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Thermodynamic ground and Berry-phase origin of the planar spin Hall effect
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The thermodynamic ground of the spin transport is elaborated, demonstrating the Onsager’s reciprocal
relation. The latter is also confirmed by deriving the spin Hall effect and its inverse using the semiclassical
theory and the linear response theory. Importantly, the intrinsic contribution to the spin conductivity that satisfies
the Onsager’s relation has only Hall-type component and hence does not dissipate heat, in analogy to the
anomalous Hall effect and fulfilling the thermodynamic requirement. Based on the expression of the spin Hall
conductivity, the Berry-phase origin is elaborated for the recent-discovered planar spin Hall effect which features
current-induced spin polarization within the plane of the Hall deflection. We unravel a spin-repulsion vector
governing the planar spin Hall effect, providing a transparent criteria for identifying intrinsic planar spin Hall
materials. Finite spin-repulsion vector is found permitted in 13 crystalline point groups, revealing a big number
of unexplored planar spin Hall systems. Our result can be used for the quantitative calculation of the planar spin
Hall effect, facilitating further material hunting and experimental investigation.
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The spin Hall effect (SHE) generates a pure spin current
( js) perpendicular to the applied charge current ( jc) with
the spin direction (s) orthogonal to both js and jc [1]. Such
geometrical configuration confines the SHE-induced spin po-
larization within the x-y plane for a film sample of z normal
direction as illustrated in Fig. 1(a). Recent experiment shows
that a spin polarization of the z direction (sz) can be induced
by an in-plane charge current in a material with a mirror plane,
e.g., MoTe2, as illustrated in Fig. 2(b), which was termed
as the planar spin Hall effect (PSHE) [2]. Such a current-
induced sz, which is out of reach for the spin Hall effect, is
highly desirable for device development because it can switch
ferromagnetic layer of perpendicular magnetic anisotropy
(PMA) without involving structural or magnetic field induced
asymmetry [3,4]. Such phenomenon was also found in other
low-symmetry materials, although the terminologies adopted
for the phenomenon description are different [5–12].

However, only a handful of materials have been identi-
fied to host the PSHE, and the only clue, the mirror-plane
symmetry [5], still lacks proper microscopic interpretation.
To facilitate the material hunting, a microscopic theory of
the PSHE is indispensable. The spin conductivity σi jk , de-
fined as Jsi

j = σi jkEk , is usually interpreted as a full rank-3
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pseudotensor [13–23], based on the Kubo formula for the
local spin current operator Ĵ si

j = 1
2 (v̂ j ŝi + ŝiv̂ j ). However, it

is shown that to obtain the transport spin current, additional
contribution to Ĵ si

j from spin dynamics is needed [24–27].
Despite several pioneer works towards such direction [24–35],
the thermodynamic ground and the geometric origin of the
transport spin conductivity similar to that in the anomalous
Hall effect is still unclear. Such understanding is tied to the
symmetry requirement of the PSHE and can deliver a timing
guideline for its further development.

In this Letter, we establish the thermodynamic ground of
the spin transport based on the entropy production rate and
demonstrate the Onsager’s reciprocal relation for the spin Hall
effect and its inverse. We then derive the transport spin current
from the electric field, as well as the charge current from
the spin current injection, to further confirm the Onsager’s
relation.

The most striking feature is that the intrinsic part of the
transport spin conductivity σi jk is of rank 2, in sharp con-
trast to the previous knowledge of rank 3. Specifically, σi jk =
−ε jkaDai with Dai the spin-weighted Berry curvature as de-
fined in Eq. (12). The presence of the Levi-Civita symbol ε jka

dictates that the intrinsic contribution to the spin transport is
always of the Hall type, i.e., the spin current always flows per-
pendicular to the electric field. Such an intrinsic contribution
does not dissipate heat, in accordance with the thermodynamic
requirement. This is in analogy with the charge transport,
whose intrinsic contribution is also purely of the Hall type,
i.e., the anomalous Hall effect.

From the rank-2 feature of the intrinsic spin conductiv-
ity, the symmetry requirement of the PSHE can be deduced
straightforwardly. Interestingly, the PSHE is determined by
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FIG. 1. Geometrical configuration for the conventional (a) and planar (b), (c) spin Hall effect; the conventional (d) and planar (e), (f)
inverse spin Hall effect. d is the spin-repulsion vector. Depending on whether d is parallel to the charge or spin flow, we have longitudinal
and transverse (inverse) planar spin Hall effect, in which the spin polarization is collinear and perpendicular to the spin current direction,
respectively.

a single-spin-repulsion vector d, defined from the antisym-
metric part of Dai (see Fig. 1). We identify 13 crystalline
point groups and 30 magnetic point groups permitting finite
d and hence allowing the PSHE. Several existing experiments
for PSHE in materials with mirror symmetries can be well
subsumed in our theory and we further predict candidate ma-
terials with rotational symmetries as potential platforms of the
PSHE.

Onsager’s reciprocal relation for spin transport. We first
establish the thermodynamic ground of the spin transport. The
entropy production rate PS plays a central role in discussing
various irreversible processes. It is defined as the part of the
changing rate of the entropy that is not carried by the entropy
flow [36]:

ρ
ds

dt
= −∇ · JS + PS, (1)

where ρ, s, and JS are the density, entropy per mass, and
entropy current, respectively.

To derive PS , we use the first law of thermodynamics:

dU = T dS − p dV + μ dN, (2)

which relates the entropy with other state variables, i.e., the
internal energy U , the volume V , the particle number N , with
corresponding parameters given by temperature T , pressure p,
and chemical potential μ. The internal energy can be obtained
from the total energy, calculated by the expectation value of
the crystal Hamiltonian Ĥ0 and the Zeeman potential energy
φZ . Taking the time derivative of Eq. (1), and plugging the
result in Eq. (1), we can relate the entropy production rate
with the time variation of various state variables.

To further simplify the result, we use the dynamical equa-
tion for the spin density, given by [25,26]

∂ρS

∂t
= −∇ · J0

S + T , (3)

where J0
S = 〈ŝv̂〉 is the local spin current and T = 〈−i[ŝ, Ĥ ]〉

is the spin torque. Equation (3) can be further manipulated to
become more suitable for discussing the Onsager’s reciprocal

relation. Similar to the charge density [37–39], the spin torque
also adopts an expansion with respect to spatial variation,
originating from the coarse-graining process. The result reads
as

T = T f − ∇ · PT + · · · , (4)

where T f is the free spin torque, i.e., the part that is uniform
within a unit cell, and PT = 〈−i[ŝ, Ĥ ]r〉 is the dipole of the
spin torque.

Combining Eqs. (1) to (4), we obtain the following entropy
production rate [40]:

PS = − λ

T
JS · ∇BZ − λ

T
T f · BZ , (5)

where BZ is the Zeeman field and λ = gμB/h̄ with g and
μB being the gyromagnetic ratio and the Bohr magneton,
respectively, and JS = J0

S + PT . We note that the standard
form of the entropy production rate using the generalized
force F and current J reads as 1

T J · F. Equation (5) then
suggests that the spin dynamics contributes to two entropy
production processes: the force −BZ drives the procession of
the spin magnetization represented by the torque λT f , while
the force −∇BZ drives the flow of the spin represented by the
spin-magnetization current λJS . The focus of this work is the
latter one.

Interestingly, the spin current JS contains not only the local
one J0

S but also the spin torque dipole PT . In fact, J0
S and PT

are indistinguishable from the point of view of the entropy
production rate. It is thus natural to group them together as the
total spin current. By such definition, JS has a unique property
compared with J0

S: it is the time derivative of the spin dipole,
i.e., JS = d (rŝ)/dt .

We now proceed to prove the Onsager’s reciprocal relation
for the spin transport. For this purpose, we follow Ref. [41]
and assume that near equilibrium the system can be described
by a list of state variables x1, x2, . . . , xn. Examples of xi can
be the electric polarization for charge transport, the energy
polarization for thermal transport, and the above spin dipole
for the spin transport. Since the entropy reaches maximum
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at equilibrium, for fluctuation near equilibrium, the entropy
should take a parabolic form: δS = −βi jxix j . One can then
obtain the entropy production rate: dS/dt = ∑

i fiẋi with fi =
∂S/∂xi being the generalized force and ẋi being the gener-
alized current. By using the total spin current, the first term
in Eq. (5) that is responsible for spin current now has such
form. For response coefficients defined as ẋi = γi j f j , one can
then establish the Onsager’s reciprocal relation. Specifically,
for the spin conductivity defined as Ji = σi jk∂ jBZ

k and J
s j

i =
σ ′

i jkEk , we have [40]

σi jk (M) = −σ ′
jki(−M), (6)

where M stands for the magnetic order of the system.
The Onsager’s relation is essential in transport theory. It

has been shown to hold for the charge and energy current [42].
However, its existence for spin current is previously under de-
bate [17,26]. Here we prove that it holds for the spin transport
only when the total spin current is used. We comment that in
Ref. [17], Onsager’s relation is only objected for the local, but
not total, spin current.

Microscopic theory. We now derive the intrinsic contri-
bution to the spin conductivity and show that it fulfills the
Onsager’s reciprocal relation. To derive the charge current at
the order of ∂rBZ (r), we adopt the semiclassical formalism.
Under an inhomogeneous BZ (r), the electron motion is gov-
erned by the following equations of motion [38]:

ṙ = ∂kε̃n − k̇ × �n − �kr,n · ṙ, (7)

k̇ = −∂rφ + �rk,n · k̇, (8)

where �n = −2 Im〈∂kn| × |∂kn〉 is the momentum-space
Berry curvature in band n, (�kr,n)i j = −2 Im〈∂ki n|∂r j n〉 is
the mixed Berry curvature with (�kr,n)i j = −(�rk,n) ji, and
|n〉 is short for |unk〉, representing the periodic part of the
Bloch wave function. In the velocity equation, ε̃n is the field-
corrected nth band energy: ε̃n = εn + ∑

i j ∂iBZ
j qS

i j , where εn is
the band energy without the Zeeman field, and the remaining
term is the magnetic quadrupolar energy [43]. In the force
equation, φ = −gS

∑
i λBZ

i (r)〈n|si|n〉 is the Zeeman potential
energy, whose gradient offers the driving force for the electron
motion. As a result, the electron can only reach equilibrium
with ε̃n but not φ, leaving the equilibrium Fermi distribution
in the form of f (ε̃n).

Another complexity in deriving the transport charge cur-
rent is that in inhomogeneous systems, the magnetization
current generally exists and should be subtracted from the
total current, i.e., J = Jtot − ∇ × M(r). In our case, since the
magnetic susceptibility is allowed in any material, an inho-
mogeneous Zeeman field BZ (r) always induces a spatially
varying M(r). After discounting such magnetization current,
the transport current reads as [38]

J = −
∑

n

∫
dk

8π3
Dṙ fn(ε̃n) + ∇r ×

∑
n

∫
dk

8π3
�ngn, (9)

where D = 1 + Tr�kr,n and gn = −kBT log{1 + exp[(μ −
εn)/kBT }. Since we need the current on the order of ∂rBZ ,
the Berry curvature �n should be corrected as follows: �n →
�n + δ�n, where δ�n is proportional to BZ . Such correction

can be obtained using standard perturbative procedure in the
semiclassical formalism.

By plugging all relevant elements into Eq. (9), the final
expression of the spin conductivity reads as [40]

σi jk = −εia jDak, (10)

where Dab is a tensor representing the spin-weighted Berry
curvature: Dab = ∫

dk
8π3 fn(a)n(sb)n and fn is the Fermi distri-

bution function in terms of the original band spectrum εn. This
result can be easily implemented in first-principles codes.

Equation (10) is one of the main results in this work. Strik-
ingly, the response coefficient involves only a rank-2 tensor
Dab, in sharp contrast to the rank-3 pseudotensor in previous
literatures [13–15]. To confirm its validity, we also use the
linear response theory to derive the charge current and obtain
the same result [40]. Moreover, since the relaxation time is not
involved, Eq. (10) is the intrinsic contribution to the charge
current. Experimentally, we expect a scaling law analysis for
the longitudinal spin conductivity to confirm our theory.

The spin current in response to the electric field can also be
calculated, by evaluating the local spin current operator J0

S and
the spin torque dipole PT in either the semiclassical theory or
the linear response theory. Since the derivation is standard, we
leave it in the Supplemental Material [40]. The result reads as

σ ′
i jk = εikaDa j . (11)

Equations (10) and (11) together confirm the Onsager’s
reciprocal relation given in Eq. (6) for the intrinsic contribu-
tion. To see this, we first observe that from the expression of
Dab, the intrinsic contribution to the spin conductivity is even
under time-reversal operation and hence even with respect to
the magnetic order. Then the Onsager’s reciprocal relation in
Eq. (6) reduces to σi jk = −σ ′

jki, which agrees with Eqs. (10)
and (11).

Such Onsager’s reciprocal relation has an important con-
sequence: the intrinsic contribution to the spin conductivity
does not dissipate heat. To see this, we consider the power
generation of the spin transport: P = σi jkEi∂ jBk + σ ′

i jk∂iB jEk .
Since the time-reversal-even part of the spin conductivity sat-
isfies σi jk = −σ ′

jki, we obtain P = 0. This again confirms the
validity of our theory, as the intrinsic part does not contain
any relaxation process and should not dissipate heat. Same
property holds for the charge transport.

Due to the Levi-Civita symbol εia j , the charge current is
always normal to the spin current, i.e., only the Hall-type cur-
rent exists for the intrinsic contribution. This is surprisingly
similar to the intrinsic contribution to the anomalous Hall
current: (sb)n serves as the “charge” of the driving force and
by replacing it with the electric charge −e, Eq. (10) reduces
to the familiar Berry-phase contribution to the anomalous
Hall conductivity. The geometrical origin of the inverse spin
Hall effect is then the interplay of the “charge” and Berry
curvature.

Since for the “charge” (sb)n is a vector, it is natural to
find that there are two types of Hall currents, depending
on the relative orientation between the charge and the Hall-
deflection plane. When (s)n is normal to the Hall-deflection
plane (diagonal part of Dab), we get the conventional inverse
spin Hall effect; when (s)n is within the Hall-deflection plane
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(off-diagonal part of Dab), we obtain the planar inverse spin
Hall effect. The latter one is our focus in this work.

To prove such classification, we note that as a rank-2
tensor, Dab can always be split into a symmetric and anti-
symmetric part: Ds,as = (D ± DT )/2. Since Ds is orthogonal,
it can always be diagonalized. Therefore, we can choose the
real-space axis to be along the eigenvectors of Ds, imposing
such diagonalization of Ds. The resulting charge and spin
current reads as

Jtr
i = −εia jD

s
aa∂ jBa, (12)

for a Zeeman field pointing along ath direction and changing
along jth direction. We find that the spin polarization and
flow direction of the spin current and the charge current flow
direction are perpendicular to each other. This is thus the
conventional spin Hall effect and its inverse, as shown in
Fig. 1(a).

On the other hand, the antisymmetric part Das always in-
duces a charge current with the planar configuration, i.e., the
PSHE and its inverse. To see this, we define a vector d from
Das:

d = 1

2
εabcêaDas

bc =
∫

dk
16π3

fn�n × sn. (13)

Due to the cross product, d is always perpendicular to spin and
we thus refer to it as the spin-repulsion vector, which plays an
essential role in the planar configuration of the current.

In terms of the spin-repulsion vector d, the charge current
reads as Jtr

i = J lon
i + J tran

i with

J lon
i = −di∂ jB j, J trans

i = d j∂ jBi, (14)

where i �= j. Compared with the conventional inverse spin
Hall effect in Eq. (12), only two different spatial indices
appear, indicating a planar configuration. Moreover, the spin-
repulsion vector can be either parallel with or perpendicular to
the charge current flow, corresponding to the longitudinal and
transverse configuration, respectively, as shown in Figs. 1(e)
and 1(f).

We can also write the electric-field-induced spin cur-
rent: J

s j ,trans
i = diE j, Jsi,lon

i = −d jE j , with i �= j, as shown
in Figs. 1(b) and 1(c). One immediately finds that the lon-
gitudinal PSHE supports a spin current with parallel spin
polarization and flow direction. It can then be used for
magnetization reversal of magnetic heterostructures with per-
pendicular magnetic anisotropy.

Finally, we comment that the above result only holds for
nondegenerate bands. If the nth band is �-fold degenerate,
both sb and a are � × � matrices. In this case, we find
that the spin-weighted Berry curvature has the form Dab =∫

dk
8π3 fnTr(asb) [40], which is gauge invariant under any

SU(�) rotation in the degenerate Hilbert space. Discussions
based on nondegenerate Dab can then be generated straight-
forwardly.

Symmetry requirement. Although the conventional and pla-
nar spin Hall effect share similar physical pictures, the study
of the latter one only starts recently, due to its stringent sym-
metry requirements compared with the former one. Since both
s and � transform as an axial vector, the diagonal part Daa is
not subject to any symmetry constraint, consistent with the
wide existence of the conventional spin Hall effect.

dd

dd
(a) (b)

FIG. 2. The spin-repulsion vector in lattices with mirror symme-
try (a) and rotational symmetry (b).

In contrast, to allow the PSHE, the spin-repulsion vector
d must exist. Since d transforms as an axial vector under
point-group operations, it flips sign under mirror operations
that contain d, but stays the same if the mirror plane is per-
pendicular to it; it also changes its direction under rotation
about an axis perpendicular to it.

Based on this analysis, we find that among the 32 crys-
talline point groups, 13 of them allow an axial vector,
including Cn, Cnh with n = 1, 2, 3, 4, 6, and S2n with n =
1, 2, 3. In particular, d is perpendicular to the plane of the
mirror symmetry and parallel with the rotational axis of Cn,
as shown in Fig. 2.

The only experimental clue for the PSHE up to now is the
mirror symmetry, which can be well explained by our theory.
As a first example, we consider MoTe2 [2]. The structure of
the MoTe2 film preserves only a single mirror symmetry with
the mirror plane perpendicular to the interface. As a result, a
spin-repulsion vector d parallel to the interface exists. Based
on Fig. 1(b), when the electric field is applied parallel to
d, a spin current can flow out of the interface, with a spin
magnetization also perpendicular to the interface, as observed
in the experiment.

There are also magnetic materials allowing the PSHE. In
our theory, d and magnetism can indeed coexist. However,
as an axial vector, d is distinct from its fellow quantities,
such as spin or magnetic field, in that d stays the same under
time-reversal operation while spin and magnetic field flip sign.
This has profound implications in magnetic materials. For ex-
ample, in a ferromagnet with the magnetic point group m′m′m,
the magnetization M is a natural axial vector, which lowers
the symmetry of the crystal by breaking any mirror symme-
try that contains M. Nevertheless, M alone cannot support a
nonzero d parallel to it: under the combined operation MT
with any mirror plane containing M, M stays the same but d
flips sign. This difference excludes a simple ferromagnet as a
candidate for the PSHE, unless the additional MT symmetry
is further broken. It means that the intrinsic PSHE cannot be
used to explain the current-induced sz which changes its sign
when the magnetization flips the direction, e.g., in Co and
MnAu2 [10,11].

We then identify all magnetic point groups that allow d as
shown in Table I. Interestingly, d can exist in both ferromag-
nets and antiferromagnets. However, as discussed previously,
since MT is equivalent to M for d, only a single mirror oper-
ation may exist in all those groups, which are all perpendicular
to the possible rotational axis.

Armed with this knowledge, we can offer unique perspec-
tives to existing magnetic systems showing PSHE. A good
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TABLE I. Magnetic point groups that allow the existence of
d, with the corresponding magnetic orders (F or AF). Magnetic
point groups that explicitly contain the time-reversal symmetry are
excluded as they have been discussed in the main text. Rhombic and
cubic crystal systems forbid d and are hence not listed.

Crystal systems Magnetic order Group notation

Triclinic F 1,−1
AF −1′

Monoclinic F m, m′, 2, 2′, 2/m, 2′/m′

AF 2/m′, 2′/m

Tetragonal F 4, 4/m, −4
AF 4′, 4′/m, 4/m′, 4′/m′, −4′

Rhombohedral F 3, −3
AF −3′

Hexagonal F 6, 6/m, −6
AF 6′, 6′/m, 6/m′, 6′/m′, −6′

example is the Mn3GaN film with the (001) plane as the
interface [6]. Although the crystal symmetry is high, with both
a fourfold-rotational symmetry and four mirror planes that
contain the rotational axis, the antiferromagnetic order effi-
ciently reduces the point-group symmetry without introducing
any additional combined symmetry as discussed previously.
The remaining mirror symmetry then allows d parallel to the
interface, similar to MoTe2, and the PSHE then emerges.

Both MoTe2 and Mn3GaN rely on the interface to lower
the point-group symmetry of the bulk. In comparison, the
collinear antiferromagnetic IrMn allows d in the single-crystal
form. IrMn is a cubic crystal, and the antiferromagnetic order-
ing lowers the point-group symmetry to 2/m1′. d is therefore
allowed along the [1̄10] direction.

Special attention should be paid to the noncollinear antifer-
romagnet Mn3Ir. The magnetic order lowers the crystal point-
group symmetry to −3m′. Since the rotational axis is con-
tained in the mirror plane, d is not allowed in such a system.
Therefore, no intrinsic PSHE can exist in the bulk, contrary to
the first-principle calculations [9,44]. This discrepancy may
arise from the fact that the incomplete spin current operator
is used in the DFT calculations and it points the currently ob-
served spin accumulation with spin direction perpendicular to
the interface to other origins [9], such as the magnetoelectric
effect or heterostructures with special interfaces.

As discussed above, material systems based on the mir-
ror symmetry can generally be explained by our theory.
However, based on our symmetry analysis, we find that the
spin-repulsion vector d and the PSHE consistent with the
rotational symmetry are largely unexplored. This points al-
ternative direction for future study of the PSHE. Candidates
include Al2CdS4 (point group −4), VAu4 (point group 4/m),
and BiI3 (point group −3). Using VAu4 as an example, we
perform first-principle calculations of the planar spin Hall
effect [40], and the result is consistent with the macroscopic
symmetry analysis, showing the prediction potential of our
theory.

The microscopic origin of the PSHE consistent with the
rotational symmetry can be further illuminated. It is well
established that the key element for spin Hall effect is the spin-

orbital coupling, which is highly sensitive to the point-group
symmetry. In crystals with the rotational symmetry, a minimal
model for the conduction electron with a symmetry-allowed
spin-orbital coupling can be put in the following form:

Ĥ = k2

2m
+ λ(kxσy − kyσx + kzσz ), (15)

where the first term is the kinetic energy and the remaining
terms are the spin-orbital coupling in three dimensions with
σ being the Pauli matrix for spin. Such a model is chiral and
respects the rotational symmetry about the z axis [45].

For a general chemical potential μ, the spin repulsion vec-
tor at zero temperature can be evaluated. The result reads as
d = (0, 0, d0) with (we take e, h̄, and lattice constant a to be
unity)

d0 =
√

2mμ + m2λ2

6π2
. (16)

This is consistent with the symmetry analysis and the resulting
PSHE increases with the chemical potential, as it is a Fermi-
sea effect. The model in Eq. (15) then illustrates the type
of spin-orbital coupling needed for the PSHE with rotational
symmetry.

Discussions. We have shown that the intrinsic part of
the spin conductivity is of rank 2 and the resulting PSHE
is determined by a single polar vector d. We shall note
that the extrinsic contribution to the spin conductivity has
been ignored, which may play an important role in some
circumstances. For example, it has been known that, under
the relaxation time approximation, for the previously studied
rank-3 spin conductivity, its extrinsic part can yield a nonzero
spin Hall effect in systems that satisfy different symmetry
requirements as the intrinsic part [46,47].

Beyond the relaxation time approximation, the spin con-
ductivity can be modified by the skew scattering and side jump
contributions [15]. Although the skew scattering contribution
is typically of higher order in different scattering times, the
side jump contribution is proven to be independent of the
disorder density and determined by the form of the scattering
potential alone, hence usually being mixed with the intrinsic
contribution. For example, it has been shown that for some
special scattering potential, the side jump contribution can
partially cancel the intrinsic part of the rank-3 spin conduc-
tivity [48,49], or fully cancel it to yield zero contribution at
τ 0 [49]. In either case, our work offers a fresh start from a
rank-2 intrinsic spin conductivity for future systematic study
of the spin transport.
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