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Element-wise and recursive solutions for the power spectral density of biological stochastic
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Stochasticity plays a central role in nearly every biological process, and the noise power spectral density (PSD)
is a critical tool for understanding variability and information processing in living systems. In steady state, many
such processes can be described by stochastic linear time-invariant (LTI) systems driven by Gaussian white noise,
whose PSD is a complex rational function of the frequency that can be concisely expressed in terms of their
Jacobian, dispersion, and diffusion matrices, fully defining the statistical properties of the system’s dynamics at
steady state. Here, we arrive at compact, element-wise solutions of the rational function coefficients for the auto-
and cross-spectrum that enable the explicit analytical computation of the PSD in dimensions n = 2, 3, 4. We
further present a recursive Leverrier-Faddeev-type algorithm for the exact computation of the rational function
coefficients. Crucially, both solutions are free of matrix inverses. We illustrate our element-wise and recursive
solutions by considering the stochastic dynamics of neural systems models, namely, FitzHugh-Nagumo (n = 2),
Hindmarsh-Rose (n = 3), Wilson-Cowan (n = 4), and the stabilized supralinear network (n = 22), as well as
an evolutionary game-theoretic model with mutations (n = 5, 31). We extend our approach to derive a recursive
method for calculating the coefficients in the power-series expansion of the integrated covariance matrix for
interacting spiking neurons modeled as Hawkes processes on arbitrary directed graphs.
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Unlike in an abstract painting by Mondrian [1], the world
is not made of perfect forms. Rather, we are surrounded by
imperfect, yet regular patterns emerging from the randomness
of microscopic processes that collectively give rise to statisti-
cally predictable phenomena. A point in case is the derivation
of the diffusion equation from the random (Brownian) motion
of microscopic particles [2,3]. This is but one example of the
many processes that can be recapitulated in terms of ordinary
differential equations driven by random processes, known as
stochastic differential equations (SDEs). For instance, the ef-
fect of thermal fluctuations on synaptic conductance (linked
to the stochastic opening of voltage-gated ion channels) and
on the voltage of an electrical circuit (Johnson’s noise), or
the fluctuations of a neuron’s membrane potential driven by
stochastic spike arrival, can all be modeled as SDEs. Alter-
natively, SDEs are commonly adopted to model processes
for which the exact dynamics are not known, and it is thus
appropriate to express the model in terms of random variables
encoding our uncertainty about the state of the system. Exam-
ples are the trajectory of an aircraft as modeled by navigation
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systems, or the evolution of stock prices subject to market
fluctuations [4].

Among stochastic models, linear time-invariant (LTI)
SDEs play a special role because (i) they are amenable to
analytical treatment and (ii) the linear response of many non-
linear systems (e.g., around a fixed point of the dynamics) can
be reduced to LTI SDEs. To make this point explicit, let us
consider a nonlinear autonomous dynamical system driven by
additive white noise with finite variance, namely,

dx = f (x)dt + LdW, (1)

where x ∈ Rn is the state vector, f : Rn → Rn is a nonlinear
drift function encoding the deterministic dynamics, L ∈ Rn×m

is the dispersion matrix defining how noise enters the system,
and dW ∈ Rm is a vector of mutually independent Gaus-
sian increments satisfying E[dWdW�] = Ddt , where D is
the diffusion matrix (or spectral density matrix) with entries
Di j = δi jσ

2
i , where δi j is the Kronecker delta [4].

We are interested in the power spectral density (PSD) of
the system’s response, x(t ), near a stable fixed point, x0, so
we proceed by linearizing the drift function about this point,
yielding the following LTI system:

dx = Jxdt + LdW, (2)

where we have redefined x(t ) ≡ x(t ) − x0 such that x(t0) =
0, and J = |df/dx|x0 ∈ Rn×n is the Jacobian evaluated at
the fixed point, that we take to be Hurwitz (real part of
all eigenvalues less than zero) to assure stability. The solu-
tion to this linear SDE is given by the stochastic integral
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x(t ) = ∫ t
−∞ eJ(t−s)LdW(s), which is a zero-mean stationary

process with covariance R(τ ).
The PSD of this stochastic process is known to be ex-

pressed in terms of the following matrix product (see [5] and
Supplemental Material [6]):

Sx(ω) = (ι̇ωI + J)−1 L D L�(−ι̇ωI + J)−�. (3)

For the sake of brevity, from now on we refer to Sx(ω) as
S (ω), whose i, jth entry is denoted S i j (ω). S (ω) is a product
of the spectral factors (the transfer function matrix) of the
dynamical system and can be expressed as a rational function
of the following form (see [7,8] and Appendix A):

S (ω) = P(ω) + ι̇ωP′(ω)

Q(ω)

=
∑n−1

α=0 Pαω2α + ι̇ω
∑n−2

α=0 P′
αω2α∑n

α=0 qαω2α

, (4)

and the corresponding PSD matrix elements are of the form

S i j (ω) = Pi j (ω) + ι̇δi jωPi j′(ω)

Q(ω)
, (5)

where Pi j (ω) = ∑n−1
α=0 pi j

α ω2α , Pi j′(ω) = ∑n−2
α=0 pi j′

α ω2α , and
Q(ω) = ∑n

α=0 qαω2α are even-powered polynomials with real
coefficients (pi j

α , pi j′
α , and qα).

In this work we derive closed-form expressions for the
individual coefficients of the rational function of a given ele-
ment of S (ω), i.e., S i j (ω). In Sec. II we provide the formulas
for the autospectrum of two-, three-, and four-dimensional
(2D, 3D, 4D) systems expressed in terms of elementary trace
operations applied to the submatrices of J. The element-
wise solutions for the auto- and cross-spectrum of a generic
n-dimensional system are presented in the Supplemental
Material [6], and they can be obtained directly in symbolic
form through our software (see Sec. V).

In Sec. III we derive a recursive algorithm (Theorem 1) to
calculate the coefficient matrices Pα and P′

α and the coeffi-
cients of the denominator, qα . We follow an approach similar
to the one adopted by Hou [9] to derive the Leverrier-Faddeev
(LF) method, which is a recursive approach to find the char-
acteristic polynomial of a matrix in O(n4) operations, where
n is the dimensionality of the system [10,11]. Note that unlike
Eq. (3), our solutions are free of matrix inverses, which is nu-
merically advantageous when the system is ill conditioned. To
demonstrate the wide applicability of the recursive algorithm,
we derive a recursive solution for the rational function of an
auxiliary spectral matrix, Appendix B. Using this solution we
develop a recursive method (Theorem 2) to find the power-
series expansion of the integrated covariance matrix of the
Hawkes process [12] with arbitrary connectivity (Sec. IV).

In Sec. IV we apply our solutions to several stochastic
nonlinear models from neuroscience and evolutionary biol-
ogy, providing model-specific solutions for the auto-spectrum
when appropriate. In practice, readers seeking analytical ex-
pressions for the auto-spectrum of specific models (e.g.,
FitzHugh-Nagumo [13–15], or Hindmarsh-Rose [16]) can re-
fer directly to Secs. I and IV.

I. PRELIMINARY EXAMPLES

Before presenting the general solutions, it is instructive to
review concrete one- and two-dimensional cases that are com-
monly encountered in the literature, for which we can derive
the coefficients analytically with little effort, without resorting
to our sophisticated solutions. To this end, let us consider the
simplest and most common case: the auto-spectrum of an LTI
system with mutually independent additive noise (i.e., L = I).
For the d = 1 case, also known as the Ornstein-Uhlenbeck
process, we have

dx = −τ−1
r xdt + dW (6)

with dW 2 = σ 2dt . It can be seen from Eq. (3) that

S (ω) = σ 2

τ−2
r + ω2

, (7)

so that the coefficients in Eq. (5) are p11
0 = σ 2, q0 = τ−2

r , and
q1 = 1 [17].

A slightly more sophisticated example is the stochas-
tic FitzHugh-Nagumo model [13–15], which amounts to a
simplification of the Hodgkin-Huxley equations for action po-
tential generation [18]. We simulate the dynamical evolution
of a neuron’s membrane potential in response to an input
current by the following set of SDEs:

dv

dt
=

(
v − v3

3
− w + I

)
+ h1(v)η1

dw

dt
= ε(v + α − βw) + h2(w)η2. (8)

Here, v represents the difference between the membrane
potential and the resting potential, w is the variable associated
with the recovery of the ion channels after the generation of
an action potential, and I is the external current input. The
parameters α and β are related to the activation threshold
of the fast sodium channel and the inactivation threshold of
the slow potassium channels, respectively. ε � 1 sets the
timescale for the evolution of the activity, making the dy-
namics of v much faster than those of w. In the subthreshold
regime, the fixed point, (ve,we), can be found analytically as
a function of the parameters of the model and the input current
(details in Supplemental Material [6]). The stochasticity in
v and w is represented by two uncorrelated Gaussian white
noise sources, η1 and η2, with a standard deviation of 1. We
consider the case of multiplicative noise which is realized by
setting h1(v) and h2(w) proportional to the respective function
variables. Specifically, we set h1(v) = 0 and h2(w) = σw. We
choose the variance of the noise small enough that we are
always in the vicinity of the fixed point. Then, upon lineariz-
ing Eq. (8) around the fixed point, (ve,we), we arrive at the
following LTI SDEs:[

v̇

ẇ

]
=

[
1 − v2

e −1
ε −βε

][
v − ve

w − we

]
+ σ

[
0 0
0 we

][
η1

η2

]
. (9)

Plugging the Jacobian and noise matrices into Eq. (3), we
obtain the PSD of the membrane potential, v, as

Sv (ω) = w2
eσ

2
/[[

ε + (
v2

e − 1
)
βε

]2

+ [(
v2

e − 1
)2 − 2ε + β2ε2

]
ω2 + ω4

]
, (10)
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FIG. 1. Power spectral density of the membrane potential for
the FitzHugh-Nagumo model. A comparison of the PSD of the
membrane potential (v) calculated via simulation and the analytical
rational function solution. The parameters used to simulate the sys-
tem are I = 0.265, α = 0.7, β = 0.75, and ε = 0.08, which yields
a fixed-point solution ve = −1.001 25, we = −0.401 665. Here, we
plot the auto-spectrum for the case of multiplicative noise, i.e.,
h1(v) = 0 and h2(w) = σw, where σ = 0.001.

so that in Eq. (5) we have p11
0 = w2

eσ
2, p11

1 = 0, q0 = [ε +
(v2

e − 1)βε]2, q1 = [(v2
e − 1)2 − 2ε + β2ε2], and q2 = 1. We

verify the accuracy of this solution, Eq. (10), by compar-
ison with the PSD obtained numerically by simulating the
nonlinear model, Eq. (8), with multiplicative noise, and find
excellent agreement as shown in Fig. 1.

This laborious approach works well for systems with
dimensions n = 1, 2, but it becomes infeasible in higher
dimensions. This is due to the multiplication of inverses
of two matrices with complex entries, (ι̇ωI + J)−1 and
(−ι̇ωI + J)−�.

II. ELEMENT-WISE SOLUTION

We now introduce element-wise solutions for the auto-
spectrum of two-, three-, and four-dimensional systems. The
general n-dimensional solutions for both auto- and cross-
spectrum can be found in the Supplemental Material [6]
alongside their derivations and can be conveniently obtained
in symbolic form for any dynamical system through our
software (see Sec. V). This method relies on expressing the
rational function expression of Eq. (3) in terms of elementary
matrix operations on submatrices of the Jacobian, J. Although
this approach requires roughly O(n4 log n) (Supplemental Ma-
terial [6], Fig. S2), operations for each element of the PSD
matrix, i.e., O(n6 log n) total, it is particularly valuable to
arrive at analytical closed-form solutions for the auto- or
cross-spectra of specific dynamical variables, yielding greater
insight into the dependence of the power spectral density on
the model’s functional form and its parameters. For simplicity,
we consider the auto-spectrum of an LTI system driven by
uncorrelated white noise (see Supplemental Material [6] for
the most general case of correlated noise and/or the cross-
spectrum).

We start by noting that the denominator in Eq. (5) is
independent of the type of noise driving the system, and it
can be written as an even-powered expansion in ω with real
coefficients. Similarly, the numerator of the auto-spectrum
is an even-powered expansion in ω with real coefficients,
but they depend directly on how the noise is added via the
dispersion matrix, L, whose elements we denote li j . For the
particular case of independent noise, i.e., li j = 0 for i 	= j, the
coefficient of ω2α in the numerator of the rational function for
the ith variable takes the simplified form

pii
α = σ 2

i l2
i dα (Oii ) +

n∑
j=1
j 	=i

σ 2
j l2

j f α (O ji, emin(i, j) ), (11)

where dα (Oii ) and f α (O ji ) are functions of the Jacobian sub-
matrices, Oi j , defined according to the algorithm in Fig. 2.
The functions themselves can be expressed in terms of Bell
polynomials [19] and are defined in the Supplemental Mate-
rial [6] (Sec. 5). eβ ∈ {0, 1}n−1×1 is the standard unit vector
equal to 1 at index β = min(i, j) and 0 everywhere else.
σ 2

i ≡ σ 2
ii is the ith diagonal entry of the noise matrix D, and,

since L is diagonal, we also use the notation li ≡ lii.
Here, we only provide the solution for the auto-spectrum of

the first variable, i.e., i = 1. This solution can be generalized
for any variable i 	= 1, as shown in the Supplemental Material
[6]. Alternatively, one can simply interchange the rows and
columns of the LTI system so that the variable of interest
appears at index i = 1 and directly use the solution reported
in this section.

Since the coefficients of the denominator are the same for
all dimensions, n, we define them first,

qn−4 = 1

24
[Tr4(J2) − 6Tr2(J2)Tr(J4)

+ 8Tr(J2)Tr(J6) + 3Tr2(J4) − 6Tr(J8)]

qn−3 = Tr3(J2) − 3Tr(J2)Tr(J4) + 2Tr(J6)

6

qn−2 = Tr2(J2) − Tr(J4)

2

qn−1 = Tr(J2)

qn = 1. (12)

Note that for each n we will only need to consider the coeffi-
cients qα with α � 0.

A. 2D solution

For a 2D system, we can write the auto-spectrum of the
first variable as

S11(ω) = p0 + p1ω
2

q0 + q1ω2 + q2ω4
, (13)

where the coefficients of the numerator are given by the equa-
tions

p0 = l2
1 σ 2

1 Tr
(
O2

11

) + l2
2 σ 2

2 Tr
(
O2

21

)
,

p1 = l2
1 σ 2

1 . (14)

Here, the matrices O11 = [a22] and O21 = [a12] are found
from the 2D Jacobian using the algorithm summarized in
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FIG. 2. Definitions of Oi j matrices. We show the algorithm to generate the Oi j matrices with examples for the 2D, 3D, and 4D systems. To
find Oi j , we have to first find the excluded matrix by removing the ith row and jth column (denoted by green lines) from the Jacobian matrix
and then perform the row/column change operations, denoted by orange arrows.

Fig. 2 (n.b., we denote ai j the i, jth entry of the Jacobian).
The coefficients of the denominator are given by the last three
entries of Eq. (12).

B. 3D solution

For a 3D system, the auto-spectrum of the first variable
takes the form

S11(ω) = p0 + p1ω
2 + p2ω

4

q0 + q1ω2 + q2ω4 + q3ω6
, (15)

where the coefficients of the numerator are given by the equa-
tions

p0 = 1

2

[
l2
1 σ 2

1

(
Tr2(O2

11

) − Tr
(
O4

11

)) +
3∑

j=2

l2
j σ

2
j

(
Tr2(O′

j1
2)

− Tr
(
O′

j1
4) + Tr2

(
O2

j1

) − Tr
(
O4

j1

))]

p1 = l2
1 σ 2

1 Tr
(
O2

11

) +
3∑

j=2

l2
j σ

2
j

(−2Tr(O′
j1)Tr(O j1)

+ Tr
(
O′

j1
2) + Tr2(O j1)

)
p2 = l2

1 σ 2
1 . (16)

Here, the matrices O11, O21, and O31 are found from the 3D
Jacobian matrix using the algorithm summarized in Fig. 2.
Furthermore, the matrices O′

i j are found by excluding the kth

row and column from the corresponding Oi j matrix, where
k = min(i, j). Since we are interested in the spectrum of the
first variable ( j = 1), k = min(i, 1) = 1. Thus, O′

21 and O′
31

are found by removing the first row and column from the
matrices O21 and O31, respectively. The coefficients of the
denominator are given by the last four entries of Eq. (12).

If the variance of the noise is the same for all the variables,
i.e., l2

1 σ 2
1 = l2

2 σ 2
2 = l2

3 σ 2
3 = σ 2, we can further simplify the

coefficients of the numerator, which become

p0 = σ 2det(A�A)

p1 = σ 2Tr
(
A�

1 A1 + A2
2

)
p2 = σ 2, (17)

where A ∈ R3×2 is the submatrix of J obtained by removing
its first column. Then, A1 ∈ R1×2 is the submatrix obtained
by isolating the first row of A, and A2 ∈ R2×2 is the submatrix
obtained by removing the first row of A.

C. 4D solution

For a 4D system, the auto-spectrum of the first variable
becomes

S11(ω) = p0 + p1ω
2 + p2ω

4 + p3ω
6

q0 + q1ω2 + q2ω4 + q3ω6 + q4ω8
, (18)

where the coefficients of the numerator are given by Eq. (19).
Here, the matrices O11, O21, O31, and O41 are found from the
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4D Jacobian matrix using the algorithm summarized in Fig. 2. Using an argument similar to the 3D case, O′
21, O′

31,
and O′

41 can be found by removing the first row and column from the matrices O21, O31, and O41, respectively. The
coefficients of the denominator are given by Eq. (12):

p0 = 1

6

[
l2
1 σ 2

1

(
Tr3

(
O2

11

) − 3Tr
(
O2

11

)
Tr

(
O4

11

) + 2Tr
(
O6

11

)) +
4∑

j=2

l2
j σ

2
j

(
Tr3

(
O′

j1
2) − 3Tr

(
O′

j1
2)Tr

(
O′

j1
4)

+ 2Tr
(
O′

j1
6) + Tr3

(
O2

j1

) − 3Tr
(
O2

j1

)
Tr

(
O4

j1

) + 2Tr
(
O6

j1

))]
,

p1 = 1

6

[
3l2

1 σ 2
1

(
Tr2(O2

11

) − Tr
(
O4

11

)) +
4∑

j=2

l2
j σ

2
j

( − 3
(
Tr2(O′

j1

) − Tr
(
O′

j1
2))(Tr2(O j1) − Tr

(
O2

j1

)) + 3Tr2(O′
j1

2)

+ 2Tr
(
O′

j1

)(
Tr3(O j1) − 3Tr(O j1)Tr

(
O2

j1

) + 2Tr
(
O3

j1

)) − 3Tr
(
O′

j1
4) + 3Tr2

(
O2

j1

) − 3Tr
(
O4

j1

))]
,

p2 = l2
1 σ 2

1 Tr
(
O2

11

) +
4∑

j=2

l2
j σ

2
j

(
Tr2

(
O′

j1

) + Tr2(O j1) − 2Tr
(
O′

j1

)
Tr(O j1)

)
,

p3 = l2
1 σ 2

1 . (19)

III. RECURSIVE SOLUTIONS

We derive an alternative approach to computing the poly-
nomial coefficients of the auto- and cross-spectrum based on a
recursive algorithm. By this method we can obtain coefficients
for all entries of the power spectral matrix simultaneously in
O(n4) operations (Supplemental Material, Fig. S1). To make
our solution compact, we denote the noise covariance matrix
C ≡ L D L�. We specify the algorithm in the following the-
orem and provide a proof in Supplemental Material [6]. Note
that the algorithm can alternatively be derived by leveraging
the Barnett-Leverrier recursive formula [20].

Theorem 1. The noise power spectral density matrix of an
LTI system is a complex-valued rational function of the form

S (ω) = (ι̇ωI + J)−1 C (−ι̇ωI + J)−�

=
∑n−1

α=0 Pαω2α + ι̇ω
∑n−2

α=0 P′
αω2α∑n

α=0 qαω2α
.

The numerator’s matrix coefficients are given by the recursive
equations,

P′
α−1 = JPα − PαJ� − JP′

αJ�,

Pα−1 = qαC + P′
α−1J� − JP′

α−1 − JPαJ�, (20)

for α ∈ {1, . . . , n}, starting from α = n with Pn = P′
n = 0.

The scalar coefficients of the denominator can be recursively
calculated using

qα = 1

n − α
[Tr(JQ′

α−1) + Tr(JQαJ�)], (21)

if α < n, and qn = 1. The coefficients Q′
α−1 and Qα are given

in turn by the recursive equations,

Q′
α−1 = JQα − QαJ� − JQ′

αJ�,

Qα−1 = qαI + Q′
α−1J� − JQ′

α−1 − JQαJ�, (22)

for α ∈ {0, 1, . . . , n}, starting from α = n with Qn = Q′
n = 0

and Q−1 = Q′
−1 = 0.

Note that Eq. (22) is the same as Eq. (20) for C = I, and
that the P′

α (Q′
α) matrices are antisymmetric, whereas the Pα

(Qα) matrices are symmetric.
The approach used to derive the recursive solution for

S (ω) is broadly applicable to matrices of similar forms. In
Appendix B we provide an example of one such recursive
algorithm for the similarly defined matrix,

T (ω) = (ωI − G)−1 Y (ωI − G�)−1. (23)

We use this result to prove the following Theorem (proof in
Supplemental Material [6]):

Theorem 2. Let G be a convergent matrix, i.e., with a spec-
tral radius less than 1, Y be a positive definite matrix, and R
be a matrix with the following series expansion:

R = (I − G)−1Y(I − G�)−1

=
∞∑

m=0

∑
j+k=m

j�0, k�0

G j Y (G�)k . (24)

Sm := ∑
j+k=m

j�0, k�0
G j Y (G�)k can be found by the following

recursive algorithm:

tm = 2

m
[Tr(Y−1GUm−2G�) − Tr(Y−1GUm−1)]

Um = tmY + GUm−1 + Um−1G� − GUm−2G�

Sm = Um −
m−1∑
k=0

tm−k Sk, (25)

starting with m = 0 until m = 2n and the initial values t0 = 1
and U−2 = U−1 = 0.

We will use this result in Sec. IV E to recursively find the
terms of various orders in the power-series expansion of the
integrated covariance matrix of a network of spiking neurons
modeled by Hawkes processes [12].
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IV. APPLICATIONS

We now apply the rational function solutions of Secs. II and
III to compute the power spectra of a range of nonlinear mod-
els exhibiting fixed-point solutions and, where appropriate, we
provide analytical closed-form expressions. We consider four
models: (i) The stochastic Hindmarsh-Rose model simulating
the subthreshold activity of a neuron subject to an input cur-
rent [16,21]; (ii) a 4D Wilson-Cowan model simulating the
activity of excitatory and inhibitory neuronal populations in
the cortex [22,23]; (iii) the stochastic stabilized supralinear
network (SSN) model [24,25], which is a neural circuit model
for the sensory cortex approximating divisive normalization
[26,27]; (iv) an evolutionary game-theoretic model which in-
volves a population of agents playing a generalized version of
the rock-paper-scissors game in n dimensions [28]. Addition-
ally, we apply the recursive solution described in Theorem 2 to
analyze the correlation structure of a network of spiking neu-
rons, in random and ring networks, modeled by the Hawkes
process [12].

A. Hindmarsh-Rose

Hindmarsh-Rose [16,21] is a phenomenological 3D neuron
model that can be considered a simplification of the Hodgkin-
Huxley equations [18] or a generalization of the FitzHugh-
Nagumo model [13,15]. We consider a stochastic version of
the model based on the implementation by Storace et al. [21].
The system of SDEs defining the model is given by

dx

dt
= y − x3 + bx2 + I − z + ση1

dy

dt
= 1 − 5x2 − y

dz

dt
= μ(s(x − xrest ) − z). (26)

Here, x represents the membrane potential of the neuron, y
is a recovery variable, and z is a slow adaptation variable. I
represents the synaptic current input to the neuron; μ � 1
controls the relative timescales between the fast subsystem
(x, y) and the slow z variable; xrest is the resting state of
the membrane potential of the neuron; s governs adaptation;
and b controls the transition of the activity to different dy-
namical states (quiescent, spiking, regular bursting, irregular
bursting, and so on) [21]. We add Gaussian white noise,
ση1, with standard deviation σ , to the membrane potential
and choose the model parameters so that the system is in a
quiescent (subthreshold) state with a single stable equilibrium,
namely, I = 5.5, b = 0.5, μ = 0.01, xrest = −1.6, s = 4, and
σ = 0.001 [29].

Since the system is in a quiescent state, it exhibits a single
fixed-point solution. Assuming that the deterministic steady
state is given by the triplet (xe, ye, ze), we can linearize the
system about the fixed point and write Eq. (26) as the LTI
system:⎡

⎣ẋ
ẏ
ż

⎤
⎦ =

⎡
⎣2bxe − 3x2

e 1 −1
−10xe −1 0

μs 0 −μ

⎤
⎦

⎡
⎣x − xe

y − ye

z − ze

⎤
⎦ +

⎡
⎣ση1

0
0

⎤
⎦.

(27)

FIG. 3. Power spectrum of the Hindmarsh-Rose model. The
power spectral density of the membrane potential x is calculated
via simulation and our analytical (element-wise) solution. We use
the following parameters to simulate the model: I = 5.5, b = 0.5,
μ = 0.01, xrest = −1.6, and s = 4. We consider the case of additive
Gaussian white noise with standard deviation σ = 0.001.

To show how our element-wise solution leads to a closed-
form expression for the power spectrum of the membrane
potential, we use the general analytical solution for a 3D
system given by Eq. (15):

Sx(ω) = Z (ω)

Q(ω)
= p0 + p1ω

2 + p2ω
4

q0 + q1ω2 + q2ω4 + q3ω6
.

From the application of Eq. (12), we obtain the coefficients of
the denominator, Q(ω), as

q0 = μ2(xe(3xe − 2b + 10) + s)2

q1 = μ2((xe(3xe − 2b) + s)2 − 20xe + 1)

+ x2
e (3xe − 2b + 10)2 − 2μs + 20μsxe

q2 = xe(xe(3xe − 2b)2 − 20) + μ2 − 2μs + 1

q3 = 1. (28)

Similarly, the coefficients of the numerator, Z (ω), can be
found from Eq. (16): using the fact that σ1 = σ2 = σ3 = σ ,
l1 = 1, and l2 = l3 = 0, we obtain

p0 = 1
2σ 2

(
Tr2

(
O2

11

) − Tr
(
O4

11

))
p1 = σ 2Tr

(
O2

11

)
p2 = σ 2. (29)

Now, plugging O11 given by

O11 =
[−1 0

0 −μ

]
(30)

into the equation above yields the polynomial expansion of
the numerator as

Z (ω) = μ2σ 2 + (μ2 + 1)σ 2ω2 + σ 2ω4. (31)

We simulate the 3D system and verify that the simulated
spectrum matches with the analytical element-wise solution
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FIG. 4. Wilson-Cowan 4D model. The mean-field circuit con-
sists of four variables modeling excitatory activity (solid red),
inhibitory activity (solid blue), excitatory synaptic activity (hollow
red), and inhibitory synaptic activity (hollow blue). The solid and
dashed arrows indicate excitatory and inhibitory connections, respec-
tively. wij, with i, j ∈ {E, I}, represents the weight associated with
the connections from j to i.

we just derived, shown in Fig. 3. Furthermore, we calculate
and plot the power spectral density for the membrane potential
x, and the absolute cross-power spectral density and coher-
ence between the fast variables x and y, using Welchs method
[30] (simulation), the recursive and element-wise rational
function solutions, and the “matrix solution” given by Eq. (3)
(n.b., this relies on a numerical inverse). We confirm that all
the solutions match across the entire range of frequencies, see
Supplemental Material, Fig. S3.

B. Wilson-Cowan model

The Wilson-Cowan model is a rate-based model that
simulates the activity of excitatory (E) and inhibitory (I) pop-
ulations of neurons and has been shown to exhibit gamma
oscillations (30–120 Hz) for an appropriate choice of time
constants [22]. Specifically, we consider a stochastic four-
dimensional version of the model introduced by Keeley
et al. [23], which includes dynamical variables describing
the synaptic activation and the firing rate of the E and

I populations, see Fig. 4 for an illustration. The stochas-
tic dynamical system is defined by the following set of
equations:

τE
drE

dt
= −rE + f ((IE + wEEsE − wEIsI − θE)/κE) + σrη1

τI
drI

dt
= −rI + f ((II + wIEsE − wIIsI − θI )/κI ) + σrη2

τsE

dsE

dt
= −sE + γErE(1 − sE) + s0

E + σsη3

τsI

dsI

dt
= −sI + γIrI(1 − sI ) + s0

I + σsη4. (32)

These equations describe the activity of E and I neurons
at a population level, with rE and rI representing their firing
rates, and sE and sI representing the corresponding synaptic
activations. wαβ , where α and β ∈ {E, I} are the synaptic
weights, and f (x) = 1/(1 + e−x ) is a sigmoid nonlinearity.

The input to the sigmoid is a weighted sum of the synaptic
responses plus the external drives Iα , which are offset by
θα and scaled by κα . The synaptic activity (sα) for E and I
populations evolves with time and depends on the firing rate
of the corresponding population (rα), scaled by γα , as well
as on the corresponding background synaptic inputs s0

α . The
time constants controlling the rise/decay times are τα . The
variables evolve stochastically on account of the uncorrelated
Gaussian additive white noise, σηi, with standard deviations
σr and σs, added to the firing rates and the synaptic activity,
respectively.

We perform a simulation of the 4D system and generate
power spectral density plots for the firing rate of the E popu-
lation, rE, the absolute cross-power spectral density between
the firing rate of the E and I populations, and the coherence

Ki j = |Si j |2
|Sii||S j j | (33)

between the firing rates of the E and I populations us-
ing Welchs method [30] for simulation, the recursive and

FIG. 5. Spectral density (auto and cross) and coherence for the Wilson-Cowan model. We plot the power spectral density (left), the absolute
cross-power spectral density (middle), and the coherence (right) for a given stimulus, each calculated via simulation, the rational function
solutions (recursive and element-wise), and the matrix solution [Eq. (3)]. The PSD is calculated for the firing rate of the excitatory population.
The cross-PSD and coherence are calculated between the firing rates of the excitatory and inhibitory populations. We use the following
parameters for simulations and analytical calculations. Time constants: τE = 2 ms, τI = 8 ms, τsE = 10 ms, and τsI = 10 ms. Strength of the
weights: wEE = 5, wEI = 5, wIE = 3.5, and wII = 3. Offset of the input: θE = 0.4 and θI = 0.4. Scaling of the input: κE = 0.2 and κI = 0.02.
Scaling of the population synaptic activity: γE = 1 and γI = 2. External inputs to the system: IE = 1, II = 0.5, s0

E = 0.2, and s0
I = 0.05. We

consider additive Gaussian white noise with standard deviations σr = 0.001, and σs = 0.002.
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FIG. 6. SSN circuit. The circuit consists of 11 excitatory (red)
and 11 inhibitory neurons (blue) and receives a sinusoidal grating
input shown on the left. The arrows schematize the connections be-
tween the different neurons. E-E and I-E connections are excitatory
(solid arrows) fully connected, whereas E-I and I-I connections are
self-inhibitory (dashed arrows).

element-wise rational function solutions, and the matrix so-
lution [Eq. (3)]. Our results demonstrate that all the solutions
match across the entire range of frequencies, as confirmed in
Fig. 5.

C. Stabilized supralinear network (SSN)

The stabilized supralinear network (SSN) [24,25] is a
neural circuit model reproducing divisive normalization ap-
proximately [26,27] that has been used to simulate neuronal
activity in the sensory cortex [24,25,31–33]. We implement an
SSN for simulating the activity of the primary visual cortex
(V1) as described in [24]. We consider a one-dimensional
spatial input which is a sinusoidal grating of a fixed orien-
tation and a given contrast (n.b., the response of V1 neurons
is tuned to specific positions, orientations, size, etc., of the
visual stimulus [34]) and varies with Michelson contrast,

c = (Imax − Imin)/(Imax + Imin), where Imin,max are the mini-
mum and maximum luminance in the stimulus. The input
evaluated at a set of discrete points x is taken to be pro-
portional to the contrast, h(x) ∝ c, and decays with distance
from the origin (see Supplemental Material [6] for the precise
functional form). We operate in a regime where the circuit
exhibits a fixed-point solution with damped oscillations (for
parameters see Fig. 7 and Supplemental Material [6]).

The dynamical equations for the firing rates of the exci-
tatory neurons, rE(x), and the inhibitory neurons, rI(x), are
given by

τE
drE(x)

dt
= −rE(x) + rss

E (x) + σηE(x),

τI
drI(x)

dt
= −rI(x) + rss

I (x) + σηI(x), (34)

where τE and τI are the time constants of the excitatory and
inhibitory neurons, σηE(x) and σηI(x) are zero-mean uncor-
related Gaussian noise vectors with standard deviation σ , and
rss

E and rss
I are the steady-state responses of the excitatory and

inhibitory neurons, given by the equations

rss
E (x) = k([h(x) + WEErE(x) − WEIrI(x)]+)n,

rss
I (x) = k([h(x) + WIErE(x) − WIIrI(x)]+)n. (35)

Here, [z]+ = max(z, 0) denotes a ReLU activation. In the
SSN, the steady-state responses depend on a supralinear ac-
tivation (n = 2.2 and k = 0.01) of the input to the neurons,
which is a sum of the stimulus input and feedback from the
neurons in the population. The strength of the connections
between E-E (excitatory to excitatory) and I-E (inhibitory to
excitatory) neurons are encoded in the weight matrices WEE

and WIE, which decay like Gaussians as a function of distance
from the preferred stimulus. The E-I and I-I connections are
not fully connected but self-inhibitory, with diagonal weight
matrices WEI and WII, respectively.

We simulate a 22-dimensional system, see Fig. 6 for an
illustration. In Fig. 7 we show the power spectral density for

FIG. 7. Spectral density (auto and cross) and coherence for the SSN circuit. We plot the power spectral density (left), the absolute cross-
power spectral density (middle), and the coherence (right) for a given stimulus each calculated via simulation, the rational function solutions
(recursive and element-wise), and the matrix solution [Eq. (3)]. The PSD is calculated for the excitatory neuron with the highest preference
for the stimulus (i.e., exhibiting maximum firing rate). The cross-PSD and coherence are calculated between the two excitatory neurons
with the highest firing rates. We use the following parameters for simulating the model: contrast c = 50, stimulus length l = 9, �x = 3.0,
σRF = 0.125�x. Time constants of τE = 6 ms and τI = 4 ms. Supralinear activation parameters n = 2.2 and k = 0.01. See Supplemental
Material [6] for the parameters associated with the weight matrices. We add zero-mean Gaussian noise to the SDEs describing the activity of
the E and I neurons with standard deviation σ = 0.01.
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the excitatory neuron with the highest preference for the stim-
ulus (viz., that is maximally firing); the absolute cross-power
spectral density and the coherence between the two excita-
tory neurons with the highest firing rates, each using Welchs
method [30] (simulation); our recursive and element-wise ra-
tional function solutions; and the matrix solution [Eq. (3)]. We
confirm that all the solutions match across the entire range of
frequencies.

D. Rock-Paper-Scissors

The game of Rock-Paper-Scissors, where rock smashes
scissors, scissors cut paper, and paper wraps rock, has been
employed by evolutionary biologists to investigate the inter-
actions between competing populations of species, where one
species has an advantage over only one of its opponents. The
game dynamics that describe the evolution of the populations
following a particular strategy can be examined with the use
of evolutionary game theory [28]. We explore the evolution
of this dynamical system in accordance with a sociological
model [35,36], where each population, following a unique
strategy, seeks to minimize the difference between the average
payoff of the population and the individual payoff.

Mathematically, we can represent the system as follows:
Let x = [x1, x2, ..., xn] be the n-dimensional system com-
prising the fractional populations corresponding to different
strategies. The sociological model dictates that these frac-
tional populations evolve according to a metric given by
ẋi ∝ ( fxi − φ), where fxi is the individual payoff for choosing
a strategy corresponding to the population xi, and φ is the
average payoff of the population given by φ = ∑n

i=1 xi fxi . It
is important to note that the dynamical system is effectively
n − 1 dimensional due to the mass conservation equation∑n

i=1 xi = 1.
We consider a 31-dimensional (n = 31) version of the

Rock-Paper-Scissors game, consisting of 31 populations each
following a unique strategy, described by the pay-off matrix,
P. For an n-dimensional version of the game, the payoff ma-
trix (Pi j) can be summarized as

Pi j =
⎧⎨
⎩

(−1)i+ j+1 i > j
0 i = j
(−1)i+ j i < j.

(36)

Here, 1 indicates a win against the opponent, −1 indicates
a loss, and 0 indicates neither a win nor a loss (a draw).
Therefore, the individual payoff for a given strategy is given
in terms of P as fxi = ∑n

j=1 Pi jx j .
In addition to the populations evolving according to the

sociological strategy, we also consider the effects of global
mutations and fluctuations in population. For the global mu-
tations, we introduce a parameter μ such that each population
mutates into every other population with constant rate μ,
as illustrated in Fig. 8. This results in a stochastic dynami-
cal system where the deterministic part evolves according to
replicator-mutator dynamics [28,37]. Furthermore, we model
the noise as multiplicative Gaussian white noise, σxiηi, with
standard deviation σ small enough that the population stays
close to the fixed point. Thus, for the n-dimensional system,
we can represent the set of differential equations for all i � n

FIG. 8. 31-D Rock-Paper-Scissors model. Circles represent the
different strategies (n = 31) in the evolutionary game-theoretic
model. Shown in the figure are 5 of the 31 strategies: Rock (R), paper
(P), Scissors (S), Spock (Sp), and Lizard (L). We consider a model
with global mutations, i.e., each population associated with a strategy
mutates into every other population with the same rate μ. Depicted in
the figure are mutations to (dashed arrows) and from (solid arrows)
the Rock population.

as follows:

dxi

dt
= xi( fxi − φ) + μ

⎛
⎜⎜⎝−(n − 1)xi +

n∑
j=1
j 	=i

x j

⎞
⎟⎟⎠ + σxiηi.

(37)

To ensure that mass conservation is followed, we define the
system according to the replicator-mutator differential equa-
tion [Eq. (37)] for i � n − 1 and compute the nth population
from the constraint

∑n
i=1 xi = 1. Recall that the individual

payoff is fxi = ∑n
i=1 Pi jx j , and the average payoff of the pop-

ulation is φ = ∑n
i=1 xi fxi = 0. The dynamical system has a

fixed point at xss
i = 1/n for all i � n. Additionally, the ele-

ments of the Jacobian, Ji j , for the dynamical system evaluated
at the fixed point can be defined as a function of the mutation
rate parameter μ,

Ji j =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

{
0 j is even
(−1)i × 2/n j is odd

i > j

(−1)i/n − μn i = j{
(−1)i × 2/n j is even
0 j is odd

i < j.

(38)

We simulate a 31D system with a fixed mutation parameter,
μ = 0.0005, and the scaling factor of the noise, σ = 10−4,
that is the same for all the populations. In Fig. 9 (Fig. S4
for the five-dimensional, 5D, version) we show the power
spectral density for the Rock population (viz., the first strat-
egy), the absolute cross-power spectral density and the coher-
ence between the Rock and Paper populations (viz., the first
and second strategy), each using Welchs method [30] (simu-
lation), our recursive and element-wise rational function solu-
tions, and the matrix solution [Eq. (3)]. Our solutions match
across the entire range of frequencies, verifying their correct-
ness. See the Supplemental Material [6] for the analysis of a
5D Rock-Paper-Scissors-Lizard-Spock version of the game,
alongside the analytical solution for its auto-spectrum. For
this system it is possible to leverage the analytical coefficients
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FIG. 9. Spectral density (auto and cross) and coherence using different methods for a 31-dimensional Rock-Paper-Scissors type model.
We plot the power spectral density (left), the absolute cross-power spectral density (middle), and the coherence (right) for a fixed mutation
parameter (μ = 0.0005) each calculated via simulation, the rational function solutions, and the matrix solution. The PSD is calculated for the
Rock population. The cross-PSD and coherence are calculated between the Rock and Paper populations. We consider the case of multiplicative
noise, σx j , added to each population, with standard deviation σ = 10−4.

obtained by our rational function solution to derive analytical
approximations that isolate the different features of the model
(Fig. 10 and Supplemental Material [6]).

E. Hawkes model

Our final example shows how we can use Theorem 2 to find
the connectivity-dependent correlation structure of spiking
neurons connected in an arbitrary network. We consider the
Hawkes model [12] describing recurrently connected linearly
interacting spiking neurons, as in Ref. [38]. The network
consists of linearly interacting point processes with recurrent
connectivity given by the kernel matrix, G(t ). The firing rates
vector, y(t ), evolves according to the Hawkes process, given

FIG. 10. Rational function solution for the spectral density in
the Rock-Paper-Scissors-Lizard-Spock (n = 5) model. We plot the
full rational function for the power spectral density of the “paper”
population, and its analytical approximations isolating the low-
frequency peak, S22

small (ω) = (p0 + p1ω
2)/(q0 + q1ω

2 + q2ω
4) and

the high-frequency peak, S22
large(ω) = (p0 + p2ω

4 + p3ω
6)/(q0 +

q2ω
4 + q3ω

6 + q4ω
8).

by the following equation:

y(t ) = y0 +
∫ t

−∞
G(t − u)dN(u), (39)

where N(t ) is the vector of point processes and y0 is a biasing
vector encoding a constant external drive. Assuming a station-
ary state, the covariance matrix is defined by the following
self-consistent equation:

R(τ ) = G(τ )Y + (G ∗ R)(τ ), (40)

where Y is the diagonal matrix containing the entries of y0 on
its diagonal and ∗ denotes convolution. The spectral density
matrix of the Hawkes process is then given by [12]

S (ω) = (I − Ĝ(ω))−1 Y (I − Ĝ�(ω))−1, (41)

where Ĝ(ω) is the Fourier transform of G(τ ). Then, the inte-
grated covariance matrix R := ∫ ∞

−∞ R(τ )dτ = S (0) is given
by

R = (I − G)−1Y(I − G�)−1, (42)

where G := ∫ ∞
−∞ G(τ )dτ = Ĝ(0).

We consider the problem of how the connectivity pattern
influences the correlation structure in networks of spiking
neurons, as studied in [38–40]. In particular, when the spectral
radius of G is less than 1, we can expand the covariance matrix
as the following infinite sum:

R =
⎛
⎝ ∞∑

j=0

G j

⎞
⎠Y

( ∞∑
k=0

(G�)k

)

=
∞∑

j,k=0

G j Y(G�)k =
∞∑

m=0

Sm, (43)

where Sm := ∑
j+k=m

j�0, k�0
G j Y (G�)k accounts for the contribu-

tions of paths of order (length) m to the integrated covariance
matrix. Note that for the (a, b)th entry of G j Y(G�)k , G j

represents the sum over all paths towards a from driving nodes
c that are distance j from a, while (G�)k encodes the sum
over all paths towards b from nodes c that are distance k from
b. Then the total length of the paths between a and b through
driving nodes c is m = j + k [see Fig. 11(a) for an example].

043179-10



ELEMENT-WISE AND RECURSIVE SOLUTIONS FOR THE … PHYSICAL REVIEW RESEARCH 6, 043179 (2024)

(a)

(b)

FIG. 11. Population covariance of spiking neural networks.
(a) (Left) Directed graph representing the connectivity structure of
a spiking network model. (Right) Third-order paths contributing to
the (a = 1, b = 5) entry of S3 in the integrated covariance, Eq. (43).
c = 2, 3, 4 are the intermediary nodes in the graph. Colored arrows
represent the path between nodes a = 1 and b = 5 via (green) c = 2
and (red) c = 3 due to the term G Y(G�)2; (blue) via c = 4 due
to the term G2 Y(G�); (black) direct path between nodes a = 1
and b = 5 due to the term Y(G�)3. (b) Absolute average pairwise
population covariance, |cpop|, as a function of path length m, found
by calculating the mean of the matrix elements Sm in Eq. (43), for a
directed cycle graph (circles), and a directed random graph (squares).
The contributions Sm are computed by the recursive algorithm in
Theorem 2 and by a brute force approach. The Hawkes models are
defined by the following parameters: NE = 16 (#E neurons), NI = 4
(#I neurons), gE = 0.015, gI = −0.075. For the model on a random
graph, the probability of drawing a directed edge between any two
nodes (i, j) is 0.45.

Therefore, this quantity provides a way of quantifying how
graph connectivity influences correlations in a network of
spiking neurons modeled as a Hawkes process.

We demonstrate how the recursive algorithm in Theorem 2
allows us to compute Sm in O(n4) compared to O(n5) by
a brute force solution. We consider two different types of
networks, both described in detail in [38]. The first network
has neurons (both E and I) in a ring structure with only
connections between nearest neighbors allowed (i.e., in a
bidirectional directed cycle graph). The second is a randomly
connected network of E and I neurons (i.e., a random directed
graph). The total number of neurons is 20, with 16 E and
8 I neurons, each receiving a constant input of 10 Hz, i.e.,
y0 = 10 Hz. The kernels in matrix G(τ ) are exponentially
decaying with a time constant of 10 ms and an amplitude of
1.5 Hz/−7.5 Hz for E/I spikes. This corresponds to the entries
of the matrix G being 0.015 for E presynaptic neurons and

−0.075 for I presynaptic neurons. For the randomly connected
network, the oriented edge between neurons i and j is added
with a probability 0.45, chosen so that the total number of
connections for the ring model and the random model are
equal.

Figure 11 shows the absolute average pairwise population
covariance, |cpop|, as a function of path length m, found by
calculating the mean of the matrix elements of Sm, and con-
firms that the recursive solution (Theorem 2) matches the
brute force solution. Moreover, since |cpop| decays exponen-
tially as a function of the order m, we estimate the typical
order/path (correlation) length (ξ ) by assuming the relation
|cpop| ∝ e−m/ξ . Clearly, the network topology influences the
characteristic path length, so that ξring > ξrandom, despite both
networks having the same number of connections.

V. DISCUSSION

In this work we presented two approaches for computing
explicitly the rational function solution of the power spectral
density matrix for stochastic linear time-invariant systems
driven by Gaussian white noise. In one approach we derived
element-wise solutions (valid for arbitrary n-dimensional LTI
systems) for the rational function coefficients of any given
entry of the PSD matrix, computable in roughly O(n4 log n)
operations. Each coefficient is expressed in terms of Bell
polynomials [19] evaluated on submatrices of the Jacobian,
defined according to the algorithm summarized in Fig. 2. Our
element-wise solution is particularly useful to gain insights
into the dependence of the PSD on the model’s functional
form and its parameters, especially when the model is fairly
low dimensional. Therefore, we provide explicit solutions for
the auto-spectra of a general n = 2-, 3-, and 4-dimensional
system driven by uncorrelated Gaussian noise increments. A
similar, albeit longer, symbolic expression can be obtained for
any dimensional system and noise correlation structure via
our software package (or working through the general solu-
tion in the Supplemental Material [6]), see Sec. V. We also
showed that the polynomial matrix coefficients in the numera-
tor and the polynomial coefficients in the denominator can be
obtained recursively by means of a Faddeev-Leverrier–type
algorithm in O(n4) operations, see Theorem 1 [41]. Note that
since we perform our numerical calculations with arbitrary
precision our implementation scales O(n5), see Supplemental
Material [6]. Since the algorithm involves simple matrix mul-
tiplication and trace operations, it should be possible to further
optimize it to achieve better time complexity. Crucially, both
our solutions are free of matrix inverses, in addition to being
more revealing than the simpler matrix solution given by
Eq. (3).

Finally, we applied our approaches for the derivation of
analytical (i.e., closed form) PSD of stochastic nonlinear
dynamical models of neural systems, namely, FitzHugh-
Nagumo (n = 2), Hindmarsh-Rose (n = 3), Wilson-Cowan
(n = 4), and the stabilized supralinear network (n = 22), as
well as of an evolutionary game-theoretic model with muta-
tions (n = 5, 31).

To showcase the power of the recursive approach and its
broad applicability, we used it to find a recursive solution for
an auxiliary spectral matrix of similar form, Appendix B. This
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enabled us to derive a recursive algorithm (Theorem 2) for
the terms of varying order in an expansion of the integrated
covariance matrix for a network of linearly interacting spiking
neurons modeled by Hawkes processes. The recursive nature
of the solution not only leads to a faster algorithm [O(n4)
vs the O(n5) of the brute force approach] but also provides
deeper insights into the structure of the covariance matrix.

Since ω appears in different powers in both the numerator
and denominator of the rational function of the power spectral
density, we can neglect certain terms when they are small
within the relevant range of ω. For example, in Fig. 9 we
demonstrated how setting these small terms to zero in specific
frequency regimes, both small and large, enables us to isolate
the two peaks observed in the spectra of the paper population
within the 5D Rock-Paper-Scissor-Lizard-Spock model. The
analytical tractability of these solutions may enable us to rule
out certain models, identify simpler ones (e.g., by providing
insight into how model parameters contribute to spectral
features), or to establish constraints on model parameters that
ensure the presence of a peak in the spectra within a specified
frequency range. This direction will be explored in future
work.

Overall, our solutions should find broad applicability in the
analysis of the dynamics of stochastic biological systems ex-
hibiting fixed-point solutions, as well as in the broader context
of dynamical systems and control theory.

VI. CODE AVAILABILITY

See Ref. [42] for the code for the general solutions of
the auto- and cross-spectrum along with descriptions of the
various dynamical systems (including the Hawkes model)
considered in the manuscript.
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APPENDIX A: RATIONAL FUNCTION DECOMPOSITION
OF THE PSD

The power spectral density of the LTI SDE described in
Eq. (2) can alternatively be written as the inverse of the

Hermitian positive definite matrix (see Supplemental Material
[6]), assuming that C ≡ L D L� is positive definite:

S (ω) = [J�C−1J + ω2C−1

+ ι̇ω(J�C−1 − C−1J)]−1. (A1)

This enables us to efficiently compute the matrix inverse by
Cholesky decomposition. We can recast S (ω) as a rational
function, and upon expanding Eq. (3) in terms of the adjugate

and determinant matrices, we find

S (ω) = (ι̇ωI + J)−1 C (−ι̇ωI + J)−�

= adj(J + ι̇ωI) C adj�(J − ι̇ωI)

det(J + ι̇ωI) det(J − ι̇ωI)

= Z(ω)

Q(ω)
. (A2)

Here, Z(ω) is a complex polynomial matrix representing the
numerator of the solution, and Q(ω) is an even-powered
polynomial of degree 2n representing the denominator of the
solution. When we express the adjugate of the matrices in
terms of the corresponding cofactor matrices, it is apparent
that Z(ω) contains complex polynomials of degree 2n − 2,
with even powers of ω being real and odd powers of ω being
imaginary.

APPENDIX B: RECURSIVE ALGORITHM
FOR AUXILIARY SPECTRAL MATRIX

Theorem 3. Let G be a real square matrix, Y be a positive
definite matrix, and T (ω) be defined as follows:

T (ω) = (ωI − G)−1 Y (ωI − G�)−1

=
∑2n−2

α=0 Pαωα∑2n
α=0 qαωα

. (B1)

The numerator’s matrix coefficients are given by the recursive
equations,

Pα−1 = qα+1Y + GPα + PαG� − GPα+1G�, (B2)

for α ∈ {1, . . . , 2n − 1}, starting from α = 2n − 1 with P2n =
P2n−1 = 0. The scalar coefficients of the denominator can be
recursively calculated using

qα = 2

2n − α
[Tr(Y−1GPαG�) − Tr(Y−1GPα−1)] (B3)

for α ∈ {1, . . . , 2n − 1}, and q2n = 1.
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