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It is frequently hypothesized that cortical networks operate close to a critical point. Advantages of criticality
include rich dynamics well suited for computation and critical slowing down, which may offer a mechanism
for dynamic memory. However, mean-field approximations, while versatile and popular, inherently neglect the
fluctuations responsible for such critical dynamics. Thus, a renormalized theory is necessary. We consider the
Sompolinsky-Crisanti-Sommers model which displays a well studied chaotic as well as a magnetic transition.
Based on the analog of a quantum effective action, we derive self-consistency equations for the first two renor-
malized Greens functions. Their self-consistent solution reveals a coupling between the population level activity
and single neuron heterogeneity. The quantitative theory explains the population autocorrelation function, the
single-unit autocorrelation function with its multiple temporal scales, and cross correlations.
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I. INTRODUCTION
A. Critical neural dynamics

Both experiments and models of cortical networks suggest
that the brain is operating close to a phase transition [1-4].
Indicators for this phenomenon are for example found in par-
allel recordings of neuronal cell cultures for which the number
of coactive neurons shows power law distributions [1]. The
pattern of neuronal activity, in this case referred to as an
avalanche, looks identical on several length and time scales,
which suggests a continuous phase transition [5]. The tran-
sition point of a continuous phase transition is synonymous
with fluctuations on all time scales dominating the system’s
behavior. This makes it difficult to obtain systematic approx-
imations, rendering continuous phase transitions notoriously
hard to treat.

More recent work [3] suggests that the measured critical
behavior could be due to the inherent subsampling in neuronal
recordings which are so far only able to capture a fraction
of a network’s neurons. Even though this work shows that
the observed critical exponents are influenced through mea-
surement effects, it still suggests that the system is slightly
subcritical. Closeness to such a transition comes with numer-
ous benefits. Critical slowing down, the effect of increasing
and, at the transition point, even diverging decay constants
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makes a large spectrum of time constants available to the
network. This leads to optimal memory capacity as has been
shown using stochastic artificial neuronal networks [6,7], and
maximal computational performance [8].

So far it is unclear what phase transition the brain operates
close to. However, there are two popular candidates: The first
is a transition into a chaotic regime, meaning that infinitesimal
changes in the neuron dynamics are progressively amplified
[9-11]. The other is known as avalanchelike criticality [3,12].
Avalanches can be viewed through the lens of branching pro-
cesses, treating the propagation of neuronal activity as the
children and further descendants of a spontaneously emitted
spike. Below criticality, each spike has on average less than
one child, leading to activity being driven by external input
and a quick decay of all child processes. Above criticality
each neuron is on average responsible for more than one spike,
leading to escalating activity. At the critical point itself, where
there is on average one child spike, long transients are possible
and complex behavior can emerge.

Both transitions are well studied in isolation in different
models, making direct comparisons difficult. For both, the
transition to chaos and avalanches, models exist which show
critical behavior, but there has not yet been a study of a model
supporting both phase transitions.

B. Model and renormalized theory

We want to pave the way to a comparison of the two phase
transitions in this paper. To this end we focus on an adaptation
of the popular and simple model by Sompolinsky, Crisanti,
and Sommers [11]. It models the activity of N neurons in a
randomly connected recurrent neural network. The activity of
a single neuron i is denoted by x;(¢) and it is governed by the
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coupled system of stochastic differential equations

N
= J¢;+E (1

j=1

)'c,-—i—xi

where we use the abbreviation ¢; = ¢(x;) and the driving
noise &; is assumed to be Gaussian white noise with zero mean
and covariance (§;(t)§;(s)) = D é;; §(t — s). Here ¢ is an arbi-
trary activation function for most of this paper; in simulations
we chose an error function ¢(x) = erf(‘/T;x) = fg e~ dz
where the scaling ensures that the slope at the origin is unity.
In the absence of the right-hand side in (1), the activity decays
exponentially with unit time constant. The right-hand side
represents the input to the neuron. The first part comes from
all other neurons determined via the activation function ¢
and the connectivity J, whose N x N weights are distributed
according to a Gaussian with mean g/N (which is often set
to zero) and variance g>/N. We will refer to g as the mean
and g’ as the variance of the connectivity as the factor N~
is simply chosen such that mean and fluctuations of the input
to a neuron do not scale with the total number of neurons.
The second source of input is a random white noise &; with
noise intensity D modeling external input from other brain
areas.

To link this model to the two forms of criticality mentioned
above, we consider g as the control parameter for avalanche-
like activity; if nonzero and positive it controls the strength by
which the average population activity at a certain instant ex-
cites and maintains the activity at the next point in time. More
formally, in the limit of large N, the parameter g controls a
single real outlier eigenvalue of the connectivity matrix, A = g
[13,14], with corresponding eigenvector (1, ..., 1). The latter
is a mode in which all neurons act in unison, a cartoon of what
happens in a neuronal avalanche. If this eigenvalue A crosses
unity, the silent fixed point of the noiseless (D = 0) model
becomes unstable in this very direction [15]. The transition to
chaos, in contrast, is predominantly controlled by the param-
eter g. Studying the eigenvalues of the connectivity, g controls
the radius of the bulk of eigenvalues which are uniformly
distributed in a circle with radius g around the origin of the
complex plane. Again, a critical point is reached if this radius
reaches unity, because then all eigenmodes with H(A;) ~ 1
show critically slow dynamics. In the noiseless case D = 0
(and for g = 0) this points marks the onset of chaotic dynam-
ics [11].

The theoretical approach to the disordered system de-
scribed by (1) is based on mean-field approximations on
auxiliary fields like

- N

R(z>:=1§j§ J(0), )
N

QO(s, 1) —gﬁzz ()¢ (1), 3)

since they give a way to obtain an effective low-dimensional
set of equations describing the collective behavior. This ap-
proach has been used to show a transition to chaos with
& acting as control parameter [11], which has been studied
extensively [9,16]. As discussed above, the mean g of the
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FIG. 1. (a) Population-averaged activity R(¢) for g = 0.5 (gray)
and g =1 (red). (b) Auxiliary fields Q and R, proportional to
population-averaged output autocorrelation and activity, respectively,
binned for each point in time. (c¢) Time-lagged, population-averaged,
stationary autocorrelation Q(¢, t + t) simulated for different values
of g (shades of red) for multiple seeds (shaded background shows
the standard deviation) and mean field prediction (black) plotted log-
arithmically. Remaining network parameters: ¢(x) = erf(gx), N =
1000, g = 0.5, and D = 0.1.

connectivity can also take the form of a control parameter
[15]: as seen empirically in Fig. 1(a) the network exposes
large variance in its population-averaged activity R as g ap-
proaches the transition point given by g close to unity for
g < 1. Close to this criticality the fluctuations of R will in-
fluence Q as can be seen in Fig. 1(b), leading on average to a
larger autocorrelation. The parabolic shape can be understood
by interpreting the sum in Eq. (2) and the equal time case of
Eq. (3) as an empirical average, thus splitting Q(¢, t) into a
sum of g—zR(t)z and a term given by the second cumulant of
¢. In this work we derive an analytical way to analyze the
network’s behavior close to this transition using g as a control
parameter, taking into account the fluctuations of population-
averaged activity and its effect on the autocorrelation function.

The proper treatment of fluctuations comes with some
technical difficulties. Mean-field approaches, albeit being very
popular in the field [9,17-19], neglect fluctuations of the
auxiliary fields. This effect can be seen in Fig. 1(c), which
shows the population averaged autocorrelation simulated for
several values of g close to unity compared to the analytical
mean-field solution, which corresponds in this case to a net-
work with g = 0. One clearly sees that the mean-field results
(black) describes only a simple exponential decay (for a linear

network the time constant is v 1 — g2 1, see Appendix D;
for a nonlinear network the time constant is captured by
the mean-field theory, see Appendix A). This is insufficient
to quantitatively capture the slow tail of the autocorrelation
function whose time constant grows with rising g (plotted in
shades of red).

One way of taking these fluctuations into account is by
means of Legendre transformation methods [20]. These pro-
vide a way to derive a set of self-consistent equations that
resum these fluctuations and are therefore able to describe the
observed behavior.
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C. Outline

We will derive a set of self-consistent equations for the
mean and the fluctuations of the auxiliary fields (2) and (3).
Such self-consistent schemes are commonplace in other fields
of physics [20,21]. These approximations are typically for-
mulated in the language of a field theory. As a first step, we
therefore formulate the dynamical equations in this language.
Initially we will leave the activation function ¢ general; all
we ask of it is to vanish at zero and to possess a Fourier
transform. This set of self-consistency equations in particular
exposes how the fluctuations of the population-averaged ac-
tivity R influence the population-averaged autocorrelation Q,
as shown empirically in Figs. 1(b) and 1(c). The theory also
allows us to compute pairwise correlations averaged across all
pairs of neurons in the network. Lastly, the theory proposes
that stimulations that excite the population-averaged activity
R also influence the variance of the response across neurons,
as measured by Q.

II. SELF-CONSISTENT SECOND-ORDER STATISTICS

A. Action for Auxiliary Fields

First, we translate Eq. (1) into the language of field theory.
To this end, it is instructive to first look at the noise expecta-
tion value of an operator G[x] constrained to the dynamics
of Eq. (1). This can be achieved with help of the Martin-
Siggia-Rose-de Dominicis-Janssen formalism [22-24] (for
pedagogic reviews see Refs. [25-27]) and results in

(GlxDxy = / (8[x +x — Jp(x) — &) Glx]
- / SEF=ETP0) Gy, o)

Here, fx denotes an integral over the trajectories of all neurons
1 ioo

and we used 8(x) = 55 J_, e dx for every time step and

neuron and defined the action

~ ~T D;r~
Solx, %] =% (0, + 1) x + Ex X (®)]

with the short hand notations a*b = Zivzl fot dsa;(s)b;(s) and
a'™Mb =37, [y dsa(s)Mb;(s).

This allows the definition of a characteristic functional Z[]
by setting G[x] = exp(lTx). The source [ in the exponent
allows us to take derivatives which in turn yield properly
normalized moments after evaluating at the physical value
I = 0 of the sources. These sources need not be linear in x
and could even couple to entirely different quantities. Until
we need them we will leave them out and first consider only
the partition function.

Eventually, we are interested in self-averaging quantities
like the mean (2) and the autocorrelation function (3); thus,

we further average over realizations of the connectivity J;; S
N (g/N, g/N) which only affects the term —%'J¢(x) and
yields

. N -
(e T Iew)y, — /exp <E y'Ky + Zny[Zi]) (©)
y i=1

Here, we introduced the population-averaged auxiliary fields
R defined in Eq. (2) and Q defined in Eq. (3) via Hubbard-
Stratonovich transformations and their respective response
fields R and Q analogously to the introduction of ¥. Further-
more, we introduced several short-hand notations: First, we
denote x and ¥ in combination as z = (x, ¥) and R, R, Q, and
0 in combination as y = (R, R, Q, ). Second, we abbrevi-
ate y" flz;] = —%IR — g¢T R + 13T 0% — &9} O¢p:. Third, we
define K = ( fx) where o, = ((1) (1)), leading to § y'Ky =
R™R + 0" Q. In summary, the introduced notation allow us to
write

N
(G = / e O] f NI G i)
i=1 7%

y

for any factorizing G(x) = ]_[fv=1 G(x;).

We see that the part of the partition function that describes
individual neurons factorizes into N identical factors. This
leaves a partition function for the four auxiliary fields inter-
acting with a single neuron

N
[T [ e [apovson
y 1Y% y

i=

where we defined the action for the auxiliary fields as

1
Sly] == EyTKy + Wyl 7

Wyl := In / exp(Solz] +y' flz]), 8)

reducing the dimensionality of the problem from N neurons
to the six fields y and z. We note that W[y] has the form of a
cumulant-generating functional for f[z].

B. Mean-Field Phase Diagram

As the lowest order (mean-field) approximation one can
treat the path integrals fy in saddle point approximation,
replacing the auxiliary fields with their most likely val-

ues obtained from the condition §S[y]/dy; < 0, which yields
[7,15,16,27]

¥ = (R*,R*, 0", 0"
= (31, 0, §Cpg. 0),
with
1g (1) = ($(1)),
Cop(t, 8) = (¢°(s. 1)),

where (...) is the measure determined by the action (7) and
¢>(5,1) 1= P(1)(s).

We are now left with path integral for a single neuron
and its response field which corresponds to the stochastic
differential equation

X+x=£&+n, 9)

where 7 is a Gaussian Process with
((n(@))) = By (@), (10
((n()n(1))) = §Cpp(s. 1), an
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FIG. 2. Mean-field phase diagram spanned by g and g for (a) the
noiseless case (D = 0) and (b) noise-driven dynamics (D = 0.1).
The red shading quantifies the absolute population activity |R(t)|,
which is the order parameter for ferromagnetic activity, and the gray
shading quantifies the dynamic variability Q(z, t), which for D =0
is the order parameter indicating the onset of chaotic activity. Above
the black curves, the population activity R becomes nonzero. The
dynamic variability Q(z, ¢) does not vanish in the presence of noise.

where we use ((...)) to denote cumulants (connected corre-
lation functions). For an error function as the nonlinearity
these expectations can be calculated analytically in terms of
statistics of the neuron activity [28]. Thus Eq. (9) can be
solved efficiently in a self-consistent manner.

For the case of vanishing noise (D = 0) the saddle-point
approximation recovers the phase diagram from [15, Fig. 1B],
see also Fig. 2(a): The system exhibits a transition from a
state with a vanishing order parameter R = 0 to a state with a
broken symmetry where |R| > O at a critical value g = g.. For
the case with noise (D > 0), the point of transition in addition
depends on the noise amplitude g = g.(g, D); see Eq. (A6) for
an explicit expression for D = D(g,., g) which can be solved
fOr g(‘ = gc(g, D)

C. Equations of State to 1-loop Order

We are especially interested in the transition to structured
activity |R| > 0 driven by the mean connectivity g. We expect
this transition to be accompanied by fluctuations of the aux-
iliary field (2) and thus aim to derive a description treating
population-wide fluctuations systematically.

To build intuition, we first perform a straightforward fluc-
tuation expansion. To this end we add a source term ¢T£¢ to
(8) defining S,[y] analogously to Eq. (7) and the correspond-
ing cumulant generating functional W[¢] = In J, ¥ Now

expanding around yj defined by S;[y;] = 8S,[y]/8yily: Z0to
second order we find

wiel = 1n/eN5fD’]
g
n / NS0 511
3y

1
= NSi[y;1— Etr In(=S7[y;1) + const.  (12)

From here we obtain the single unit correlations as (¢p¢) =

N~! % le=0, Where we can easily see that the first term of
Eq. (12) yields the mean-field result, while the second term

102 E
T 10° 4
S ]
10* o
00 25 50 75 100 125 150 175 20.0
T
FIG. 3. Time lagged population-averaged autocorrelation

O(t,t + t) (3) simulated (red) with standard deviation across seeds
(shaded), mean-field theory (gray), fluctuation expansion (12) (gray
dotted) and self-consistent solution (25) (black dotted) together with
autocorrelation ((R(t + 7)R(?))) = B11(r) of population-averaged
activity R (2) (dashed, self-consistent in black, empirical in red,
exponential decay with time scale (1 —g(¢’))~! in gray) plotted
logarithmically for g = 1.0. Other parameters as in Fig. 1.

leads to finite size corrections suppressed by 1/N compared
to the first term. However, this approximation neglects the
feedback of the single unit autocorrelation on the population
level and thus underestimates the strength of the correction
(see Fig. 3). The approach based on a loop expansion devel-
oped below will take this feedback between single-unit and
network-level into account. Technically, the improvement due
the loop expansion results from a resummation of diagrams
[20,29].

The population level activity is captured by the auxiliary
fields. It is thus natural to introduce sources for these fields
and for their square to measure their fluctuations. This leads
us to the definition of a moment generating functional

Z[j, k] = /eNW[y‘]-i—jTy-i—%kaTy, (13)
y

which yields the first and second moment of y upon differenti-
ation by j and k, respectively, at the physically relevant value
of the sources j = 0 and kK = N K, by comparison to (7). Our
aim is to obtain self-consistency equations for the first two
moments. It is, therefore, helpful to define an ensemble where
these two moments are fixed. This is achieved by performing
a second-order Legendre transform to the effective action

1
Tla), ay] = extrj;j a; + EkTaz —1InZ[j, k]
= extrj; — In /eNW[ijT(y*“'H%kT(’VLm),
y

which fixes the system’s first two moments «;, oy of the
auxiliary fields y; here kTy? is meant as a bilinear form in y.
The equations of state then yield self-consistency equations

T _
86(1 /=
38 1 1
— =—k==NK. (14)
day 2 2
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Below, we will perform a fluctuation expansion of I'. To
ensure that only connected diagrams appear in the expansion
[20], we describe the system via its cumulants 8; = «; and
Br =0y — a,2 and define an effective action in these new
coordinates (see Appendix B)

I'[Bi, B] = extr;, —In /eN W 0=B)+ 3K (=1 —f2]
9 jA, 9

y

where j := j + kf;. Following Vasiliev [20] we here use the
notation of «,, for the nth moment and 8, for the nth cumulant.
We thus have (B1)1 = ((R)) =: R* and (B1); = ((Q)) =: 0"
The other two components of 8, are zero, as they are cu-
mulants of response fields. For 8, we will use the notation
Bij = (B2)i; as it comes up frequently. So we have B;; as
the autocorrelation of R, 81, and B;; as its response functions
and again B, = 0 as a cumulant of only response fields. The
equations of state (14) in the new coordinates take the form

ML Fl _ o\ gk — giNK, (5)
361
ST[B, Aol 1, 1
T "

Writing the problem in this way uses the yet unknown
fluctuation-corrected self-consistent values for the first and
second-order statistics which become accessible via the equa-
tions of state.

Solving the equations of state is difficult in general but
as S[y] « N a diagrammatic expansion will contain a fac-
tor N~! for each loop in the diagram, making a loop-wise
expansion meaningful. Up to one-loop order and neglecting
additive constants we get by expanding W[y] = W[;] +
1= B)"W[B1(y — B1) and performing the resulting
Gaussian integral over the fluctuations §y =y — f;

[riooplB1. B2 = — N W11 + 3k" B2
+ 3 Indet(—NW®[,] — k).

Note that the terms linear in the fluctuations do not con-
tribute to one-loop order. Using the stationarity condition
5 DiaooplB1, B2l = 0, we obtain f = (~NWP[B] —k)~!
which simplifies the effective action to

TiaooplBi. B2l = = NWI[BI] — SNWP[B1]" B
— 3 Indet(B,),

where we suppressed the inconsequential constant — %tr I.
Here we already see the finite size corrections. While the first
term, which is equivalent to the saddle point approximation, is
of order N, the order of the second term depends on the order
of B,, which as we will later see will be N~!. This makes this
term of order one, just like the last term. Up to one-loop order
and evaluated at their true value j = 0 and k = N K the first
equation of state (15) reads

arl-locp[lgl ’ /32] _

1
_ (1) _ (3) T
5B, NWYW[Bi] 2NW [B1]" B2

= BINK. (17)

The second equation of state (16) is

1 1
i ) __p-1
5Fs 2NVV [B1] 2,32

1
=-NK. 18
5 (18)
The derivatives of WV evaluated at y = 8 by Eq. (8) take the

form of the cumulants of f[z] taken with the measure
P[z] eSo[z]+ﬁ1Tf[z]' (19)

Two things are important to note about this measure. First, 8|
has only two nonvanishing components. This means we get
ﬂlT flzl = —R* % + %)"CTQ*)? which is at most quadratic in z,
as both terms containing ¢(x) vanish. Therefore, the measure
(19) is Gaussian which greatly simplifies the calculations.
Second, this measure is not determined by the fluctuation-
corrected statistics but the saddle-point values of the auxiliary
fields: R* and Q*. To avoid confusion, we will use the sub-
script * for cumulants taken with measure (19).

D. Evaluating the 1-loop Equations of State

We will separate the different contributions to the cumulant
by commas due to the third and fourth entry of f consisting
of two parts with two time arguments. A quick example of
this necessity is the comparison between ({f4(s, )[z]))+ and
({f2[z](s), f2[z](2)))« because without a separator they look
identical: ((¢(s)¢(?))). (neglecting prefactors) but this is of
course misleading.

With this notation we now close the self-consistency loop
by solving the equations of state for the cumulants. We will
start by solving Eq. (18) for B, which appears linearly,

(B"),, =N Kij + N ((fz]i, f1z]))s- (20)

Working under the assumption of a point symmetric activation
functions and under the assumption that (x) = 0, we have
(@)« = 0 as well as ((¢*(x))). = 0 and ((¢, %)), = 0;
the latter is the response of the mean (¢) to a perturbation
of the variance of x. Taking into account that any expectation
value solely composed of powers of ¥ must vanish, we see that
((flz)i, flzlj))« = 0if i € {1,2} and j € {3, 4} or vice versa.
Due to the block-diagonal shape of K, 8, ! is block-diagonal
as well. We can therefore invert these blocks independently.
The upper left block of Eq. (20) takes the form

(B5'),,(t.$) = N ({5(1), %)) = 0,
(B1),(t. ) = N&(t — 5) + Ng (£(1)x(5)) ().,
(B"), (¢, 5) = N8(t — 5) + NZ (F(s)x(1)) 4 (¢
(B51),,(t. 5) = N& ({(). $(5)))s.

which we can rewrite in momentum-space

(@)
1+iw’
_ _ (P«
(By')p(@) =N — Ngm’

(By ") (@) = NZ (¢, §))s ().

(132_1)21(“)) =N —-Ng
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Here we used the results from Appendix C to rewrite
((X))s = (@)« (%x), and the Fourier representation of the
response functions (¥x).(w) = —1/(1 + iw), i.e., the re-
sponse of a neuron to a § perturbation with respect to the
measure (19), which has the same form as for isolated
neuron, because the additional term ,BIT f(2) in the action
corresponds to an additional input which does not affect the
response. Finally, we invert this matrix [greatly simplified due
to (B, )11(t, s) = 0] to find

Bio(@) = ((85"),, (@)™

- 1+iw
VT e @b
Ba1(@) = Pia(—w), (22)
Bi1(®) = Pra(@) (B~ N (@) Bai (@)
14+ o? 2

= (1— g<¢/>)2 T o2 N“qﬁ, P))«(w). (23)

Here we see the first clear sign of the emerging large time
constant in 8;; (w). When g approaches (¢’)~! a pole emerges
at w = 0. This implies that 8;(7), the autocorrelation of the
population averaged activity, decays slower and slower to
zero as a function of ¢ — s and thus obtains a large decay
constant: the first part of the population activity autocorre-
lation (23) contributes a term decaying with a time constant
of (1 —2(¢’))~". We can also see that 8» = 0 as it should
since it is the second cumulant of R which is a response
field. By the same argument f4 = ((0?)) must vanish. This
implies that one could apply the same method to invert the
lower right block; here we refrain from doing this because
our main interest lies in studying the effect of fluctuations of
the population-averaged activity R, which is described by the
upper left block.

Next, we solve for the mean via the first equation of state
(17) which takes the form

1
(Kp)i = —({filzh) = 5 Z ((filz), filz], fnl2]))<Bim,

l,me4

(24)

where 4 = {1, 2, 3, 4}. Note that the multiplication with K,
does nothing but switch indices 1 <> 2 and 3 < 4. In prin-
ciple, Eq. (24) determines all mean values of the population
dynamic. We are, however, especially interested in corrections
to R and Q, the auxiliary fields used in the mean field. Thus,
we consider the cases i = 2 and i = 4. The first shows that
the correction on the population activity R caused by its own
fluctuations B, is mediated by ((¢pxx)) o (¢") (for details see
Appendix C, which vanishes in the paramagnetic regime. This
means that that there is no influence of fluctuations of R on the
transition to the ferromagnetic state. For the second we need
the product of 8, and the third cumulant of f. This leads to
16 different combinations of / and m. As discussed above, 8,
has several vanishing entries: the off-diagonal blocks and the
auto-correlations of response fields, B, and B44. This already
reduces the number of terms from 16 to 6. Additionally, the

term involving

({falz], f5l2), falzD))s o ({97, 32, Z%)).

vanishes. This can be shown by methods from Appendix C,
which work similar to Wick’s theorem to express those mo-
ments as a polynomial of second cumulants of x and ¥, results
in a formula where every term is at least proportional to
(X, X)) = 0.

For the fourth component of Eq. (24), this leaves us
with

0*(s,1) = (Bi(s,1))3 = (KBi(5,1))a (25)
=g ($ (s, 1))« (26)
1 2 B .
+§g2 f ((§7(s, 1), Z(u), £(0)))s P11 (1, v)
27)
+ g2 / ((§2(s, 1), Xw), p(0)))wBr2(u, v)
(28)
4
- % (@2 (s, 1), (1. w2), $* (01, v2)))
X Baa(uy, up, vy, vV2). 29)

This equation lends itself nicely to interpretation using the
intuitive picture of a mean-field neuron embedded in a bath of
activity due to the network (akin to the cavity method [30]).
The first contribution, Eq. (26), is identical to the mean-field
approximation. The next contribution (27) contains f;;, the
autocorrelation of the population averaged activity R. This
term can be interpreted as the effect of fluctuations of R
measured by f;; contributing to the variance of the input
of the representative mean-field neuron. Term (28) shows
how a fluctuation of the neuronal activity ¢(v) is echoed in
the network and transmitted back by the response function
P12 of the bath, affecting the mean input by coupling to
X(u) which, in turn, modifies the variance of the mean-field
neuron’s input by changing the second moment (¢>(s,1)).
Similarly Eq. (29) shows an echo effect: A fluctuation of
¢?(vy, v2) propagates through the bath with the response
B3a(uy, uz, vy, v2) to time points u;, u, and causes a change of
the variance in the input of the mean-field neuron by coupling
to X2(u1, up), which in turn affects (¢2(s,t)). Note that all
Bij come with an factor 1/N as can be seen from Eq. (20)
or more explicitly from Egs. (21) to (23). Put differently,
all contributions to O* except Eq. (26) constitute finite size
corrections.

To summarize the self-consistency loop: starting from
the mean-field autocorrelation Q* we calculate the power
spectrum of the single neuron activity based on Eq. (9) in fre-
quency domain as ((xx))4(®) = (Q*(w) + D)/(1 + »?). This
allows the calculation of ((¢>(s, 1))+, (¢). and the necessary
cumulants of ¢ and X for the f;; correction (27) using the
results in Appendix C. Via Eq. (23) we can then calculate
Bi11 and use Eq. (27) to close the loop for QF, iterating until
convergence. In the linear case, we also take the B, correc-
tion (28) into account which uses Eq. (21). The fluctuation
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FIG. 4. (a) Transient of R in response to a stimulation provided
as common input of 0.01 to each neuron [additive constant on right-
hand side of Eq. (1)] within the time span indicated by the dashed
lines; g =1 and different values of g (g =0 in gray, g = 0.95 in
red) with standard deviation across seeds (shaded). (b) Transient of
Q under same conditions as in (a). (c) 2D histogram of Q over R
with crosses at the zero time lag predicted as Q*(z,¢) from theory
(25). g=1, g=0 in gray, g=0.95 in red, other parameters as
in Fig. 1.

expansion (12) is equivalent to taking into account only the
B11 correction and aborting after the first iteration.

III. RESULTS

For this section we consider the regime g < 1 and set
¢ (x) = erf(y/x/2), which makes all expectation values of ¢
and its derivatives, which are necessary for the §;; correction
(23), solvable analytically [28,31] while staying close to the
popular choice of a hyperbolic tangent (for an explicit expres-
sion for Q* including the contributions due to S, in linear
networks see Appendix D).

Figure 3 shows the autocorrelation for a network close to
the phase transition. In the simulation results we observe the
critical slowing down already visible in Fig. 1(c), which our
self-consistent theory describes quite well. Above all, we see
the emerging time constant corresponding to the decay of the
network activities’ autocorrelation S;;(t — s) = ((R(t) R(s))).
Also the autocorrelation function features two different time
scales: The fast time scale dominates the initial decay for time
lags close to zero; this part is identical to the mean-field result
neglecting fluctuations. The second time scale dominates the
behavior of the autocorrelation function at large time lags. It
is caused by the fluctuations of R as quantified by g;;. For
an easier comparison, we also show an exponential decay
with time constant (1 — g(¢’))~'. As the average of ¢’ is
only reliant on the zero time-lag statistics, we calculate it in
mean-field approximation.

Figure 4 shows how a network’s response to constant
input changes close to the transition for different values of
g. The population activity of a network with no variance in
its connection (g = 0) behaves like a capacitor. For g > 0,
the increase of the population activity due to the transient
input is suppressed compared to g = 0. This highlights that
close to the transition to the chaotic regime, a rise in the
population-averaged activity R is counteracted by the increase
of the variance measured by Q; formally this can be seen from

1X107°
6 N sim

(t,t+7)

T
o)

FIG. 5. Population averaged cross correlation Cy,(7), Eq. (30),
over time lag given by Eq. (30) (black) compared to simulation (red)
with standard deviation from averaging over seeds (shaded) for g =
0.5. Other parameters as in Fig. 1.

the effective slope of the noise-averaged activation function
[cf. Eq. (A1)] to decrease with increasing Q, which in turn
reduces the positive feedback that controls the dynamics of
R by Eq. (10). This stronger variability and the coupling of R
and Q can be seen in Fig. 4(c) in the higher curvature for larger
g. Our theory captures the resulting slightly elevated average
of O, as can be seen by the analytical crosses indicating
QO(tr = 0) lying slightly above the parabolas’ low points.

Direct access to Q and the fluctuations of R also allows
us to conveniently calculate the pairwise averaged cross-
correlation of the output

1
Bt =) =23 D Bil$)9;(0)
i#]
_ Buls,n) QG 1)
g Ng* ’
as can be seen in Fig. 5. Equation (30) highlights the large
time constant (1 — g(¢’ N present in the cross correlation

induced by the network level correlation 8;; which was also
shown by Clark et al. [32] using cavity methods.

(30)

IV. DISCUSSION

In this paper we investigated the critical behavior close
to the structured (ferromagnetic) regime of the Sompolinsky-
Crisanti-Sommers model with nonzero mean connectivity and
noise. After first reproducing the phase diagram using (dy-
namical) mean-field theory [16], we derive a self-consistent
set of equations to one-loop order, systematically taking cor-
rections of order 1/N into account. Our theory explains the
emergence of long time scales in the decay of the population
averaged autocorrelation function Q, which we show to be
caused by fluctuations of the population-averaged population
activity R. The theory furthermore links these network level
effects to pairwise correlations on the single neuron scale.
We thus successfully bridge between the emerging large time
scales of the autocorrelation on the single neuron scale and
finite size effects on the network level. Lastly, our analytical
results explain how fluctuations of the population-averaged
activity lead to a higher population averaged autocorrelation,
showing a correlation in the two auxiliary fields that span
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the phase space of recurrent networks and are conventionally
studied in mean-field theory.

With regard to the study of criticality in neuronal networks,
we have provided a model that features two critical transitions.
First, the transition between the regular regime and the chaotic
phase, which is predominantly controlled by the amount of
disorder in the connectivity quantified by g and, in the absence
of driving noise, indicated by the order parameter Q. This tran-
sition has been studied extensively in many previous works
[7,11,33]. Our analysis here focuses on the “ferromagnetic”
transition mainly controlled by the parameter g, for which
R plays the role of an order parameter. While our model
focuses on a system out of equilibrium, the transition observed
for g >~ 1 is comparable to the ferromagnetic transition of
a classical Ising model. The dynamical model studied here
reduces to an all-to-all coupled dynamical Ising model if one
sets g = 0 and chooses a tanh nonlinearity for the neurons.
Static counterparts of this model have been studied intensely
in the form of maximum entropy models fitted to neural data
like [34] where the instability of the population mode takes the
role of the ferromagnetic transition. For g # 0, the dynamics
of our model, however, becomes nonequilibrium. Still, the
long time scale caused by the transition has the same origin
as the critical slowing down observed in equilibrium counter-
parts of the model. Our theory explicitly demonstrates critical
slowing down of the dynamics at the point of the continuous
phase transition and allows the computation of the time scale.
The theory, moreover, exposes that the two transitions cannot
be studied in isolation, because we find a tight interplay of
the two order parameters: fluctuations of R directly affect the
order parameter Q, in particular the latter inherits the slow
temporal decay from the critical fluctuations of the former.
Also vice versa, the response of R is found to be multi-
phased, which appears to be caused by the back influence of O
on R.

On the side of network theory, the proposed method of
a second-order Legendre transform to obtain a renormalized
theory in the form of a set of self-consistency equations for
the first and second-order statistics of the population activity
may be useful to study other network properties. For example,
within the framework of Bayesian inference [35,36], one cor-
nerstone of contemporary theory of deep neuronal networks
[37-39], the presented theory may be useful to compute the
network prior. An interesting feature in this regard is that
the neurons in our renormalized theory do not decouple, in
contrast to the case of the large N-limit for deep and recur-
rent networks with centered prior distributions on the weights
[40]. We hope that the presented framework will be useful
to understand the functional consequences of this finding and
that it will open the door to studying the finite-size proper-
ties of recurrent stochastic networks in continuous time in
general.
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APPENDIX A: CRITICAL COUPLING STRENGTH
IN MEAN-FIELD THEORY

We choose ¢(x) = erf(y/mx/2), where the scaling ensures
¢’(0) = 1, for which the expectations on the r.h.s. of Egs. (10)
and (11) are solvable analytically [28, III.A.3]. In the station-
ary state, they are

ho = ¢(L>, (A1)
J1+ 502
JEu 15020 px(r»)

J1+ 502 1+ 5620+ po)
(A2)

C¢¢(‘L’) =1- 8T(

with 02 = C(0), p,(t) = Ci(1)/0?, and Owen’s T function
T(hya) = 5= [o dx (1 +x%) e 2P0+,
Inserting p, = guy into Eq. (A1), we obtain

_ Mx
M:gqs(—).
J1+ 502

Since ¢(x) is sigmoidal and symmetric, Eq. (A3) has either
one or three solutions—the latter corresponds to the state with
a broken symmetry.

We approach the transition from the symmetric domain
with 1ty = 0. The deciding criterion to make multiple solu-
tions possible is a unit slope at zero,

(A3)

8c
[1+ 502

For u, =0, Eq. (A2) simplifies to Cyy(7) = % arcsin y(t)

where y(t) = (1 + %Uf)’lgoxsz(r). This leads to the dif-

ferential equation j = —0,V (y, yo) with [41]

=1. (A4)

V(o) = =537 + & (1 = y0) (/1 = y? + yarcsin (y) — 1).

(AS)
Energy conservation determines the initial condi-
tion yo=(1+ %axz)’l%af and leads to D= %(1 —

)’0)_1\/ —2V (y0, ¥0). Using the stability criterion (A4) yields
yo = 1 — g2 and thus

2
D=—
b4

gy-wa-g2i-gd (A9

where the dependence on g is in V (y, y9). We obtained D =
D(g., g%) which can be solved numerically for g. = g.(g, D).
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For large time lag y tends to 0, allowing us to linearize the
second-order differential equation to

j=10-g1—y)y+ 00",

where we can read off the time scale as
5 —1
e=v1—gU—y) .

APPENDIX B: DOUBLE LEGENDRE TRANSFORMATION
IN CUMULANTS

To derive the Legendre transformation in terms of cumu-
lants, we restrict ourselves to a second-order transformation
for brevity. We start by studying the properties of the effective
action resulting from a first-order Legendre transformation to
establish a ground truth. Then we will define the transforma-
tion in cumulants and compare its properties.

For the sake of keeping calculations concise we dress the
second source term with a factor % in the cumulant gen-
erating functional W{[j, k] =1In [ exp(S[y] + JTy+ 3yTky)
which gives us the moments

ap = (y) = d;W,
= 3(°%) = W.
From here we continue to obtain the effective action
Polar, el = extrjx jlan +klan = W, K,

which we decorated with a subscript m for “moment” to
differentiate it from the effective action constructed via cu-
mulants. While W defines an ensemble with fixed sources
j and k which control the statistics of y, I',, instead de-
fines an ensemble with fixed first and second moment of y,
whose self-consistent values are obtained via the equations of
state

0
—Dular, el =,
3061

0
—Dular, a2l = k.
80[2

Our goal now is to reformulate these expressions in terms of
cumulants instead of moments. To this end we consider the
definition of cumulants:

Br:=0,W = (y) =ay,
Bri= W = (") — (y)> =20, — o,
which can be inverted to yield

a1 (B1) = B,
(B, B2) = (B2 + B7).

This gives us a straightforward way of defining the
Legendre transformation as a function of cumulants in terms
of the standard Legendre transformation as a function of
moments as

ToBi, Bo] :=Tu[B1, 2(B+ BT)]. (B1)

and its equations of state
3, TelBrs B2) =8, T B, 3 (B2 + B7)]
= 0Tn[B1. 5 (B2 + B7)]
J

+ 0Tl 3(B2 + B)] Bi

k

=j+Bk
3, TelBry B2l = 35, T 1, 3(Bo + BT)]
=1 0Tw[Br1. 5(B + 8]

k

1
=1k,

in terms of the cumulants. Here 9; and 0, describe the deriva-
tive with respect to the first and second variable. To make the
cumulant dependency more explicit we rewrite (B1):

LclB1, B2] = extrjy —ln/eSMﬂT”%yT"y_jTﬁ‘_kT%(’3”‘312)
y

— extrj; — In f SUHGHTBT G-+ (-2 —2).
y

By introducing J := j + kT 8, we keep the form of the station-
arity equation with 8"—} applied to the right-hand side yielding
zero. Both pairs of stationarity conditions {d/dj, d/dk} and
{9/d],8/9k} imply the same pair of constraints because the
only additional term produced by d/dk acting on (kT )T (y —
B1) is proportional to (y — ;) which, as a result of the con-
straint enforced by /0, vanishes. We can thus write the
effective action for cumulants as

LB, Bl = extrs _1n/85[)’]+iT()‘*/31)+%((.V*ﬂ1)2*/32)

s 7, »
y

(B2)

with
9;Lc[Br, B2] =0,
Lc[B1, B2] =0,
3, TelBr. B2 = j + Bk,
I, TelBr, Ba] = 3k.

We have thus found a way to describe a system in terms of
cumulants.

APPENDIX C: FACTORING ¢-EXPECTATION VALUES

In this chapter we show how to calculate
(I 6o [T} #(x(2;))) under a Gaussian measure, which
we need to solve our self-consistent equations. We will do
so inspired by the derivations of Price theorem [42]. This
means we express ¢ via their Fourier representation and
pull everything except the exponential necessary for this
transformation outside of the expectation value. Doing so
comes at the cost of having to calculate some derivatives, but
this enables us to perform the integration for the expectation
values and in the end clean up by calculating said derivatives.
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The first step is the Fourier representation and insertion
of a source term for X¥. We then replace X¥ by deriva-

J

J J

There we used the abbreviations k; := f 2mk;i8(t; —t'). From
here we focus on the expectation value denoted by » which we
write out as an integration over x and X w.r.t. their distribution
function. We assume the fields to be distributed according to
a Gaussian with covariance

A Az
A — ( ,:7( XX>‘
AL 0
Here it is important to note that ¥ is a response field and
therefore has a vanishing autocorrelation, allowing us to set
Azz = 0. The resulting integrand is an exponential of a

quadratic polynomial, which we solve using a Hubbard-
Stratonovich transformation:

1/x\" _
(*):/dxdfcexp —5(;) Al(;)+tx2kj+ikx
J

T
exp _%(Z}}k]) A(Z];kj)

s exp(D(k)).

Plugging this back into Eq. (C1), we see that the derivatives
we need to calculate are ]_[i{8,;(s,_)} exp(D(k)). As D(k) is just
a quadratic equation, we can easily calculate its first two
derivatives:

8z, D&) = D' (K)(s7)
_ (0 TA Zj k;
= X z
= —/ Ax;.(si, [/) ij
g j
=- Z Az (si, t)k;
J
= D" (k) = 0.
Thus it can be shown by induction:

[ {5} exp@®)) = expD()) [ D' k)s:)

i i

I1 {/ dkjé(kj)}< ]‘[ {%(s1)) exp (i;ij(z’)d¢’>> -T1 {f dk.,-é(k.,-)}

tives with respect to this source, allowing us to rewrite

([T #o TT} ¢(x(t)))) as

H{—iS;(S[)} <exp(i Z kx(¢")dt' + ilzfc)>
i J

® k=0
(C1n

(

with base case

1
exp(D(O)):exp(—EijA“ij)
= | dxdsx —leA‘lx +ix Y k;
= xdxexp | =7\ 3 ) T K
J
=<exp ’Lkaj >
J

= <]_[ exp(ixkj)>

J
= <1"[exp<iij<t,->>>.

J

This way we get

<1‘[sc<s,~> 1‘[¢<x<t_,~>>> =<H { [ ddapexpi k,-x(r_,->>}>
i J j

J

. 1_[ Z Az (i, l‘j)ikj .
i

(xx)

To simplify this further, we want to perform the k; integrals
but for this need to rewrite the term denoted by (xx). One way
of doing this would be

(k%) = Z Az (sq, tj, )Ik“ . Z Ay (Sy, tj, )1](/”

J1 Jn
n
= > [T Aw(si )ik
i

Even though this makes it very cumbersome to perform the
integral, as the multi-indexed k can be part of any integral, this
form lets us see how the final result will look like: each term
of the sum has to have one factor [[; kjf" with 3 or; = n. This
is then multiplied by a sum of products of Az(s;, ¢;), where
each j appears as often in each product as the value of «; and
the i takes all values from 1 to n. The sum then goes over all
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different combinations of i and j. So we introduce

jl)y={,...,1,2...,2,3,...,3,...),
B e
o times o, times aztimes

Ja, i) = (j(a)),

and the permutation group S, which does not switch the j’s, which are equal. Doing so allows us to finally rewrite

(T %o [T} o))

<l_[ {f dk;¢(k;)exp(ik; x(tj))}> . Z l_[ {(ik;)*'} Z l_[ Az (8i, To (i)

J oy e=n J oeS i

> <]"[ { / dk;(ik;)* p(k;) exp(ik; x(r,))}> Y T AxG tog@an)
J

o,y aj=n oeS i
= 2 <l_[ {¢’(a’)(x(’j))}> S T Asesin toain)-
o, Z]»aj:n J oeS i

For the relevant cases this results in
(D) (s), X(w), X(v))) = ($*(s, HE(W)F(v))
= (¢"(5)p(1)) (X(w)x(5)) (X (W)x(5)) + (9" (1)P(5)) (F(w)x (1)) {F(v)x(1))
+ (@' ()" (1)) ((X()x(1)) (F(v)x(s)) + (X(u)x(s)), (F(v)x (1)),
((1)p(s), X(u), p(v))) = (P()POXW)P(V)) — (P ()P (1)) (X(u)p(V))
= (¢'(5)P()(V)) (X(w)x(5)) + (' (1)p(5)p(v)) (F(w)x(1))
+ (¢ (V)P ()P (1)) (XW)x(v)) (@) — (P(s)P (1)) (F(u)p(v))
(@(1)p(s5), p(u), X(v))) = (@($)P ()P (U)x(v)) — (P ()P (1)) (X(v)p(u))
= (¢'(9)p()p () (X(0)x(s)) + (@' (1)p(s)p(w)) (F(v)x (1))
+ (@' WP ()P (1)) (F(v)x(w)) — (P(5)p (1)) (F(v)x(w))(9").

As the response function is known in the Fourier domain as —1/(1 + iw), this only leaves the expectation values of products of
derivatives of ¢ to be calculated. For the case where only B;; corrections are considered these are (¢ (s)o(t)), (¢”(s)p(¢)) and
(@' (s)¢'(t)). The expectation values (f(x(s))g(x(¢))) are taken over x, so we can express them as Gaussian integrals

1 _
(fgk) = /ddef(y)g(z)eXp (—E(y, C z)T>v|Cf| 1,
with C, = < co C(’)>
o \e(t) ¢ )

where we defined ¢y = (xx)(0) and c¢(t) = (xx)(t) with T = ¢ — 5. In the case of ¢(x) = erf(\/mx/2) these integrals can be
evaluated with the help of Owen [31], resulting in

2 . me(T)
(Ppp)(T) = ; arcsin < ),

247 Co
1
W= (1470 - (DY
T) = — ) -
2 2
(9'¢")(7)
"$)(t) = —me(t )
(@"¢)(7) ()2+nCO
[
APPENDIX D: ANALYTICAL RESULTS FOR LINEAR multiplying the equation with itself and taking the expectation
ACTIVATION FUNCTION value leading to
Here we consider the case ¢(x) = x. First we calculate _Q0%(w)+D D1
(xx)x(w) via Eq. (9) by transforming to Fourier domain, (xx)s(w) = 1+ w2 (DO
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At the saddle point we have Q* = g*(xx) and are thus able to
solve

D
11— g+ w?
D 2
\/ﬁexp(—nwl — &),
—8
where we took the Fourier transform in the last step. Here

we can see the time constant v'1 — g° : in the mean-field
solution, which is independent of g.

We can, however, go further than mean field and derive an
explicit solution for the first equation of state (25):

0% (s, 1) = g ((x*))u(s, 1)
1
+ 5g2 f (X% (s, 1), X(u), ¥(0))) P11 (u, v)

(xx)y(w) =

(xx)y (1) = D2)

+g2§/ (¥ (s, 1), X(w), x(v)))+B12(u, v). (D3)

For this we need values for the second cumulant of the auxil-
iary fields and particular third cumulants of the single neuron
dynamic. To get the former we use the first equation of state
(25) in Fourier domain

1 1+4iw
Br(w) = Nms (D4)
Bi1(@) = NBr2(w){xx) (@) Ba1 (@)
_ 1 Q@+D
CON(1—-3?2+w? (03)

where we used Eq. (D1) in the last line. The latter we can
break down into second moments via the methods derived in
Appendix C:

{((x(@)x(s), X(u), X(v)))x = X(@)x(2)) (F(v)x(s))

+ (X@w)x(s)), (X(v)x(1))
{((x(@)x(s), X(u), x(v)))x = (x()x(v)) (E()x(s))

+ (x($)x(v)) (X (u)x(2)).

As we will solve the integrals in the Fourier domain, it is
easiest to name them:

In(s—1)= %Z/dudv ((x(@)x(s), X(u), X(v)))«f11(u — v)

=g / dudv (X(u)x(s))(X(v)x(t))P11(u — v).

This leaves us with a double convolution which turns into a
product in Fourier domain:

- do . )
g 111(T)=/E<XX>(w)<XX>*(—w)ﬁn(—w)eXp(lw(t))

_ [ do Bul(w) .
_/El—{—a)z exp(io(t))
_/d_wi O(w)+D

) 2N -3+’ l+ow

= / d—wll 1(w) eXp(ia)(T))v
2

S explio(1))

whereby we used again the evenness of ;) and the shape of
the activity’s response function in Fourier domain (¥x)(w) =
—(1+iw)™".

We can deal with the second integral equivalently:

Ip(s—1)
8’8

f (2 (s, 1), F(u), x(0)))u Bra(u, v)
_ / () (E)x(s)
+(x($)x(V)) F@)x (1)) Pra(u, v)
=f ((xx) (v — 1) (Fx) (s — u)
+{xx) (v — $)(Ex) (¢ — u)Bra(u, v)

dw .
=/gexp(la)(s—t))

11—g4+w*(1+3 -2
N 1=+ 1+e?

<xx)*(w)’

and thus get
g_2 Q(w)+D 1
N((—-3824+w?1+w?

2880@)+D1-g+ 0’1+
N (142} (1-g*+a?

Li(w) =

Ip(w) =
From here we can solve for Q(w):

dw .
O(w) = / 2—Q(t1 ) exp(iwTy)
T

= & (xx)1 (@) + I11 (@) + L (w)
_ Qo)+ D
T l4?

o(w)
1 —a(w)+ w?

a(w)
< Qw)=D

with

oz(w):g2(1+i !

N (1-gP +o?

1 2
N1+ 0?

-3+ 0*(1+2
(1-3%+e?

2142 :
a N(1-3+ao?

2
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The first term a(w) = g* without finite-size corrections re-
produces the mean-field result of an exponentially decaying

~1
autocorrelation with time constant +/1 — g . The correction
terms show the time constant (1 — g)~.
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