
PHYSICAL REVIEW RESEARCH 6, 043102 (2024)

Nuclear norm regularized loop optimization for tensor network
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We propose a loop optimization algorithm based on nuclear norm regularization for the tensor network. The
key ingredient of this scheme is to introduce a rank penalty term proposed in the context of data processing.
Compared to the standard variational periodic matrix product states method, this algorithm can circumvent the
local minima related to short-ranged correlation in a simpler fashion. We demonstrate its performance when
used as a part of the tensor network renormalization algorithms [S. Yang, Z.-C. Gu, and X.-G. Wen, Phys. Rev.
Lett. 118, 110504 (2017)] for the critical two-dimensional Ising model. The scale invariance of the renormalized
tensors is attained with higher accuracy while the higher parts of the scaling dimension spectrum are obtained in
a more stable fashion.
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I. INTRODUCTION

Tensor network is a convenient representation of quantum
and classical many-body problems in that effective truncation
of degrees of freedom can be realized in a flexible way. Be-
cause of this capability, a number of promising approximation
schemes have been proposed, as typified by density matrix
renormalization group (DMRG) [1,2] and corner transfer ma-
trix renormalization group (CTMRG) [3,4]. Developments of
progressive techniques such as multiscale entanglement renor-
malization ansatz (MERA) [5] and projected entangled pair
states (PEPS) [6–8] would allow us to elucidate the complex
many-body systems at finite bond dimension.

However, understanding the expressive power of tensor
network for many-body systems is still limited to loop-free
network. For the bipartite tensor network ansatz, its gauge
freedoms of the loop-free tensor network can be fixed by
introducing canonical gauges [9]. Its key idea was to find
the center of orthogonality of tensor networks. This led to
the success of simulating infinite matrix product states (MPS)
[9–12] and generalized to any loop-free tensor networks. Yet,
as the authors of Ref. [13] discussed, there did not exist
an effective gauge-fixing method for looped tensor networks
as the bipartite canonical gauge was ill-defined for looped
structure. Thus, developing an efficient and computationally
light method for training looped tensor network remains as a
challenging task.

This issue can be traced back to short-range correlation
problems in tensor renormalization group (TRG) [14]. Al-
though TRG and its modified versions [15,16] have sufficient
capability to compute partition functions of statistical models
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at moderate accuracies, Gu and Wen pointed out the TRG
proposed by Levin-Nave (LN-TRG) does not produces correct
RG flow because simple singular value decomposition (SVD)
cannot remove the short-range correlations that lives in tensor
space [17]. Recently, tensor network renormalization (TNR)
[18,19] and its variants [20–22] were proposed to deal with
such reduction of short-range correlations and produced more
accurate results than TRG. For example, the so-called Loop-
TNR approach [20] was formulated as “loop optimization,”
which is to decompose the tensor network into a loop-like con-
figuration and variational method on minimizing the distance
between two periodic MPSs [23,24]. Typically, it finds the
minimum by solving the linearization of cost function. How-
ever, such strategies will typically get stuck in local minima.
Imposing symmetry restrictions to the search space, and/or
trying better initial conditions are common practices to ease
the problem. In the case of latter, one can start optimizing
periodic MPS from the preconditioned points to accelerates
the convergence. In general, a “good” preconditioned point
highly depends on the underlying problem characteristics,
which requires one to speculate on the nature of local minima.
We conjecture that the short-range correlation that lives in
tensor space might be the origin of local minima for loop
optimization.

In this paper, we propose alternative loop optimization
algorithms, which we borrow from tensor ring decomposition
techniques developed in the context of general data process-
ing [25,26]. Our strategy is to circumvent the local minima
originating from short-range correlations by introducing a
rank penalty term using nuclear norm regularization (NNR)
[27–29], which is closely related to least absolute shrink-
age and selection operator (LASSO) regression but includes
much broader applications [30]. It is known that the LASSO
regression induces sparsity in solution, and similarly, the
NNR induces sparsity of singular values, which corresponds
to low-rank solution. Our results suggest that adding these
regularization term in the tensor network’s optimization is an
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FIG. 1. The cost function of loop optimization. One can regard
it as minimizing the distance between two different MPS. The red
dotted line corresponds to physical indices and the black solid line
are virtual indices of MPS with bond dimension χ .

effective approach for designing optimal entanglement struc-
ture. We examine its performance using it as a part of the
LN-TRG approach and found that our strategy enables us to
obtain the critical fixed-point tensor with high accuracies but
less human effort.

This paper is organized as follows. In Sec. II, we ex-
plain the target situation of NNR loop optimization and
present its algorithmic details. In Sec. III, we compare our
proposal against conventional Loop-TNR. Thanks to NNR
loop optimizations, short-ranged correlation are efficiently
removed even at criticality and we find that our method
further improves the scale-invariance of the renormalization
group, hence it stabilizes higher parts of the scaling dimension
spectrum as a function of renormalization steps compared to
Loop-TNR. A discussion and future applications of NNR loop
optimization are presented in Sec. IV.

II. LOOP OPTIMIZATION BASED ON NUCLEAR
NORM REGULARIZATION

In the case presented below, we consider the following
loop optimization problems in Fig. 1 for TNR application.
Specifically,

||T 1 · T 2 · T 3 · T 4 − S1 · S2 · S3 · S4 · S5 · S6 · S7 · S8||2F ,

(1)

where “·” traces out the connecting indices in Fig. 1 and
|| · · · ||F represents the Frobenius norm. The square configu-
rations of T is now deformed into an octagon consisted of the
three-index tensor S. In this paper, we shall call them as target
and variational tensors, respectively. Typically, three-index
tensors are obtained by LN-TRG and treated independently. In
addition, one can regard Eq. (1) as the minimizing the distance
of two wave functions with physical indices indicated by red
dashed lines in Fig. 1 as || |ψ (T )〉 − |ψ (S )〉 ||2F . Here, these
calligraphic letters, for example, T , refer to the sets of tensors
{T 1, T 2, . . . , } to compose the periodic MPS |ψ (T )〉. Thus,
the problem we are concerned with below is a general MPS
optimization problem.

A. Short-range correlations

To illustrate the algorithm, we consider the following spe-
cial case where the target tensor T in Fig. 2(a) has the

FIG. 2. (a) Target CDL tensor T(i1i2 )( j1 j2 )(k1k2 )(l1l2 ) and two ex-
amples of variational tensor Si1( j1 j2 )k1 , S′

(i1i2 )( j1 j2 )(k1k2 ). (b) periodic
MPS wave functions composed of T, S, and S′ under translational
invariance.

form as

T(i1i2 )( j1 j2 )(k1k2 )(l1l2 ) = Mi2 j1 Mj2k2 Mk1l2 Ml1i1 , (2)

where M = diag(λ1, λ2, . . . , λd ) and λ1 > λ2 > · · · > λd .
Each subscript of T , such as (i1, i2), represents a single nat-
ural number, e.g., i = (i1, i2) = i1 + η(i2 − 1) with i1, i2 =
1, 2, . . . , η. The integer η is related to the bond dimension
by χ = η2. The tensor T is called corner double line (CDL)
tensor, which is a toy model for the short-ranged correlation.
In addition, let us define two different variational tensors S
and S′ for discussion

Si1( j1 j2 )k1 = Mi1 j1 Mj2k1 , (3)

S′
(i1i2 )( j1 j2 )(k1k2 ) = Mi1 j1 Mj2k1 Mk2i2 , (4)

which follows the index convention we define above. One
can construct periodic MPS |ψ (T )〉 , |ψ (S )〉, and |ψ (S ′)〉
from copies of T , S, and S′ under the assumption of trans-
lational invariance, as shown in Fig. 2(b). The first thing
to note is that the two wave functions |ψ (S )〉 and |ψ (S ′)〉
are identical to each other up to some normalization factor,
as the inner correlation loop formed by Mi2k2 can be con-
tracted to an overall multiplicative factor. In this sense, the
wave function |ψ (S ′)〉 has redundant correlation compared to
|ψ (S )〉. Furthermore, the objective function in Eq. (1) gives
|| |ψ (T )〉 − |ψ (S )〉 ||2F = || |ψ (T )〉 − |ψ (S ′)〉 ||2F = 0, which
implies that one cannot distinguish them from Eq. (1). The
key issues in loop optimizing this periodic MPS can be ad-
dressed in the indistinguishably of the relevant correlation
and redundant correlation [13], and we speculate that it is
the origin of the local minima for loop optimization. In the
Loop-TNR approach, there are several methods to implicitly
avoid such local minima related to the redundant correlation,
such as the so-called “entanglement filtering” and imposing
the rotational lattice symmetry during the loop optimization.
In this work, we propose an alternative approach to penalize
such a redundant correlation via low-rank regularization.
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B. NNR loop optimization

In the following, we consider penalizing the high-rank
contributions of variational tensors, then gradually relax the
penalty term to the original cost function Eq. (1). However,
the rank of a tensor is not convenient for the penalty term
because it is an integer and also because it is a rather com-
plicated function of the tensor elements. To overcome this
problem, one of the commonly used measures in the rank
regularization approach is the nuclear norm, which is defined
as the sum of singular values. The NNR is a concept that has
a broad area of possible applications, e.g., the basis pursuit
denoising problem in compressed sensing literature, and the
LASSO regression popular in machine learning [30]. The fact
that the singular values enter as their first power makes the
whole algorithm more stable in convergence to the lower rank
solution, as we see in the LASSO regression.

While we penalize the high-rank representation through the
NNR, there may be several other ways for the same purpose.
Among them, we tried local entropy, or mutual information,
as a possible alternative to the nuclear norm as we discuss
in detail in Appendix B [31]. It turned out that estimation of
the central charge and scaling dimensions are noisier and less
stable compared to the nuclear norm, while the free-energy
precision is comparable or even better in some cases. Though
we have not identified the reason of this observations, we
suspect that the singular nature of the nuclear norm may
play an important role in improving the estimation of critical
properties.

The method discussed in this section is a straight-forward
application of the NNR loop optimization for the tensor ring
decomposition proposed in Refs. [25,26], yet differs in the
following two aspects. One is to dynamically adjust the am-
plitude of the penalty term so that it would not spoil the
high precision. This treatment is relevant because, when the
redundant correlation loop is only approximately redundant,
i.e., when the redundant correlation is still weakly coupled to
the other relevant degrees of freedom, which is usually the
case in early iterations of the RG procedure, it is harmful to
enforce the low-rank representation by the penalty term. The
other aspect is that we incorporate constraints on the indices to
penalize redundant correlations on the diagonal legs in Fig. 1,
which is to enhance consistency with the findings in Ref. [17].

Below, we detail how we define the penalty term using low-
rank regularization for periodic MPS. The objective function
under nuclear norm regularization in the Fig. 3(a) is given by

min
S

1

2
|| |ψ (T )〉 − |ψ (S )〉 ||2F +

N∑
n=1

μ||Sn
[α(n)]||∗. (5)

Here, μ is a nonnegative parameter and || · · · ||∗ denotes the
nuclear norm, i.e., ||Sn

[α(n)]||∗ ≡ ∑
i σ

n
α(n),i where σ n

α(n),i are
the ith singular value of the αth mode “matricized” tensor
Sn

[α(n)] at the nth site. For example, S[1] is the matrix such that
S[1] := Si,( jk) where the doublet ( jk) represents, as before, a
single integer that uniquely specifies both j and k [see also
Fig. 3(b)]. α(n) is the index corresponding to the diagonal
legs in Fig. 1, e.g., for S1, α(n) specifies the leg connecting
S1 to S2, and for S8 it specifies the leg connecting to S7. To
achieve this, we define the index function α(n) as α(n) = 1
for n being odd, and α(n) = 3 for n being even. Note that we

FIG. 3. (a) The cost function of NNR loop optimization.
(b) Mode-α matricization. The lower indices S[α] indicate which
indices to be grouped.

assume, for later convenience, each target tensor T has been
normalized, such that 〈ψ (T )| |ψ (T )〉 = 1. The initial value of
variational tensor S is computed from LN-TRG. The second
term penalizes the nuclear norm of matrices S[α(n)], which is
supposed to restrict the high-rank solutions of |ψ (S )〉 and
thus favors compact tensor network representations during
optimization.

In what follows, for each three-index tensor Sn, we in-
troduce another set of three-index tensors Mn as auxiliary
variables to handle the first and second terms in Eq. (5) in-
dependently, which is given by

min
S,M

1

2
|| |ψ (T )〉 − |ψ (S )〉 ||2F +

N∑
n=1

μ||Mn
[α(n)]||∗

s.t. Mn
[α(n)] = Sn

[α(n)]. (6)

As is discussed below, while Mn
[α(n)] = Sn

[α(n)] will be achieved
after sufficient iteration, we let them differ from each other
during the optimizations. Incorporating the condition in
Eq. (6) in the style of alternating direction method of mul-
tipliers (ADMM), the augmented Lagrangian can be written
by introducing the Lagrange multipliers Y n to impose the
condition Mn

[α(n)] = Sn
[α(n)], as

L(S,M,Y ) = 1

2
|| |ψ (T )〉 − |ψ (S )〉 ||2F +

N∑
n=1

μ
∣∣∣∣Mn

[α(n)]

∣∣∣∣
∗

+ tr
[
Y n

[α(n)]

(
Mn

[α(n)] − Sn
[α(n)]

)]

+ ξ

2

∣∣∣∣Mn
[α(n)] − Sn

[α(n)]

∣∣∣∣2

F
, (7)

where 0 < ξ < 1 is a penalty parameter. The initial conditions
of Mn,Y n are zero-elements tensors. Updated equations of
a given augmented Lagrangian can be obtained by the
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extremum of Eq. (7) with respect to Sn and Mn for n =
1, 2, . . . , N . In what follows, we explain each update equa-
tions of Sn, Mn,Y n for the single iteration.

1. Solving Scheme for Sn

One can simplify the augmented Lagrangian function of
Sn as

L(Sn) = 1

2
|| |ψ (T )〉 − |ψ (S )〉 ||2F +

N∑
n=1

tr

[
Y n

[α(n)]

(
Mn

[α(n)] − Sn
[α(n)]

) + ξ

2

∣∣∣∣Mn
[α(n)] − Sn

[α(n)]

∣∣∣∣2

F

]
. (8)

The first quadratic term in Eq. (8) can be expanded in terms of Sn as

|| |ψ (T )〉 − |ψ (S )〉 ||2F = 〈ψ (T )| |ψ (T )〉 + 〈ψ (S )| |ψ (S )〉 − 〈ψ (S )| |ψ (T )〉 − 〈ψ (T )| |ψ (S )〉
= 1 +

∑
i jklm

(
Sn

i jk

)†
Nn

iklmSn
l jm − Sn

l jm

(
W n

l jm

)† − (
Sn

i jk

)†
W n

i jk, (9)

or diagrammatically.

Suppose all tensors but Sn are fixed, the minimum of Eq. (8) can be obtained by solving the linear equation(
Nn

(ik)(lm) + ξ I
)(

Sn
[2]

)† = W n
[2] + Y n

[α(n)] + ξMn
[α(n)], (10)

where I ∈ Rχ2×χ2
denotes identity matrix. One can update as Sn ← tensorize(Sn

[2] ) for n = 1, 2, . . . , N . Here, tensorize denotes
the tensorization of the given input matrices into the three-index tensor. We used the least-squares method to solve the linear
equations here. The cutoff in this case is the machine epsilon.

2. Solving scheme for Mn

For optimization of the auxiliary variable Mn, its aug-
mented Lagrangian can be written by

L(Mn) =
N∑

n=1

ξ

∣∣∣∣
∣∣∣∣Mn

[α(n)] − Sn
[α(n)] +

1

ξ
Y n

[α(n)]

∣∣∣∣
∣∣∣∣
2

F

+ μ
∣∣∣∣Mn

[α(n)]

∣∣∣∣
∗.

(11)

The optimization problem for the augmented Lagrangian in
Eq. (11) can be solved by using the singular value shrinkage
operator (SVSO) [28] as shown below. For the sake of sim-
plicity, we first consider the following problem under nuclear
norm regularization:

min
X

τ ||X ||∗ + 1
2 ||X − Y ||2F ,

where X,Y ∈ R2 are unknown and given matrices, respec-
tively. The SVSO Dτ (Y ) finds the solution X of the above
equations as

Dτ (Y ) := U	(s − τ )I
V,

where 	Xi j
 ≡ max(Xi j, 0) is the element-wise floor function
of the matrix X . U, s,V are obtained from the SVD of Y .

Thus, the updating equations for Eq. (11) is given by

Mn = tensorize
[
Dμ/ξ

(
Sn

[α(n)]

)]
(12)

for n = 1, 2, . . . , N .

3. Updating scheme of Y n

Lastly, the Lagrangian multiplier Y n is updated as

Y n ← Y n + ξ (Mn − Sn). (13)

The aforementioned three steps are applied sequentially to
each of the nth site, after which the optimization moves to
the next site. Once this sweep has completed a full cycle, it
constitutes a single iteration. Moreover, the penalty parameter
ξ is updated as ξ ← ρξ at every iterations by 0 < ρ < 1, such
that the regularization term in Eq. (7) is gradually relaxed
to the original Eq. (1). We find that by setting μ := ξ 2 for
the next iteration it works appropriately for all examples in
Sec. III.

In summary, the NNR loop optimization has several pa-
rameters for users to tune. The larger ξ , the more our objective
functions favor low-rank solutions and ρ controls the penalty
schedule. For the examples shown below, we chose the ini-
tial value of the parameter ξ , as denoted as ξ init, and the
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FIG. 4. Single iteration of NNR-TNR for a square lattice. (a) Tar-
get tensors T are first decomposed into 3-index tensors using
LN-TRG, then NNR loop optimization is applied to the eight ten-
sors on loop S1 · S2 · S3 · S4 · S5 · S6 · S7 · S8, as introduced in the
previous section. (b) The updated four tensors are contracted into
single tensor in the same fashion as LN-TRG. New target tensors are
recovered from rotating the square lattice by 45◦.

parameter ρ within ranges 10−7 < ξ init < 10−4 and 0.8 <

ρ < 1, respectively.

III. BENCHMARK RESULTS OF NNR LOOP
OPTIMIZATION

In this section, we show an example application of NNR
loop optimization for TRG. We call the combination of NNR
loop optimization and TRG, NNR-TNR. One coarse-graining
iteration for the square lattice is shown in Fig. 4. At the first
step [Fig. 4(a)], we compute the initial value of the variational
tensor S from LN-TRG and perform NNR loop optimization
as described in the previous section. Note that such a choice
for the initial value of S is quite useful for stable convergence,
though LN-TRG does not remove redundant correlation. The
coarse-graining steps in Fig. 4(b) are the same as LN-TRG,
as sets of four updated tensors S are contracted to yield new
target tensor T ′. As will be discussed later in this section,
NNR loop optimization filters out the redundant correlation
during optimization, and thus it not only optimizes the ap-
proximation given by Eq. (1) but also has an effect similar
to the entanglement filtering of Loop-TNR. In this sense,
NNR-TNR achieves high-accuracy results with less human
efforts, as its minimal programming implementation takes
much fewer lines of codes than conventional Loop-TNR (see
Appendix A). The overall computational complexity scales as
O(χ6) if one follows the contraction order given in Ref. [20].

We benchmark NNR-TNR by several physical observables
for the critical two-dimensional (2D) Ising model on the
square lattice. Note that our formulism does not impose any
symmetries, such as Z2 symmetry, rotational, or reflectional

symmetries of eight octagon tensors for all the results below.
Therefore, we compare the results of NNR-TNR with those
of Loop-TNR without imposing the rotational symmetries of
lattices [32].

In tuning the parameters of NNR-TNR methods for analyz-
ing critical systems, we observe the following trends. When
the penalty parameter is set too low, contributions from short-
range correlations persist, leading to instability in the RG flow
and preventing improvements in accuracy even with increas-
ing bond dimension. Conversely, if the penalty parameter is
set too high, not only will the short-range correlations but
also the relevant information will be truncated. Consequently,
the RG flow rapidly converges to a trivial fixed point. For
effective parameter tuning in NNR-TNR, it is recommended
to adjust the penalty parameters to maintain the scale-invariant
fixed-point tensor up to the largest possible system sizes. The
end of RG flow can be checked from the singular value spec-
trum, as described in the following paragraph. Note that the
parameters should ideally be adjusted according to the bond
dimension.

In Fig. 5, we present singular value spectrums of coarse-
grained tensors, which supposedly monitors the RG flow at
the unstable critical fixed-point. For Loop-TNR, it obtains
approximately identical singular value spectrums as a function
of the RG steps starting from the third iteration, roughly
up to the 40th. In contrast, NNR-TNR maintains the almost
identical unstable critical fixed-point tensors more than the
40th RG steps. In addition, the RG flow ends in the trivial
fixed-point tensor for both results, which implies that there is
no footprint of short-range correlation for NNR-TNR, as well
as Loop-TNR. Thus, it seems that NNR-TNR successfully
truncates the short-range correlation during loop optimization.
The bottom panels of Fig. 5 show the approximations to scale
invariance measured by δ = ||s(t ) − s(t−1)||, where st is the
singular values of the normalized tensor T (t ) = Us(t )V † at the
t th RG step. It seems that NNR-TNR improves Loop-TNR in
terms of fixing the scale-invariant tensor at criticality.

In Fig. 6, we show the results of central charge and
the smallest 40 scaling dimensions � computed from
diagonalizing transfer matrix [17] for Loop-TNR and NNR-
TNR. In the Loop-TNR case, the higher levels of scaling
dimensions spectrum become unstable as a function of the RG
steps and hardly distinguishable, for example, � � 3 for χ =
16 and � � 4 for χ = 32, respectively. However, in the case
of NNR-TNR, such instabilities of the aforementioned levels
of scaling dimensions are not seen. NNR-TNR successfully
extracts � = 3, � = 3.125 scaling dimensions at χ = 16 and
� = 4 and 4.125 are recognizable at χ = 32. Although there
exist some spurious solutions such as the one around � ≈ 3.3
for χ = 16 and � ≈ 3.7 for χ = 32, we can eliminate these
spurious solutions based on their stronger dependence on χ

and L than the true solutions.
In terms of the accuracies of conformal field theory (CFT)

data, we compare the absolute value of relative errors of
central charge c and the scaling dimensions upto � = 3 at
different system size in Fig. 7. One can see that the relative
errors of all the quantities approach the exact values and devi-
ate afterwards, which is an expected behavior due to finite-size
and finite bond dimension effects [33]. For the CFT data cor-
responding to the lower indices of the fixed-point tensor, e.g.,
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FIG. 5. (Top and middle panels) Singular value spectrums s(t ) of
the coarse-grained tensors T (t ), illustrated for Loop-TNR (top) and
NNR-TNR (middle), at the exact critical temperature of 2D Ising
model for different RG steps t , which is equivalent to linear system
size 2t . At each RG steps, the largest 100 singular values of tensors
T are displayed. The largest number of s(t ) is normalized to 1 for all
t . (Bottom) The distance between singular value spectrums s(t ) and
s(t−1) for both methods. This distance corresponds to the order of the
scale-invariance at each RG steps. In this figure, the parameters of
NNR-TNR are chosen as ξ init = 4 × 10−6 and ρ = 0.85.

central charge and the scaling dimensions of primary fields,
NNR-TNR produces a slightly more accurate and stable result
against RG steps than Loop-TNR. In addition, we observe that
NNR-TNR tends to significantly improve the accuracies of the
higher levels of scaling dimensions compared to Loop-TNR,
by an order of magnitude for � = 3, for example. It seems to
suggest that NNR-TNR can more effectively eliminate short-
range correlations than Loop-TNR, thereby reaching a more
genuine critical fixed-point tensor.

FIG. 6. Comparison of central charges (red dotted line) and
scaling dimensions (solid lines) for Loop-TNR and NNR-TNR at dif-
ferent RG steps. Results are computed by Gu and Wens methods [17]
using L = 2 transfer matrix in Ref. [20]. We chose the parameters of
NNR-TNR for (c) and (d) are chosen as ξ init = 1 × 10−5, ρ = 0.8
and ξ init = 4 × 10−6, ρ = 0.85, respectively.

In all cases above, 50 or less iterations were required for
NNR loop optimization at each RG step.

IV. CONCLUSION AND DISCUSSIONS

In this paper, we proposed alternative loop optimization for
circumventing the local minima related to short-range corre-
lation that lives within tensor space. We pointed out adding
nuclear norm regularization to loop optimization resolved the

FIG. 7. The RG steps dependence of the absolute value of rel-
ative errors of central charge c and scaling dimensions � for
Loop-TNR and NNR-TNR with bond dimension χ = 32. In this
figure, ξ init and ρ were chosen to be 4 × 10−6 and 0.85, respectively.
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short-ranged correlation problems and demonstrated that it
further improved the RG flow of critical 2D Ising model and
higher parts of scaling dimensions became clearly visible by
using NNR-TNR.

The major advantage of NNR-TNR over other loop op-
timization techniques lies in its efficiency in eliminating
short-range correlations, allowing us to stably obtain more
accurate critical fixed-point tensors through a simple numer-
ical procedure. For example, an iteration of the Loop-TNR
consists of several steps, such as entanglement filtering and
periodic MPS optimization, to generate the correct fixed-point
tensor. In contrast, the present paper shows that the NNR
loop optimization alone is sufficient to remove the short-range
correlations and further improves the scale invariance of the
critical fixed-point tensor. For pursuits of evaluating higher
and precise scaling dimensions, there remains several options,
such as increasing bond dimensions, length of columns for
constructing a transfer matrix, and using gauge symmetries
of the model, e.g., Z2 [34,35], rotational and reflectional
symmetries. For those future developments, the NNR loop
optimization presented above will serve as the good starting
point for even more accurate tensor network algorithms.

From a technical point of view, it should be noted that
hyperparameter tuning of NNR loop optimization remain an
issue; we chose the parameters ξ and ρ of NNR-TNR, such
that the critical fixed-point tensor exhibits scale invariance up
to the largest possible system size. However, these parameters
are often situation dependent. How to automatically tune these
parameters for general cases remain for future research.

An even more challenging and interesting subject for future
works is to generalize the NNR loop optimization for higher
dimensions. We believe this can be achieved by incorporating
the idea of local bond matrix truncation, as introduced in
Refs. [13,22], into NNR loop optimization. It would serve
as an alternative method of removing redundant correlation
efficiently in the 2D quantum or three-dimensional (3D) clas-
sical tensor network algorithms such as PEPS [36] and TRG
[15,37,38].
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APPENDIX A: SOURCE CODE

Our sample code for NNR-TNR is available at Ref. [40]. It
can be used to reproduce all the results shown in Sec. III.

APPENDIX B: NUCLEAR NORM REGULARIZED LOOP
OPTIMIZATION FOR TENSOR NETWORK

1. Loop optimization based on entropy regularization

In the main text, we choose to penalize the nuclear norm
of S[α(n)] to avoid the local minima. As we briefly discussed
in the main text, there may be several other choices for the
penalty term. Here we consider a term that has the same
form as the Shanon entropy. Similar to the nuclear norm, it
is a function of the singular values of the matricized tensors.
Instead of their simple sum, we consider −∑

i σi log σi with
the normalization

∑
i σi = 1. This can be interpreted as the

local mutual information between the extracted leg and the
others (after neglecting the environment). We call the resulting
regularization the entropy regularization (ER) hereafter. In
ER, the cost function Eq. (5) is replaced by

min
S

1

2
|| |ψ (T )〉 − |ψ (S )〉 ||2F + λ

N∑
n=1

En
[α(n)], (B1)

where En
[α(n)] is the local mutual information mentioned

above. In this setup, the hyperparameter λ is set to be λ =
λ̃|| |ψ (T )〉 − |ψ (S )〉 ||2F and λ̃ is a positive parameter for ev-
ery RG step.

Intuitively, penalizing the entropy over the diagonal legs in
Fig. 1 should also induce the low-rankness and thereby lead
to a reduction in redundant correlation, as does the NNR tech-
nique. The remaining question is which of the two approaches
is numerically preferable for the regularization technique in
the context of TNR.

The numerical setup for this demonstration, such as the
initial condition of S and normalization of T , is equivalent
to the recipes discussed in main text. However, the updating
scheme of S and λ̃ is slightly different from the main text.
We elaborate the updating scheme at each RG step as follows:
we perform ten sweeps of the nonlinear conjugate gradient
method to optimize Eq. (B1) with λ̃ = 0.01. Then, we set
λ̃ = 0 and perform 50 sweeps of optimization using the pe-
riodic MPS method. Hereafter, we call the TNR based on the
ER method as ER-TNR.

FIG. 8. (Left) Relative error of free energy density of critical 2D
classical Ising model as a function of bond dimension using NNR-
TNR, Loop-TNR, and ER-TNR with 230 × 230 spins. The blue solid
line corresponds to NNR-TNR result with the parameters ξ init = 1 ×
10−5 and ρ = 0.84, chosen to be fixed over the full range of bond
dimensions for simplicity. (Right) The conformal data extracted by
ER-TNR at different RG steps with bond dimension χ = 32.
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Figure 8 (left) compares the relative error of the free energy
density of the critical 2D classical Ising model with different
bond dimensions among ER-TNR, NNR-TNR, and Loop-
TNR. It seems that ER-TNR gives comparable results with
the other techniques to NNR-TNR or Loop-TNR for χ < 20,
and is even more accurate for the higher bond dimension
χ = 20, 24. However, the comparison between Figs. 8 (right)
and 6(b) and 6(d) shows that the stability of central charge and
scaling dimension spectrum as a function of RG step seems to
deteriorate around the 30th RG step, and the higher levels of

scaling dimension spectrum could not be obtained for � > 2
in Fig. 8 (right). In addition, we also find that the stability
of the singular value spectrum and the relative error of the
scaling dimension spectrum are rather inferior to the results
shown in Figs. 5 and 7.

From the perspectives of the numerical RG algorithm, the
NNR seems to be more suitable than the ER, at least for
loop optimization in TNR, although the proper norm may
depend on the given entanglement structure, e.g., the initial
condition.
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