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Trotterization is the most common and convenient approximation method for Hamiltonian simulations on
digital quantum computers, but estimating its error accurately is computationally difficult for large quantum sys-
tems. Here, we develop a method for measuring the Trotter error without ancillary qubits on quantum circuits by
combining the mth- and nth-order (m < n) Trotterizations rather than consulting with mathematical error bounds.
Using this method, we make Trotterization precision guaranteed, developing an algorithm named Trotter(m, n),
in which the Trotter error at each time step is within an error tolerance € preset for our purpose. Trotter(m, n) is
applicable to both time-independent and -dependent Hamiltonians, and it adaptively chooses almost the largest
step size 8¢, which keeps quantum circuits shallowest, within the error tolerance. Benchmarking it in a quantum
spin chain, we find the adaptively chosen &t to be about 10 times larger than that inferred from known upper

bounds of Trotter errors.
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I. INTRODUCTION

The rapid development of quantum devices in recent years
has led researchers to find useful applications with significant
quantum advantage [1-3]. On top of the eigenvalue prob-
lems [4-9], quantum many-body dynamics, or Hamiltonian
simulation [10-15], is one of the most promising candidates
because quantum computers could overcome the exponen-
tial complexity that classical computers face [5], enabling us
to address intriguing dynamical phenomena like nonequilib-
rium phases of matter [16—19] and to implement fundamental
quantum algorithms like phase estimation [20]. Among sev-
eral algorithms for the Hamiltonian simulation, Trotterization
[21,22] is and will be used most commonly in the current
noisy intermediate-scale quantum (NISQ [23]) era and the
coming early fault-tolerant quantum computing (FTQC) era
because it does not demand additional ancillary qubits or
largely controlled quantum gates. Indeed, quantum advantage
in Trotterized dynamics simulation has been reported using a
127-qubit NISQ computer only recently [24].

One major and presumably inevitable issue of Trotteriza-
tion is the tradeoff relation between the simulation accuracy

“Contact author: tatsuhiko.ikeda@riken.jp
TContact author: konofr0924 @g.ecc.u-tokyo.ac.jp
¥Contact author: keisuke.fujii.ay @riken.jp

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

2643-1564/2024/6(3)/033285(14)

033285-1

and the circuit depth (see, however, Refs. [25-30] for varia-
tional approaches). The kth-order Trotterization accompanies
an error of O(8¢**!) during a single time step 8¢, which de-
creases when 6t is taken shorter. In the meantime, the number
of steps to reach a final time increases, meaning a deeper
quantum circuit. To suppress the gate depth, it is desirable to
choose the largest possible step size ¢, i.e., the shallowest
circuit, within our error tolerance € preset for our purposes.

However, it is difficult to find the optimal step size &t
because the Trotter error is complex in generic many-body
systems. According to the previous studies on the Trotter
error, its upper bounds [31,32] and typical values [33] are
available. If we choose &t so that the upper bound is below
our tolerance €, the precision is guaranteed, but 6¢ tends to
be too small, as we will see below. On the other hand, if
we choose 6t based on the typical values, ¢ can be larger,
but the precision guarantee is lost. Recently, Zhao et al.
[34] proposed an approach where &t is chosen adaptively in
each time step based on the energy expectation value and
variance. Yet, the precision guarantee of this method is still
elusive, and the applicability is limited to time-independent
Hamiltonians [35].

In this paper, we develop a method to measure the Trotter
error on quantum circuits by combining Trotterization for-
mulas at different orders, m and n(> m). Since measured,
the estimated error is significantly more accurate than known
upper bounds for it and thus allows us to accurately choose
the largest possible step size §t so that the error does not
exceed our tolerance €. Using this method, we make Trot-
terization precision guaranteed, in which almost the largest
ot is adaptively chosen within a preset error tolerance € (see
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FIG. 1. Key concept of (fidelity-based) Trotter24. (Left) At each time step N, we ask what the optimal step size 8ty for the second-order
Trotterization formula 7, (8ty ). Here the optimal means the largest with the fidelity error kept less than our tolerance €. (Middle) The fidelity
error that 7,(8ty) can be measured using the fourth-order Trotterization 74(ty), instead of the exact evolution U (8ty) when we neglect
higher-order corrections in terms of §zy. (Right) If the measured error is below our tolerance, we accept the value of §zy and proceed to the
next time step N + 1. Otherwise, we reject the value and try the same protocol with a smaller value for 87y again. In the paper, we also
develop an observable-based, rather than fidelity-based, algorithm, establish an efficient scheme for avoiding the possible rejections of dzy’s,

and analyze how errors propagate with time steps.

Fig. 1 for its structure). We name this algorithm Trotter (m, n)
in analogy to RFK45 (Runge-Kutta-Fehlberg) for classical
simulations, where the fourth- and fifth-order methods are
combined. We benchmark Trotter24 in a quantum spin chain
under time-independent and -dependent Hamiltonians, finding
that the adaptively chosen §t is about 10 times larger than that
inferred from the upper bound of Trotter errors.

II. MEASURING TROTTER ERROR

In this section, we present a way to measure a Trotter error
on quantum circuits without ancillary qubits when a quantum
state is evolved by an mth order Trotterization for a small
time step 8f. A key idea is making use of a higher-order
n(> m)th Trotterization to approximate the unknown exact
solution accurately enough.

A. Extracting Trotter error using different orders

For simplicity, we first consider a time-independent Hamil-
tonian H consisting of two parts,

H=A+B, (1

where A and B do not necessarily commute with each other.
Generalization to more noncommuting parts is straightfor-
ward, and we will generalize the arguments to time-dependent
ones later in Sec. VI. We assume that the quantum state at time
t is known to be | (7)) and consider evolving it by a small
time step ¢,

W@+ =UGH Y @) =" y@). @
Trotterization —approximately ~decomposes e "#% into
quantum-gate-friendly parts consisting of either A and B.
We take an mth-order Trotterization 7,,(5t). For example,
T,,(81) can be the Lie-Trotter formula 7; (8¢) = e~4% ¢~8% for
m = 1 or its symmetrized form T»(8t) = e~4%/2¢=iBd o—iA%1/2
for m = 2. In general, T,,(8t) approximates U (§t) up to the
order of 6¢+™ and satisfies

Tm(8l) — e—iH5t+Tm+1 , (3)

where Y11 = O(8t"*") is an anti-Hermitian error operator.
These relations imply

Wt +80)) = T,,(30) [y (1)) = ¥ (¢ + 81)) + O™ ),
“

meaning that 7,,(5t) approximates the exact one-step evolu-
tion within an error of O(8t™*1).

To quantify the error arising in the one step, we adopt the
square root of the infidelity

e = V1= (Y@ + 801t +60) . &)

We can also use other quantities depending on our purposes
and make parallel arguments. For example, when we are in-
terested in the expectation value of an observable O, we care
about the error in it,

no = (Yt + O[O0 (1 + 1)) = (Y (t + 8)|O|Yn(r + 81)).
(6)

In either case, calculating ng or 7o is difficult because we do
not know the exactly evolved state | (t 4 61)).

We remark that both 55 and no are O(8t"*!), but showing
nr = O(8t"*1) is less obvious. To show this, we note that
the leading O(8t™*') term of 1 — (Y (t + 8t)| Y (t + 8t)) is
pure imaginary as shown in Appendix A, and its leading-order
contribution of ng is given by

nr =\/<w(t)|(iTm+1)2I¢(t)) — (YOI s )Y @)
+ 081"+, (7

where iY,,+; is Hermitian. Equation (7) dictates that ng is
the variance of the “observable” iY, |, giving a way to
estimate np using |¥(¢)) and the explicit form of iY,, ;.
Indeed this is a possible way of measuring nr, but it requires,
for generic many-body Hamiltonians, measuring numerous
Hermitian operators involved in iY,,;; consisting of doubly
nested commutators between A and B. Hence, in the following
subsection, we will also discuss another way to estimate 1y
with less sampling costs.

Our idea of estimating the errors is the following: In calcu-
lating nr and no in the leading order, we can safely replace the
exact |y (¢t + 8t)) by a higher-order approximant |, (¢t + 6t))
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for n > m. Replacing |¥ (¢t 4 8t)) by |V, (t +6t)) in np
and np, we obtain the following key analytical results (see
Appendix A for derivation): For the fidelity error,

nr =" + 0", ®)
™ = V1T — [ (Ut + 80|t + 1)) 2, ©)

and, for the observable error,
no = g™ + 08", (10)

n9™ = (Y (t + 80|01, (r + 81))
— (Yt + )0y (t + 1)) . (11)

Given that np = O(8t"*!) and np = O(8t™+1), these results
mean that n}m") (ng””)) coincides with ng (1o) in the leading
order since m < n. If n < m, the above equations hold true,
but O(8t"*") contributions are non-negligible, and 7 do
not give good estimates for 7.

Unlike 5 and 7o, n}m") and ng"”) consist of 7,,(8¢) and
T,(8t) and are thereby implementable in quantum circuits. In
other words, we can estimate the deviation from the exact so-
lution induced by 7,,(6t) without knowing the solution when
supplemented with the fourth-order Trotterization and neglect
higher-order corrections. We will discuss in more detail how
to measure 7" and " in Sec. 11 B.

We emphasize that nr and no are the actual Trotter error
specific to the current state |y (¢)). This contrasts the upper-
bound arguments on the operator difference U (6¢) — T,,(5t)
[31,32]. Such upper bounds apply to arbitrary states and are
thus always larger than or equal to the error occurring at a
specific state |1/ (¢)). The fact that nr and 7o are state depen-
dent enables us to choose §¢ more accurately so that the error
is below our tolerance, as we will see in detail below.

We highlight two sets of (m, n) of particular interest in
practical use. The first choice is the minimum pair (m, n) =
(1, 2), for which the Trotterizations 7,, and 7, involve the
minimum possible exponentials, i.e., the gate complexity in
the quantum circuit. For noisy circuits, such lowest-order
Trotterizations are commonly used to avoid gate errors as
much as possible. The second choice is the pair of minimum
even numbers (m, n) = (2, 4), which can be useful when we
can use more gates to achieve higher accuracy. Changing m
from 1 to 2 increases the number of exponentials in 7,, from
2 to 3, by which the Trotter error 1 or o becomes one order
smaller. In this case, using n = 4 rather than n = 3 could
be beneficial. To see this, let us compare Ruth’s third-order
formula [22,36]

7 2 3 2 Sl .
T3(5t) =e¢ 124A(316 133816 I4A8telsBstelz4ASTe iBét (12)

and the fourth-order Forest-Ruth-Suzuki (FRS) formula
[37,38]

_is i _jl=s —i(l—
T4((3[) =e 12A8te tthSte i A(Ste i(1-2s)Bst

« efi%AzStefisBzStefi%ABt’ (13)
where s = (2 — 2!/3)~1. Here we note that the FRS formula
involves only one extra exponential but is one order more
accurate than Ruth’s third-order formula. Since 7** estimates

n®® one order more accurately at the expense of an extra
exponential, it can be worth using n = 4 for m = 2.

B. Quantum circuit implementations

In Sec. ITA we derived two expressions, Egs. (7) and
(8), for estimating the fidelity error nr and one (10) for the
observable error 1o. We are assuming a quantum advantage
regime, where the number of qubits is so large that [y (¢))
cannot be stored in classical computer memory but is realized
on a quantum circuit. In such a regime, all the expressions for
nr and no cannot be evaluated with classical linear algebraic
computations, and we need to develop ways to evaluate them
on quantum circuits.

First, let us consider how to measure the leading-order
contribution in Eq. (7) of the fidelity error ng, assuming that
| (¢)) is realized on a quantum circuit accurately enough. For
concreteness we focus on the first-order Trotterization m = 1,
for which T,(8t) = e~ "% ¢~ and i, = —i[A, B]§t%. Since
iY, and (iY,)? are Hermitian, one can evaluate the expecta-
tion values for them based on samplings (we will discuss the
sampling cost below).

Although this method is useful for small quantum systems,
it becomes quadratically costly for larger systems. To see
this we consider a Hamiltonian H with A and B are linear
combinations of L distinct local Pauli strings. Thanks to the
commutator scaling [32], i, consists of O(L) distinct Pauli
strings, and its expectation values are evaluated by estimating
the expectation values of each Pauli string. Notably, the trans-
lation symmetries can reduce the number of combinations of
measurements for expectation value estimations, even down
to O(1). However, (iY,)? is no more a commutator and in-
volves O(L?) Pauli strings. In most cases symmetries cannot
reduce the number of measured operators to be subextensive,
and the sampling cost tends to be extensive. This extensive
sampling cost also appears in the energy variance estimation
in Refs. [34,39]. Thus, Eq. (7) tends to be useful only in small
quantum systems.

In contrast, 7" in Eq. (8) avoids measuring numer-
ous distinct Pauli strings. To show this we write | (¢)) as
[y () = Ur(t) |¥(0)) = Ur(t)Upep |0). Here |0) denotes the
initialized state, Upp is an initial state preparation unitary,
and Uy (¢) is some Trotterized unitary propagation from time
0 to 7. We assume Upp and Ur(f) have appropriate circuit

realizations. With these notations n(an) can be obtained by

™ = /1= po, (14)

po = 101U UF(OT, (ST, (8)Ur (1)]0))>.  (15)
Our assumptions tell us that UgrepU; ()T, (81)T,,(8t)Ur (t) has
a circuit realization, so py can be interpreted by the prob-
ability of finding |0) after |0) being evolved by the circuit
(see also the middle panel of Fig. 1). Note that py is a kind
of the Loschmidt echo [40]. A challenge is that py becomes
exponentially small when the system size L increases, SO
this procedure makes practical sense only in small systems.
This issue is not technical but intrinsic in the fidelity error
because it is the most stringent quantifier among many-body
wave-function errors.
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The observable error 1o is more useful for extensive quan-
tum systems. Typically we are interested in local Pauli strings
or their linear combinations of O(L). The expectation value
of each Pauli string can be estimated by measuring the wave
function |y (¢)) in its eigenbasis. Unlike fidelity, the expecta-
tion value does not decay exponentially with the system size.
Also, symmetries, such as the translation one, can reduce the
number of measured strings to possibly O(1). When one is
only interested in local observables, using 7o is the cheapest
option to guarantee precision.

In each method, the Trotter error estimation is based on
sampling, and the statistical error can be a bottleneck to
achieve high accuracy. The statistical error in general scales
as o« N~V2, with N denoting the number of samples (or
shots). For the error estimation to be successful, this error
should be smaller enough than the error, 1 or np, so St >
N2 must hold true. When we use 7" as an estimator,
the estimation error is determined by the larger of ~N /2
and ~8t"*! [see Eqgs. (8) and (10)]. So, one cannot make
the error estimation infinitely accurate by increasing n when
the available number of shots N is limited finitely. Rather,
8t"t1 ~ N~1/2 would hold for a reasonably chosen set of &7,
n, and N In Sec. V B, we will benchmark our way to estimate
no for (m,n) = (2,4) in an example spin system and show
that it works with N ~ 10°(107) for €p = 1072(1073).

III. PRECISION-GUARANTEED TROTTERIZATION

In the previous section, we developed the methods to eval-
uate Trotter errors on quantum circuits. Given that the Trotter
error is known, one can make Trotterization precision guaran-
teed: In each time step, one can make sure that the Trotter error
is within a preset accuracy target €. In this section we develop
such an algorithm consisting of error measurements and step-
size optimization, as illustrated in Fig. 1 (the figure is for the
fidelity version, but it works, in parallel, for the observable
version).

Our algorithm uses either 1" and n{" as the Trotter
error estimator, and we name it Trotter(m, n). For concrete-
ness we set (m,n) = (2,4) and describe Trotter24 since the
generalization to other (m,n) is straightforward [we may
use Trotter(m, n) and Trottermn interchangeably]. In current
NISQ devices, (m, n) = (1, 2) could be more realistic. Since
the argument goes in parallel, we first focus on the fidelity
error and will address the observable error later in this section.

Our overall task is to simulate the time evolution according
to the Hamiltonian H from the initial time f,; to the final time
tin, Starting from an initial state |y). We set an error tolerance
€ for the fidelity error in each time step. Initially, we have no
a priori information about the appropriate time step, so take
areasonably small trial step size &ty, say, 8t = 0.1J 1 with J
being a typical energy scale of H. One could also choose &t
so small that 75(8#) never gives larger error than our tolerance
€, as guaranteed by a mathematical bound [see Eq. (29) and
Appendix C for detail]. One can also use this &#p to know the
upper bound, in advance, for the required quantum resources
for the calculation, although they tend to be too pessimistic,
as we will see below.

For the trial 6# taken in either way, we implement 75 (81y)
and T4(8ty) and calculate 171(,24) using a quantum circuit.

Basically, we aim the step size to be so small that
Y < e. (16)

If this is true, we accept our trial 87y and evolve our state as
[Y2) = Th(8t) |Wo). If r)}z‘” > € instead, our trial 8t is too
large and we need a smaller 6¢;. In choosing 8¢, appropriately,
we invoke the leading-order scaling relation nf‘” ~ adty for
some unknown ¢ independent of &#;. We can use this relation

to estimate o by a ~ r]?‘” /813 since we measured nfp%). For
8t), we expect n°Y ~ a(81))* ~ @ (81 /810), which we

wish is smaller than €. Thus, the condition n}f‘”/ < € leads

to 81, ~ 8ty(e/ nf‘”)‘/ 3 as an optimal choice within our error
tolerance. For a safety margin, we introduce a constant C

(0 <C < 1)andset 8t; = C8t0(6/171(¢24))1/3 as an updated trial

8tg. We repeat this update procedure until 771(34) gets smaller
than € and accept the latest 8¢y to evolve our state as |,) =
T>(8t0) |¥o).

Next, we move on to the second step, using a time step
8t1. In choosing this, we again use the latest 771(?24) obtained
at the end of the previous time step. Since |Y) ~ |p), we
can expect the error scaling coefficient « to be almost the
same in the present and previous steps. Therefore, like in
the updated trials within the previous time step, we have
8ty = Cdto(e/ne*)'/3 as a good candidate for the optimal step

size in the present time step. We note that n}w here is what
was measured in the previous step, and we have not made any
measurements in the present step yet. Using this 6¢; as a trial

step size, we implement 75(8¢;) and T4(8¢;) and calculate n(Fz4)

using a quantum circuit. Depending on whether nf‘” is less
or greater than €, we accept or update §t; like in the previous
step.

The following iteration is straightforward and repeated
until the accumulated evolution time t;,; + 89 + 8t; + - - - €x-
ceeds the final time #5,. We summarize a pseudocode for the
algorithm in Algorithm 1.

Let us make a parallel argument for the observable error 1o
instead of the fidelity error ng. At each time step, we measure

77(024) and judge if the condition

57| < eollO|l (17)

is met. This is an analog of Eq. (16), and we introduced the
operator norm ||O| as a reference scale and put the subscript
O on the tolerance as €p to avoid confusion. The iteration
scheme is parallel to the fidelity case. We summarize a pseu-
docode for the observable-based algorithm in Algorithm 2.

IV. ERROR PROPAGATION

In this section we analyze the fidelity and observable Trot-
ter errors in multiple Trotter steps, showing that both errors
increase at most linearly in the number of steps. For generality
we consider an mth-order Trotterization, which was set to be
m = 2 in the previous section.

After N (= 1) steps, we obtain a quantum state

<«

W) =[] Tul8t:) v0) (18)
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ALGORITHM 1. Fidelity-based Trotter24.

Input: Initial and final times, #;,; and fg,, an initial state |y), a
Hamiltonian H = A + B, an error tolerance €, an initial step size
81y, a safety constant C (0 < C < 1), an oracle function
FIDELITY(|¢) , |)) that calculates | {(¢|¥) |°.
Output: An ordered list of unitaries Uy, that approximates
e~H@n—fini) within the error tolerance for each time step.
1 <= ftin
5t < 8t0
Ulise = {} (empty list)
while 7 + 8t < t5, do
[ (@) < TT, W)k [¥0)
do
Ty(81) < e~ iA%/2piBot g=iddt/2
Ty (8t) < e i34 pisBt o1 AS pi(1-25)B8t ,—i 152 AS1
e—isBBt e—i%A&
9: n < 1 —FIDELITY(74(31) [ (1)) , To(81) [y (1))
10: 8t < C-(e/n)' 68t
11: while n > €
12: Prepend 7, (8¢ ) to the ordered list Ujy
13: t < t+6t
return Uy

AR

at time
N-1
ty =t + Yt (19)
i=0
as an approximation for the exact state

ey = [ UGt o) =e ™™ yg) . (20)

ALGORITHM 2. Observable-based Trotter24.

Input: Initial and final times, #;,; and fg,, an initial state |), a
Hamiltonian H = A + B, an error tolerance €y, an initial step size
dty, a safety constant C (0 < C < 1), an oracle function
EXP(O, |¥)) that calculates (y|O|y).
Output: An ordered list of unitaries Uy, that approximates
e~ Hn—fini) within the error tolerance for each time step.
10t <t
2: 8t < Bty
Usise = {} (empty list)
while ¢ + 8t < t5, do
[ () < [T (Uiis )k [¥0)
do
Ty(8t) < e~ iA%/2gmiBb g=inbt/2
[Y2) < T2(80) ¥ (1))
Ty(8t) < e~i34%t gisBdt o 1T AN pmi(1-29)BS1 o —ilFEASE

e—isBﬁt e—i%Aat

10: [Ya) < Ta(81) | (1))
11: n < [EXP(O, [¥4)) — EXP(O, [¥2))|
12: 8t < C - (e/n)'368t
13:  while |n| > €] O]
14: Prepend 75(6¢) to the ordered list Uy
15 t <« t+ 6t

return Uy

R A

This section gives upper bounds for accumulated errors in the
N steps. As expected, we will have error propagation linear in
N. Throughout this section, we let ~ and < denote = and <,
respectively, when subleading termsin &, (j = 0,...,N — 1)
are neglected.

For the fidelity-based Trotter(m, n), let us find an upper
bound for the accumulated error

e = 1= o) Y. @1
As we derive in Appendix B,
nF,N 5 NG, (22)

meaning a linear increase in the fidelity error. This upper
bound implies an upper bound for the error in the expectation
value of an arbitrary observable O,

non = )OIV () — (Y EN)IO1Ym(n))]. - (23)

To derive the bound for noy, we recall noy <
2D an)) (Y ()] [Ym (i) (Y () DIIO|l, where D(p, o)
denotes the trace distance, which is known to satisfy
D(p,0) < /1 —F(p,0) with F(p,o) being the fidelity.
Using Eq. (22), we obtain

non S NellOll, (24)

which linearly increases with .

For the observable-based Trotter(m, n) using an observable
O, let us find an upper bound with the tolerance €, for the
accumulated error (23) arising in the same observable. We can
prove

non S Neoll O (25)

by induction on N. This claim trivially holds when N = 1 by
the definition of 87y. Suppose that Eq. (25) for N. For N + 1,
the triangle inequality gives

Non+1 < [ {¥Env+DIONW (tvg1))
— (Y (@)U (Sty)OU (13 |9 (tn)) |
+ (Y (00U (813)OU (1) |9 (1)
— (Y (tn 41101ty )). (26)

Since U (8ty)OU (8ty) ~ O, the first term on the right-hand
side is S<Nepl||O| by the inductive hypothesis. The second
term on the right-hand side is less than €p||O||, as imple-
mented in the algorithm. Combining these two, we obtain
non+1 < (N 4 1)eg|| O], which completes the induction.

V. BENCHMARK IMPLEMENTATIONS

In this section we implement and benchmark Trotter(m, n),
using a classical computer. In the first subsection we consider
the ideal limit of the infinite number of shots, for which the
error estimators ng"") and n(om") can be obtained without statis-
tical errors. Then, in the second subsection, we discuss a more
realistic situation, where the number of shots is limited to be
finite. In both subsections we neglect errors in the quantum

circuit.
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FIG. 2. (a) Dynamics of x-magnetization density calculated by
fidelity-based Trotter24 for tolerance € = 10?2 (circle) and 102
(square). The solid curve shows the accurate solution, the system
size is L = 18, and the safety constant is C = 0.95. (b) The actual
fidelity errors nr [Eq. (5)] in the simulation presented in (a). The
solid curves show their upper bounds (22). Blue (orange) points and
curve correspond to the case of € = 1073/2 (1072). (c) The ratio of the
step size §t chosen in each step to §tyoung Obtained by the error-bound
approach (29). Different symbols correspond to those in (a).

A. Ideal limit of N = 00

First, we implement the fidelity-based Trotter24 and will
address the observable-based one later in this section. In both
cases we assume that both 7" and 9" can be obtained
without statistical errors. Following Ref. [34], we consider the

following Hamiltonian:

L
A = h, Za}‘,
j=1

where o are the Pauli matrices acting on the jth site, periodic
boundary conditions are imposed, and we set J, = —1.0, h, =
0.2, and h, = —2.0. Taking the initial state fully polarized
along the —y direction, we let it evolve for a while. Figure 2(a)
shows the expectation value of the x-magnetization density

L
B= Z (foiof,, +hof),  (27)

Jj=1

1 X
me= < Zaj (28)
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FIG. 3. The C dependence of the average step size 6¢ (left y axis)
and the rejection rate (right y axis), i.e., the occurrence of n}”) > €
per time step. Different symbols correspond to € = 1073/? (circle)
and 1072 (square). The averages are taken for #;,; = 0.0 and t5, = 2.0
with the initial trial step size 6¢p = 0.1.

for different tolerances € = 107%2 and 1072 at L = 18, and
we set C = 0.95. As expected, for smaller tolerance, the sim-
ulated dynamics resemble the exact result better, as shown in
the upper panel. We note that we encounter few 7> > ¢ in
these simulations: it happens three (five) times for € = 1073/2
(1072) during the simulation time range. These numbers fur-
ther decrease as we decrease the safety constant C, as we will
discuss below. Figure 2(b) shows the actual fidelity error 1y in
those simulations. We confirm that the errors are well below
the upper bound (22), especially in late times.

The adaptively chosen step size &t is significantly larger
than the one obtained by the error-bound approach. Accord-
ing to Ref. [31], their tight error bound of the second-order
product formula gives the possible maximum step size (see
Appendix C for more detail)

1/3
) . 29

for which the difference between U (§t) and the second-order
Trotterization does not exceed the tolerance €. As shown in
Fig. 2(c), the ratio of the adaptively chosen 8¢ to Stpoung 1S
roughly greater than 10. This means that the step size deter-
mined by the error bound tends to be too small for a given
tolerance, and the adaptive step size is significantly larger.
This discrepancy derives from the fact that Trotter24 utilizes
the quantum state at each time step while the error bound
applies to arbitrary states and tends to be too pessimistic.

The C dependence of the algorithm is shown in Fig. 3.
For various C (0.8 < C < 1.0), we run the Trotter24 with the
other parameters being the same as in Fig. 2. Over the time
interval #,; = 0.0 and t5, = 4.0, we measure the average of
the adopted step size 8¢ and the rejection rate, i.e., the average
number of occurrences of 771(,24) > € per each time step. As the
left y axis shows, the average step size is nearly proportional
to C, as expected from its definition. Meanwhile, the rejection
rate increases only slowly as C increases, except for the close
vicinity of C = 1 (0.99 < C < 1), where C rapidly increases

to exceed unity. If we never mind repeatedly measuring 77}24),

(Stbound = < 1
0B, [B, Allll + 5 II[A, [B, All|l
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FIG. 4. (a) Dynamics of x-magnetization density m, under the
Hamiltonian (27) calculated by observable-based Trotter24 for O =
m, and tolerance €p = 1072 (circle) and 1073 (square). The error
bar shows the range where the exact solution resides as indicated by
the theoretical upper bound (25). The solid curve shows an accurate
solution obtained by a small enough &z, the system size is L = 18,
and the safety constant is C = 0.95. (b) The ratio of the step size ¢
chosen in each step to 8fyoung Obtained by the error-bound approach
(29) in the simulations shown in (a).

the choice C = 1 is ideal for making §¢ larger, i.e., the circuit
depth shallower. However, by choosing a slightly smaller C,
like C = 0.95 or 0.90, we benefit from a dramatically reduced
rejection rate in exchange for a slight increase in the circuit
depth.

Now we implement the observable-based Trotter24 for the
same model (27) in the same setup. Suppose again that we are
interested in simulating the dynamics of m,. For this purpose,
it is natural to set O = m,, for which the Trotter24 generates
Fig. 4. For the smaller tolerance €y = 1073, we obtain more
accurate results for (y (¢t)|m,| ¥ (¢)), as expected. As shown in
Fig. 4(b), the step size is at least five times larger than 8#yoyna
given by Eq. (29), whose values are 8#,oung = 2.31 X 102 for
€ =1072 and 1.07 x 1072 for € = 1073. We note that the
exact value always resides within the error bar representing
the theoretical upper bound (25). Even when the exact values
are not available, the upper bound tells us in what region they
are.

Before closing this section, we remark on the stability
and efficiency of Trotter24 for simulations over reasonably
long times, as seen in Fig. 2(a). This is an advantage over
extrapolation methods, such as Richardson’s [41], in which
physical quantities like (¥ (¢)|m, |y (¢)) are obtained by ex-
trapolating their estimates using different Trotter steps. The
extrapolation methods are particularly useful for short times
t <1 (in units of an inverse local energy scale) because
(¥ (2)|my | (¢)) is well approximated by a low-order poly-
nomial in the Trotter steps and allows us to extrapolate the
exact solution as the infinite steps limit [42]. For ¢ > 1,
however, the required steps increase significantly, and the
estimates with limited steps tend to be unstable due to Runge’s
phenomenon (see Appendix D for demonstration). Although
this pathologic behavior has been addressed using quantum

singular value transformations [43], it requires a fault-tolerant
quantum computer. When compared under the same gate com-
plexity, Trotter24 is more stable than extrapolation methods,
as detailed in Appendix D.

B. Effects of finite Npots

In Sec. VA, we assumed that expectation values are ex-
actly obtained without statistical errors, demonstrating the
idealistic behavior of Trotter(m, n). There the only source of
error was the Trotter error. In reality, however, the number of
available shots (i.e., the number of measurements of circuits)
is limited finitely. Thus, in order to guarantee the accuracy of
simulations, we need to make sure both the statistical error
in the observable evaluation and the Trotter error are within
our tolerance. In this subsection we discuss how to implement
Trotter(m, n) to control the Trotter error. We consider the
same setup as in Sec. V A and aim to estimate Nypo NEcessary
in obtaining the time evolution of O = m, in the time interval
[#ini, tn] Within tolerance €.

Before discussing Trotter24, we consider the conventional
constant-step (second-order) Trotterization approach. For a
fixed step size 8¢, we compute |1, (N8t)) = Tr(8t)V |vo) for
an N-step evolution. For each step N, we are computing the
desired expectation value

(Y2 (N81)|Ola (N6t )

1 L
=7 Z (Y2 (N8t)lo |2 (N6t)) (30)
j=1
1 L
=7 (2 (NSt)|Hjo;Hjl Y2 (NSt)) (€29
j=1
1 < 1<
=> . Y zP@) = - YN 4P, (32)
z j=1 j=1 zj=+1

where H; is the Hadamard gate acting on site
J» P@)=|{z|H;|Y»(Ndt)) |> denotes the probability of
ﬁnding = (Zl,Zz, PN ,ZL) with Zj = 1-— ZbJ and bj = O, 1,
and Pj(z;) = Zz\z,- P(z) is the marginal probability for site
Jj. Equation (32) allows us to evaluate the expectation value
based on sampling, and the statistical error of estimating the
set of marginal probabilities Py, ..., P is NN,;eL/Sz with Mieas
being the number of measurements for each time step N. If
we take account of the statistical independence among P;’s,
the statistical error of (0O) is reduced to be ~(LNmeas)™ /2.
Thus, to make sure the estimation error is within the target
accuracy with the p-o confidence interval (p > 0), we impose
P(LNmeas)™'/? < €0, which means that the minimum required
number of measurements is

el e

where [...] denotes the ceiling function. For instance, if
we demand 2-0 confidence interval for €p = 1%, N2, =
4 x 10* /L. As shown below, this number is smaller than those
for Trotter24 and the adaptive-step (ADA) Trotter [34]. On the

other hand, a challenge in the conventional Trotterization is
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choosing appropriate step size d¢ so that the Trotter error is
within our tolerance €. As discussed in Sec. V, ét, if chosen
based on rigorous bounds, tends to be too small, and the
number of steps Ngep & (fin — fini)/8¢ and hence the circuit
depth become too large. If one measures O = m, at every step,
the total number of shots becomes Nynors = NstepN oeas-
The number of measurements at each step that Trotter24
requires is twice as large as that the conventional Trotteriza-
tion does because the Trotter error estimator n(024) involves two
expectation values [see Eq. (10)]. Thus, Npos = 2N/ N/ 0

step” ¥ meas’
where N, is the number of steps for Trotter24 and tends to

be smaller than Np. This statistical error contributes to n(024)

by QLNL.,)" 2|0, where the factor 2 again takes account
of the two expectation values for the second- and fourth-

order Trotterizations in ng4) and the criterion |r/(024)| < eo|O|l
)70l < eoll Ol

should be modified as |75 | + (2LN
to guarantee precision within the p-o confidence interval.
Equation (33) simplifies this inequality as

1
4) |
i< (- o5

We note that the formulation reduces to the ideal case in
Sec. VA in the limit of p — oo, where N . — oo and
Eq. (34) becomes [57] < €0 O.

Figure 5 demonstrates how Fig. 4 changes when we eval-
uate the expectation values based on sampling with the p-o
confidence interval discussed above. The implementation is
the same as in there except for the following two parts. First,
the expectation values for the observable and r)04) are ob-
tained by sampling using Eq. (32) and its counterpart for
[Y4(N6t)) with Eq. (33). Second, the error threshold is re-
placed by Eq. (34) in the p-dependent way. Note that the error
bound (25) is interpreted as the p-o confidence interval since
the error estimation involves statistical errors. The Trotter er-
ror tends to decrease as €, decreases or p increases, although
such p dependence is unclear for t > 2 in €y = 1072, where
the error bar becomes very large.

The cumulative number of measurements before time 7 is
plotted in Fig. 5(c). Considering Eq. (33) representing the
number of measurements at each evaluation of ng4) and (O),,
we have rescaled the number by 652 in the plot. Nicely, the
number increases in time almost linearly since the rejection
rate in finding an optimal 8¢ in each step is kept low. Typical
cumulative numbers of measurements for a unit of time r = 1
are 10° for €p = 1072 and 107 for ¢ = 1073, which could be
achievable in current NISQ devices.

Finally, we discuss the number of measurements required
in the ADA Trotter [34], which adaptively chooses ¢ so that
the energy expectation value and variance are close to their
ideal values within tolerance. Unlike Trotter24 evaluating O,
the ADA needs the expectation values of H =A + B and
H? = (A + B)>. While (H), only requires a similar number of
measurements to (O),, computing (H?), based on sampling
is significantly more costly because H? is not necessarily
local. For example, H 2 involves AB + BA, and it contains
terms like Uj‘,ofajﬂr] (1 < j,j < L). Such terms cannot be
simultaneously measured in a single circuit, and one needs
multiple, at least O(L), circuits for measurements. Thus, the
number of shots required in the ADA Trotter is O(L) greater

)€0||0||~ (34)
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FIG. 5. (a), (b) Dynamics of x-magnetization density m, under
the Hamiltonian (27) calculated by observable-based Trotter24 for
O = m, and tolerance (a) ¢y = 1072 and (b) 1073, where the expecta-
tion values are calculated by sampling with p = 2 (circle) and p = 3
(square) (see text for detail). The error bar shows the range where
the exact solution resides as indicated by the theoretical upper bound
(25), which is here interpreted as the p-o confidence interval. The
solid curve shows an accurate solution obtained by a small enough
dt, the system size is L = 18, and the safety constant is C = 0.95.
(c) Cumulative number of measurements performed in obtaining
(a) and (b) divided by eé.

than that in Trotter24 and the conventional Trotterization.
Also, we emphasize again that the tolerance € set for the
energy expectation value and variance in the ADA Trotter
cannot be translated to the error in the observable O of interest
for nonequilibrium states, and the precision guarantee is still
elusive, unlike Trotter(m, n).

VI. GENERALIZATION TO TIME-DEPENDENT
HAMILTONIANS

Trotter24, developed thus far for time-independent Hamil-
tonians, is straightforwardly generalized for time-dependent
Hamiltonians unlike the previous study [34]. Their study is
based on the energy conservation law, which is absent in
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time-dependent Hamiltonians, and its generalization to those
Hamiltonians is not straightforward and has not been estab-

lished yet.
Our setup is a generalization of Eq. (1) as
H(1) = A(r) + B(1), (35
and we consider approximating the exact evolu-
tion [+ 6t))y =U(t, o) |v()) for U(,ét)=

T exp(—i ftt”t H(s)ds), where T denotes the time ordering.
Assuming that the quantum state [y(¢)) at time ¢ is known,
we try to approximate the subsequent time evolution for a
step size &t by the so-called midpoint rule

[ (t + 1)) = Ta(z, 81) [P (7)), (36)
To(t, 8t) = o iAU+b1/2 %’efiB(tJrSt/Z)zStefiA(IJrzSt/Z)%. (37)

The midpoint rule is known to be a second-order formula, and
the fidelity error nr and the observable error 1o are as small
as O(813), like in the time-independent-Hamiltonian cases.

To measure the errors in the leading order without using
the exact state [ (r + &t)), we use a fourth-order Trotteriza-
tion formula for time-dependent Hamiltonians. Focusing on a
special case where A(t) = a(¢)A and B(¢) = b(t)B with a(t)
and b(t) are scalars, we utilize the minimum fourth-order
Trotterization formula [44]

[Wa(t +00)) = Ta(, 51) [y (1)) , (38)
To(t, 51) = o3 —0A 5B o153 BiA J1-295:B 15 A 3528 o5+
(39

s
tt+ ! a(s)ds,

o= [T bs)ds, and i = % [ dny [ dni[b(r)a(ty) -
a(ty)b(t))], and u = B1o/B- is assumed to be O(8¢?). For
more general A(¢) and B(¢), one can utilize the fourth-order
Suzuki formula [22] consisting of 15 exponentials. We can

define nf‘” and ng4) similarly to the case of time-independent

Hamiltonians and confirm that ny & n(F24) and no ~ 77(024) in
their leading orders.

The algorithms of Trotter24 for time-dependent Hamil-
tonians are obtained by the replacements 7,(8t) — T»(t, 5t)
and Ty(8t) — Ty(t, 8t) in Algorithms 1 and 2. Even though
the time-ordered exponential 7 exp complicates the propaga-
tor U (¢, 8t) for time-dependent Hamiltonians, Trotterizations
Ty(t, 6t) and Ty(t, 8t) tailored for these cases correctly ap-
proximate it as U (¢, 8t) = Tr(¢, 8t) + O(8t>) and U (t, 6t) =
Ty(t, 8t) + O(8¢°). The algorithms of Trotter24 are thus
straightforwardly applied to time-dependent Hamiltonians
because the complication due to the time dependence is ap-
propriately taken care of by Trotterization formulas.

Let us now implement Trotter24 in an example time-
dependent Hamiltonian. Our model is a generalization of
Eq. (27) as

consisting of seven exponentials, where B = |

H(t) =tA+ B, (40)

where A and B are given in Eq. (27). Although this Hamil-
tonian is linear in ¢, Trotter24 equally applies to nonlinear
ones. We take the same initial state as in Sec. V and set the
time interval as ti;; = —3.0 and #5, = +3.0. Here we only
demonstrate the observable-based one since the fidelity-based
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« 0.0
—-0.21 ¢ Eo=10_2
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FIG. 6. (a) Dynamics of x-magnetization density m, under the
time-dependent Hamiltonian (40), calculated by observable-based
Trotter24 for O = m, and tolerance €, = 1072 (circle) and 103
(square). The error bar shows the theoretical upper bound (25).
The solid curve shows an accurate solution obtained by the fourth-
order Trotterization with 8z = 1072, the system size is L = 18, and
the safety constant is C = 0.95. (b) Step size é¢ chosen adaptively
in the algorithm in each step. Different symbols correspond to
those in (a).

one works similarly. Figure 6 shows the x-magnetization den-
sity dynamics obtained by Trotter24 for different tolerance
€0 = 1072 and 1073. Like in the time-independent case, Trot-
ter24 provides the dynamics in a precision-guaranteed way, in
which the exact solution resides in the error bars given by the
preset tolerance €.

Unlike in the time-independent case, the step size tends
to decrease as |¢| increases, as shown in Fig. 6(b). This is
consistent with the fact that the Hamiltonian (40), or the
energy scale, is proportional to # when |f| > 1, for which
the step size needs to be decreased to keep the error below
the tolerance. Trotter24 automatically chooses the appropriate
step size, depending on the instantaneous Hamiltonian as well
as the instantaneous quantum state.

VII. CONCLUSIONS AND DISCUSSIONS

We have developed a method of measuring the Trotter
error by combining it with another higher-order Trotterization
without ancillary qubits. Using this, we devised an algorithm
named Trotter (m,n) for Hamiltonian simulations, during
which the step size ¢ is adaptively chosen as large as possible
within an error tolerance we set in advance. In each time
step, the precision is guaranteed in the sense of Egs. (22)
and (25) with higher-order corrections being neglected. Our
algorithm applies to both time-independent and -dependent
Hamiltonians, as we benchmarked in the example Hamilto-
nians in the quantum spin chain mainly for Trotter24, i.e.,
the case of (m, n) = (2, 4). Another merit of Trotter24 is the
efficiency in finding the optimal step size §¢. According to
the benchmark, the estimated &t is rejected less than once on
average during each time step by setting the safety constant
C < 0.99. In exchange for conducting measurements in each
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step, Trotter24 adaptively finds almost the largest 6¢, which
was about 10 times as large as that inferred from the upper
bound arguments. Thus, this algorithm keeps the circuit sig-
nificantly shallower within our error tolerance €.

Although we focused on applying Trotter(m, n) to quantum
computers, this algorithm also applies to classical compu-
tations. Beyond the system sizes accessible with the full
exact diagonalization of Hamiltonians, Trotterization-based
algorithms, such as the time-evolution block decimation
[45] and the full state-vector evolution [8], are useful on
high-performance computers. When we use an mth-order
Trotterization, one may want to estimate its error and guar-
antee that the error is within a tolerance €. For such a purpose,
Trotter (m, n) provides these classical computations with a
precision-guaranteed adaptive step-size method, enabling reli-
able simulations for quantum many-body dynamics, although
there could be other possible methods.

We have neglected the statistical error in measuring the
Trotter error through sampling and the device error inherent
to NISQ computers. These errors are, in principle, estimated
from the available number of measurements and the device
assessment. Also, the error mitigation technique [41,46] helps
to reduce these errors, as demonstrated on a 100-qubit-scale
NISQ computer [24]. If these errors are below our tolerance
and the Trotter error is the bottleneck, Trotter24 will benefit us
in optimizing Trotterization in a precision-guaranteed manner.
We leave real-device implementations for future work.

J

KW (¢ + 80| Ym(t + 80N = K (1)]e ™ [ (1)

where we used Re (¥ (¢)| Y1 | ¥ (£)) = O (since Y, is anti-
Hermitian) and Eq. (A2). Therefore, we obtain

nr = \/(W(t)l(iTmH)zW(t)) — (YOI )Y (1))
+ 051" +?).
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APPENDIX A: SCALINGS OF TROTTER ERRORS

1. Leading-order expression for np

According to the Baker—Campbell-Hausdorff (BCH) for-
mula, we have

U(St)"'Tm((St) — iHB g iHS+ ey e?,,,ﬂ’ (A1)
where T,,(5t) denotes an mth-order Trotterization and
Yot = Tosr + LHS, Va1 4 -+ = Vpr + 01" )
(A2)

is an anti-Hermitian operator, and we used Y, = o8t
Thus, we have

(A3)
= K OI[1 + Tugr + 3Ty + 0G|y () (A4)
=14+ WO [ O) + 1 (GO l¥ @) P+ 0@ ) (A5)
= 1= (YOI T 2W ) + (G OITme)IW 0)) + OG"HD) (A6)
=1 — (YOI 1Y O)) + (Y OIE )l (1)) 4+ 07" ), (A7)
[
According to the BCH formula, we have
U (81) T, (81) = M =M+ Yuet — oTont (A12)
where
(A8) Yor1 = Vo1 + [IHS, Yoy ] + - - = O™ ) (A13)

Notice that the right-hand side is non-negative since i), is
Hermitian.

2. Fidelity difference between the exact
and measurable expressions

Here we study the difference between

x = (Y@ + 80yt +db)), (A9)

Xomn = (Yt + 80) Y (1 + d1)) (A10)
and show nr = ™ 4 O(81"*"). We begin by noting

X = Xom = (WOIUTSOIL — U GST, (SO (80) | (1)) .
(Al1)

is an anti-Hermitian operator, and we used Y| = O(8t"*1).
Thus, we have

X = Xom = (WO GO Tt Tu(GOY (1)) + 02+
(A14)

= (1//(l)|7;;(51)?”+1Tm(8t)|1p([)> + 0(5tm+"+2),
(A15)

where we used U(8t) = T,,(5t) + oty and Y,y =
O(8t"*1). Since Y,41 is anti-Hermitian,
3x = (WOIT GO Tu@OIY (1)) = 0G1™!)  (A16)

is pure imaginary.
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Now we rewrite 1y using X, as follows:

2

mp =1 =[x =1 — [} + x| (A17)

=1- |an|2 - (X:,nSX +cc)+ O((sz(n+l)). (A18)

Here we note

Xom = (U (OIT,(88) T, ()Y (1)) (A19)
(YOI UGHIUTGOT, ()11 (1)) (A20)
(W O)le ey (r) (A21)
= 1+ (YOI Tt [¥ (@) + 0", (A22)

where we used Eqgs. (A1) and (A12) to have Egs. (A21), and
(A13) to obtain Eq. (A22). Substituting Eq. (A22) and using
the facts ReSx = 0, §x = O(8t"*1), and Y41 = O(8t™H1),
we obtain

= (Yt + |0t +81)) = (Y (OI[Th1, Ol (1))

+0(8t"?) (A28)
= (Y (t + 8|0 (t + 81)) + Ot™™), (A29)
which means
no — g = (Yt +80)|0IY (¢ + 81))
— (Yt + 81)|OlYa(t + 81))
= O(st"th). (A30)

APPENDIX B: FIDELITY ERROR PROPAGATION

To prove Eq. (22) for a general order m [we obtain a proof
of Eq. (22) by setting m = 2 in the following argument], we
begin by introducing

SUSt) = T (8)U (8t) — 1 = ¢~ 100 _ 1 = o(st™*1),

g =1 — ml” + 0@ ), (A23) (B1)
) . where we used Eq. (A2) and explicitly showed the 6 depen-
e =mnp "+ 0@, (A24) dence of Y},. Introducing
where we used n" = 05" +1). Tt (88) = iTops1 (87) = O(8™H), (B2)
which is Hermitian, we have
3. Observable difference between the exact Tt (51)
and fourth-order expressions SU(8t) = e -1 s (B3)
a1 (82
Here we show = il (81) — % + 083Dy (B4)
no —ng" = 01", (A25) Now we define
This is simply obtained from xv = (W) (ty)), (BS5)
(Wt + 8OI O (1 +81)) which satisfies
= (Y (1)] M~ Xrs1 Qg HIH T |y (1)) (A26) SFyv =1~ |xnl* = 1 - (B6)
= (Y (1) e~ Tr1 01 7O |y (1)) + O(8:"+?) (A27)  Then we have
|
= . ot 1 (81 -
=Wl ] {T,,I(St)[l + Ty (817) — %]} [T 76010 (B7)
i=0,....N—1 i=0,...N—1
N N
. 1 2
=1- lz (W )T (St Y (1)) — 3 (WY @)1 (81)7|Y (1))
i=1 i=1
— D W BT, Sti1) - Ty (ST (SEDIY (1)) + O H); (B8)
1<i<j<N
N
8Fy = Y ()| Tyt 0629 (0)) +2Re| > (W) Dot BT, (Stis1) - .. Ty (St )Tt (811 (2)
i=1 ISi<j<N
N 2
- ( <1/f(ti)|Tm+1(5ti)Il/f(ti))> + 03", (B9)
i=1
where we used Im (v (#,)|T,,.1(62;)|¥ (¢;,)) = 0. Here we notice that
1T (81;) - . . T (St Tt (88, |9 (1)) — onn (827) 19 (1)) |17
= (Y ()Tt B2 |W (1)) + (W (1) Do (81,19 (1))
— 2Re[(Y ()Tt S0, (8ti1) - .. T, (81Tt (82)) |9 (1)) (B10)
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is higher order and negligible in our leading-order calculations, meaning that we can replace 2Re[(y¥ (%) 41
(Bt T, (Stig1) - . T (St )T (B2 [ (¢))] by (W (1) Ty (88)* (W (1)) + (W ()| Ty (82;)*[ (¢)) neglecting higher-order cor-

rections. By doing so and completing squares, we obtain

N
SFy =~ N Z[(W(ti)ll“mﬂ(5ti)2|1ﬁ(ti)) — (Y @)ITr B8 Y (1))°]

i=1

Y KT Gl (1) — (W I Ts Gl 1) 1.

1<i<j<N

We notice again that the second term on the right-hand side
of Eq. (B11) is negligible in the leading-order calculation.
Recalling Eq. (7), we notice that the first term consists of
the leading-order fidelity error in each time step, which is
guaranteed to be less than € in the algorithm. Therefore, we
finally obtain

8Fy S N?e?, (B12)
nF,N S/NE (B13)

APPENDIX C: ERROR-BOUND APPROACH

Here we apply the exact error bound [31] for our example
model, obtaining §¢ guaranteeing the error is less than our
tolerance €. According to Ref. [31], we have the following
inequality:

U (81) — e~ iAd/2iB g=iMs1/2) <y sy, (C1)
where
Was = [I[B. [B. Allll + 5I[A, [B. Al (C2)
Note that interchanging A and B also leads to
U (81) — e B3/2 =it g=iBO2 | < Y7 513 (C3)

If Wa p < Wp 4, inequality (C1) gives a tighter bound, and one

may use the second-order formula e~#4%/2 =185 o=iA%/2 jp this
order of A and B. Otherwise, one may use ¢ ~/8%/2 =A% p—iB5t/2
whose error is bounded by inequality (C3).
1000
—o— Wy s
Wg, A
8001
£
S 600/
=
400+
2001
4 8 12 16

L

FIG. 7. System-size dependence of the W norms for the example
model (27).

(B11)

The W norms W, g and Wp 4 for our example model (27)
discussed in the main text are plotted in Fig. 7. Recall that we
focused on ¢ 4%1/2=iB3 ,—iAd1/2 in the main text, and this is
consistent with the tighter bound (C1) since Wy g < Wp 4.

The error-bound approach based on the bound (C1) deter-
mines §t from

Wy pdt? <e. (C4)
The possible maximum for &¢ satisfying this inequality is
denoted by Stpoung and given in Eq. (29).
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FIG. 8. Comparison between Trotter24 and Richardson’s extrap-
olation at #,p = 1.68 (a) and 49 = 10.3 (b). Filled symbols show the
magnetization expectation values obtained by the exact calculation
(star) and by the observable-based Trotter24 with & = 1072, Open
black circles show those obtained by the second-order Trotterization,
m of which are polynomially extrapolated to estimate the ideal limit
ey — 0 (colored circles shown in the legends).
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APPENDIX D: COMPARISON WITH RICHARDSON’S
EXTRAPOLATION

In this Appendix, we compare Trotter24 and Richardson’s
extrapolation as follows. We first implement the Trotter24 like
in Sec. V to obtain the magnetization expectation values at
times ty (N =1,2,...). On the other hand, for each time
ty, we aim to obtain a good estimate for the exact expecta-
tion value using Richardson’s extrapolation. Namely, for each
integer M taken out of m + 1 integers, we implement the
usual second-order Trotterization with step size ty /M, having
expectation values at . To equate the maximum required gate
complexity in both methods, we impose M < N.

Figure 8 shows the comparison at ¢ = #j¢ and 49, where
Trotter24 is observable based with ¢ = 1072, Figure 8(a)
shows results for the shorter #,p = 1.68. While the accuracy
for m = 1 is comparable to Trotter24, the extrapolation gives
a better estimation as m increases to outperform Trotter24.
In contrast, Fig. 8(b) shows the results for the longer t49 =
10.3, where the extrapolation gives a worse estimation as m
increases.

This breakdown of extrapolations for longer times is ex-
plained by Runge’s phenomenon. The expectation values of
O obtained by the second-order Trotterization read as

Ot, em) = (Y (0) | Ty (ent M OTz (enst)™ | 1 (0)),

where ey =1/M, and we assume that
is (m+ 1)-times differentiable with respect to &y.
Note that the exact value is given by O(,0) =
(Y(O) [UOTOU@) | (0)) = limy_, oo O(t,€y). The

(D1)
o(t, ey)

extrapolation method estimates this by extrapolating an
mth-order polynomial curve going through the (m + 1) points
(emy, O(t, €my))s - - -, (em,,, O(t, €x,)), where we assume
My > --- > M,,. Thus, utilizing the coefficients c; obtained
through Neville’s algorithm, we can write the estimate as
0,(t,0)= er‘rl:o c;O(t, eu,). Then, the error of the estimate
is bounded as

10(1,0) — O, (¢, 0)|

1

amto(r, )
< max
0<é<en, (m+ 1)!

(m+1)
0ey,

[Tem- ©2)
i=0

. gm+1) .
Notice that maxo<z<e,,, |W0(t, &)| can increase when m

increases. Consequently, the extrapolation estimates can be
worse even though we increase m, and this is known as
Runge’s phenomenon. This phenomenon can occur when m
is too large even if ¢ is short. Generally speaking, O(¢, &y7)
tends to become a more complex function of &), as ¢ increases,
leading to instability.

Runge’s phenomenon is circumvented, in classical numer-
ics, by optimizing the sequence &g, €1, ..., &, such as the
Chebyshev notes. However, this type of optimization is non-
trivial in NISQ devices because of the limitation of circuit
depth and the constraint that M;’s are integers. In fact, a recent
study [43] resorts to a beyond-NISQ quantum computation
for solving the optimization. Trotter24 is free from Runge’s
phenomenon and more stable especially in longer times.
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