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Dynamic clustering of active rings
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A collection of rings made of active Brownian particles (ABPs) for different packing fractions and activities
is investigated using computer simulations. We show that active rings display an emergent dynamic clustering
instead of the conventional motility-induced phase separation (MIPS) as in the case of collection of ABPs.
Surprisingly, increasing packing fraction of rings exhibits a nonmonotonicity in the dynamics due to the
formation of a large number of small clusters. The conformational fluctuations of the polymers suppress the
usual MIPS exhibited by ABPs. Our findings demonstrate how the motion of a collection of rings is influenced
by the interplay of activity, topology, and connectivity.
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Active agents such as bacteria [1], colloids locally driven
by chemical reactions [2–4], temperature gradient [5], or by
some other means operate far from thermal equilibrium as
they use an internal source of energy to generate directed mo-
tion [6] and break the time-reversal symmetry [7]. Biological
examples of collection of active agents include suspensions
of motile microorganisms, collective organization of cells in
living tissues, and flocks of birds [8–15]. Synthetic examples
include vibrated granular monolayers [16] and suspension of
phoretic colloidal particles [17], etc. Collectively these ac-
tive units show interesting behavior such as swarming [9,13],
flocking [18], and nonequilibrium ordering [19].

Another interesting phenomena that has been observed
for a collection of active particles is motility-induced phase
separation (MIPS) where the system phase separates into two
distinct phases, dilute and dense [11,20]. This is intriguing
as it is purely due to persistent active motion in the absence
of any sort of attractive interaction [21,22]. How the phase
behavior is affected by the polydisperse nature of the active
particles [11,12,20], and the softness of interactions [23,24]
have also been studied. The majority of the studies on MIPS
have focused on active colloids that lack conformational
fluctuations of the system. Recent works on complex active
systems, such as active polymers, have shown rich and coun-
terintuitive structural and dynamical properties [25–42]. The
coupling of activity and conformations of polymers give rise
to novel phenomena, such as an activity-induced polymer
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collapse or swelling and a transition from a trapped state
to escape in porous media [43–45]. This illustrates that the
understanding of active processes in the collection of poly-
mers may be essential to designing new classes of active soft
materials.

Our goal in this work is to study the dynamics and structure
of a collection of self-propelled disks (in two dimensions)
connected by springs to form a ring made of active disks.
In the absence of these springs, the system undergoes MIPS
depending on density and activity [11,20]. But will these
active rings also separate into a dense and dilute phase, in
other words, undergo MIPS? This remains unexplored to the
best of our knowledge. However, if the system does not show
MIPS, what is the underlying reason, and if it does, then
how does it differ from the usual MIPS as shown by ABPs?
This is an important question to ask, as polymers undergoing
phase separation due to some sort of motility has been a topic
of research in recent years [37,46–48]. This is pertinent in
the context of chromatin [46,47], malaria parasites [48], etc.
For example, the chromatin phase separates into dense and
dilute phases [46,47]. The activity in that case, however, was
introduced by putting a fraction of consecutive monomers on
a polymer to stronger thermal fluctuations than the rest, i.e.,
by making them effectively hotter.

Our simulations with active rings show that the dynamics is
strikingly different for rings compared to that of ABPs. While
ABPs undergo MIPS, rings made of ABPs do not, instead
formation of intermittent unstable clusters is observed. These
clusters are dynamic as they form and disintegrate continu-
ously. Further analyses of cluster size and numbers reveal that
increasing activity (active force on each monomer) facilitates
the formation of a large number of smaller clusters. Notably,
faster dynamics of this collection of active rings emerge at
higher packing fractions due to the combined effects of the
activity-induced shape deformation and dynamic clustering of
the rings. The formation of highly motile and dense small
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FIG. 1. Snapshots of a collection of (a) rings made of ABPs and
(b) ABPs for Pe = 150 at φ = 0.48. The red arrows represent the
instantaneous directions of active force. A schematic sketch of a ring
and an ABP is shown. The snapshots display the emergent dynamic
clustering of active rings and motility-induced phase separation of
ABPs for Pe = 150 at the same φ = 0.48. (c) Schematic showing the
method used for local density calculation, where φloc is the number
of particles in the shaded region divided by the area of that region.
(d) P(φloc ) vs φloc for different Pe at φ = 0.48. The dashed line
represents the curve for ABPs of the same φ.

clusters at higher φ is due to the interplay of activity, de-
formation, and stress governing events in the system. Our
model demonstrates the emergence of a fascinating dynamic
clustering of active rings made of ABPs, which is different
from the conventional MIPS behavior exhibited by ABPs.

We model the rings as a sequence of n number of ABPs of
diameter σ at positions ri (i = 1, 2, . . . , n) that are connected
by n finitely extensible springs [Fig. 1(a)]. In contrast to exist-
ing efforts of simulating active dynamics of ring polymers, our
model does not impose any external polarity [34] or tangential
activity [49]. Rather, it captures the emergent properties of
the ensemble of active rings with random motility and there-
fore is quite unique. We pack N number of such rings in a
two-dimensional (2D) square box of length Lx = Ly = 70σ

to achieve different packing fractions, φ. The motion of each
particle (monomer) is governed by the overdamped Langevin
equation:

γ
dri

dt
= −

∑

j

∇V (ri − r j ) + fi(t ) + Fa, i(t ), (1)

where the drag force, γ dri
dt is the velocity of ith monomer

times the friction coefficient γ , and the total interaction
potential V (r) = VFENE + VBEND + VWCA consists of bond,
bending, and excluded volume contributions (see Supplemen-
tal Material (SM) [50] for details). Thermal fluctuations are

captured by the Gaussian random force fi(t ), which must
satisfy the fluctuation-dissipation theorem. The activity is
modeled as a propulsive force Fan(θi) on each monomer
where Fa represents the amplitude of active force with ori-
entation specified by the unit vector n(θi) evolves according
to thermal rotational diffusion [6] (see SM for details [50]).
In our simulation, σ , kBT , and τ = σ 2γ

kBT set the unit of length,
energy, and time scales, respectively. We express the activ-
ity in terms of a dimensionless quantity, Pèclet number as
Pe = Faσ

kBT [43,45].
We first simulate ABPs in two dimensions for different

activities for a given packing fraction, φ = 0.48, where φ =
Nnπσ 2

4Lx×Ly
, where N is the number of rings and n is the number

of monomers with diameter σ per rings. Our results show
that ABPs undergo nonequilibrium clustering similar to other
model active systems. We establish that this clustering is in-
deed activity-driven phase separation by estimating the local
density, φloc for different Pe [Fig. 1(d)]. For lower activities,
the system behaves like a fluid, and P(φloc ) has a single peak
around the bulk density, but for higher activities, ABPs start to
form clusters and the local density distribution changes from
unimodal to bimodal [11]. This signifies the phase separation
and existence of two distinct phases in the system.

Next, we investigate the behavior of an ensemble of ac-
tive Brownian rings at the same φ as ABPs to see how the
conventional MIPS-like behavior is influenced by connecting
the ABPs together to form the rings. For the passive rings,
the peak of the P(φloc ) occurs at φloc = 0.48, i.e., at the bulk
density φ. In the presence of activity, P(φloc ) broadens with
peak shifted to higher density at very high Pe [Fig. 1(d)]. Even
for Pe = 150, where ABPs show MIPS, active rings do not
exhibit two distinct phases. This denotes a dynamic clustering
of active rings as a function of increasing Pe. Active rings
form low and highly dense states (Fig. S2 [50]), and these
states are not stable as the cluster degradation happens, which
is more pronounced with increasing Pe (Movie_S1-S2 [50]).
However, the center of mass of the rings shows enhanced
dynamics with intermediate superdiffusion as a function of
increasing Pe (Fig. S3 [50]).

To further characterize the nature of the dynamic clustering
of active rings, we compute the probability distribution of the
number of clusters Nclusters, P(Nclusters ) and size of the clusters
Sclusters, P(Sclusters ) formed for different Pe. If a minimum of
four particles of the same or different rings are closely spaced
within a cutoff distance of 1.12σ , then we defined them as
a cluster. We observe a broader density profile, and the peak
shifts towards the larger value for P(Nclusters ) with increasing
Pe, while a reverse trend can be seen in P(Sclusters ), where the
distribution become narrower and peaks shift to lower values
of Sclusters (Fig. 2). This indicates the emergence of multiple
dynamic clusters, and they continuously coalesce, split, and
decay but never merge and grow into a stable dense phase like
ABPs.

To elucidate the dynamic clustering, we consider the con-
formations and shape deformation of the active rings for
different Pe (Fig. S4 [50]). We generate the probability distri-
bution of the radius of gyration Rg, P(Rg). P(Rg) demonstrates
the activity-induced collapse of the rings as the most probable
Rg shifts to smaller values with increasing Pe (Fig. S4(a) [50]).
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FIG. 2. (a) P(Nclusters ) vs Nclusters and (b) P(Sclusters ) vs Sclusters for
different Pe at φ = 0.48.

We also calculate the asphericity parameter, A = (λ2−λ1 )2

(λ1+λ2 )2 ,
where λ1 and λ2 are the eigenvalues of the gyration tensor.
P(A) indicates that the extent of the ring deformation from
the circular one also increases with the increase in Pe. Active
rings undergo moderate deformation at lower Pe followed by
more stronger deformation within a small fraction of rings at
high Pe (Fig. S4(b) [50]). The rings are coming closer in the
cluster due to activity, which leads to the shape deformation
and the collapse of the rings.

Subsequently, we examine how deformation and stress are
distributed within the system in Fig. 3, where we plot the
maximum eigenvalues of stress tensor (�Max) against maxi-
mum eigenvalues of gyration tensor (RMax

g ). Figure 3 displays
that the eigenvalues of the stress and the gyration tensor are
correlated so that the stress increases to a large extent, rings
deform and shrink with increasing Pe. The negative values
of the stress indicate that this is of a compressive nature.
For passive rings, the stress contribution is from the bonded
interactions as there is no clustering [Fig. 3(a)]. On the other
hand, active rings display an enhancement in stress due to the
deformation-induced shrinking with increasing Pe.

The results derived so far demonstrate how the motion of
a collection of active rings deviates from the conventional
behavior exhibited by ABPs as a function of Pe. Now, we
examine how the packing fraction (φ) influences the dynam-
ics and clustering of active rings. We compute the center of
mass mean-square displacement, 〈	r2

c (τ )〉 of the rings with
increasing φ [Fig. 4(a)]. For the passive rings, the dynamics
becomes slower with increasing φ and consequently, 〈	r2

c (τ )〉
show a monotonic decrease with φ. Conversely, we notice
a nonmonotonic behavior in the dynamics of active rings
where 〈	r2

c (τ )〉 first decreases up to an intermediate φ and

FIG. 4. (a) Log-log plot of 〈	r2
c (τ )〉, (b) log-linear plot of

Fs(k, τ ) vs τ for Pe = 0, Pe = 20, and Pe = 100 for φ =
0.40 (dotted), φ = 0.48 (solid), φ = 0.64 (dashed), and φ = 0.72
(dash-dotted). The magenta and violet colored arrows indicate the
nonmonotonic and monotonic behavior in the dynamics of ac-
tive rings as a function of increasing φ. P(Nclusters ) vs Nclusters and
P(Sclusters ) vs Sclusters for Pe = 20 (c and d), and Pe = 100 (e and f) for
different φ.

then increases upon further increasing φ. The nonmonotonic
behavior observed for active rings is directly correlated to the
breakdown of the clusters in smaller ones at large φ. The
cluster number and size for Pe = 20 [Figs. 4(c), 4(d)] and
Pe = 100 [Figs. 4(e), 4(f)] display formation of a large number
of smaller clusters with increasing φ (Movie_S2-S4 [50]). The
peaks of P(Nclusters ) shift to higher values of Nclusters, while the
most probable values of P(Sclusters ) shift to smaller values of
Sclusters as function of increasing φ. This behavior is more pro-
nounced at higher Pe as the cluster formed are much smaller

FIG. 3. 2D probability of RMax
g and that of �Max for (a) Pe = 0, (b) Pe = 20, (c) Pe = 50, (d) Pe = 100, and (e) Pe = 150 at φ = 0.48.
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in size compared to lower Pe for all φ. This signifies the
formation of highly motile smaller and dense clusters at higher
φ (Fig. S5 [50]), which in turn results in faster motion of the
active rings. We also report the self-intermediate scattering
functions Fs(k, τ ) for k corresponds to the first peak of the
radial distribution functions for different φ. Fs(k, τ ) decays
slowly followed by a fast decay with increasing φ while the
associated relaxation time τa first increases and then decreases
with increasing φ (Fig. S6 [50]), which further confirms the
nonmonotonic behavior observed for active rings [Fig. 4(b)].

Our in silico model identifies how the motion of an en-
semble of active rings is regulated by the crucial structural
and dynamic factors that control their motion. A dense sus-
pension of ABPs separates into two distinct phases as seen
in the local density plot [Fig. 1(d)]. But the phenomenon is
quite different when these ABPs are connected to form rings.
This system does not show MIPS. Instead, an emergent dy-
namic clustering of rings is observed. The presence of springs
prevents the system from undergoing MIPS. The interplay
between activity (motility), topology, and crowding drives the
system to form intermittent clusters but never allows it to
grow into a large dense phase/cluster. Our simulations exhibit
that the translational motion of the center of mass of the
rings is enhanced by the activity for a given φ. Interestingly,
the behavior of the system changes drastically with increas-
ing φ. The translational dynamics of the system becomes

faster at higher φ and also displays an emergent dynamic
clustering of active rings. The size and number of clusters
largely depend on the magnitude of Pe and φ. At higher φ,
dynamic clustering leads to the formation of highly motile
smaller and dense clusters. Our model finds that the dynamic
clustering is different from MIPS because the stress building
in the dynamic clusters by the activity-induced deformation
(Figs. S7–S8 [50]) followed by the stress releasing via cluster
degradation as the monomers are connected by springs, which
suppresses the formation of stable dense and dilute regions
of active rings. The deformation of rings and activity-assisted
stress governing events lead to the emergence of distinctive
dynamic clustering of active rings, which is completely ab-
sent in the passive case [Fig. 3(a)]. We believe our study, in
general will be insightful in understanding the structure and
dynamics of densely packed deformable objects driven by
motility.
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