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Characterization of XUV + IR ionization using the circular dichroic phase
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A strong helicity dependence of reconstruction of attosecond bursts by beating of two-photon transitions
(RABBITT) with circularly polarized XUV and IR pulses was reported by Han et al. [Nat. Phys. 19, 230 (2023)
and arXiv:2302.04137]. They attributed a circular dichroic phase in RABBITT to the helical structure of the
photoelectron wave packets in the final state. We exploit this effect to determine the magnitude and phase of
two-photon XUV + IR ionization amplitudes. In s-electron targets (H, He, Li), such a determination is fully
ab initio and requires no further approximations. In heavier noble gases like Ar, characterization of two-photon
ionization amplitudes can be made from the circular dichroic phase with minimal and very realistic assumptions.
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Circular dichroism (CD) in atomic and molecular pho-
toionization has been studied intensely in recent years. In
chiral molecules, it is attributed to the left and right hand-
edness of molecular enantiomers [1]. In atoms, electron ring
current in various magnetic sublevels can be co- or counter-
rotating (CO or CR) with the circularly polarized ionizing
radiation. This results in different ionization probabilities
[2–4] and time delays [5]. Chirality can be also imprinted
on atoms by a synthetic chiral light [6]. Very recently, the
CD effect has been observed in the process of reconstruc-
tion of attosecond bursts by beating of two-photon transitions
(RABBITT) driven by circularly polarized radiation [7,8].
Depending on the co- and counterrotating of the extreme
ultraviolet (XUV) pump and the infrared (IR) probe pulses,
the atoms exhibited a different set of RABBITT magnitude
and phase parameters. This effect was attributed to the heli-
cal structure of the photoelectron wave packets in the final
state. While in the CR case, absorption of an IR photon
leads to the final state composed of two partial waves, the
CO configuration corresponds to the final state with just a
single partial wave. This disparity is responsible for the RAB-
BITT CD effect. The same single and dual wave disparity
creates a circular dichroic time delay in single XUV photon
ionization [5]. However, its observation requires a polarized
target atom while in RABBITT such a polarization is not
needed. The RABBITT process with linear polarization is
driven by interference of the two dual wave final states, and
their amplitudes and phases are entangled. Disparity of the
circular polarization RABBITT creates an opportunity to dis-
entangle the two interfering final states and to extract the
corresponding ionization amplitudes and phases individually.
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In the present work, we demonstrate such an extraction for
the helium atom and show that it does not require any further
approximations or additional assumptions. This way a com-
plete experiment can be performed in two-photon XUV + IR
ionization similarly to single XUV photon ionization [9,10].
In heavier noble gases like argon, the full characterization
of the two-photon ionization amplitudes can be made from
the circular dichroic phase using minimal and very realistic
assumptions.

In a RABBITT measurement [11,12], an ionizing XUV
attosecond pulse train (APT) is superimposed on an attenuated
and variably delayed replica of the driving IR pulse. The XUV
photon �± = (2q ± 1)ω is absorbed from the initial bound
state and then is augmented by an IR photon absorption +ω or
emission −ω leading to formation of the even order sideband
(SB) in the photoelectron spectrum. The center of the IR pulse
is shifted relative to the APT by a variable delay τ such that
the magnitude of a SB peak oscillates as

S2q(τ ) = A + B cos[2ωτ − C] . (1)

The RABBITT parameters A, B, and C entering Eq. (1) can
be expressed as

A =
∑

m

|M(−)
m (k)|2 + |M(+)∗

m (k)|2,

B = 2Re
∑

m

[M(−)
m (k)M(+)∗

m (k)],

C = arg
∑

m

[M(−)
m (k)M(+)∗

m (k)] ≡ 2ωτa . (2)

Here M(±)
m (k) are complex and angle-dependent ampli-

tudes of two-photon ionization produced by adding (+)
or subtracting (−) an IR photon, respectively. An inco-
herent summation over the angular momentum projection
of the initial state m is explicit in Eq. (2). The atomic
time delay τa quantifies the timing of the XUV ionization
process.
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The angular dependence of the amplitudes M±(k) can be
deduced from an analytic expression [13,14]:

M±
m (k) ∝

∑
λ=l±1

∑
L=λ±1

∑
|M|�L;μ|�λ

(−i)LeiηLYLM (k̂)

×
∑∫

d3κ
〈RkL|r|Rκλ〉〈Rκλ|r|Rln〉
Ei + �± − κ2/2 − iγ

×〈YLM |Y1m2 |Yλμ〉〈Yλμ|Y1m1 |Ylm〉. (3)

Here 〈nl|, 〈κλ| and 〈kL| are the initial, intermediate, and final
electron states defined by their linear and angular momenta.
The linear polarization (the LIN case) corresponds to m1 =
m2 = 0, whereas for the circular polarization m1 = 1 and
m2 = ±1 in the CO/CR cases, respectively.

For an s-electron target, l = m = 0 and λ = 1. The LIN
and CR cases correspond to M = 0 and L = {0, 2}, whereas
the CO case has M = 2 which excludes L = 0. By carrying
out the angular integration in Eq. (3) we can write

M±(k) =

⎧⎪⎨
⎪⎩

T ±
0 + 2P2(cos θ )T ±

2 LIN

−T ±
0 + P2(cos θ )T ±

2 CR

e2iφ sin2 θ T ±
2 CO,

(4)

where T ±
L absorbs the radial parts of Eq. (3). In the LIN case,

θ = 90◦ defines the photon propagation direction, whereas in
the CO/CR cases this direction corresponds to θ = 0/180◦.
That is why to compare the linear and circular cases, we
shift the CO/CR angular scale by 90◦. The polar angle φ in
Eq. (4) is immaterial because of the rotational symmetry of the
ionization process. For the same reason, the directions θ and
180◦ − θ are equivalent. So only half of the azimuthal angular
range needs to be analyzed.

Equation (4) defines the RABBITT phase for φ = 0:

CLIN = arg[T −
2 T +∗

2 ]

+ arg

[
2P2(cos θ ) + T −

0

T −
2

]

+ arg

[
2P2(cos θ ) +

(
T +

0

T +
2

)∗]

CCR/CO = arg[T −
2 T +∗

2 ] + arg

[
P2(cos θ ) − T +/−

0

T +/−
2

]
. (5)

We observe in Eq. (5) that the phases of the ± transition
amplitudes are entangled in the LIN case, whereas they
stand alone in the CR/CO cases. For further analysis, we
rewrite the ratio T ±

0 /T ±
2 = R± exp(±i��) and note that

R+ < 1 < R− by virtue of the Fano [15] propensity rule for
the continuous-continuous (CC) transitions [16]. We also use
the emission/absorption phase identity �� ≡ �−

L′ − �+
L ≈

�±
L′ − �±

L postulated in [17]. Based on this identity and
Eq. (5), �� = CCO(θm ) − CCR(θm ) where the “magic angle”
defines the node of the Legendre polynomial P2(θm) = 0.
With all these observations, we can conclude that the LIN
phase is sandwiched between the CO and CR ones:

CCR(θ ) < CLIN(θ ) < CCO(θ ) ∀θ. (6)

To prove that this relation is indeed satisfied, we conduct a
set of simulations by solving numerically the time-dependent

FIG. 1. Angular dependent RABBITT phase [C(θ ) parameter] in
SB16-20 of helium obtained with CO (red circles) and CR (green
squares) circular polarization as well as with linear (LIN) polariza-
tion (blue diamonds). The CO and CR fit with Eq. (5) is shown with
red and green solid lines, respectively. The experimental linear phase
for SB18 is from [20] and CO/CR phases are from [8].

Schrödinger equation which describes the helium atom driven
by the RABBITT configuration of pulses. Numerical details
of these simulations can be found in our recent works [18,19].
Most essentially, the IR carrier wavelength is set in the 800 nm
range, and the XUV and IR field intensities are kept within the
1 × 1010 W/cm2 range. The latter condition keeps the ioniza-
tion process within the dipole boundaries of the lowest order
perturbation theory (LOPT) which is used to derive Eq. (3).

The results of the TDSE calculations on He are exhibited
in Fig. 1 for the lowest sidebands SB16-20. Our numerical re-
sults fully support Eq. (6) and are in good agreement with the
experimental LIN phase for SB18 reported in [20]. Another
important observation is that the boundaries of the CO/CR
phases that encompass the LIN phase become narrower as
the SB order grows. Simultaneously, the phase drop by ∼π

becomes steeper. The latter observation for the LIN phase has
already been made and attributed to the convergence R± → 1
[17,21,22].

While the two ratios R± enter the LIN phase in Eq. (5),
the CO/CR phases contain them separately. Hence, we can
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FIG. 2. Top: ratios R± = |T ±
0 /T ±

2 | as extracted from the fit of
Eq. (5) to RABBITT phases of helium C(θ ) calculated in TDSE and
shown in Fig. 1. Comparison is made with a hydrogenic model em-
ployed in [17]. Bottom: the phase differences ��± = arg[T ±

0 /T ±
2 ]

as extracted from the same fit as well as the magic angle difference
��(θm ). The experimental values are from [8].

fit our numerical CO/CR phases with the analytic expres-
sion (5) and obtain the corresponding ratios R± and phase
differences ��±. Results of this procedure are exhibited
in Fig. 2. The top panel shows the ratios R± = |T ±

0 /T ±
2 |,

whereas the bottom panel displays the phase differences
��± = arg[T ±

0 /T ±
2 ]. Thus extracted ratios R± are compared

with the values returned by a hydrogenic model deployed in
[17]. As expected R± → 1 and ��± → 0 as the photoelec-
tron energy grows. The emmisson/absorption phase identity
as well as the phase determination at the magic angle are
well supported by our numerical results. With our ratio de-
termination, we can estimate an excess of the CO RABBITT
magnitude over the CR one by the value of +10% for SB32
and +7% for SB34 which is very similar to [7] and contrary to
[23]. The latter work claims the CR excess over the CO one.

The hydrogenic model exploited in [13,17] looses its va-
lidity close to threshold at very low photoelectron energies.
In the present case, this model clearly fails for SB14 in He.
This sideband is formed by an IR photon absorption via an
intermediate discrete bound state. Such an under-threshold
(or uRABBITT) process has been studied extensively in He
[24–27] and in heavier noble gases—Ne [28–30] and Ar [18].
In helium, the discrete phase �+ oscillates with the IR photon
energy ω when the submerged harmonic peak H15 passes
through the discrete 1s3p level. As an illustration of this oscil-
lation, we compare in Fig. 2 the two sets of TDSE calculations
performed at the central IR frequency of 1.55 eV and 1.57 eV.
Such a minuscule photon energy variation causes a significant

change of the ratio and the phase difference for SB16 while
these parameters for other sidebands remain barely changed.

In p-electron targets, the parametrization of the two-photon
amplitudes depends on the orbital momentum projection m. In
the CO case, these m-specific amplitudes take the form

M−
m=0 ∝ cos θ [−T −

1 + P̄3(cos θ ) T −
3 ],

M+
m=0 ∝ e2iφ sin2 θ cos θ T +

3 ,

M−
m=+1 ∝ sin θ

[ − 6T −
1 + P̄1

3 (cos θ ) T −
3

]
, (7)

M+
m=+1 ∝ e3iφ sin3 θ T +

3 ,

M±
m=−1 ∝ ∓ sin θ

[ − T ±
1 + P̄1

3 (cos θ ) T ±
3

]
.

The CR amplitudes can be obtained by permutation of the
emission/absorption +/− superscripts. In Eq. (7) we intro-
duce P̄3(cos θ ) = P3/P1 = (5 cos2 θ − 3)/2 and P̄1

3 (cos θ ) =
P1

3 /P1
1 = 3(5 cos2 θ − 1)/2.

Equation (7) defines the RABBITT phases for φ = 0:

CCR/CO
m=0 = arg[T −

3 T +∗
3 ] + arg

[
P̄3(cos θ ) − T ±

1

T ±
3

]
,

CCR/CO
m=+1 = arg[T −

3 T +∗
3 ] + arg

[
1

6
P̄1

3 (cos θ ) − T ±
1

T ±
3

]
,

CCR/CO
m=−1 = arg[T −

3 T +∗
3 ] + arg

[
P̄1

3 (cos θ ) − T −
1

T −
3

]

+ arg

[
P̄1

3 (cos θ ) −
(

T +
1

T +
3

)∗]
. (8)

Equation (8) offers a convenient parametrization of the RAB-
BITT phases in terms of the ratios R± = |T ±

1 /T ±
3 | and

the phase differences ��± = arg[T ±
1 /T ±

3 ]. We demonstrate
the utility of this parametrization in Fig. 3 where we plot the
RABBITT phases for the lowest SB12 in argon. The top and
middle panels of this figure display the CO and CR phases,
respectively, for m-resolved and m-summed cases. The ratios
R± and phase differences ��± are used as fitting parameters
to fit the corresponding CO/CR phases. These parameters are
displayed in Fig. 4. Two separate fits of m = 0 and m = +1
produce the two sets of parameters which should, in principle,
be identical. Their actual difference serves as an accuracy
indication of the fitting procedure. We note that, similarly
to helium, R+ < 1 < R−. The only exception is R+

m=0 which
exceeds unity for highest SB26-28. If this result is not acci-
dental, it may signal a break up of the Fano propensity rule due
to the proximity to the Cooper minimum where the discrete
transition 3p → Es gradually takes over the 3p → Ed .

While the individual m parametrization is very accurate
and the acquired sets of the ratios and phase differences are
sufficiently close between the m = 0 and m = +1 projections,
such a parametrization is not practical experimentally. Indeed,
a RABBITT measurement on an unpolarized target atom
corresponds to the incoherent m summation. To deduce the
two-photon ionization amplitude from such a measurement
we analyze the CD exhibited in the bottom panel of Fig. 3. Be-
cause of the CR/CO phase identity of the m = −1 amplitude,
its contribution vanishes from the CD. In addition, the m = 0
amplitude makes no contribution in the polarization plane.
Thus, close to θ = 90◦, it is the m = +1 amplitude that brings
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FIG. 3. Angular dependent RABBITT phase [C(θ ) parameter] in
SB12 of argon obtained with CO (top panel) and CR (middle panel)
circular polarization. The TDSE calculations with the sum over all m
projections are shown with red dots, whereas m specific calculations
are displayed with green circles (m = 0), blue asterisks (m = 1),
and black squares (m = −1). The CO calculation with m = −1 is
overplotted in the middle panel with black triangles to demonstrate
that CCR

m=−1 � CCO
m=−1. The parametrization with Eq. (5) for m = 0 and

m = +1 is shown with the solid lines of the matching color. Bottom:
the CD = CCO − CCR for SB12-18. The dotted symbols and the solid
lines of matching color correspond to all m and m = +1 calculations,
respectively. The experimental CD values for SB12 are from [7].

the dominant contribution. This is illustrated in the bottom
panel of Fig. 3 where the CD calculated from the m = +1
amplitudes and the incoherent m summation are exhibited. By
using the proximity of the two sets of results near θ = 90◦, we
apply the m = +1 parametrization to the m-summed CD re-
sults over a restricted angular range. Because the CD contains
both the absorption and emission ± amplitudes, the number of
the fitting parameters should be doubled in comparison with
the separate CO and CR fits. Such an extended fit becomes
unstable and we need to impose additional restrictions on
the fitting parameters to improve its accuracy. To do so, we
require that R+ = 1/R− and ��+ = ��−. These restrictions
are well justified as is seen from the results of the separate
CO/CR fits for m = 0 and m = +1 projections. The results
of the restricted R and �� fit of the CD are overplotted in

FIG. 4. Top: the ratios R± = |T ±
1 /T ±

3 | as extracted from the fit of
Eq. (8) to RABBITT CO/CR phases with m = 0 and m = +1 as well
the fit of the m-summed CD. Comparison is made with a hydrogenic
model employed in [17]. Bottom: the analogous results for the phase
differences ��± = arg[T ±

1 /T ±
3 ].

Fig. 4 for the lowest SB12-18 and are found in fair agreement
with the other four CR/CO and m = 0,+1 sets of parameters.

Similar to the helium results exhibited in Fig. 2, the hy-
drogenic approximation to the amplitude ratios is more or
less accurate for sufficiently large photoelectron energies.
However, close to the threshold, the deviation between the
absorption and emission ± ratios becomes significantly larger
than predicted by the hydrogenic model.

In conclusion, we devised a procedure to extract the
complex two-photon ionization amplitudes from the circular
dichroic phase acquired in a RABBITT measurement with
circular polarized XUV and IR pulses. Such measurements
have been realized recently by Han et al. [7,8] and demon-
strated distinct sets of RABBITT parameters with the co and
counterrotating XUV/IR radiations. In the case of helium
and other s-electron targets, the proposed method rests solely
on the experimentally accessible dichroic phase and does
not require any further approximations or simplifications.
Moreover, as the amplitudes are extracted from the angular
dependent dichroic phase, the absolute value of the latter is
not needed. This is important experimentally as this absolute
value can be affected by the XUV harmonic group delay. In
the case of p-electron targets such as outer shells of heav-
ier noble gases, the amplitude extraction can be made fully
ab initio from the m-resolved dichroic phase. In this procedure
the proximity of the m = 0 and m = +1 results serves as a
useful check of the accuracy of the method. In experimental
measurements on unpolarized targets, the two-photon ampli-
tudes can be extracted from the angular dependent CD taken
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as the difference between RABBITT phases acquired with the
CO and CR circular polarizations. The CD determination of
the two-photon ionization amplitudes rests on the assumption
that the absorption/emission ratio and the phase difference are
about the same in the CR and CO cases. This assumption is
well justified by the m-specific tests of Ar.

In a broader context, our results offer an opportunity to
conduct a complete experiment on the two-photon XUV + IR
ionization whereupon the moduli and phases of all the rel-
evant ionization amplitudes are determined experimentally.
So far such experiments could only be conducted in single-
photon XUV ionization [9,10]. An alternative method based
on the global fitting of the time- and angle-resolved RABBIT
traces [28] allows to extract the two-photon amplitudes in

various m-projected ionization channels [7]. However, these
amplitudes are not independent and can be further reduced
to the most essential “building blocks” as demonstrated in
the present study. These blocks visualize very distinctly the
fundamental properties of two-photon ionization such as the
Fano propensity rule both for the discrete [15] and the contin-
uous transitions [16] as well as the emisson/absorption phase
identity [17]. The proposed method also tests the validity of
the hydrogenic model [13,17] which fails near the threshold
and in the vicinity of resonant excitations.

Resources of the National Computational Infrastructure
facility have been used in the present work.
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