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Defect-populated configurations in nematic solid tori and cylinders
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We make toroidal droplets of nematic liquid crystal and explore the defect-populated stable configurations
that appear after heating to the isotropic phase and cooling back to the nematic phase. These configurations, as
confirmed by simulations, are made of defect pairs where the positive/negative defect is located in the region of
maximum positive/negative Gaussian curvature. Moreover, we demonstrate through experiments and simulations
that these defect pairs also appear and are stable in cylinders, which have zero Gaussian curvature, highlighting
the crucial role of bulk nematic elasticity in stabilizing these structures.
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Topological defects are common features in condensed
matter, affecting the stability and self-organization of complex
fluids [1-4]. Defect manipulation in passive liquid crystals, in
particular, has been widely studied to promote self-assembly
[5-12]. More recently, the coupling between defects, geome-
try and topology has been pointed to affect and even control
processes like tissue morphogenesis [13—15].

In nematics, the number and type of topological defects
can be controlled using confinement geometry and surface
anchoring [16-28]. For nematic tori with tangential anchor-
ing, the Poincaré-Hopf index theorem establishes that the total
topological charge must be zero on the surface [29,30]. This
applies to cases without defects, expected for nematics on
slender tori, and defect-populated states with equal number of
positive and negative defects, which are predicted for nemat-
ics on tori with sufficiently small aspect ratio, £ = R/a, with R
and a the central-circle and tube radii, respectively [22,27,31].
The appearance of defects on a torus is also accompanied with
the coupling between their winding number or topological
charge, s, and the Gaussian curvature, K, of the underlying
surface, driving defects towards regions of like-signed cur-
vature [31-34]. Experiments to date with nematic solid tori,
where the nematic fills the three-dimensional space formed
by sweeping a disk around a circle, however, only report the
existence of defect-free configurations, with a doubly twisted
director field that breaks reflection symmetry and that results
from important saddle-splay contributions to the elastic free
energy [22].

In this Letter, we subject nematic solid tori to heating and
cooling cycles, and find that they most commonly relax to
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configurations populated with defects. We mainly observe
pairs of negative and positive defects, which display the
expected coupling with the underlying Gaussian curvature.
Remarkably, we also find these defect pairs in nematic solid
cylinders, where the inside/outside asymmetry driving the
unbinding of the defect pairs on the torus is completely
absent. We rationalize our results with lattice Boltzmann
computer simulations of the Landau-de Gennes theory for
nematic liquid crystals and analytical considerations that
unequivocally show that the free energy difference between
defect-free and defect-populated states is small, hence making
them both equally accessible after the heating/cooling cycles.
The nematic rearrangement in the bulk of the torus required
to transition between these states introduces a free energy
barrier that effectively stabilizes the defect-populated states.
By contrast, rearrangements that do not require such bulk
reorganization spontaneously occur due to the lack of a free
energy barrier.

We generate stable nematic toroidal droplets by injecting
4-cyano-4’-pentylbiphenyl (5CB) through a tip placed off-
axis in a rotating cuvette filled with a yield stress material
[35-37]. Shear forces induce the formation of a jet that closes
onto itself to result in toroidal droplets that are stabilized by
the elasticity of the yield stress material [36], which contains
polivinyl alcohol (PVA) to ensure parallel anchoring of the
nematic director at the surface of the toroids. Using this tech-
nique, we generate a first torus with radius R ~ 520 um and
tube radius a ~ 170 wm, as shown in Fig. 1(a), and an aspect
ratio £ = § ~ 3. After generating the torus, the nematic re-
laxes into a stable doubly twisted configuration, similar to the
one described in prior work [22], with a twist angle of ~30°
[37].

Surprisingly, after heating the nematic to the isotropic
phase, and cooling it back to the nematic phase, we find that
it rarely relaxes to its original defect-free configuration. Most
of the time, the relaxed nematic possesses localized features
like the one highlighted with a dashed circle in Fig. 1(b).
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FIG. 1. (a) Bright field top view of an experimental thick torus. (b) Crossed polarizer top view of the thick torus in (a) after heating the
nematic to the isotropic phase and cooling back to the nematic phase. Scale bar: 400 um. (c,d) Bright field and crossed polarizers top view
of an experimental cylinder. The inset corresponds to the side view of the cylinder. Scale bar: 400 um. (e) Snapshot of the simulated torus
including the nematic director field on its surface (white lines). In this configuration, we find two integer defect pairs with the positive/negative
defects located on the region of maximal positive/negative curvature. At the top, we show a closeup of the nematic field on the surface in the
vicinity of a +1 and a —1 defect. (f) Top: horizontal cross section of the same torus where defects are located on the left, but not on the right
side. Bottom: vertical cross section of the torus showing the nematic director field inside the torus. (g) Experimental textures when rotating the
crossed polarizers. Scale bar: 200 um. (h) Simulation textures of nematic configurations associated to the expected experimental director field

organization.

Importantly, these features are stable, and their number and
location change after each thermal cycle [37]. Furthermore,
they are void of any disclination lines.

We hypothesize they are pairs of 41 and —1 point defects,
located on the surface near the outer and inner rings of the
torus; this explains why we do not see them in our top views
of the nematic toroid, and why the presence of a single pair,
which we occasionally observe, does not violate the Poincaré-
Hopf index theorem. Note that since the nematic fills the full
volume of the torus, we expect the defects, if present, to have
full integer topological charge, in contrast to the half-integer
defects observed for nematics confined to the toroidal surface
[27,38].

To test our hypothesis, we perform lattice Boltzmann simu-
lations where we confine the liquid crystal to a toroidal droplet
and enforce tangential anchoring at the boundary. The dynam-
ics of the system is ruled by the Landau-de Gennes theory for
nematic liquid crystals, and the equations of motion are inte-
grated using a hybrid lattice Boltzmann approach [37,39,40].
The nematic field is relaxed from a high temperature con-
figuration, analog to the isotropic phase, until a steady-state
configuration is reached. The simulations show that 1 pairs
of defects are indeed stabilized, with the positive/negative
defect located in the outer/inner ring of the torus, as shown
in Figs. 1(e) and 1(f), and consistent with our experimental
findings and other Monte Carlo simulations [41]. To further
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FIG. 2. (a) Left: histogram of the number of defect pairs in a
thick nematic torus with £ & 3 for two different cooling rates. Right:
azimuthal distribution of the location of the defect pairs. (b) Left:
histogram of the number of defect pairs in a slender nematic torus
with & &~ 8. Right: azimuthal distribution of the location of defect
pairs. (c) Histogram for the number of defect pairs for a cylindrical
nematic. (d) Histogram associated to the location of defect pairs for
a cylindrical nematic. Scale bar in all bright field images: 400 pwm.

corroborate the hypothesis that this defect structure is the one
observed in our experiments, we compare experimental polar-
ized optical microscopy (POM) images with those obtained
from simulations. We do so by rotating the crossed polariz-
ers and observing the resulting change in texture. The good
agreement between experiments and simulations, shown in
Figs. 1(g) and 1(h), confirms that the features seen in nematic
solid tori are indeed due to =1 defect pairs. Note that the de-
fect pair structure, with a positive defect located in the outside
of the torus and a negative defect in the inside of the torus, is
consistent with the theoretically predicted curvature-induced
unbinding for nematics on toroidal surfaces [31]. However,
in the latter case the defect pair consists of £1/2 defects.
We can understand why we observe integer-strength defects
from the expression for the elastic energy of a point defect in
two dimensions, Ej, Ls?, with L the Frank elastic constant
[1,42]. The free energy of an integer defect is four times
greater than that of a half-integer defect. However, in three
dimensions, surface semi-integer defects are always terminal
points of disclination lines which pierce the droplet’s bulk,
connecting two distinct surface defects. These lines contribute

to the total free energy. Importantly, surface integer defects
are topologically allowed to escape in the third dimension,
and can therefore exist as quasi-2D features, not necessarily
attached to disclination lines [43-45]. The free energy asso-
ciated with a disclination line E; is proportional to its length
L, E; o< LE,. Therefore the ratio between the free energy of
a half-integer, F,», and an escaped integer, Fe, defect con-
figurations, Fle/z o< 1/L is less than 1 for large £, favoring the
escaped integer structure [37].

To address whether the dynamics of the phase transition
has an impact on the defects stability and number, we perform
different sets of thermal cycles, quenching the nematic from
its isotropic phase to the nematic at two different cooling rates,
2°C/hand 2 °C/min [37]. While the nucleation and growth of
the nematic phase is different for each of the two cooling rates,
they both lead to configurations with an equivalent number
of defect pairs, as shown in the histograms in Fig. 2(a) left,
with no preferred azimuthal location, as shown in Fig. 2(a)
right; the associated statistical analysis further supports these
conclusions [37]. In particular, the latter observation clearly
shows that the stability of the defect pairs is not due to local-
ized imperfections in the experimental tori.

Since the theoretically predicted defect-populated state for
nematics on toroidal surfaces is only expected for tori with
aspect ratio below a critical value, as only then the overall
energy is lowered relative to the more strained defect-free
state, we generate a thinner torus, with R ~ 810 pum and
a ~ 101 um, and thus & = § ~ 8. In this case also, and ir-
respective of the cooling rate, we observe stable defect pairs;
the probability histograms are shown in Fig. 2(b) with their as-
sociated statistical analysis in the Supplemental Material [37].
Notably, we also find stable configurations with multiple de-
fect pairs in our computer simulations. The results are in
agreement with the experiments, and support the fact that the
stability of the defect pairs is not the result of local imper-
fections in the experimental droplets, but that, by contrast,
these defective states can survive as long-lived metastable
configurations of the bulk nematic, irrespectively of the Frank
elastic constant L of the liquid crystal and the aspect ratio £ of
the torus.

Remarkably, we find relaxed configurations featuring +1
defect pairs even for cylindrical nematics; see Figs. 1(c) and
1(d), for instance, and Fig. 2(c) for the probability histogram
of the number of defect pairs. This clearly illustrates that
the defect pairs do not arise as a result of the coupling with
Gaussian curvature K, suggesting therefore a different stabi-
lization mechanism. Once present, however, K determines the
defect location, with positive defects in regions with K > 0
and negative defects in regions with K < 0. In contrast, in the
cylindrical case, the location of the defect pair is degenerate;
the number of defect pairs observed from the top (vertical)
and the side (horizontal) is similar, and the amount of pairs
that can not be visualized from either viewpoints (diagonal) is
proportional to the blind spot area of the two viewing angles;
this is shown in Fig. 2(d) [37].

To understand the origin of the defect pair, we use our
simulations and calculate the distortion free energy of both
the defect-free and defect-populated states. Our results in-
dicate that defect annihilation of integer defects requires an
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FIG. 3. (a) Relative free energy J/max(F) for a pair of disclination lines after relaxation from the isotropic to the nematic phase. Only
occasionally did this happen sufficiently far from other defects in the system for us to calculate a meaningful free energy associated with the
annihilation process. The separation angle is the angle between the two half-integer defects of the same sign. The insets correspond to the
configuration at the specific separation angles marked on the curve. The dash line extrapolates the elastic energy obtained from the simulation
at the initial separation angle after the relaxation process to that of a pair of s = =1 boojums at zero separation angle. (b) The same energy vs
separation angle obtained from an analytical model of the same process. The insets are sketches of the configurations at different separation
angles. The dash line extrapolates the results for the smallest separation angle considered in the model to the case corresponding to having a

pair of s = £1 boojums.

intermediate step in which the two integer defects split into
two half-integer defects each, connected through disclination
lines. Half-integer defects of opposite charge then approach
each other and, eventually, annihilate, as illustrated by the
insets of Fig. 3(a). Tracking the free energy evolution, we
find that it first increases, as the semi-integer defects grow
apart with the connecting disclination lines growing longer,
to then abruptly drop once the attraction between oppositely
charged defects becomes dominant. The initial separation an-
gle of the lines is ~80°, which is not far from the energy
maximum to allow for the spontaneous annihilation of the
disclination lines, allowing us to calculate the elastic energy.
The dash line in this figure extrapolates the simulation results
to what would be expected at zero sepation angle, where
instead of lines we would have the £1 boojums. Interestingly,
for micrometer-sized nematics confined to toroidal cavities
with nearly square cross-sections and subjected to tangen-
tial boundary conditions, the pair of disclination lines with
small separation angle is stable against the formation of the

305000

boojum pair [46], emphasizing the significance of the lines as
an intermediate configuration for the system to transition to
the defect-free state. Our observations ultimately suggest that
the defective configurations in our experiments are separated
from a defect-free state by an energy barrier, responsible for
the stabilization of the 1 defect pairs.

We then construct an analytical model to confirm that the
splitting into the two 1/2 lines causes an energy barrier that
stabilizes the defect pairs seen in experiments and simulations.
We consider both free energy contributions associated to the
bulk of the nematic and also surface contributions related to
the defects and their interaction [37]. The initial state has two
pairs of +1 defects that are then split into two £1/2 defects
connected by disclination lines that then approach each other
to annhilate after meeting and result in the defect-free state.
We indeed find that the resultant free energy profile agrees
with that found in simulation, as shown in Fig. 3(b). Using
values for the intervening material parameters for our nematic
liquid crystal, we find that the height of barrier is > kzT [37],

15 min
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FIG. 4. (a) Annihilation of two defect pairs on a cylinder with the £1 defects of each pair located on opposite sides of the circular

cross-section, observed through crossed polarizers in experiments. As time passes, the oppositely charged defects get closer to eventually
annihilate and disappear. In the process, they leave a bright defect-free pattern that relaxes into the dark pattern observed and that corresponds
to the defect-free configuration. (b) The same configuration observed in simulations. The images under crossed polarizers are shown at the top
with the corresponding director field at the bottom. The iteration step of each state is noted at the bottom-right corner in each panel. (c) Free
energy (F — Fo)/Faer Vs time along the process. Note the final state is defect free and has the ground-state (zero) energy.
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clearly explaining the stability of the defect-populated states.
A detailed comparison between theory and simulation reveals,
however, quantitative differences; this is in part due the sim-
plicity of the model, which among other things, assumes the
disclination lines are straight, while in the simulation they are
clearly curved.

Irrespective of the details, defect stabilization relies on
the significant energetic cost required for bulk nematic re-
arrangements. This is further corroborated by realizing that
defect annihilation can otherwise happen if such energetic
cost is avoided. Indeed, when two defect pairs in a nematic
cylinder are arranged such that oppositely charged defects in
each pair locate at similar polar angles, defect annihilation
readily occurs both in experiments and simulations, as shown
in Figs. 4(a) and 4(b). In this case, there is no energy barrier
for the system to relax to its defect-free configuration, as
shown in Fig. 4(c), reflecting the lack of any significant bulk
rearrangement.

Our work provides experimental evidence that complex
defective structures can be stabilized in bulk nematic toroidal

and cylindrical droplets as long-lived metastable states. Sup-
ported by computer simulations and analytical arguments, we
show that this is indeed possible because of the existence of an
effective energy barrier required to rearrange the liquid crystal
in the bulk into a defect-free state. Increasing the genus of the
droplets will likely result in additional fascinating metastable
states that are, however, yet to be studied in experiment, sim-
ulation and theory.
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