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Experimental certification of level dynamics in single-photon emitters
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Emitters of single photons are essential resources for emerging quantum technologies and developed within
different platforms including nonlinear optics and atomic and solid-state systems. The energy-level structures of
emission processes are critical for reaching and controlling high-quality sources. The most commonly applied
test uses a Hanbury Brown and Twiss (HBT) setup to determine the emitter energy-level structure based on fitting
temporal correlations of photon detection events. However, only partial information about the emission process
is extracted from such detection, that might be followed by an inconclusive fitting of the data. This process pre-
determines our limited ability to quantify and understand the dynamics in the photon emission process that are of
importance for the applications in communication, sensing, and computing. In this work, we present a complete
analysis based on all normalized coincidences between detection and no-detection events recorded in the same
HBT setup to certify expected properties of an emitted photonic state. As a proof of concept we apply our
methodology to single nitrogen-vacancy centers in diamond, in which case the certification conclusively rejects
a model based on a two-level emitter that radiates a photonic state mixed with any classical noise background.
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I. INTRODUCTION

Quantum technologies with photons, atoms, and solid-state
and remote superconducting systems rely on the structure,
quality, and development of photonic light sources. Efficient
emitters of pure single photons are the primary targets of
this ongoing rally [1,2], and their development is the first
milestone towards the realization of more advanced photonic
sources [3–5]. Multilevel structures of emitters require novel
excitation schemes to control and improve the emission of
single photons [6–8]. The Hanbury Brown and Twiss (HBT)
[9] setup utilizing a beam splitter and a pair of single-photon
sensitive detectors is the traditional measurement tool for
single-photon emitters, applied to understand and tailor the
emission mechanism and for quantifying the performance
of the source. Normalized coincidences of detection events
between both detectors with controllable delay yield informa-
tion about the source properties including photon bunching
and antibunching [10,11]. In the limit of weak optical emis-
sion, these correspond to normalized Glauber’s second-order
photon-photon correlation function [12]. Such normalized
coincidence detection events are independent of losses but
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sensitive to independent Poissonian background noise, the
two main limitations of many experimental platforms. Fits
to the second-order correlation function with respect to time
delay between photodetection events can be used as a tool to
investigate energy-level dynamics and relaxation processes in
the emitter [13,14] and to verify the presence of single-photon
emitters [15]. This traditional approach has, however, some
intrinsic limitations making it insufficient for some technolog-
ical applications. First, more than one model can in principle
be used to fit the data, which can lead to an inconclusive
interpretation of the measurement. A conclusive approach
broadly used in quantum optics [16] relies on certification that
a well-defined set of states does not suffice to explain a result
obtained in a measurement. Second, correlation functions do
not find use in some application areas. Employing photoclick
probabilities in a temporal mode instead of correlation func-
tions will directly enable the application in quantum sensing
[17,18] and quantum communication [19–21]. Third, infor-
mation retrieved only from normalized coincidence detection
is unavoidably biased as these quantities are insensitive to
optical loss and very sensitive to independent noise. Another
quantifier based on the no-click coincidences has thus been
introduced forming a dual evaluation approach together with
the second-order correlation function [22].

In this paper, we propose and demonstrate a threefold
evaluation approach of single-photon emitters utilizing the
full photoclick information available from a measurement
with an HBT setup. We apply the approach to a field test
with nitrogen-vacancy centers in diamond, a well-established
source of single photons with a complex internal level
structure [23]. Following our advanced evaluation, we can
conclusively certify that simple models do not explain the
emitter structure and dynamics.
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FIG. 1. (a) Measurement of light emitted from a source with
unknown dynamics between its energy levels. The detection scheme
consists of two single-photon sensitive detectors, SPDA and SPDB,
separated by a beam splitter (BS) in the HBT configuration.
(b) Threefold evaluation of time-tagged data. The detectors convert
the measured optical signal into electronically recorded time tags de-
picted by blue dots as a function of time for both detectors. The grid
for both time axes A and B illustrates splitting into time bins of size
w > 0, while the temporal shift between these two grids suggests
that we can generally compare events between time bins separated
by a delay τ . The colored fields illustrate click or no-click events
that we employ for introducing the correlation functions α, β, and γ

in Eq. (1) for given w and τ . (c), (d) Two approaches used for the
analysis of dynamical aspects of a solid-state emitter. The traditional
approach depicted in (c) relies on the temporal correlation between
click events evaluated by the correlation function α(τ ) for different
delay times τ in the regime w → 0. α(τ ) exhibits a “dip” around
τ = 0 signifying sub-Poissonian statistics (yellow region). In the
new approach shown in (d), we choose τ = 0 and evaluate the click
statistics in a time bin with a given size w. The measured correlation
function γ (w) is characterized by its maximum γ̄ (w) ≡ maxw γ (w)
over w. Reaching γ̄ > 1 proves sub-Poissonian statistics (yellow
region) of the emitted light.

II. THREEFOLD EVALUATION

The HBT configuration [9] comprises a beam splitter (BS)
that divides incident light between two single-photon sensitive
detectors (SPDs). Measurements on the light field that is not
in the vacuum state give rise to “click” events at the output of
each SPD and electronically recorded with time tags (Fig. 1).
Based on this detection, we evaluate a photonic state emitted
to a well-defined temporal mode that we identify by its du-
ration w. For a given w, we determine the detector response
on the emitted light. We denote P1(w) as the probability of at
least one click of a chosen SPD (irrespective of the response
of the other SPD) in a time bin with a size w and P11(w, τ )
as the probability of at least one coincidence click recorded
by each SPD in time bins of the same size w, but temporally

shifted by τ [11]. For the defined time bins, we also introduce
P00(w, τ ) as the probability of no click by both SPDs and the
probability P10(w, τ ) of at least one click by one SPD and
a no click by the other (with a chosen SPD giving a click).
Finally, we define P0(w) as the no-click probability of a SPD
irrespective of the result of the other detector [24]. We extract
all these probabilities from time-tagged data by determining
the ratio between the number of time bins with a respective
event (depending on a chosen w) and the total number of
time bins. Note that unequal quantum efficiencies of SPDs or
unbalancing of the beam splitter will affect P1(w) and P0(w),
and the analysis would depend on which SPD we employ
for the measurement. Thus, we take the geometrical mean
of the values obtained from one SPD and the other SPD to
avoid this ambiguity. For τ = 0, we interpret the probability
P10(w, τ = 0) as a probability of success, P00(w, τ = 0) as
a probability of failure, and P11(w, τ = 0) as probability of
error according to an expected response of the HBT detection
setup on single-photon states.

Although the probabilities of success P10(w, τ ), failure
P00(w, τ ), and error P11(w, τ ) are mutually dependent, as
shown in this paper, each of them reflects a different property
of an incident photonic state. Consequently, an analysis focus-
ing, for example, on P11(w, τ ) evaluates only one particular
aspect of a single-photon source. On the contrary, considering
together the probabilities of all possible outcomes enables an
unbaised evaluation. A similar case based on multiple mutu-
ally dependent quantities is already well known in photonics.
Intensity fluctuations on a large signal can be simultaneously
evaluated using the second-order correlation function [25], the
Fano factor, the Mandel Q factor [26], or the signal-to-noise
ratio [27]. All these quantities depend on just the first two
moments of the intensity. Here, a similar situation occurs
while, however, our quantities are useful at the single-photon
level and directly applicable for the HBT measurement.

For the analysis of photonic states, we define three normal-
ized correlation functions α(w, τ ), β(w, τ ), and γ (w, τ ) as

α(w, τ ) = P11(w, τ )

[P1(w)]2 ,

β(w, τ ) = P00(w, τ )

[P0(w)]2 ,

γ (w, τ ) = P10(w, τ )

P0(w)P1(w)
,

(1)

which can be evaluated with respect to the variable time bin
size w > 0 or the time delay τ (Fig. 1). The definition (1)
guarantees that time tags corresponding to statistically inde-
pendent outcomes between both SPDs give rise to α(w, τ ) =
β(w, τ ) = γ (w, τ ) = 1 irrespective of w and τ . This is only
the case when all detected photonic modes are occupied by
pure Poisson noise. On the contrary, we reach sub-Poissonian
statistics [27] when α(w, τ ) < 1, β(w, τ ) < 1, and
γ (w, τ ) > 1. The sub-Poissonian character remains for all
time bins with a size w < w0, where w0 is a particular time bin
size, which implies that all the correlation functions in Eq. (1)
become unity. Apart from this special choice of w, these
correlation functions differentiate themselves. Each of them
uniquely addresses different properties of the photonic state.
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In the following we illustrate these properties with a
simplified model allowing for continuous pumping of an en-
semble of N independent single-photon emitters and Poisson
background noise that contributes to the optical field. To fa-
cilitate demonstration of the correlation function properties,
we assume that the single-photon emitters contribute equally
to the detected signal. However, all conclusions remain the
same, even if emitters are of different brightness or couple
differently to the detection system. Let η and n̄ denote the
rate of emission from each single emitter and mean photon
flux of the Poisson background noise, respectively. The cor-
relation function α(w, τ ) provides useful information about
the state in the limit of asymptotically decreasing w. Then,
for τ = 0, we approach α(w, 0) ≈ 1 − N/(N + n̄/η)2, which
depends on the flux of Poisson background noise with n̄,
while losses reducing both n̄ and η by the same factor do not
impact α(w, 0). In contrast, the correlation functions β(w, 0)
and γ (w, 0) trivially approach unity with decreasing w for
any continuous-wave photonic state since in this limit the
number of no-click time bins diverges. Therefore, β(w, 0)
and γ (w, 0) must be evaluated beyond this limit. Assuming
0 < ηw � 1, we obtain β(w, τ ) ≈ 1 − (Nηw)2/4 indicating
that β(w, τ ) is insensitive to Poisson noise, but is affected
by losses and depends on the bin size w. Finally, in the limit
0 < ηw � 1, we also obtain γ (w, 0) ≈ 1 + Nη2w/[2(Nη +
n̄)], and hence a source with negligible noise n̄ � η yields
γ (w, 0) ≈ 1 + ηw/2, which scales linearly with ηw and is
independent of the number of emitters. This example of a
simple photonic state thus illustrates the diverse properties
of α(w, τ ), β(w, τ ), and γ (w, τ ), that together advance the
evaluation of the commonly used HBT detection scheme.

To evaluate physically relevant properties of single-photon
emitters, we need to perform an analysis that is independent
of the data processing. First, we define success γ̄ (τ ) as the
supremum

γ̄ (τ ) ≡ sup
w

γ (w, τ ). (2)

Optimizing the success γ̄ (τ ) enables applications in the devel-
opment of single-photon emitters. Second, we consider only
the success probability P10(w, τ ) with a proper normalization
and introduce the success rate Rw0 (τ ) per calibrated time
bin as

Rw0 (τ ) ≡ P10(w, τ )w0

w
, (3)

where w0 represents the size of the time bin implying a
specific property in the measurement. Particularly, we allow
for w0 that yields α(w0, 0) = β(w0, 0) = γ (w0, 0) = 1. To
show that the normalization in Eq. (3) is not unique, we
discuss a different choice of w0 in Appendix A. Because
P10(w, τ ) is linear proportional to w in the limit of weak
photonic states with negligible two- and higher-photon de-
tection probabilities, the definition in Eq. (3) ensures that
Rw0 (τ ) stays dimensionless and independent of w in the limit
of weak photonic states (Fig. 2). Moreover, losses and Poisson
background noise do not influence the calibration time bin w0.
Thus, these imperfections impact only P10(w, τ ) in Eq. (3) and
Rw0 (τ ) becomes as sensitive to them as the success probability
P10(w, τ ). Finally, we can introduce the smallest multiphoton

FIG. 2. (a) Typical evolution of the correlation function γ (w)
with respect to the size of the time bin w. We determine w0 such
that γ (w0 ) = 1 and define the dimensionless time unit w̄ ≡ w/w0.
(b) Illustrative example for the evolution of the probability P10(w)
as a function of w in the regime with a low click probability. We
introduce Rw0 as Rw0 ≡ P10(w)/w̄. Since P10(w) grows linearly with
w, Rw0 is independent of the chosen w.

error ᾱ(τ ) and the smallest failure of emission β̄(τ ) as

ᾱ(τ ) ≡ inf
w

α(w, τ ),

β̄(τ ) ≡ inf
w

β(w, τ ),
(4)

which correspond to properties that impose different require-
ments on engineering single-photon emitters as compared to
γ̄ (τ ) in Eq. (2). As an example, we note that wmax such
that γ (wmax, τ ) = γ̄ (τ ) does not yield the minimum error
ᾱ(τ ) or minimum failure β̄(τ ). Thus, the threefold evalua-
tion represents a tradeoff between the different normalized
quantities (2) and (4). These correlation functions together
with the success rate Rw0 (τ ) provide an evaluation suitable
for certification of single-photon emitters radiating a photonic
state that is significantly affected by noise and losses (Fig. 2).

III. DESCRIPTION OF THE EXPERIMENT

We experimentally determine the correlation functions α,
β, and γ by evaluating correlations of the detection events
from an HBT setup with incident emission from single
nitrogen-vacancy color centers (NVs) in diamond, established
as well-understood and stable quantum emitters [23]. In our
electronic-grade bulk diamond sample, NV centers were cre-
ated by nitrogen-ion implantation (energy 7.1 keV) with sub-
sequent annealing at 800 ◦C [28]. The implantation dose was
108 ions/cm2 that yields the formation of isolated NVs with
a density ≈107/cm2. We optically excite a single NV with a
532-nm continuous-wave (cw) laser (0.8 mW power before
the 100× objective with NA = 0.95) and collect fluorescence
in a confocal configuration. The level of Poissonian back-
ground noise we control independently by adding light from a
cw 637-nm laser to the detection path through a beam splitter
located right before the beam splitter of the HBT configura-
tion. Afterwards, the total optical field containing fluorescence
from the NV and a controllable fraction of background
noise is coupled to a single-mode optical fiber, split with a
fiber beam splitter and detected with two SPDs (Excelitas

033254-3



LUKÁŠ LACHMAN et al. PHYSICAL REVIEW RESEARCH 6, 033254 (2024)

FIG. 3. Plots of the correlation functions α(w, τ ), β(w, τ ), and γ (w, τ ) evaluated from the experimental data with a time-bin size of
w = 1 ns and various levels of added noise. Here the time axis is shifted by 80 ns for better illustration of the plotted functions. The horizontal
line where the function value is equal to unity shows the classicality threshold: Values of the correlation functions α, β (γ ) below (above) this
line correspond to nonclassical light. Note that α(τ ) for the selected time-bin size is identical to the second-order correlation function g(2)(τ ).
Note also that the plots for β(τ ) at different noise levels overlap, demonstrating invariance of β(w, τ ) over added Poisson noise.

SPCM-AQRH-13), thus forming the HBT setup. Each detec-
tion event is recorded with 4-ps resolution using a PicoHarp
300 from PicoQuant operating in the time-tagged mode. This
allows for calculating the three correlation functions α(w, τ ),
β(w, τ ), and γ (w, τ ) in postprocessing of the recorded data.
For our analysis, each data set was recorded during one hour to
ensure enough events with high-quality statistics and reliable
estimation of the measurement error. The signal from one of
the SPDs is artificially delayed such that the zero time shift
between channels corresponds to τ = 80 ns.

We collect photon counts from an isolated NV center in
several independent measurement rounds. In the first round,
the NV center is excited by the pump 532-nm laser, and we
collect fluorescence signal without artificial background. In
the next three measurement rounds, we add various amounts
of background noise by adjusting the power of the 637-nm
laser to 100%, 200%, and 400% of the pure fluorescence
signal, respectively.

We process the experimental data by dividing the inde-
pendent measurement rounds into time bins of size w and
applying Eqs. (1) to calculate correlations of click and/or
no-click events. Note that according to the definition, a click
event is the presence of at least one click in a time bin, while a
no-click event is the absence of clicks in a time bin. Therefore,
we do not distinguish events with just one or multiple clicks in
a single time bin. Such definition explicitly allows measuring
the correlation functions (1) by non-photon-number-resolving
detectors. In contrast, the (Glauber’s) second-order correlation
function g(2)(τ ) can only be measured, when the interval be-
tween photon arrivals is substantially larger than the dead time
of the detection system.

The corresponding plots of the correlation functions
α(w, τ ), β(w, τ ), and γ (w, τ ) for a fixed time bin w = 1 ns
are shown in Fig. 3 for the four cases of varying Poisson noise.
According to discussions in Sec. II, the plots of β(τ ) for dif-
ferent cases coincide (the signal-to-noise ratio varies though),
demonstrating that β(w, τ ) is insensitive to Poisson noise.
Unsurprisingly, the plots for α(w, τ ) resemble those of the
familiar second-order correlation function g(2)(τ ). The highest
photon count rate in the experiment does not exceed 100
kCount/s at each detector, whereas the dead time is dominated
by that of the PicoHarp 300 counting device (<95 ns). In this

regime and given w = 1 ns, the probability of having several
photons within a single time bin is negligible and α(w, τ )
is nearly identical to g(2)(τ ). A more detailed discussion of
the relation between correlation functions (1) and the Glauber
quantum correlation functions is given in Appendix A 3.

Similarly, in Fig. 4 we plot the correlation functions
α(w, τ ), β(w, τ ), and γ (w, τ ) for the four cases of varying
Poisson noise and, contrary to Fig. 3, for the fixed zero time
shift τ between channels. These plots show the evolution of
the correlation functions over a span of time bins w, and allow
extracting the extreme values of error, failure, and success
parameters ᾱ, β̄, and γ̄ , respectively, according to Eqs. (2)
and (4). The measured correlation functions for the relevant
cases of N independent quantum emitters and signal from a
single emitter recorded with varying loss are summarized in
Appendix D (Fig. 8).

IV. CERTIFICATION OF EMITTERS

Quantum emitters of light possess a discrete energy-level
structure and the dynamics between these levels are reflected
in the statistics of the emitted light. In this section, we apply
the threefold evaluation introduced in Sec. II to our exper-
imental data obtained with a single NV center. With this
approach, we prove that the emitters have to be described with
a multilevel structure rather than a simple two-level system
mixed with classical noise (Fig. 5).

We note a distinct difference to the commonly used ap-
proach based on the evaluation of Glauber’s second-order
correlation function

g(2)(τ ) = lim
w→0

α(w, τ ). (5)

The presence of both bunching and antibunching in g(2)(τ )
does not guarantee immediately that the emitter has more than
two energy levels. Except for noise with a Poisson distribu-
tion, any classical background noise mixed with the signal
from a two-level system results in a second-order correlation
function possessing both bunching and antibunching. In order
to prove emission from a multilevel system, the measured
amount of bunching and antibunching has to be of a certain
minimum level [confer Eq. (C5) in Appendix C]. In contrast to
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FIG. 4. Plots of the correlation functions α(w, 0), β(w, 0), and γ (w, 0) evaluated from the experimental data at various levels of added
noise and used to extract ᾱ, β̄, and γ̄ . Experimental data points are connected for clarity, and shaded regions show the error range. The
horizontal line at α(w) = β(w) = γ (w) = 1 shows the classicality threshold. Note that the plots for β(w) at different noise levels overlap,
demonstrating invariance of β(w, τ ) over added Poisson noise.

this, in this section we aim at application of a criterion based
on the correlation function γ (w) [Eq. (C17)]. With this, we
certify a nontrivial energy-level structure of an emitter based
on a property that is interpreted as a success.

In order to capture the emitter dynamics in our model, we
expand the correlation functions γ in Eq. (1) into a Taylor

R

Multi-level dynamics
( ) (certified)

new hidden
transitions

(a) classical noise

Noisy two-level dynamics
(rejected)

(b)

(c) (d)

reje ected dynamics

certified 
dynamics

FIG. 5. (a) Illustration of a model consisting of an emitter with
dynamics between two energy levels and a noisy background. The
transition from an excited state to a ground state radiates a photon
(the blue wave) that is mixed with classical background noise (the
yellow wave). (b) Illustration of an emitter with multilevel dynamics.
A direct transition from an excited state to a ground state radiates a
photon (the blue wave). The indirect transition through other states
(green lines) happens without emission of light. (c) The correlation
function γ (w) for various time-bin sizes w evaluated for an example
emitter with multilevel dynamics (blue line) and a two-level emitter
with noisy background (red line). One can not distinguish these two
situations relying only on the maximum γ̄ ≡ maxw γ (w) and w0

such that γ (w0 ) = 1. (d) Certification of the multilevel dynamics
employing γ̄ ≡ maxw γ (w) and the parameter Rw0 for rejection of
any two-level dynamics with noise. All photonic states emerging in
the noisy two-level dynamics reach only the plotted yellow region,
covered by the orange threshold. The blue (red) point corresponds
to the example of multilevel dynamics (noisy two-level dynamics)
yielding γ (w) depicted in (c) by the blue (red) line. The blue point
surpasses the threshold, and therefore we certify the multilevel dy-
namics in this case.

series of the normally ordered moments of a† and a (see
Appendix A for more details) and then use the regression the-
orem [29] to link those moments with the emitter dynamics.
Here, the model system consists of on optical ground and ex-
cited state with allowed radiative relaxation and off-resonant
(incoherent) pumping. Assuming τ = 0 for simplicity, the
emitted photonic state exhibits trivial limits α(w, 0) � 1 and
β(w, 0) ≈ γ (w, 0) ≈ 1 for small w. Increasing w leads to
higher α(w, 0) due to multiple excitations of the two-level
system within the time bin w. In this case, advantageously
the failure β(w, 0) decreases while the success γ (w, 0) in-
creases. For light emitted from an ideal two-level system,
the correlation function γ (w, 0) obeys the limit γ (w, 0) > 1
for w > 0. Thus, a photonic state from a two-level system
exhibits w0 � 1 and, consequently, Rw0 (0) � 1. However,
classical background noise mixed with the light emitted from
an ideal two-level system causes that both Rw0 (0) and γ̄ (0)
gain finite values. This is comparable with the measured data
as depicted in Fig. 6. We detail this analysis in Appendix C.

We next apply this methodology to certify a nontrivial
multilevel structure of the NV center, known to have a (third)
shelving state enabling a nonradiative relaxation path [23],
and therefore is a good system to demonstrate the model rejec-
tion procedure. We use the data obtained with the NV center
(see previous section and Appendix D) and allow for realistic
experimental conditions when (i) background Poisson noise
deteriorates the radiated photonic state, when (ii) the emission
occurs from more than one emitter, or when (iii) the photonic
state is affected by losses. We test our emitter for being a
two-level system with classical background noise. In Fig. 6,
we plot the corresponding rejection criterion based on the
parameters γ̄ (0) and Rw0 (0) with w0 implying γ (w0) = 1 as
derived in Eq. (C17). The yellow shaded area corresponds to
emitted photonic states that can be generated from systems
with two energy levels and mixed with classical background
noise. From each set of our experimental data we extract the
values γ̄ (0) and Rw0 (0) and plot these in the same Fig. 6 for
the cases of (i) added Poissonian noise (blue data points), (ii)
N independent and equally bright emitters (red data points),
and (iii) loss affecting the measured photonic state (green
data points). The data points in the white region fall into the
model-rejection region, for which we can confidently reject
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FIG. 6. Certification of an emitter with a shelving state based
on rejection of an emitter with two energy levels that classical
background noise deteriorates. This certification relies only on γ̄ ≡
maxw γ (w) and normalized success rates Rw0 . The yellow region
corresponds to such a pair of γ̄ and Rw0 that can be achieved by a
two-level system deteriorated by arbitrary classical background noise
affecting an emitter with two levels of energy. On the contrary, all
states above the yellow region can not be explained by this model.
The yellow point represents this evaluation applied to a realistic
photonic state radiated from the NV center in diamond. The sequence
of blue points demonstrates a path that the photonic state follows
in this diagram when added Poisson background noise increases the
click rates by 100%, 200%, and 400%. The row of red points shows
how the state moves in this diagram when we merge the measured
time-tag data in two or more time windows to simulate emission
from two, three, and four independent NV centers. The sequence of
green points depicts cases when additional losses 20%, 37%, and
68% affect the measured photonic state.

any model consisting of two energy levels and classical back-
ground noise. The points in the yellow region are not model
rejected and, therefore, from the respective measurement we
cannot tell with confidence whether the photonic state is ra-
diated from a two-level system affected by classical noise or
whether a multilevel energy structure is involved. Data points
with added Poissonian noise [(i), blue] and N > 1 emitters
[(ii), red] fall in the yellow shaded region, while all cases of
added loss [(iii), green] are in the model-rejection region. Note
that the ambiguity in the definition of w0 in Eq. (3) principally
enables derivation of more criteria that differ themselves by
their requirement on the emitted state.

V. CONCLUSION AND OUTLOOK

In this paper, we suggest and experimentally implement an
advanced evaluation methodology to certify nontrivial energy-
level dynamics of quantum light emitters. Our threefold
evaluation strategy is based on the standard Hanburry-Brown
and Twiss setup, and can therefore readily be applied for many
physical systems. We define three correlation functions based
on the possible combinations of clicks and no clicks of the two
detectors in the HBT setup and we illustrate their properties
using a simple example with N independent emitters and
Poissonian background noise. We apply the methodology to
light emitted from NV centers in diamond and we investigate
the the correlation functions with (i) additional background
Poisson noise, (ii) when the emission occurs from more than

one emitter, or (iii) when the photonic state is affected by
losses. Finally, our analysis certifies that the dynamics of a
single NV center cannot be explained with only two energy
levels and classical background noise.

As an outlook, we imagine application of our evaluation
strategy to other quantum light emitters with unknown or
more complex level dynamics, and where, e.g., novel ex-
citation schemes are required to control and improve the
properties of emitted photonic states [6–8]. Further investiga-
tions will aim at certification that the dynamics of an emitter
are more complex than the ones of a three-level system in-
cluding a shelving state. First, we will analyze the radiation of
emitters with transitions between many energy levels [3,30].
Second, we will explore in more detail the properties of emit-
ted light radiated from several emitters and investigate the
impact of light-matter dynamics between the emitters. For this
case, we will consider an extended detection scheme based on
a general splitting network comprising several beam splitters
and detectors [31,32], while alternatively a homodyne detec-
tion can be included for the analysis [33,34]. Both detection
schemes allow exploring larger Hilbert spaces, thus extracting
more information about quantum light radiation processes
compared to the HBT scheme. Such a scheme will have poten-
tial application also in many-body systems emitting light [35],
topological waveguide QED [36]. or optomechanics [37,38].
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APPENDIX A: SIMULATING RESPONSE
OF A DETECTOR IN HBT CONFIGURATION

The HBT configuration employs two SPDs to measure
light passing through a beam splitter (BS). A single SPD mea-
sures the probability P1(w) of at least one photon transmitted
(reflected) in a time bin. Simultaneously, a SPD allows detec-
tion of the complementary probability P0(w) of no photons in
a time bin. Considering both SPDs in HBT allows us to define
the probability P11(w, τ ) of detecting at least one transmitted
photon and, simultaneously, at least one reflected photon in
time bins having size w and separated by time τ . To complete
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description of detection in the HBT scheme, we further define
the probability P10(w, τ ) of at least one transmitted photon
and no reflected photons and, finally, the probability P00(w, τ )
of no photons impinging the detectors in the respective time
bins. The introduced probabilities are not independent but
they follow the relations

P0(w) = 1 − P1(w),

P10(w, τ ) = P1(w) − P11(w, τ ),

P00(w, τ ) = 1 − 2P1(w) + P11(w, τ ).

(A1)

We can use these probabilities to define three correlation func-
tions α(w, τ ), β(w, τ ), and γ (w, τ ) following as

α(w, τ ) ≡ P11(w, τ )

P1(w)2
,

β(w, τ ) ≡ P00(w, τ )

P1(w)P0(w)
,

γ (w, τ ) ≡ P10(w, τ )

P1(w)P0(w)
.

(A2)

The correlation functions α(w, τ ), β(w, τ ), and γ (w, τ ) em-
ploy the probabilities P1(w) and P0(w) for normalization.
Simultaneously, we allow for a different normalization of the
probability P10(w) and introduce the parameter Rw0 following
as

Rw0 = P10(w, τ )w0

w
, (A3)

where w0 corresponds to the size of a time bin implying a
specific property in the measurement. Example choices of w0

lead to γ (w0) = 1 or γ (w0) = maxw γ (w). The correlation
functions in Eq. (A2) and the parameter Rw0 in Eq. (A3) can
be directly measured in the HBT detection scheme. However,
theoretical simulation of the response in this detection is based
on moments of the normally ordered moments of the creation
operator a† and the annihilation operator a [39]. Further, we
summarize the theory of time-dependent detection [39,40].
We first consider measurement of classical, distinguishable
particles and then switch to the quantum description.

1. Classical picture: Beam of distinguishable particles

We allow for a beam of m classical particles with temporal
distribution determined by the probability density function
T (t1, . . . , tm), where the argument ti represents time when
ith particle arrives at a detector [41]. Further, we introduce
the marginal distribution Mi j (ti, t j ) of ith and jth particle
according to

Mi j (ti, t j ) ≡
∫

dtijT (t1, . . . , tm), (A4)

where dti j symbolizes that the integration is taken over arrival
times of all particles except ith and jth particles. The marginal
distribution for ith particle Mi(ti ) is defined as

Mi(ti) =
∫

dt jMi j (ti, t j ). (A5)

In the following, we allow for a specific case of T (t1, . . . , tm)
that is symmetric in exchanging any two particles, and there-

fore the marginal distributions Mi(ti) and Mi, j (ti, t j ) hold,

Mi(ti ) = M(1)(ti ),

Mi, j (ti, t j ) = M(2)(ti, t j ),
(A6)

identically for any i and j. Based on this conjecture, we can
determine the mean number of particles 〈n〉w and particle pairs
〈( n

2 )〉 in a time bin characterized by its size w according to

〈n〉w =
∑

i

∫ τ+w

τ

dtiMi(ti)

= m
∫ τ+w

τ

dt M(1)(t ),〈(
n

2

)〉
w

= 1

2

∑
i 
= j

∫ τ+w

τ

dt1

∫ τ+w

τ

dt2Mi, j (ti, t j )

=
(

m

2

) ∫ τ+w

τ

dt1

∫ τ+w

τ

dt2M(2)(t1, t2).

(A7)

Further, we rearrange the formula for the mean number of
particle pairs so that it can be exploited later for indistinguish-
able particles. Let Pi, j (w) denote a probability that ith and jth
particles impinge in the same time bin, i.e.,

Pi, j (w) =
∫ τ+w

τ

dt1

∫ τ+w

τ

dt2M(2)(ti, t j ). (A8)

Since these particles are distinguishable, we can determine
when the ith particle arrives before jth particle. Let Pi→ j (w)
be the probability that this happens when these particles arrive
at the detector in the same time bin. We thus obtain

Pi→ j (w) =
∫ τ+w

τ

dti

∫ τ+w

ti

dt jM(2)(ti, t j ). (A9)

Due to the symmetry in particle exchange, Pj→i = Pi→ j , and
therefore the probability Pi, j (w) can be expressed as

Pi, j (w) = Pi→ j (w) + Pj→i(w)

= 2
∫ τ+w

τ

dt1

∫ τ+w

t1

dt2M(2)(t1, t2).
(A10)

Putting all together, we can conclude that〈(
n

2

)〉
w

= m(m − 1)
∫ τ+w

τ

dt1

∫ τ+w

t1

dt2M(2)(t1, t2),

(A11)

where the integration is performed over t1, which stands for
the arrival time of the earlier particle, and over t2, which
corresponds to the impinging time of the later particle. This
time order becomes important when we deal with the quantum
description of indistinguishable particles.

2. Quantum picture: Beam of indistinguishable photons

The quantum description in discrete variables employs the
Fock state basis to identify any photonic state. Let us consider
a field composed of M temporal modes. The theory of propa-
gating photonic field introduces the annihilation operator a(t )
and the creation operator a†(t ) that obey the commutation
relation [a†(t1), a(t2)] = δ(t1 − t2). The physical description
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is completed by a set of orthonormal complex functions φi(t )
determining temporal shapes of the modes [39]. The Fock
states are defined as a result of acting the creation operators
on the vacuum. For example, the Fock state |1〉 is given
by [42]

|1〉 ≡
∫

dt f1(t )a†
i (t )|0〉, (A12)

where the function f1(t ) ≡ ∑M
i=1 τiφi(t ) with complex ampli-

tudes τi fulfills
∫ | f1(t )|2dt = 1. Analogously, a general Fock

state |m〉 in this description gains

|m〉 ≡ 1√
m!

∫
dt1 . . . dtm fm(t1, . . . , tm)a†(t1) . . .† (tm)|0〉,

(A13)

where fm(t1, . . . , tm) is invariant under any permutation of
its arguments and obey

∫
dt1 . . . dtm| fn(t1, . . . , tm)|2 = 1. Fur-

ther, we define the functions M(1)(t ) and M(2)(t1, t2) as

M(2)(t1, t2) ≡
∫

dt3 . . . dtn| fm(t1, . . . , tm)|2,

M(1)(t ) ≡
∫

dτ M(2)(t, τ ).

(A14)

An intensity detector in Hanbury Brown and Twiss configura-
tion operating in the wide-band limit with very high temporal
resolution [43] measures the normally ordered moments [25]
following as

〈m|a†(t1)a†(t2)a(t2)a(t1)|m〉 = m(m − 1)M(2)(t1, t2),

〈m|a†(t )a(t )|m〉 = mM(1)(t ), (A15)

where we allow for detection of the Fock state |m〉 defined
in (A13). Because M(1)(t ) and M(2)(t1, t2) correspond to a
probability density function of observing a photon in time t
and observing photons in time t1 and t2, respectively, we can
exploit the analogy with distinguishable particles and apply
the same procedure to integrate over a time bin of size w.
Thus, the Fock state |m〉 induces the following mean number
of photons in a time bin

〈n〉w = m
∫ τ+w

τ

dt M(1)(t ) (A16)

and the following mean number of photon pairs:〈(
n

2

)〉
w

= m(m − 1)
∫ τ+w

τ

dt1

∫ τ+w

t1

dt2M(2)(t1, t2).

(A17)

To determine the moments 〈n〉w and 〈(n
2

)〉w for a general
photonic state, we employ the representation in the Fock state
basis and apply (A16) and (A17) to the Fock states in the
basis. Consequently, the moments 〈n〉w and 〈(n

2

)〉w work out
to be

〈n〉w =
∫ τ+w

τ

dt〈n(t )〉,〈(
n

2

)〉
w

=
∫ τ+w

τ

dt1

∫ τ+w

t1

dt2G(2)(t1, t2),

(A18)

where 〈n(t )〉 = 〈a†(t )a(t )〉 and G(2)(t1, t2) = 〈a†(t1)a†

(t2)a(t2)a(t1)〉 is the Glauber’s second-order correlation
function [44,45]. Let us note that the time t1 and t2
in integration (A18) keep the normal temporal ordering,
which is required in definition of G(2)(t1, t2), and therefore
the identities in (A18) are consistent with the theory of
photodetection [29]. We can extend this for the mean number
of tuples with m photons according to〈(

n

m

)〉
w

=
∫ τ+w

τ

dt1

∫ τ+w

t1

dt2· · ·
∫ τ+w

tm−1

dtmG(m)(t1, . . . , tm),

(A19)

where we integrate over the ordered tuple of time (t1, . . . , tm)
such that tk−1 < tk for all k ∈ {2, . . . , m}. We formally sim-
plify (A19) by introducing the operator A(w) ≡ ∫ w+τ

τ
dt a(t )

and its Hermite conjugate operator A†(w) ≡ ∫ w+τ

τ
dt a†(t ),

which allows us to express〈(
n

m

)〉
w

= 1

m!
〈[A†(w)]mA(w)m〉. (A20)

The identity (A20) predicts a response of a photon-number
resolving detector on a propagating photonic field [39].

3. Click and no-click probabilities in HBT

A SPD in HBT yields a click if at least one photon arrives.
Detection in HBT configuration consists of two SPDs which
allows measuring a probability P1 of a click in a chosen SPD
and a probability P11 of coincidence click of both the SPDs.
These probabilities work out to be [12]

P1(w) = 〈
:1 − e− T

2 A†(w)A(w):
〉
,

P11(w) = 〈
:
(
1 − e− T

2 A†(w)A(w)
)2

:
〉
,

(A21)

where the parameter T simulates light collection and detection
efficiency. Since T is typically very small, click probabilities
in (A21) can be approximated by leading terms in their Taylor
series with respect to T , i.e.,

P1(w) ≈ T

2
〈A†(w)A(w)〉,

P11(w) ≈
(

T

2

)2

〈:[A†(w)A(w)]2:〉.
(A22)

Establishing P1(w) and P11(w) allows us to gain all the proba-
bilities of the click and no-click events occurring in HBT due
to the identities (A1). Assuming the approximation (A22), we
can express the correlation functions in Eq. (A2) following as

α(w) ≈ g̃ (2)(w),

β(w) ≈ 1 − [T n̄(w)]2[1 − g̃ (2)(w)],

γ (w) ≈ 1 + T n̄(w)[1 − g̃ (2)(w)],

(A23)

where we employ

g̃(n)(w) ≡ 〈:[A†(w)A(w)]n:〉
[〈A†(w)A(w)〉]n

,

ñ(w) ≡ 〈A†(w)A(w)〉.
(A24)

033254-8



EXPERIMENTAL CERTIFICATION OF LEVEL DYNAMICS … PHYSICAL REVIEW RESEARCH 6, 033254 (2024)

We can increase the accuracy of expressions for the corre-
lation functions by considering more members in the Taylor
series of (A21) with respect to small T . Particularly, we obtain

α(w) ≈ g̃ (2)(w) + T n̄(w)[̃g (2)(w) − g̃(1)(w )̃g (3)(w)],

β(w) ≈ 1 − [T n̄(w)]2[1 − g̃ (2)(w)]

+ [T n̄(w)]3[3̃g (2)(w) − g̃ (3)(w) − 2],

γ (w) ≈ 1 + T n̄(w)[1 − g̃ (2)(w)]

+ [T n̄(w)]2{2 − 3̃g (2)(w) − [̃g (2)(w)]2 + 2̃g (3)(w)},
(A25)

which suggests that the accuracy of the approximations scales
with T n̄(w). Employing more terms in the Taylor series of
(A21) allows us to further increase the accuracy.

APPENDIX B: DETECTOR RESPONSE
ON MODEL STATES

Here, we apply the relations in (A21) to simulate a de-
tector response on models of stationary photonic states with
moments 〈:[a†(t )a(t )]k:〉 independent of time t for any k.
This regime is relevant for photonic states that emerge from
continuous pumping a single-photon emitter.

1. Classical noise

Any classical noise can be represented as a stochastic
mixture of the coherent states [44,45]. When only the phase
undergoes random changes but the intensity of the noise re-
mains stable, the noise approaches the Poisson limit, which
gives rise to the probabilities P1(w) = 1 − exp(−T n̄w/2) and
P11(w) = [1 − exp(−T n̄w/2)]2, where T n̄w quantifies the
mean number of photons in a time bin. A general classical
noise produces the click probabilities that depend also on
the temporal correlation of the noise. In the regime wT � 1,
only the moments 〈A†(w)A(w)〉 and 〈:(A†(w)A(w))2:〉 affect
significantly the probabilities P1(w) and P11(w), and therefore
we identify any classical noise in this limit only by two mo-
ments

n̄ ≡ 〈a†(t )a(t )〉,
G(2)(τ ) ≡ 〈a†(t )a†(t + τ )a(t + τ )a(t )〉.

(B1)

This implies the click probabilities formally achieve

P1(w) ≈ ηw

2
n̄,

P11(w) ≈
(η

2

)2
g̃(w)n̄2,

(B2)

where we employed

g̃(w) ≡ 1

n̄2

∫ w

0
dt1

∫ w

t1

dt2G(2)(|t2 − t1|). (B3)

Because classical noise exhibits G(2)(τ ) that drops for τ > 0,
we can establish

g̃(w) ∈ 〈w2, gw2) (B4)

with g ≡ G(2)(0)/n̄2. The lower limit in Eq. (B4) is achieved
by the Poisson noise and the upper limit gets saturated when
G(2)(τ ) approaches the constant function in τ � w.

2. Above-band pumping a two-level system

Let us consider a two-level system with an excited state
|e〉 and a ground state |g〉. Above-band pumping the two-
level system causes incoherent dynamics of the density matrix
ρ = ρe(t )|e〉〈e| + ρg(t )|g〉〈g|. The evolution is described by
the rate equations

d

dt
ρg(t ) = −κpρg(t ) + κrρe(t ),

d

dt
ρe(t ) = κpρg(t ) − κrρe(t ),

(B5)

where κp represents rates of excitation and κr corresponds to
rates of spontaneous decay. Let us assume that the evolution
of two-level system starts from the ground state. Then, the
probability ρe(t ) of exciting the two-level system at time t
works out to be

ρe(t ) = κp

K
[1 − e−Kt ], (B6)

where K = κp + κr . The regression theorem [29] yields 〈n〉 =
κrκp/K and G(2)(τ ) = [κrκp/K]2[1 − exp(−Kt )] for this dy-
namics. Thus, we obtain

P1(w) ≈ T κrκpw

2K
,

P11(w) ≈ T 2κ2
pκ

2
r [2(1 − Kw) − 2e−Kw + K2w2]

4K3
.

(B7)

We can check numerically that the probabilities in Eq. (B7)
imply the correlation function α(w) defined in Eq. (A2) obeys
α(w) < 1 for any w.

Mixing the light from a two-level system with Poisson
background noise increases the error α(w) without gaining
α(w) > 1 in the regime of reliable w and reduces the success
γ (w). On the contrary, the failure β(w) remains without any
change. Mixing the light with general classical background
noise, defined in the limit T w � 1 by click probabilities
in Eq. (B2), gives rise to approximate correlation functions
following as

α(w) ≈ 1 + f2(w) − 1 + [̃g(w) − 1](n̄/η)2

(1 + n̄/η)2
,

β(w) ≈ 1 − η2w2T 2

4

× [1 − f2(w) + (̃g(w) − 1)(n̄/η)2], (B8)

γ (w) ≈ 1 + ηwT

2(1 + n̄/η)

× [1 − f2(w) + (1 − g̃(w))(n̄/η)2],

where n̄ and g̃(w) characterize the noise contributions, η ≡
κrκp/(κp + κr ), and f2(w) reads as

f2(w) ≡ [2(1 − Kw) − 2e−Kw + K2w2]

4Kw2
(B9)
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with K = κp + κr . The correlation functions in Eq. (B8) be-
come one unitedly for a given time bin with size w0 if

n̄/η =
√

2[exp(−Kw0) − 1 + Kw0]

Kw0
√

g̃(w0) − 1
. (B10)

Apart from the case of the Poisson background noise with
g̃(w) = 1, we can deduce w0 from (B10) and establish the
unnormalized success R defined as R ≡ P10(w)w0/w to com-
plete the evaluation of these model states.

3. Above-band pumping a three-level system with shelving state

We extend the analysis of the two-level system by con-
sidering a dark transition from the excited state |e〉 to the
ground state |g〉 through a shelving state |s〉. In a case of
the off-resonant pumping, the evolution of the density matrix
ρ = ρe(t )|e〉〈e| + ρg(t )|g〉〈g| + ρs(t )|s〉〈s| satisfies

d

dt
ρe(t ) = κpρg(t ) − κrρe(t ) − κ1ρe(t ),

d

dt
ρg(t ) = −κpρg(t ) + κrρe(t ) + κ2ρs(t ),

d

dt
ρs(t ) = κ1ρe(t ) − κ2ρs,

(B11)

where the parameter κ1 (κ2) represents rates of transition be-
tween |e〉 and |s〉 (|s〉 and |g〉). Let us define σ ≡ κ2(κp + κr +
κ1) + κ1κp and K ≡ κp + κr + κ1 + κ2. Then, the solution for
initial state ρ(0) = |g〉〈g| works out to be

ρe(t ) = μ[1 − (1 + ν)e−λ1t − (1 − ν)e−λ2t ], (B12)

where

μ = κ2κp

σ
,

ν = σ + κ1κp − κ2
2

κ2

√
K2 − 4σ

,

λ1,2 = 1

2

(
K ±

√
K2 − 4σ

)
,

(B13)

which implies λ1 + λ2 + ν(λ1 − λ2) > 0. Note that although
λ1,2 gain an imaginary part when K2 − 4σ < 0, ρe(t ) in
(B12) remains real since this case yields ρe(t ) = μ[1 − (1 +
ν)e−λ1t ] + c.c. The regression theorem allows us to determine

〈n〉 = κrμ,

G(2)(τ ) = κ2
r μρe(τ ),

(B14)

which implies

P1(w) ≈ T κrμ

2
w,

P11(w) ≈ (T κrμ)2

4

[
−λ1w − 1 + e−λ1w

λ2
1

(1 + ν)

−λ2w − 1 + e−λ2w

λ2
2

(1 − ν) + w2

]
.

(B15)

Mixing the light emitted from this three-level system with
Poisson background noise gives rise to the correlation

functions following as

α(w) ≈ 1 + f3(w) − 1

(1 + n̄/η)2,

β(w) ≈ 1 − η2w2T 2

4
[1 − f3(w)],

γ (w) ≈ 1 + ηwT

2(1 + n̄/η)
[1 − f3(w)],

(B16)

where η ≡ κrμ and f3(w) gains

f3(w) ≈ 1

4w2

[
−λ1w − 1 + e−λ1w

λ2
1

(1 + ν)

−λ2w − 1 + e−λ2w

λ2
2

(1 − ν) + w2

]
.

(B17)

Because we can determine numerically w0 such that f3(w0) =
1, which implies the correlation functions reach unity, we
can also establish numerically the unnormalized success R ≡
P10(w)w0/w.

APPENDIX C: CRITERIA

Here, we detail derivation of criteria rejecting models
based only on emission from a two-level system. The notation
we use for a general quantity Q that characterizes the detection
is either Q ≡ Q(ρ,w) or Q ≡ Q(w). The former notation
emphasizes that we simulate response of the detector on a
photonic state ρ, i.e., Q(ρ,w) corresponds to a function of
parameters that determine the state ρ and w being the size of
a time bin that we allow for in a simulation. The latter notation
Q(w) is used for referring to Q that we can extract from time
tag data achieved in an experimental realization, and therefore
Q depends only on w.

1. Above-band pumping a two-level system
with Poisson background noise

The above-band pumping a two-level system induces

α(ρ2LS,w, τ )

= 2[1 − K (w − τ )] − 2e−K (w−τ ) + K2(w − τ )2

K2w2

+ 2e−Kw − e−K (w−τ ) − e−K (w+τ ) + K2τ 2

K2w2
, (C1)

where we assume τ < w and ρ2LS represents a photonic state
that the two-level system radiates and K stands for a parameter
that determines evolution of the two-level system. On the
contrary, τ > w implies

α(ρ2LS,w, τ )

= 2e−Kτ − e−K (τ−w) − e−K (w+τ ) + K2τ 2

K2w2
.

(C2)

In both cases (C1) and (C2), we gain α(ρ2LS,w) < 1,
which guarantees β(ρ2LS,w) < 1 and γ (ρ2LS,w) > 1. It
remains true even when the Poisson background noise dete-
riorates the state ρ2LS . However, general classical background
noise ρn̄ can in principle lead to α(ρ2LS ⊗ ρn̄,w) > 1. Here,
we aim at criteria that reject the model states ρm = ρ2LS ⊗ ρn̄
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defined as a photonic state that emerges from mixing light
emitted from the two-level system and classical background
noise. First, we derive such a criterion employing the stan-
dard analysis of α(w, τ ) with variable delay time τ and fixed
w. Second, we establish a criterion based on the correlation
function γ (w), which we evaluate for the delay time τ = 0,
and demonstrate that these criteria are satisfied under different
conditions.

2. Correlation function α

To derive a criterion, we consider the correlation function
α(w, τ ) in the limit w → 0. Then, Eq. (B6) with an assump-
tion that classical background noise contributes independently
to measured click events implies

α(ρm, τ ) = μ2[1 − e−Kτ ] + 2μn̄ + g(2)(τ )n̄2

(μ + n̄)2
, (C3)

where μ and K characterize dynamics of the two-level system,
n̄ is the mean number of noisy photons, and g(2)(τ ) is the
second-order correlation function of the classical background
noise. Further, we define

d (ρm) ≡ sup
τ

α(ρm, τ ) − inf
τ

α(ρm, τ ) (C4)

and derive a criterion from maximizing d (ρm) over the param-
eters μ, K , n̄ and any function g(2)(τ ) � 1 that monotonously
drops with τ [44]. Since the maximum over such functions
g(2)(τ ) occurs when g(2)(τ ) is a constant function, we can find
out maxρm d (ρm) = 1. Thus, measuring

sup
τ

α(τ ) − inf
τ

α(τ ) > 1 (C5)

rejects all the situations reachable by the model states ρm in
Eq. (C3).

3. Correlation function γ

Here, we focus on the criterion exploiting the correlation
function γ (w) ≡ P10(w)/P0(w)/P1(w). Using the regres-
sion theorem [29], we express the moments ñ(ρm,w) and
g̃(2)(ρm,w) defined in Eq. (A24) following as

g̃(2)(ρm,w) = 1

Kw2(η + n̄)2

{
η2[2(1 − Kw) − 2e−KwK2w2

]
+ Kw2

[
2ηn̄bn + g̃(2)

bn (w)n̄2
bn

]}
,

ñ(ρm,w) = T (η + n̄bn)w, (C6)

where n̄bnw is a mean photon number of the background
noise, g̃(2)

bn (w) corresponds to the second moment, defined
in Eq. (B3), that characterizes the background noise, and,
finally, η and K determine evolution of a two-level system.
The correlation function γ (ρm,w) works out to be

γ (ρm,w) ≈ 1 + T n̄(ρm,w)[1 − g̃ (2)(ρm,w)]. (C7)

Thus, the classical background noise results in γ (ρm,w) = 1
for a given w if

n̄2
bn [̃gbn(w) − w2] = 2η2

K2w2
(Kw − 1 + e−Kw ). (C8)

Excluding n̄bn from (C8) yields

γ (ρm,w) = 1 + ηT

Kw0
[
K +

√
2 f (Kw)

g̃w0

]
×

(
w0 f (Kw) − g̃w

g̃w0

w f (Kw0)

)
, (C9)

where f (x) ≡ x − 1 + exp(−x) and g̃w ≡ [̃gbn(w) −
2w2]/w2 and w0 stands for the size of a time bin that
satisfies (C8).

Furthermore, we employ the parameter Rw(ρm) defined in
Eq. (A3) as

Rw0 (ρm) ≡ P01(ρm)w0

w
(C10)

with w0 leading to γ (w0) = 1 and approximate its value for
the model state ρm following as

R(ρm) ≈ T η

[
w0

2
+ 1

K

√
2 f (Kw0)

g̃w0

]
, (C11)

which is independent of w. To identify a criterion, we intro-
duce the function

Fw0 (w, K, η, g̃w, g̃w0 ) ≡ γ (ρm,w) − 1

Rw0 (ρm)
, (C12)

which is independent of the detection efficiency T , and calcu-
late its supremum

Fw0 = sup
w,K,η,̃gw ,̃gw0

Fw0 (K, η, g̃w, g̃w0 ). (C13)

We consider the following to obtain Fw0 . First, according to
Eq. (C9) and the constraint g̃w � g̃w0 (satisfied for any clas-
sical noise), we conclude that the maximum Fw,0 occurs for
g̃w = g̃w0 , which implies

Fw0 = sup
w,K,̃gw0

2w
[

f (Kw)w2
0 − f (Kw0)w2

][
Kw0 + √

f (Kw0)/̃gw0

]2 . (C14)

Second, Eq. (C14) indicates that the supremum Fw0 happens
in the limit g̃w0 → ∞, which leads to

Fw0 = sup
w,K

Gw0 (w, K ) (C15)

with Gw0 (w, K ) ≡ w[ f (Kw)w2
0 − f (Kw0)w2]/w2

0/K . Fi-
nally, we calculate numerically the supremum in Eq. (C15),
which leads to Fw0 = 0.093, independently of w0. To show
that Fw0 is a constant function of w0, we employ the definition
of G(w,w0, K ) to prove the identity

w0∂w0 Gw0 (w, K ) = K∂K Gw0 (w, K )

− w∂wGw0 (w, K ).
(C16)

Because the supremum Fw0 happens for a given w0 when
∇Gw0 (w, K ) = 0, Eq. (C16) guarantees that ∂w0 Fw0 = 0, and
therefore Fw0 is independent of w0.

The supremum Fw0 allows us to formulate a criterion. A
measurement achieving

γ (w) − 1 > Fw0 Rw0 (C17)

for some w can not be explained as detection of any model
states ρm. To compare the criterion in Eq. (C17) with the
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(a) (b)

FIG. 7. Simulation of light radiated from an emitter with a shelving state. We evaluate a photonic state employing either γ̄ and Rw0 in
(a) or maxτ α(τ ) and minτ α(τ ) in (b). Reaching the white region in (a) or (b) certifies presence of a shelving state in an emitter. In contrast,
achieving only the yellow region in both (a) and (b) represents an inconclusive case when we neither certify nor confirm any aspect of an
emitter. Here, we focus on the three-level dynamics determined by Eq. (B11) with parameters κr = κp = 1 and various values of κ1 (transition
rate to the shelving state) and κ2 (transition rate from the shelving state to the ground state). We assume a collection efficiency T = 10−4.
The figure presents several examples of photonic states emerging from these dynamics. First, the black lines depict results of the dynamics
that the parameters κ1 = 0.1 and κ2 ∈ (0.04, 0.2) specify. In this example, we assume no background noise deteriorates the emitted light. The
black points correspond to κ2 ∈ {0.04, 0.08, 0.12, 0.16, 0.2}. Since the whole black lines are in the white regions, we certify the three-level
dynamics for all κ2 ∈ (0.04, 0.2) when using a criterion depicted either in plot (a) or in (b). Second, the blue and red lines (blue and red points)
in both plots show how Poisson background noise affects the evaluated photonic state, represented by the black line (black points). We allow
for Poisson background noise increasing the mean photon flux of the measured light by 10% (blue) and 20% (red). We certify the three-level
dynamics for every κ2 ∈ (0.01, 0.2) in both cases of the Poisson noise if we employ the criterion relying on γ̄ and Rw0 , as depicted in plot
(a). In contrast, we fail in the certification based on maxτ α(τ ) and minτ α(τ ), shown in plot (b), if the emitter evolves with κ2 ∈ (0.15, 0.2)
and Poisson noise increases photon flux by 10% or κ2 ∈ (0.07, 0.2) and Poisson noise increases photon flux by 20%. Third, the green lines
depict the position of a photonic state that results from the dynamics characterized by κ1 = 0.3, κ2 ∈ (0.14, 0.5) and Poissonian background
noise causing growth in the mean photon flux by 10%. The green points show the cases when κ2 ∈ {0.14, 0.18, . . . , 0.46, 0.5}. Choosing
κ2 ∈ (0.46, 0.5) implies the certification in (b) succeeds although these photonic states get in the inconclusive yellow region in (a).

criterion in Eq. (C5), we allow for an emitter with the shelving
state that undergoes particular evolution given by Eq. (B11)
with κr = κp = 1, κ1 = 0.1, and κ2 ∈ (0.1, 0.25). In an ideal
case, when no background Poisson noise deteriorates the emit-
ted light, both criteria in Eqs. (C5) and (C17) get satisfied for
any κ2 ∈ (0.1, 0.25). However, even small amount of Poisson
noise contributing to the measurement causes that the certi-
fication based on the criterion with α(τ ) fails, as depicted in
Fig. 7. On the contrary, the criterion relying on γ (w) is less
sensitive to the Poisson background noise in this example of
the emitted photonic state.

Furthermore, we demonstrate an analogical approach to
derive a criterion based on γ (w0) and the parameter Rw0 (ρm)
with w0 maximizing γ (w), i.e., γ (w0) = maxw γ (w). Evalu-
ating P10(w) in Eq. (A3) implies the identity

Rw0 (ρm) = P10(ρm), (C18)

in which case Rw0 corresponds to the probability P10(ρm),
measured in a well-defined temporal mode. For a given model
state ρm, we determine w0 from the equation

∂wγ (ρm,w) = 0, (C19)

which leads to

n̄2
bn (̃g(2)(w) − w2)K4 = 2κpκr[1 − e−Kw(1 + Kw)]. (C20)

In analogy to the procedure yielding the criterion in Eq. (C17),
we determine n̄bn implying that Eq. (C20) gets fulfilled at a

given w. Substituting such n̄bn into the ratio

Ew0 (ρm) = γ (ρm,w0)

Rw0 (ρm)
(C21)

allows us to derive the criterion

γ (w0) − 1 > Ew0 P10(w0), (C22)

where Ew0 = maxρm Ew0 (ρm) gains Ew0 ≈ 0.27 independently
of w0. Compared to the criterion in Eq. (C17), the criterion
in Eq. (C22) relies on different normalization in Rw0 , and
therefore these two criteria are not equivalent.

APPENDIX D: CORRELATION FUNCTIONS
FOR SPECIFIC CASES

Here we present plots of correlation functions α(w, τ ),
β(w, τ ), and γ (w, τ ) for cases of varying number of (equally
contributing) quantum emitters and varying level of loss.

1. Varying number of quantum emitters

When one deals with solid-state quantum emitters, it is
experimentally challenging to find samples with well-defined
number of equally bright and uncorrelated single-photon
emitters. In order to mimic multiple independent quantum
emitters, we record photocounts from the same single quan-
tum emitter in several experimental runs, and then merge
photocounts from two, three, and four data sets to repre-
sent two, three, and four quantum emitters, respectively. This

033254-12



EXPERIMENTAL CERTIFICATION OF LEVEL DYNAMICS … PHYSICAL REVIEW RESEARCH 6, 033254 (2024)

FIG. 8. (a) Plots of the correlation functions α(w, τ ), β(w, τ ), and γ (w, τ ) evaluated from the experimental data with a time-bin size of
w = 1 ns and varying number of equally contributing quantum emitters. Here the time axis is shifted by 80 ns for better illustration of the
plotted functions. The horizontal line where the function value is equal to unity shows the classicality threshold: Values of the correlation
functions α, β (γ ) below (above) this line correspond to nonclassical light. Note that the plots for γ (τ ) overlap, demonstrating invariance
of γ (w, τ ) over the number of contributing quantum emitters. (b) Plots of the correlation functions α(w, 0), β(w, 0), and γ (w, 0) evaluated
from the same experimental data as in (a) but with variable time-bin size w. Data points are connected for clarity, and shaded regions show
the error range. The horizontal line at α(w) = β(w) = γ (w) = 1 shows the classicality threshold. Note that the plots for γ (w) overlap,
demonstrating invariance of γ (w, τ ) over the number of contributing quantum emitters. (c) Plots of the correlation functions α(w, τ ), β(w, τ ),
and γ (w, τ ) evaluated from the experimental data with a time-bin size of w = 1 ns and varying level of loss in the detection. Here the time
axis is shifted by 80 ns for better illustration of the plotted functions. The horizontal line where the function value is equal to unity shows
the classicality threshold: Values of the correlation functions α, β (γ ) below (above) this line correspond to nonclassical light. Note that the
plots for α(τ ) overlap, demonstrating invariance of α(w, τ ) over loss level. (d) Plots of the correlation functions α(w, 0), β(w, 0), and γ (w, 0)
evaluated from the experimental data. Data points are connected for clarity, and shaded regions show the error range. The horizontal line at
α(w) = β(w) = γ (w) = 1 shows the classicality threshold. Note that the plots for α(w) overlap, demonstrating invariance of α(w, τ ) over
loss level.
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guarantees that the emitters have the same internal properties
(brightness and autocorrelation) and are uncorrelated at the
same time since the consecutive experimental runs are inde-
pendent. The corresponding correlation functions are shown
in Figs. 8(a) and 8(b).

2. Varying loss

In order to record data with varying loss level, we subse-
quently introduce neutral density filters of optical density 0.1,
0.2, and 0.5 in the detection part of the setup. The correspond-
ing correlation functions are shown in Figs. 8(c) and 8(d).
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