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Adsorption superlattice stabilized by elastic interactions in a soft porous crystal
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Elasticity is essential for organizing mesoscale patterns in condensed matter. Here, we numerically show
that adsorbed molecules in soft porous crystals form a superlattice (SL) stabilized by elastic interactions. In
a mechanically flexible honeycomb lattice model, a long-range ordered 1/3-filling SL state emerges during
adsorption. The SL state is robust against thermal fluctuation when the elastic interactions between the next-
nearest-neighboring lattice sites are strong. Our results provide a way to switch the functionalities of materials
by controlling the distribution of adsorbed molecules.
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Metal-organic frameworks (MOFs) are crystalline com-
pounds consisting of inorganic nodes and organic linkers,
whose numerous combinations enable us to design their func-
tions such as porosity, elasticity, and electronic properties
[1–3]. In particular, their potential application as a porous
material has attracted much attention because of their large
internal surface area and adsorption selectivity, which are
utilized for gas separation/storage [4], sensors [5], catalysis
[6], and biomedicines [7]. MOFs having mechanically flexible
frameworks, called soft porous crystals (SPCs) [1,8], exhibit
mechanical deformation with a change of the elastic moduli
upon gas adsorption [9–12]. Utilizing the mechanical flexi-
bility of the host matrix, SPCs show adsorption-desorption
transitions with strong hysteresis and multistep adsorption
isotherms [13–18], which are beneficial properties to control
stably the amount of adsorption.

Another consequence of mechanical flexibility is the con-
trollability of the spatial distribution of guest adsorbates. In
particular, some SPCs exhibit a superlattice (SL) formation
upon molecular adsorption. In IRMOF-74-V-hex [19,20] and
Co2(dobdc) [21,22], it was shown by x-ray diffraction mea-
surements and molecular dynamics (MD) simulations that
heterogeneous lattice distortion couples with heterogeneous
guest distribution, resulting in the formation of a 2 × 2 SL
structure. Although guest-induced local framework distortion
has been studied, however, the role of a long-range guest-guest
interaction mediated by the framework’s elasticity remains
elusive. As shown in other condensed matter exhibiting SL
structures, such as nanoparticle quantum dots [23–27], plas-
monic SLs [28], and phononic crystals [29], the long-range
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elastic interaction determines the mesoscopic structural for-
mation [25,30–33]. In these substances, controlling the SL
structure is important in enhancing the thermoelectric, opto-
electric, and phononic properties [23,27,29]. Thus, it should
be informative also in SPCs, both from condensed matter
physics and practical applications, to reveal the role of the
elasticity-mediated guest-guest interaction leading to a SL
structure.

To examine numerically the long-range nature of the
elastic interaction in SPCs, vast computational costs are re-
quired if guest molecules and a deformable host matrix
are fully incorporated. Thus, a coarse-grained lattice model
is needed to elucidate the role of elasticity in SPCs with
manageable computational costs. The present authors have
constructed a coarse-grained square lattice model, incorpo-
rating adsorption-induced lattice expansion/contraction and
hardening/softening [34]. Elucidating the connection of the
spatial guest distribution with thermodynamics, it has been
found that spatial heterogeneity in the stiffness of host frame-
works (elastic heterogeneity) leads to a hysteretic adsorption-
desorption transition. Extending the coarse-grained model
to the honeycomb lattice, where SL structures are observed
experimentally [19,21,22], allows us to investigate the mech-
anism of SL formations in SPCs.

In this Letter, we present that an adsorbate SL structure is
stabilized by an elasticity-mediated guest-guest interaction in
SPCs. We consider a coarse-grained honeycomb lattice model
which incorporates the adsorption-induced lattice expansion
and hardening. The lattice sites interact with the nearest-
neighbor (NN) and next-nearest-neighbor (NNN) sites via a
simple spring potential. We reveal that elastic heterogeneity
leads to the robust hysteresis in the case of the square lattice
case [34] but, in contrast, a

√
3 × √

3 (1/3-filling) SL state
emerges, whose structure is different from the one observed
experimentally [19,21,22]. The SL state is stabilized by NNN
elastic interactions. When the NNN elastic interaction is suf-
ficiently strong, the adsorption fraction exhibits a 1/3 plateau
during the adsorption process in a certain parameter region,
while there is no intermediate plateau during the desorption
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FIG. 1. Schematic description of the proposed model. (a) Guest
particles (dark blue spheres) are adsorbed into the host honeycomb
matrix formed by the host particles (orange), inducing isotropic
swelling of the host matrix locally. (b) An adsorbed particle strongly
interacts with the host particles. (c) Mathematical representation of
(a) and (b). Interaction potential V2 arises from the filling of the guest
particle in addition to the original host’s potential V1.

process. Correspondingly, the free-energy landscape against
the fraction of adsorbed sites takes a local minimum at 1/3,
which implies that the SL state is robust against thermal
fluctuations. Our findings provide a physical mechanism to
realize the SL structure, which can be utilized for controlling
the spatial distribution of adsorbed particles.

In experiments, honeycomb MOFs exhibiting an adsorp-
tion SL have a three-dimensional structure, with each hexagon
forming a one-dimensional channel in the direction perpen-
dicular to the honeycomb plane [19,21,22]. The structural
change with respect to the direction of the channel is much
smaller than the one in the honeycomb plane upon adsorption.
Therefore, we construct a flexible two-dimensional honey-
comb lattice, as shown in Fig. 1(a), whose lattice sites interact
with the NN and NNN sites. The NN and NNN potentials
of distance r are k0

2 (l0 − r)2 and gk0

2 (
√

3l0 − r)2, respectively,
where k0 and l0 are the elastic constants and the natural
length of the unit hexagon, and g is the ratio of the NNN
interaction to the NN interaction. Hereafter, we adopt l0 and
k0l2

0 as units of length and energy, respectively. Thus, the
potential energy of the unit cell is given by V1({ri∈�}) =
1
4

∑
NN(1 − ri j )2 + g

2

∑
NNN(

√
3 − ri j )2, where {ri∈�} repre-

sents the positions of the lattice sites forming the hexagon �.
Each hexagonal unit cell can accommodate only one guest
particle. Then the hexagon favors expanding isotropically
by the interaction between the guest particle and host ma-
trix, as shown in Fig. 1(b). This interaction is expressed
as an additional potential energy V2({ri∈�}) = k[ 1

4

∑
NN(1 +

α − ri j )2 + g
2

∑
NNN(

√
3(1 + α) − ri j )2], where k is the rel-

ative energy scale of the guest-host interaction, and α is a
swelling parameter, as shown in Fig. 1(c). Thus, the equi-
librium lattice constant and rigidity of a hexagon adsorbing
a guest particle are 1 + kα/(1 + k) and 1 + k, respectively.
Each hexagon expands/contracts by adsorbing a guest if kα

is positive/negative. The sign of k determines whether the
hexagons harden or soften. In this study, we use a fixed pa-
rameter set k = 3 and α = 0.4.

In this study, we adopt an osmotic ensemble [35], whose
control parameters are the temperature T , the chemical po-
tential of the guest particle adsorption μ, the number of host
matrix sites Nhost, and the hydrostatic pressure P. The osmotic
grand potential is defined as � = U − T S + PV − μNads,
where U is the internal energy, S is the entropy, V is the
volume, and Nads is the number of adsorption particles. In this
study, we fix Nhost = 2L2, where L is the linear system size
of the honeycomb lattice. Thus, the lattice site positions ri

(i = 1, 2, . . . , 2L2) on the honeycomb lattice with a periodic
boundary condition and guest variables on the hexagons σ�
(� = 1, 2, . . . , L2) taking 1 (presence) or 0 (absence) follow
the Hamiltonian given by

H =
L2∑

�=1

[V1({ri∈�}) + σ�[V2({ri∈�}) − μ]] + PV. (1)

Note that the guest variables are on the dual lattice of the
honeycomb lattice, i.e., a triangular lattice. Hence, the max-
imum number of adsorbed particles is half of Nhost. We fix
the hydrostatic pressure P = 0.5. The weak pressure stabilizes
an SL state because the SL state has a lower volume than a
fully adsorbed state. Indeed, our model does not exhibit the
1/3-filling SL state at P = 0.0 (see Supplemental Material
Fig. S1 [36] ). It should also be mentioned that high pressure
breaks the honeycomb structure of the host matrix. We per-
form standard Monte Carlo (MC) simulations for L = 12–72
to investigate the hysteretic adsorption-desorption transition
and multicanonical MC simulations using the Wang-Landau
(WL) method for L = 12 to study the equilibrium phase
transition and free-energy landscapes (see also Supplemental
Material [36]).

Figures 2(a) and 2(b) show the μ-T phase diagrams at
P = 0.5 with the ratio of the NNN interaction to the NN
interaction g = 1 and g = 2, respectively. In the case of g = 1,
adsorbed and desorbed states are realized in the red and blue
regions, respectively, independent of the simulation protocols.
Hysteretic behavior is observed in the yellow region. The
equilibrium phase boundary is obtained by the WL simula-
tions, crossing the middle of the hysteretic region. Thus, the
adsorbed (desorbed) states are not thermodynamically stable
below (above) the equilibrium phase boundary in the yellow
region. The phase behavior is quite similar to the square lattice
case (see Fig. 2 in Ref. [34]). In contrast, in the case of
g = 2 [Fig. 2(b)], a 1/3-filling SL state forming a triangular
lattice emerges by crossing the dark gray region in the cooling
protocol. The 1/3-filling SL state has a

√
3 × √

3 unit cell
compared to the one of the original triangular lattice, as shown
in Fig. 2(c). Snapshots of the whole system are shown in
Supplemental Material Fig. S2 [36]. The adjacent sites of an
adsorbed site are desorbed, and the NNN sites are adsorbed
except for defects due to thermal fluctuation. The SL state
stably holds as long as the system does not deviate from the
light and dark gray regions by heating or decreasing μ. Thus,
hysteresis between desorbed and SL states is observed.

Now, we investigate the reason why the 1/3-filling SL state
is stabilized. Because the elastic energy depends on configu-
rations of adsorbed sites, effective interactions between guest
particles mediated by the elasticity of the host matrix emerge.
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FIG. 2. Phase diagram of the model at P = 0.5 with k = 3, α = 0.4, and the ratio of NNN interaction to the NN interaction,
(a) g = 1 and (b) g = 2. The solid curve represents the equilibrium phase boundary between the adsorbed and desorbed phases, determined
from the specific-heat peaks obtained by the WL method. The transition point at T = 0 is analytically determined by comparing the minimum
energy of the desorbed and adsorbed states. The boundaries between different colors are determined from the specific-heat peaks obtained by
quasiequilibrium protocols: T1+ and T2+ represent transition points to the desorbed state and

√
3 × √

3 (1/3-filling) SL state during a heating
process, and T1− and T2− represent transition points to the adsorbed state and 1/3-filling SL state during a cooling process. The inset shows
a zoom of the region where the SL state appears. (c) A snapshot of a 1/3-filling SL state at (μ, T, P) = (4.8, 0.2, 0.5) with k = 3, α = 0.4,
and g = 2. Light gray hexagons with circles and dark gray hexagons represent adsorbed and desorbed sites, respectively. Short-time averaging
over 1000 MC steps with a fixed adsorbate distribution is performed to obtain the average lattice distortion. Red lines represent a unit cell of
the SL.

Figure 3(a) displays the enthalpy increase of each local config-
uration per site �h from the ground state at (μ, P) = (0, 0.5)
for g = 1 [the case of g = 2 is presented in Supplemental
Material Figs. S3(a)–S3(c) [36]]. The enthalpy is increased
by 2.75 due to an isolated adsorbed site (i). Forming a dimer
(ii) or trimer [(v), (vi)] cluster, the enthalpy increases by
0.1–0.2 per site compared to two isolated adsorbed sites. The
trimer tends to be isotropic because the adsorbed cluster is
harder than the surrounding desorbed sites, which is a well-

FIG. 3. (a) The enthalpy difference per adsorbed sites �h =
H/Nads between the ground state at (μ, P) = (0, 0.5) and the selected
configurations [(i)–(vii)] for k = 3, α = 0.4, g = 1, and L = 24. The
lattice sites are optimized by MC simulations at T = 0 for 104 MC
steps. Circles denote the adsorbates, and open hexagons denote the
desorbed sites. (b) �eNN and (c) �eNNN represent the contributions
of the NN and NNN elastic interactions to the enthalpy difference
shown in (a), respectively.

known feature of elastically heterogeneous systems, called
Eshelby’s argument [33,37,38]. On the other hand, when two
(iv) or three (vii) adsorbed sites are located on the NNN
sites, the enthalpy decreases by 0.05–0.1 per site compared
to two isolated adsorbed sites. This implies that the effective
interactions induced by the host’s elasticity give rise to the
formation of a 1/3-filling SL. In more detail, the contribution
of the enthalpy change can be divided into the NN elas-
tic interaction, the NNN elastic interaction, and the global
pressure term P�V . As shown in Fig. 3(b), the NN elastic
interaction favors forming a connected cluster [(ii), (v), (vi)].
However, as shown in Fig. 3(c), the NNN elastic interactions
raise the energy when adsorbed sites form a cluster and lower
the energy when they are placed at NNN sites. Thus, the
NNN elastic interaction is responsible for the formation of the
1/3-filling SL adsorbed state. We note that local configuration
(iii), a base of the 2 × 2 (1/4-filling) SL state observed in
experimentally [19,21,22,29], is not favored by either NN or
NNN elastic interactions. This tendency does not change in
the guest-induced lattice contraction case [see Supplemental
Material Figs. S3(d)–S3(f) [36]].

The NNN interaction must be sufficiently large for the 1/3-
filling SL state to be globally stable. Unlike the above enthalpy
comparison under fixed guest particle number conditions, the
number of guest particles in our MC simulations is variable
by changing the chemical potential μ and temperature T .
When μ is small, the desorbed state is the most stable because
of its small lattice deformation. On the other hand, as μ is
increased, a fully adsorbed state, which has three times the
number of adsorbed sites of the SL state, is stabilized. For the
SL state to be stabilized instead of these two competing states
in the intermediate μ region, the enthalpy difference between
the cluster of adsorption sites and the SL alignment must be
sufficiently large. Because �eNNN is enhanced, the SL state
emerges for g = 2, but not for g = 1 (see Fig. 2).
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FIG. 4. Thermodynamic properties at P = 0.5 in the case of
k = 3, α = 0.4, and g = 2. (a) Temperature dependency of the ad-
sorption fraction nads at μ = 5.0, obtained by the WL simulation for
L = 12, and cooling (−T ) and heating (+T ) simulations for L = 48.
(b) 1/3 plateau behaviors of nads at μ = 5.0–4.7 during the cooling
protocols. Curves at μ = 4.8, 4.9 are simulated for L = 72, other-
wise L = 48. (c) The osmotic grand potential ��(nads ) = �(nads ) −
�min at T = 0.280–0.235 and μ = 4.9 for L = 12, where �min is
the minimum value at each T . (d) Temperature dependency of nads

at μ = 4.3, obtained by cooling (−T ) and heating (+T ) simulations
for L = 48. The error bars in (a), (b), and (d) represents the standard
error.

To examine the thermodynamic properties and metasta-
bility, we next calculate the temperature dependency of the
adsorption fraction nads = Nads/L2 = 1

L2

∑L2�=1 σ�, which is
an order parameter of this system. In the following, we show
the MC results for g = 2, corresponding to the phase dia-
gram shown in Fig. 2(b). Figure 4(a) shows the temperature
dependency of nads at μ = 5.0 crossing the red, yellow, and
blue regions in the phase diagram [Fig. 2(b)]. In the stan-
dard MC simulations, the transition between the adsorbed
and desorbed states exhibits large hysteresis, quite similar to
the one observed in the square lattice model [34]. In sharp
contrast, as shown in Fig. 4(b), nads exhibits a 1/3 plateau and
two-step growth during the cooling protocol at μ = 4.9, 4.8,
and 4.7 crossing the dark gray region in the phase diagram,
while nads decreases by one step during the heating protocol
(see Supplemental Material Fig. S4 [36]). This implies that
the 1/3-filling SL state is metastable in a certain range of
temperature and chemical potential. The plateau has a slight
slope, which can be interpreted as a change in the number
of vacancy defects in the SL (see also Supplemental Ma-
terial Fig. S2 [36]). A clean 1/3-filling SL is observed at
low temperatures, while many vacancy defects appear at high
temperatures. The metastability of the 1/3-filling SL state can
be observed in the osmotic grand potential landscape �(nads)
against the adsorption fraction. The case of μ = 4.9 is shown
in Fig. 4(c). The local minimum shifts from nads ≈ 0 to a value

slightly smaller than nads = 1/3 as the temperature is lowered,
which agrees with the intermediate plateau in Fig. 4(b). The
gradual shift of the local minima also corresponds to the slight
slope of the plateau. This implies that the vacancy defects
entropically contribute to the osmotic grand potential. We
note that it is difficult to perform the WL simulation below
μ = 4.8 due to the huge numerical cost. It is also observed
that a hysteretic behavior between two metastable states, 1/3-
filling SL and desorbed states, emerges. Figure 4(d) shows
the temperature dependency of nads at μ = 4.3 crossing the
light gray region in the phase diagram shown in Fig. 2(b).
One can find that the hysteresis appears in a certain tem-
perature range, from T = 0.142 to 0.176. This implies that
there is a thermodynamic free-energy barrier between the
1/3-filling SL state, and the SL state is robust against thermal
fluctuation below T = 0.176. Thus, it is confirmed that the
1/3-filling SL state exists in the finite parameter region as a
metastable state.

In summary, we have shown that a long-range ordered√
3 × √

3 (1/3-filling) SL state emerges when NNN elastic
interactions are strong. The elastic energy of the SL arrange-
ment is less than one of the fully adsorbed state, which
becomes the dominant effect compared to the chemical po-
tential. We have constructed the flexible honeycomb lattice
model, incorporating lattice expansion and hardening, and
performed standard and multicanonical MC simulations. The
phase behavior of this model has been studied. As a result,
the long-range ordered 1/3-filling SL state has been obtained
by the cooling simulation. Furthermore, by calculating the
thermodynamic stability, it has been found that the 1/3-filling
SL is robust against thermal fluctuation.

We discuss the reasons for the difference between the
SL pattern observed experimentally [19,21,22,29] and the
one obtained by our simulations. In an experimental system,
IRMOF-74-V-hex, it has been explained that the lattice dis-
tortion is caused by capillary condensation of guest particles
in the pores. MD simulations [20] have shown that the lattice
distortion forms a structure in which regular hexagonal pores
with a higher adsorbate density are surrounded by anisotropi-
cally distorted pores with a lower adsorbate density, which is
consistent with the 2 × 2 SL pattern. The surrounding pores
form a spiral shape around the regular hexagon. This is be-
cause the metallic nodes have a helical structure with three
times pitch in the direction perpendicular to the honeycomb
plane. The helical angle of metallic nodes corresponds to the
one of hexagons forming the honeycomb structure. Each angle
of the helix is changed upon adsorption, leading to the twisted
distortion. Thus, the distortion pattern in IRMOF-74-V-hex is
favored due to the local mechanical properties of the pore,
which depend on how the metal ions and organic linkers are
connected. Such an anisotropy is not incorporated into our
model. The above argument suggests that the pattern of the
SL structure can change depending on the local elastic prop-
erties, for example, a

√
3 × √

3 SL is formed if the isotropic
expansion is favored with strong NNN elastic interactions, and
a 2 × 2 SL is formed if anisotropically twisted strains would
be favored.

Finally, we discuss the possible applications of adsorbate
SLs. Unlike the SLs in other condensed matter [23–28],
the number of adsorbed molecules is variable; then the
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adsorbate SLs in SPCs undergo the transitions to homo-
geneous states depending on the temperature and chemi-
cal potential. This property is utilized for the switching
of the magnetism and conductivity of MOFs as well
as optical and phononic properties. In magnetic MOFs,
the superexchange interaction between magnetic moments
is modulated by the adsorption of oxygen or nitro-
gen molecules. Magnetic switching utilizing this modu-
lation has been proposed both experimentally and theo-
retically [39,40]. Thus, the formation of intermediate SL

states can be utilized for multistep magnetic switching.
Furthermore, some MOFs exhibit semiconductor behavior
[41]. The periodic potentials induced from the SL may mod-
ulate the conductor band structures of semimetal MOFs,
which can lead to the transition to metals or insulators.
Thus, the adsorbate SL states are expected to be utilized for
magnetic/electric sensor devices.

This work was supported by KAKENHI Grant No.
JP20H05619 from MEXT, Japan.
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