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Model orthogonalization and Bayesian forecast mixing via principal component analysis
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One can improve predictability in the unknown domain by combining forecasts of imperfect complex
computational models using a Bayesian statistical machine learning framework. In many cases, however, the
models used in the mixing process are similar. In addition to contaminating the model space, the existence of
such similar, or even redundant, models during the multimodeling process can result in misinterpretation of
results and deterioration of predictive performance. In this paper we describe a method based on the principal
component analysis that eliminates model redundancy. We show that by adding model orthogonalization to
the proposed Bayesian model combination framework, one can arrive at better prediction accuracy and reach

excellent uncertainty quantification performance.
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I. INTRODUCTION

Modeling is a crucial part of many scientific disciplines.
Within the framework of the scientific method, models are
designed to create postdictions about past data, describe phe-
nomena, and make predictions about the future observations.
In many cases, several alternative (and competing) models
are available to describe a given physical phenomenon. These
models might be based on different theoretical foundations,
be calibrated to different datasets, involve different compu-
tational algorithms, and often will have a different accuracy
when it comes to forecasting (i.e., postdictions or predictions).

Choosing one of the models either arbitrarily or using
off-the-shelf model selection method leads to poor uncertainty
quantification (UQ). To this end, combining together a set of
different models is advisable [1-3]. One of the key aspects
of multimodeling is the choice of individual models whose
forecasts are combined and the elimination of very similar, or
even redundant, models is a challenge.

The objective of this paper is to find the effective number of
models in the model set and determine their relative contribu-
tions to the combined forecast obtained within the Bayesian
setting. To this end, we use principal component analy-
sis (PCA). We shall demonstrate that incorporating model
preselection and model orthogonalization via PCA into the
multimodel framework leads to (i) faster and scalable fore-
casting (only the reduced set of orthogonalized models is
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mixed); (ii) improved computational robustness of multimod-
eling; (iii) increased interpretability through elimination of
similar models; and (iv) improved predictive performance as
properly orthogonalized models are less prone to overfitting.

Below, we first briefly review the fundamentals of our mul-
timodel framework. As an illustration, we apply our approach
to a pedagogic example of predicting nuclear binding energies
using a simple analytic model and study common modeling
scenarios. Finally, we show the opportunities provided by our
method for practitioners on a case study of predicting binding
energies using a set of realistic models based on the nuclear
density functional theory.

II. MULTIMODELING

A. Reasonable models

Let us consider a set of models My, ..., M,, which are
used to forecast observations of a physical process at lo-
cations x; e X CR", i=1,...,n, where X indicates the
input domain of observations. As the main goal of this paper
is to develop a framework for quantified extrapolations, we
introduce a notion of “reasonable models,” i.e., the models
which (i) are well suited to provide sound quantified fore-
casts within the input domain Xy C X in which experimental
observations exist and (ii) have sound physical/microscopic
foundations enabling extrapolations and UQ outside of &j
into the unknown domain X* = X — A}). Each model M,
is calibrated to a dataset within the input subdomain AX; C
Xy. The condition (ii) excludes phenomenological, many-
parameter formulas fitted to experimental data, which yield
uncontrolled extrapolations in the unknown domain X'*.

B. Combining forecasts

In this section, we briefly overview three basic approaches
to combining forecasts of reasonable models (for a
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comprehensive discussion, the reader is referred to
Refs. [1,2]). In general, the goal of forecast combination
is to use several models to predict observations y(x) of a
physical process at new locations x* € X* using information
from both measurements/observations y = [y(x1), ..., y(x,)]
and model calculations at the input locations x; € Xj.

One common approach for combining forecasts is
Bayesian model averaging (BMA) [4-6]. Here, the resulting
prediction is given by a mixture of individual models’ pos-
terior predictive distributions where the BMA model weights
reflect the fit of a statistical model to data independently of the
set of available models and are obtained by marginalizing over
model parameters (i.e., using Bayesian evidence). However,
BMA relies on theoretical assumptions which are inappropri-
ate for approximate modeling of complex systems (e.g., one of
the candidate models is a “true” model that perfectly describes
the physical reality).

The Bayesian model mixing (BMM) framework, an exten-
sion of Bayesian stacking [2,3,7,8], implicitly assumes that
while none of the models M is true, the underlying physical
process is well captured by a linear combination of the mod-
els. A resulting statistical model can be written as [3,8—10]

Y =Y o) fixi) + oiei, (0

k=1

where o; represents the scale of the error of the mixture model
(possibly including experimental and theoretical errors),
€; S N, 1), fi(xi), ..., fiulx;) are forecasts for the datum
y(x;) provided by the m theoretical models considered, and
w(x;) = [w1(x;), ..., wn(x;)] are their respective weights
which are often adjusted to fulfill the simplex constraint:

m

o1 0 20, Y =1 )
k=1

The weights can, in principle, depend locally on the in-
put domain or can be global, i.e., domain independent. The
distribution of BMM model weights additionally depends on
the modeling choice for @ and the set of models considered
[10]. As demonstrated in previous studies [10—12], combining
models using BMM outperforms BMA in terms of both pre-
diction accuracy and UQ. Consequently, in this paper’s case
studies we do not pursue the BMA strategy.

The Bayesian model combination (BMC) strategy aims to
find a combined forecast that outperforms individual forecasts
by hoping that systematic deficiencies of different models will
compensate. Here, the focus is on the overall performance
rather than the relation of the models M to the true model.
In BMC, one assumes the mixture model in the form [1,13]

Y& =Y el filx) + fo + oiei, 3)

k=1

where ¢ = [c;] are model amplitudes and f; is an optional
constant term. If fo = 0, BMC is reduced to the unrestricted
combined forecast whose amplitudes ¢ can be determined
by unrestricted chi-square minimization or by constructing a
Bayesian posterior distribution given the data. In general, the
amplitudes of BMC do not have to be positive [11,13]. Some

applications of BMC [14] impose the simplex constraint (2);
this results in a worsened performance [13].

C. Model similarity and redundancy

In many cases, physics models may have a similar math-
ematical foundation but their parameters are calibrated using
different methodologies. It is also possible that models are in
fact identical in spite of their different formulation. Consider,
e.g., (i) a model given by a polynomial of order n (Taylor
expansion) and (ii) a model given by a Legendre multipole
expansion of order n. Both models are manifestly identical,
if calibrated to the same dataset. This extreme situation is
referred to as model redundancy [15].

In addition to “polluting” the model space [My], the
existence of redundant or similar models during the mul-
timodeling process can result in difficulties with obtaining
reliable inferences and hence misinterpretation of results and
deterioration of predictive performance. The standard applica-
tion of BMA will particularly suffer from this situation given
that each model weight is calculated independently of the
set of available models, allowing for overemphasis of model
classes with repeated representations. Consequently, adding
model preselection and orthogonalization to model combina-
tion pipelines is important and, as we show in the following,
relatively straightforward.

III. MODEL ORTHOGONALIZATION

PCA [16] and singular value decomposition (SVD) [17]
are two related methods that have become essential tools
for data compression, signal processing, data visualization,
feature selection, and dimensionality reduction across sci-
ence and engineering [18]. In the past [19], PCA has been
specifically applied to model orthogonalization; see also other
PCA applications to combining forecasts [20,21], including a
recent application to nuclear mass models [22].

For the purpose of this paper, we will use PCA to identify
the first p principal components, or directions of maximal
variability, across a set of m theoretical mass models (p < m).
We first consider forecasts of the m different models: f; (x;)
(i=1,...,n), where n is the number of model results. For
our specific application, these forecasts consist of the n ~ 600
computed nuclear binding energies of different even-even nu-
clei characterized by the number of protons Z and neutrons
N, i.e., the domain of interest is defined by x; = (Z;, N;);
see Ref. [23]. We arrange these model results into a matrix
X’ = (Xi9k), where a fixed column represents the forecast of a
single model f; across all n measurements, while a fixed row
represents the predictions of all m models on a fixed mass of
nucleus x;. From this matrix, we construct the centered matrix
X=X,

X5 = X — dox), “)

by subtracting the average ¢ (x) of all the models (columns):
1 m l m

Polr) = — > X =—3 filx). )
k=1 k=1

The vector ¢o(x), where x = [x;] denotes the list of inputs,
represents the average forecast of all models and in principle
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FIG. 1. Schematic representation of the PCA approach for the
model combination. Here, two model classes consist of two and five
models, respectively, and are represented as vectors in a space R”.
This collection of seven models is approximated in the affine space
(gray rectangle) spanned by the constant ¢, term (dashed light-gray
arrow) and the two principal components ¢; and ¢, (dashed black
arrows).

contains the main features that a reasonable physical model
should have. The deviations from this average, contained in
the matrix X¢, serve to characterize individual models. The
matrix X can be expressed in the singular value decomposi-
tion form:

X = Unxn Snxm VT

nxm mxm

~

N N AT
c
~ X nxp = Unxp Sp)(p

Vo ©)

In Eq. (6), the reduced-dimension matrix X¢ optimally [18,24]
approximates the original matrix X¢ by keeping only the first
p < m singular values s; of S. The total number p of compo-
nents kept can be chosen in several ways (see for example the
partial sum criterion [16]), and in this paper we treat it as a
hyperparameter that is selected by analyzing the performance
of the overall model across a validation set.

Once the truncation is done, the retained p principal com-
ponents are obtained by the columns of U/. We label these
components as ¢;(x) (with j=1,..., p). As illustrated in
in Fig. 1, the forecast of any of the original models can be
approximated by a linear combination of this smaller set of
p orthogonal components ¢;(x) identified by the SVD algo-
rithm, plus the original average forecast:

14
fe@) ~ go(x) + Y v¥¢;x), fork=1,....m. (1)

j=1

The coefficients vj(.k) can be obtained by multiplying the kth

column of V' by the respective singular values of §. This
reduction presents several advantages for BMM and BMC that
we will discuss in the following.

A. Global model mixing and model combination
with principal components

Conveniently, we can construct a combined model fT by
mixing (globally) the identified principal components instead

of the original forecasts:

P
fT@:b) = go(x) + Y bg;(x), ®)
j=1
where b; corresponds to the global weight of the jth principal
component ¢ ;. Note that since each principal component ¢; is
itself a linear combination of the original forecasts f;, we can
express Eq. (8) in a BMM-like form,

m

Fib) =) od) fi(x), ©)
k=1
where the m weights w; depend on the p latent variables b =
(b1, ..., b,) as degrees of freedom:
1 . A1
o) = Z1 + (me,,Spo)b, (10)

where 1 is the all-ones vector of dimension m with all ele-
ments equal to 1.

By construction, the sum of the weights w; in Eq. (9)
adds up to 1, i.e., it satisfies the second part of the simplex
constraint (2). Indeed, since ¢ is the average over all models,
it contributes with m x % = 1 to the total sum of the weights,
while every principal component ¢; is itself a linear combi-
nation of the columns of the matrix X¢, each of which adds
net zero total sum of model weights (see Fig. 1). We note,
however, that while the weights wy fulfill the second simplex
constraint, they do not have to be positive.

Given the available data, the weights b can be jointly esti-
mated [25], with an assumed combined model error scale o,
within a Bayesian framework:

pb,oly) < p(ylb, o)p(b, o). )

Here, p(y|b, o) is the data likelihood function with the stan-
dard Gaussian-noise assumption as in Eq. (1), namely,

1
pOlb, o) oo™ exp <—§X2),

e Z Lf*@isb) —yC)l*

2

12)

i=1 o
and p(b, o) is the joint prior distribution of the mixing weights
and the common error scale o.

The assumption that the deviations between our model
predictions f7(x;;b) and the observations y(x;) follow in-
dependent Gaussian distributions with the same noise scale
(0; = o) is a common choice for calibrating nuclear models
with extremely precise data such as nuclear masses [26-28].
This assumption can be easily modified for different applica-
tions of the framework if needed.

A reasonable choice for p(b, o) is multivariate Gaussian
prior distribution for b, informed by the empirical distribution
of the original weights v;k) when reproducing the models in

(7), and a Gamma prior distribution for the precision 1/02
parametrized by a shape parameter vy and a scale parameter oy
(see Ref. [29]). We create a weakly informed prior by select-
ing vo = 10 and oy = 2 MeV for the first case study, and vy =
10 and oy = 0.5 MeV for the realistic case. These choices
do not appreciably impact the obtained posterior distributions.
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Notably, our procedure allows for an efficient approximation
of the posterior distribution (11) using the standard Gibbs
sampler, because the multivariate Gaussian and Gamma priors
p(b, o) together with the likelihood (12) form the classical
normal-inverse-gamma semiconjugate model (see chapter 9 of
Ref. [29]).

This prior choice effectively resembles BMC in the context
of the combined model (9), because the weights wy(b) are
unrestricted in the sense that they can be positive and negative.
If one wishes to impose a further constraint on the model
weights, such as the simplex constraint (2), the original multi-
variate Gaussian prior distribution for b can be easily modified
so that it is zero whenever the constraint is not satisfied.

The combined model (8), referred to as BMC + PCA in
the following, parametrizes an approximated manifold of the
currently developed theoretical models through the mixing
weights b, as illustrated by the gray affine subspace in Fig. 1.
In the Bayesian context, this combined model, equipped
with a posterior probability distribution for the weights (11),
has the appealing statistical interpretation of representing
an overarching distribution of plausible models that can ex-
plain the observed data. Within this framework, each original
forecast f; could be interpreted as a random—not necessar-
ily independent—draw from this distribution, and through
Eq. (11) we aim to create a more informed quantified predic-
tion for new observables. Furthermore, performing the mixing
on the principal components instead of the original forecasts
has the advantage of both filtering out parametric directions
that could be associated with noise instead of important fea-
tures, and preventing the combined-model parameters b from
becoming ill conditioned in the presence of similar or redun-
dant forecasts f;. We demonstrate these features in the next
section.

IV. RESULTS

A. Case study I: Redundant and similar models

To test the proposed global BMC framework (8), we first
consider nuclear binding energy forecasts generated by sev-
eral variants of the analytic liquid drop model [30,31]. Within
this seven-parameter model, the binding energy of a nucleus,
E(N, Z), is given by [32]

EN, Z;a) = ayoA + asufA™? + acunA' + agyml*A

2
+ asst12A2/3 + a£§3n14A + aCOUI%5 (13)
where A = N + Z is the mass number and I = (N — Z)/A
is the isospin excess. The parameters a = [dyol, dsurf
Acurys Qsyms Gssyms> Gsyms dcoul] have a well-defined physical
meaning; they represent volume, surface, curvature, symme-
try, surface-symmetry, second-order-symmetry, and Coulomb
terms respectively.
To test various common modeling scenarios, we create four
model classes of the form

YN, Z) = EN, Z;a"), fort € {P,G,I,B}, (14

where the model-class index P, G, I, and B stands for “per-
fect,” “good,” “intermediate,” and “bad” models, respectively.
These labels reflect how close these models are to the ref-

TABLE 1. Four model classes used in this paper and their re-
spective parameters as defined in Table I of Ref. [32]. The models
belonging to the class “Bad” are based on the NL1 parametriza-
tion with the terms {asym,assym,agfn} set to zero; we label this
parametrization as NL1*. Three scenarios (S1-S3) considered are
shown in columns 3-5 that list the number Ny, of repeated (re-
dundant) models belonging to class k; the number of principal
components p kept; and the individual model weights wy, (9) obtained
by maximizing the likelihood (12) in the case without noise (both
8a® and oy are set to zero). Since no noise was added, every repeated
model within the same class has identical weight. For each scenario,
ZwkNrep,k = 1. The weights from S1 are correctly redistributed
among the repetitions in S2, i.e., (g Nrep k)51 = (@ Nrep,x )s2 for each
k. The perfect model is selected in S3.

S1 S2 S3
Parameter p=2 p=2 p=3
Model class centera®”  Nep @ Nep @ Nep o
Perfect SkO 0 0 1 1.000
Good SLy4 1 0.710 3 0.237 3 0.000
Intermediate NL1 1 0.309 5 0.062 5 0.000
Bad NL1* 1 —0.019 10 —0.002 10 0.000

erence model that generates the synthetic data. Each model
class has parameters centered around parameters a') defined
in Table I. For some scenarios, to obtain nondegenerate fore-
casts, the parameters are shifted by a small random amount
8a®, which is a Gaussian with a width of 2%o of a®. In
some cases, we also add a Gaussian noise term with the width
Onoise = 1 MeV. These two sources of error, the shift in the
parameters and the overall Gaussian noise, simulate a situa-
tion in which models within the same class yield predictions
that deviate both in a coherent (8a®’) and uncorrelated (o,0isc)
way. [The spread of model predictions due to these sources of
noise is shown in Fig. 2(a).] The reference forecast yyye (N, Z)
consists of n = 629 binding energies of even-even nuclei with
8 < Z £ 102 computed with the SkO parametrization with
the noise term with o5 added.

We study three scenarios S1-S3, which are described in
Table I and illustrated in Fig. 2 for scenario S3. In these sce-
narios, we use different numbers of models in each class with
the objective of demonstrating that the proposed algorithm
works as intended. The singular values of the SVD (6) can
give an initial estimate of the expected number of effective
components, as shown Fig. 2(b). The projections of each
model on the identified principal components ¢y can visually
help identify model classes, as is also shown in the inset of
Fig. 2(a).

For the remaining part of this section, we use the BMC +
PCA model (8). The synthetic data are separated into three
groups: training dataset (X;") with 300 data points, validation
dataset (X;®) with 71 data points, and testing dataset (X;°)
with 258 data points, as is often done in machine learning
applications [18], including studies focusing on nuclear mass
models [10,33-35]. The specific way the three sets for our
paper were chosen [see Fig. 3(a)] reflects that one of the main
objectives of our model forecast combination lies in model
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FIG. 2. Illustration of S3 of Table I. (a) Forecasts of the binding energy per nucleon produced by 19 different models: one perfect model
(black), three good models (blue), five intermediate models (green), and ten bad models (red). The spread of the results comes from the noise
terms added. The inset shows the projection u}k) defined in Eq. (7) for each of the 19 models onto the first two principal components, clearly
identifying the existence of three model classes, with the perfect model and three good models being nearly aligned. (b) Decay of the singular
values s;. The inset shows the evolution of the RMSE (15) for the training (cyan blue squares), validation (yellow stars), and testing (dark
red circles) datasets as the number of principal components kept in the expansion (8) is increased (zero corresponds to ¢). The BMC + PCA
results are marked by solid lines. The dashed lines show the RMSE obtained when combining all 19 models without projecting on principal
components (pure BMC), which shows signs of overfitting: lower RMSE, training dataset; higher RMSE, testing set.

(a) (b) 0-4f g Sk UNEDFO R
100r [
i FRDM-12 |
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40r xpm) —0.4F DD-MES ]
o X (258) i DD-ME2 ]
20r -0 6; i
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50 100 150 ~05 0.0 05
Neutrons 41
(€ | — p &1 (d) 4 B
——- BMC & | - 025 Unconstrained .I 1
— 9 = 1 3 Ve 1
= 2 ;0-1; [l o ﬁ--:&:ll ]
[} = E 0.0f = % ]
. S (R S T .
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FIG. 3. Case study II results. (a) Training (squares), validation (stars), and testing (circles) datasets of binding energies of 629 even-even

nuclei used in this paper. The stable isotopes are marked by small black squares. (b) Projections v; and v, of 15 realistic models of the nuclear
binding energy into the first two principal components. This representation allows us to visualize intermodel relationships. (c¢) Similar to
Fig. 2(b) but for the realistic mass models. The colors and symbols follow the same convention as in panel (a), with solid lines representing
the BMC + PCA model of Eq. (8) and dashed lines representing the BMC of Eq. (3) with f; = 0. (d) Distribution of the weights w; for the
individual models in the expansion (9) in the unconstrained (top) and simplex-constrained (bottom) settings [see Eq. (2)]. The vertical error
bars represent a 95% region obtained from the sampled posterior.
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TABLE II. Model performance quantified by the RMSE (in
MeV). Columns 2, 3, 4, and 5 show the RMSE across the training,
validation, testing, and full dataset, respectively. The two bottom
rows show the performance of the combined BMC+PCA model f7,
in the unconstrained and simplex variant. These RMSE were calcu-
lated by averaging the model predictions from the visited posteriors
in Eq. (11), and then using Eq. (15).

Model RMSE X' RMSE X;® RMSE X RMSE X,
DD-ME2 [39] 2.47 2.48 2.25 2.38
DD-MES$ [40] 2.46 2.19 2.18 2.32
DD-PCI [41] 1.94 1.77 2.19 2.03
NL3* [42] 2.18 2.15 3.59 2.84
SKM* [43] 491 6.34 9.75 742
SKP [44] 3.06 3.50 4.41 372
SLy4 [45] 4.53 4.84 6.27 5.34
SV-min [46] 2.97 2.99 3.98 3.42
UNEDFO [47] 1.47 2.02 1.51 1.56
UNEDF]I [48] 1.82 1.83 2.06 1.92
UNEDF2 [49] 1.83 1.66 2.04 1.90
FRDM-12 [38] 0.62 0.62 0.65 0.63
HFB-24 [37] 0.52 0.51 0.52 0.52
BCPM [50] 2.57 2.34 2.44 2.49
DIM [51] 5.02 491 5.63 5.27
fip="1) 0.38 0.46 0.47 0.43
fisimplex, p=7)  0.74 0.69 0.71 0.72

extrapolation into the region in which experimental informa-
tion does not exist. By dividing the sets in this way, we provide
a more stringent test of how the combined model’s perfor-
mance will evolve as we go further away from the region
where data currently exist.

To select the number of principal components kept p, we
study how it impacts the root mean squared error (RMSE):

I
RMSE = ;g[ﬁ(x,»;bo)—ym(x,-)]% (15)

The parameters by are chosen to maximize the likelihood
function (12) on the training dataset A". The RMSE is then
computed across all the sets and the number of components
p is chosen based on the performance on the validation set.
The inset in Fig. 2(b) shows RMSE(p) for S3. The RMSE
computed for the three datasets saturates after p = 3, as ex-
pected. Indeed, there are only four distinct model classes in
S3. The training RMSE is always lower, since the parameters
by are fitted to it, and the validation RMSE correctly serves
as a proxy for the expected RMSE in the extrapolated testing
dataset.

B. Case study II: Realistic nuclear mass models

We now turn to a set of realistic models of nuclear binding
energy. For this paper, we have chosen 15 realistic compu-
tational models that represent a few classes of theoretical
frameworks that see broad use. The models are specified in
Table II, with their respective RMSE for each of the three
datasets. As the model orthogonalization and mixing strate-
gies only require precomputed data across a range of nuclei,

we pull forecasts directly from published datasets. The spe-
cific mass models chosen and their parameters are those from
the MassExplorer database [36] and HFB-24 [37] and FRDM-
12 [38] mass tables.

The domains of the experimental datasets used are shown
in Fig. 3(a). As in the case study I, we divide the 629 data
points into training, validation, and testing sets. We perform
the SVD on the forecasts produced by the set of 15 models
restricted to the training set and show their projections v; and
v, on the first two principal components in Fig. 3(b). The
nearly exponential decay of the singular values (6) is shown
in the inset of Fig. 3(c). Note that the SVD is performed
after the centering procedure, thus the principal components
in Fig. 3(b) should be interpreted as the variability about the
average in the space of predictions. While it is tempting to
draw conclusions on model similarity from these projections,
it can only be said that the forecasts themselves are similar if
two vectors are close. The models HFB-24 and FRDM-12,
for instance, share little in common when it comes to the
underlying form and theoretical assumptions, though their
predictive capability is very similar due to their parametric
expressivity. The UNEDF series of interactions (UNEDFO,
UNEDF1, UNEDF2) is another interesting case study in that
they all have a very similar functional form, but are based on
different calibrations. This difference directly manifests in the
projections where UNEDFQO is nearly orthogonal to the other
two models in the same family despite their close functional
relationship. Additional information could likely be gleaned
from a more targeted study of certain nuclei, but the global
dataset of nuclear binding energies does not immediately re-
veal model specific physical insights.

We now proceed to create the combined BMC + PCA
model f7 as specified in Eq. (8). To this end, we analyze
the RMSE performance by maximizing the likelihood (12)
of the combined model as we vary the number of principal
components kept. Based on the result shown in Fig. 3(c), we
retain p = 7 principal components for the combined model for
the rest of this analysis. Indeed, as the number of components
is increased beyond 7, the validation and test errors grow, sug-
gesting overfitting. The dashed lines show the RMSE obtained
when combining all 15 models without projecting on principal
components, which also shows signs of overfitting: a lower
RMSE for the training dataset and a higher RMSE for the test
dataset. It is to be noted that even though the singular values
shown in the inset of Fig. 3(c) decay nearly exponentially, they
do not experience a rapid drop as in Fig. 2(b). In this case,
the RMSE(p) behavior for the validation set provides a good
metric to determine the number of principal components that
are needed to optimally model the experimental values outside
of the training set.

Figure 3(d) shows the weights w; of each model for both
the unconstrained and simplex-constrained case. The vertical
error bars show the 95% credible intervals obtained from
sampling the weights using Eq. (11). In the unconstrained
case, several models dominate the combination, though with
significant cancellation of the model amplitudes. In the case
of the simplex-constrained combination, we see a similar be-
havior for the models with the largest weights, FRDM-12 and
HFB-24, that make up roughly 50% of the combined model.
The starkest difference is in the effective nullification of many
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FIG. 4. (a) Predictive posterior distribution for the binding energy per nucleon of the Sn isotopes. The mean prediction and 95% credible
interval of the unconstrained combined model is shown in purple, while the simplex-constrained (simplex) combined model is shown in khaki.
The inset shows the detail of the plot for N = 54, 56, and 58. (b) ECP for unconstrained and simplex-constrained variants for training (blue),
validation (yellow), and testing (red) datasets. The diagonal black line shows a reference of what a perfect statistical coverage would entail,
with points above it being conservative, and those below being overconfident.

of the other models across the model space, leaving only a few
active (in our case seven) in the combination. The specifics of
weight distributions naturally depend on the number of princi-
pal components that are retained, though the general behavior
seems to be consistent across different active subspaces. From
the distributions of the weights (11), we compute the predic-
tions of the combined model f with quantified uncertainties
across the entire dataset. Figure 4(a) shows the predictions
and 95% credible intervals for the Sn (Z = 50) isotopic chain
for the unconstrained and simplex-constrained variants. One
feature to note is that the simplex-constrained model has a
systematically broader credible interval in its forecasts both
inside and outside the training region, yet both models seem to
cover the experimental data well within their credible bands.
Since the constrained model can only reproduce a subset of
possible combinations, we expect its performance in terms of
RMSE to be less expressive in both interpolation and extrap-
olation, at the gain of less sensitivity to overfitting. Indeed, as
can be seen in the last two rows of Table II, the RMSE scores
for the constrained model are significantly worse than for
the unconstrained model—as well as the two best performing
models FRDM-12 and HFB-24. Yet, they remain steady in
the transition from training to validation and testing, while
for the unconstrained approach the testing RMSE increases
by about 20% in comparison to the training RMSE. That the
unconstrained model £ outperforms each individual model in
terms of RMSE is not surprising—an unconstrained combina-
tion of PCs fitted to a given dataset will outperform what each
individual model can do alone, as has been shown for nuclear
mass models in Ref. [22]. Embedding the PCA-based model
combination within a full Bayesian framework and the clas-
sification of data into training, validation, and test sets then
allows for more reliable forecasts with quantified uncertainties
when extrapolating beyond experimentally known masses.
Indeed, by analyzing the empirical coverage of our cali-
brated model, we can quantitatively assess signs of overfitting.
Figure 4(b) shows the empirical coverage probability (ECP)
[52,53] for both the unconstrained and simplex-constrained
models across the three datasets considered. The fact that the

empirical curves all lie close to the diagonal reference line
gives us confidence that the combined predictions are neither
being overconfident (too small credible intervals) or over-
conservative (too big credible intervals). This is particularly
reassuring for the test set, in which considerable extrapo-
lations have been made [see Fig. 3(a)]. When considering
just one data type (here nuclear binding energies), the risk
for overfitting is low, yet if one wishes to consider model
performance on quantities not in the original dataset, the risk
for overfitting can be substantially increased.

V. CONCLUSIONS AND OUTLOOK

In this paper, we propose, implement, and benchmark
a Bayesian model combination framework accompanied by
model orthogonalization using principal component analy-
sis. We discuss the features of the proposed BMC + PCA
method by applying it to global models of nuclear bind-
ing energy. Following the tests based on the analytic liquid
drop model, we carry out realistic BMC + PCA calculations
of nuclear binding energies using 15 global computational
nuclear models. We demonstrate that the BMC + PCA frame-
work performs excellently in terms of prediction accuracy
and uncertainty quantification. While we have focused on the
nuclear physics use case in this paper, the method itself is
completely general and can be applied broadly where model
forecasts are utilized. It is also easy to implement and results
in an interpretable combination, simplifying the application
to problems that span disciplines. Furthermore, the computa-
tional scheme is robust against model repetitions and it does
not favor one model class when multiple copies are added.
The BMC + PCA technique can be reduced to BMM + PCA
by imposing the simplex condition. In this case, only the
several best performing models remain in the combination,
and we recover an interpretation of the model combination
that can be compared to other traditional BMA and BMM
approaches where the positive model weights are determined
by the data. For this simplex-constrained version both the root
mean squared error (Table II) as well as its uncertainty bands
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(Fig. 4) are bigger than the unconstrained version, yet the
simplex-constrained approach shows signs of less overfitting
in terms of extrapolation, with a performance that remains
stable across the three sets [Fig. 3(a)].

In addition to producing optimal multimodel forecasts with
robust uncertainties, BMC 4 PCA is also capable of identify-
ing model collinearities and redundancies, a functionality that
stands to benefit other applications that aim to combine the
wisdom of multiple nuclear models [54—56]. Furthermore, the
framework is also able to perform model selection if the exact
model happens to be present in the set of models. The com-
putational efficiency of the combined model also positions it
well for wide distribution on web-based platforms, such as the
Bayesian Mass Explorer project [57]. While live evaluation
of most of the individual models is impossible due to their
inherent numerical complexity, the combined model can be
evaluated, with uncertainties, on the fly. The model combi-
nation procedure itself is also efficient, meaning interested
users can provide their own datasets and update the resultant
BMC + PCA model.

Future developments will include a local extension of
BMC + PCA by assuming domain-dependent weights, i.e.,

b; — bj(x); see Ref. [10]. This enhancement will help
construct model combinations that emphasize the local per-
formance of models in certain regions, a typical scenario
in physics modeling across multiple scales. To aid adop-
tion of the method, it is currently planned to implement
the procedure into the open source model mixing software
TAWERET [58]. We will also consider the extension to het-
erogeneous forecasts by considering data of several classes
(e.g., other nuclear data like binding energies and charge
radii).
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