�

ρv · adx. On the other hand, the denominator consists
of quantities that represent fluctuations: the maximum shear
viscosity μmax = maxx∈� μ(ρ(x)) and the squared norm of
tensor ∇a, ‖∇a‖ :=

√∫
�

∑
i, j (∂ia j )2dx. The former can be

calculated from microscopic hydrodynamic fluctuations by
the Green–Kubo relation [36], though the fluctuations are not
considered in this Letter. The latter obviously represents the
spatial fluctuations of the vector field of interest a. Therefore,
the inequality in Eq. (8) gives a lower bound on the excess
(hence, the total) EPR by the ratio between a rate and fluctua-
tions, and it can be seen as a kind of TUR.

Example. We exemplify the decomposition through a toy
model of shear flow in � = S1 × [0, 1]. Here, S1 is the 1-
sphere of length 1 (see Fig. 2). The TUR is also discussed
by this model in Supplemental Material [31]. The boundary is
composed of the top and the bottom line, ∂� = S1 × ({0} ∪
{1}). The bottom S1 × {0} is fixed while the top S1 × {1} is
moved in the x direction at rate γ̇ . We assume the no-slip
boundary condition, i.e., every velocity field should satisfy
v(x, 0) = (0, 0) and v(x, 1) = (γ̇ , 0). Let the initial density
and pressure be uniform and the initial velocity field be the
Couette flow (γ̇ y, 0) plus the perturbation [ε0 sin(2πy), 0].
The ansatz ρ(x, y, t ) = ρ (const), p(x, y, t ) = const, and
v(x, y, t ) = [γ̇ y + ε(t ) sin(2πy), 0] solve the Navier-Stokes
equation with ε(t ) = ε0e−t/τ [τ = ρ/(4π2μ)]. The thermody-
namic force then reads Fxy = Fyx = −[γ̇ /2 + πε cos(2πy)]
and Fxx = Fyy = 0, and the housekeeping EPR is provided by

�̇hk = min
u

∫ 1

0
dy

∫
S1

dx

× [2μ{(∂xux )2 + (∂yuy)2} + λ(∂xux + ∂yuy)2.

+ μ{∂xuy + ∂yux − γ̇ − 2πε cos(2πy)}2],

with condition u|∂� = 0. It is solved by u = [ε sin(2πy), 0].
Note the optimization can be done regardless of the time
dependence. Finally, we get the explicit decomposition
as

�̇hk = μγ̇ 2, �̇ex = 2π2ε2
0μe−2t/τ . (9)

In this model, the housekeeping term reflects the breaking
of detailed balance by the shear, which causes the steady-
state dissipation μγ̇ 2, while the excess term gives the extra
dissipation due to the relaxation with magnitude quadrati-
cally proportional to the perturbation strength ε0. Therefore,
now the decomposition is consistent with the original idea
by Oono and Paniconi presented in Ref. [13]. However, we
should be aware that such an understanding will not be
valid if the system does not relax to a Stokes flow, which
satisfies ∇ · v = 0 and ∇ · �ρ (F) = ∇p (in Supplemental
Material [31], we discuss this point in more depth). Nonethe-
less, the EPR decomposition is always feasible, keeping its
own physical meaning, even if there are no steady states be-
cause it only needs the instantaneous fields and the boundary
conditions.

Conclusion. In summary, we have reformulated the ther-
modynamic theory of classical hydrodynamics so that it
adapts to stochastic thermodynamics and derived the EPR
decomposition and the TUR in hydrodynamics. We regard
minus the symmetrized gradient of a velocity field, rather than
just the gradient, as the thermodynamic force to obtain a for-
malism similar to stochastic and chemical thermodynamics.
The geometry of thermodynamic forces allowed us to gener-
alize the two significant results of stochastic thermodynamics.
We showed that the MN-type decomposition actually works
in hydrodynamics and EPRs have a TUR-type lower bound,
which is given by rate and fluctuation.

These results can be more meaningful if what “minimum
dissipation” implies is clearer or if a nice choice of A in
the TUR is found. As noted, the excess EPR formulated as
minimum dissipation will suggest a way to extend optimal
transport theory [37,38]. We could expect that focusing on
particles’ motion in a fluid would be relevant for the choice
of A.

Another promising direction is to remove the assumption
of Newtonianity. It so far ensures the linear relation between
the thermodynamic force F and the irreversible current Jirr ,
while excluding non-Newtonian systems, such as polymer so-
lutions [34]. On the other hand, in stochastic thermodynamics,
it has been proved that information geometry (also known
as the Hessian geometry) enables one to deal with nonlinear
relation between thermodynamic forces and currents [21,22].
As the current framework is established only relying on the
existence of the constitutive equation �ρ rather than the lin-
earity, we believe that our results will be naturally extended to
non-Newtonian systems.
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