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Nonclassical coincidences of atomic and mechanical excitations
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Hybrid systems hold promise to provide an advantage in future quantum technology. Operating such systems
outside the classical regime is crucially important to fully realize their potential. We investigate a pulsed quantum
nondemolition gate between a cloud of atoms and a mechanical oscillator in distant cavities and demonstrate that
this gate is capable of producing nonclassical coincidences of excitations in the disparate subsystems interacting
by light. The nonclassicality is justified by evaluation of excitations created simultaneously in both modes
beyond any joint classical states of such subsystems. To test the result, we use a nonclassicality witness based
on available homodyne tomography of the atomic and mechanical states. Using feasible parameters, we show
that it is possible to turn the pulsed dynamics of the state-of-the-art systems into nonclassical coincidences, and
illustrate it for the cases of the atom-light, optomechanical, and atom-mechanical hybrid interactions. These tests
are necessary to open full investigation of quantum correlations in hybrid systems.
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I. INTRODUCTION

In quantum physics, information is contained in quantum
states irrespective of their carrier. In principle, this allows
using the most suitable experimental platforms to demonstrate
fundamental quantum phenomena and achieve challenging
goals of quantum technology. Hybrid quantum systems [1-3]
combining different continuous-variable (CV) and discrete-
variable (DV) platforms can efficiently use the advantages of
the various subsystems that form the whole [4,5]. In particular,
the atom-mechanical hybrid systems can combine strong and
well-developed quantum control of the atoms [6-8] to store
quantum states with the benefits of mechanical oscillators [9].
The latter include high mechanical quality, inherent ability to
couple to different wavelengths of radiation (e.g., both light
and microwaves) and forces of different nature, and potential
access to motional nonlinearities naturally inaccessible to the
atoms [10].

The importance of the hybrid atom-mechanical systems
is emphasized by the abundance of effort, both theoretical
and experimental, in this direction (for an extensive review,
see, e.g., Refs. [1-3,11] and references therein). Different
strategies involve direct coupling of mechanical vibrations
to the energy levels of the discrete-level system [12—16] or
indirect coupling mediated by radiation [17,18]. In the latter
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approach, the subsystems do not have to be localized in the
vicinity of each other, which offers a technological simplifica-
tion and potentially allows coupling the systems that are very
far away. A proposal to use light for coupling mechanical and
atomic systems [19] was put forward a decade ago. Since then,
significant experimental effort has been devoted to the imple-
mentation of a similar scheme [20-22], eventually reaching
strong coherent coupling between the atoms and mechanical
oscillator [23] and quantum atom-mechanical entanglement
[24]. The next step in this direction is the implementation of
basic pulsed hybrid gates between atoms and the mechanics
necessary for advanced applications.

An essential linear bipartite gate in the CV regime is real-
ized by the quantum nondemolition (QND) coupling [25,26].
The QND feature of the gate guarantees many advantages in
constructing quantum circuits [27-35]. This active transfor-
mation changes the total number of excitations in the coupled
systems. In contrast to passive operations that do not influence
the quantumness of the interacting parties (such as, e.g., a
beamsplitter), a QND coupling can transform a classical input
state into a nonclassical one. On the CV side, a pulsed QND
interaction generates bipartite entanglement starting from the
ground states of oscillators. This analysis and proposal have
already been presented in Ref. [36].

At the same time, on the DV side, the active quadratic inter-
actions can simultaneously produce pairs of different energy
quanta in the subsystems beyond their classical states. This
DV nonclassical coincidence analysis for the pulsed QND
gate is still needed to complement the analysis of the Gaussian
entanglement [36] and bunching of different quanta of energy
[37]. Tt is relatively straightforward if the gate works as a
two-mode hybrid amplifier, similar to the pioneering optical
experiments [38]. In an ideal version of this case, the process
produces quanta only in pairs, and their coincidence over
the classical states of the subsystems is evaluated. This type
of experiment has been carried out multiple times in optics
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[39-41], atomic ensembles [42], and optomechanics [43].
However, the advantageous QND nature of the interaction
complicates the evaluation, and another approach is needed
with a detailed assessment of the hybrid protocol performance
under realistic conditions.

In this paper, we propose a protocol and evaluation for a
hybrid atom-mechanical QND gate to generate nonclassical
coincidences of the quanta in a mechanical oscillator and
an atomic ensemble. The hybrid pulsed gate was inspired
by recent experimental advances [23,24] and evaluated in
the context of the capability to create CV entanglement be-
tween atoms and mechanics as in Ref. [36]. In this paper,
we show that this pulsed QND gate is capable of generating
joint nonclassical single-quantum excitations in the hybrid
system in the same relevant experimental regimes [23,24].
To prove our statement and quantify the result, we introduce
thresholds for the probability of generating an excitation in
both subsystems that are impossible to overcome with clas-
sical atom-mechanical states and show that the thresholds
can be beaten by a feasible experiment. To understand it in
detail, we investigate three different types of QND gates, i.e.,
atom-mechanical, atom-light, and optomechanical QND gates
using feasible parameters and prove the possibility of gener-
ating nonclassical coincidences of excitations. We show that
even for the noisy atom-mechanical and optomechanical QND
gates, it is always possible to demonstrate the nonclassicality
of the coincidences between quanta of different nature.

II. RESULTS

At the heart of our paper lies the scheme that allows estab-
lishing a nonlocal pulsed QND coupling between an ensemble
of atoms and a mechanical oscillator, each in a separate cav-
ity at a distance from each other. The scheme is inspired
by recent experimental works [23,24] and was thoroughly
investigated in the context of Gaussian CV entanglement gen-
eration [36]. To establish the gate, we couple the atomic cloud
and mechanics using a pulse of squeezed light of duration ©
with a rectangular temporal envelope that sequentially passes
through atoms and mechanics accompanied by strong clas-
sical driving fields (see Fig. 1). The driving enables local
QND interactions between the light and the corresponding
matter mode in each of the cavities, and a proper feedforward
operation allows establishing a QND gate between the atoms
and the mechanics. In a strict sense, the cavities are not neces-
sary for the implementation of the QND gate, however, their
use enhances the coupling strength [44—47] and allows better
control over the temporal mode-matching of the mediating
pulse [48,49], increasing the overall efficiency. Furthermore,
here we consider only the rectangular temporal shape of the
pulse, which happens to closely approximate the optimal tem-
poral mode of the pulse (the one maximizing the coupling
and minimizing the noise contributions) and thus simplify the
analytical expressions. A discussion of the implementation in
more detail can be found in Ref. [36] and the Appendix.

In this section, we test a hybrid QND gate between an
atomic ensemble and a mechanical oscillator to evaluate how
much nonclassicality it brings into the initially classical state.
We consider the normalized collective spins (XA, f’A) as
canonical atomic variables [50]. The mechanical part of the
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FIG. 1. (a) Scheme for the observation of nonclassical generation
of boson pairs shared between atomic and mechanical oscillators. A
QND gate between them, established using a mediating pulse and
feedforward, generates quantum coincidences of matter excitations
beyond the ones admitting a regular expansion over coherent states.
HD: homodyne detector. Circ: circulator. (b) A potential scheme
for verification of the nonclassical coincidences using light pulses
for state transfer and homodyne detectors for the quantum states’
estimation. Observation of coincidences p;; above the threshold Fj;
indicates that the output state of the atom-mechanical system is
incompatible with the classical description.

system is described by canonical quadratures (Xy, Yy ) that
refer to the dimensionless position and momentum of the
mechanical oscillator [51]. The quadratures of each of the
modes are normalized such that [Xk, f’k] = 2i, withk = A M.

The atom-mechanical QND gate transforms the vec-
tor of initial quadratures of the two-mode system r" =
(X%, PY, X9, PY)T to the vector of their final values r =
(XA, PA, XM, PM)T as

Xa = X% — 6%Y, + Ry, (1)
Xy = XY + Ny, 2
Py =P} +Np,, 3)

Py = PY, + 8PS + Np,,. )

For the derivation in full detail, we refer the reader to
Ref. [36], while a summary is presented in the Appendix.
The derivation is based on Heisenberg-Langevin equations,
however, being open, the atom-mechanical system can benefit
from tools of non-Hermitian physics [52,53]. From the input-
output relations, it follows that the output quantum state of
the system is fully determined by its initial state, the inter-
action gain & tunable by manipulation with local interaction
rates ga M, and the only terms of the excess noise given
by the operators Nx, x,,.p..py- The additive noise inevitably
arises due to the imperfections of the QND interaction. The
imperfections include optical losses described by effective
transmission 7 and interaction of the material modes with the
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environment, of which the most important is the mechanical
heating, parametrized by the heating rate I'yy = ymna equal
to the product of the mechanical viscous damping rate yy; and
the mean bath occupation ny,. Losses, including optical losses,
spin decoherence, and mode mismatching, as well as ther-
mal noise due to nonideal isolation of the mechanical mode
from its thermal bath, both degrade the entangling process.
However, their impact is not equivalent. Mechanical heating
appears to be the most significant limiting factor that reduces
the quality of the gate [36].

The protocol to establish the interaction is carried out in a
way that ensures symmetry of the gate with equal interaction
gain in Egs. (1) and (4),

2
fﬁ[l bet
K

2 -

& = gmga —r(l—e “)], &)
where ga M are the interaction rates of the local intracavity
QND interactions and « is the cavity linewidth. For sim-
plicity, we assume equal linewidths x and equal gains g for
both the light-atom and optomechanical interactions. This is
feasible experimentally [23,24], provides nearly optimal tem-
poral mode-matching (and hence stronger atom-mechanical
coupling), and allows simplifying the analytical treatment.

In the case of negligible noise, this transformation corre-
sponds to a unitary QND interaction between the mechanical
and atomic systems with the evolution operator:

U = exp[—iBXyPa/2]. (6)

Starting with the Gaussian product state, the system is driven
towards another Gaussian state that might exhibit nonclassi-
cality in the form of coincidences of excitations.

To study the capability of such a gate to generate non-
classical coincidence between energy quanta in the atoms and
mechanics, let us first introduce a suitable witness of nonclas-
sicality. We are motivated by the optical experiments [39—41],
however, we adopt feasible homodyne detection similarly to
how it was already recently used in Ref. [54]. It is suitable
for the detection of both atomic and mechanical subsystems
[50,55,56]. From a direct measurement of the covariance
matrix, we can calculate elements of the density matrix in
the Fock-states basis and obtain adequate predictions in the
Gaussian approximation.

Here, we use the definition that a state p. of a linear
harmonic oscillator is classical whenever its expansion in the
coherent state basis yields a P function that is a regular prob-
ability density function [57,58], and nonclassical otherwise.
This definition of nonclassicality led to the development of
a plethora of experimentally applicable criteria (for example,
see Refs. [59,60] and references therein). More challenging
witnesses of nonclassicality such as negativity of the Wigner
function (WF) [61] provide sufficient criteria of nonclassical-
ity, but not the necessary criteria.

To assess the coincidence of different energy quanta at the
output of the gate, we evaluate the matrix element p;| (oo ) =
(11]pout|11), which is the probability of detecting exactly one
excitation at each output, in the atomic ensemble and the
mechanical oscillator, and compare it with the corresponding
nonclassicality threshold Fj;(pooy ). The threshold is state de-
pendent and is defined as the maximal value of the probability
p11 achievable with classical states that have the same vacuum

contributions in the individual subsystems as state poy:

Fi1(p) = max py1(p.), over classical p. such that
Pec

Poa(pc) = poa(p) and pom(oc) = pom(p), @)

where we define the vacuum contribution of the first (atomic)
mode as poa(p) = Trm(0a]p|0a) and, similarly, mechan-
ical pom(p) = Tra(Om|p|Op). Whenever a state poy has
P11(Pout) > F11(pout), this state is nonclassical, as the thresh-
old Fj; includes optimization over all suitable classical states.
The resulting nonclassicality, therefore, originates from an
active quadratic operation embodied by the atom-mechanical
QND gate.

The threshold Fj; can be computed as follows. For a given
output bipartite state po,¢ we first compute the vacuum con-
tributions poa(pout) Of the atomic mode and pov(Pout). A
coherent state |o) with vacuum contribution py = |{«|0)|? has
the single-photon probability given by

el 1) = pS(po) = —poIn po. ®)
The product

F11(Pou) = P (poa(Pour)) X P (Pom(Pout)) 9

is then the maximal probability p;; attainable by pure coher-
ent states with exactly same vacuum contributions as state
Pout- The proof that Fij(pou) i, in fact, the maximal proba-
bility p;; reachable with arbitrary classical states (constrained
by vacuum probabilities matching the ones of poy) is in the
Appendix.

As a paradigmatic example, we consider coherent states
at each of the inputs: p" = p°" = |, ) (ata| ® |B) (Bs]. We
study the evolution of such a state passing the gate and eval-
uate the p;; contribution in the output state, comparing it
with the nonclassicality threshold Fi;. The input state p" is
fully characterized by the vector of the mean values of the
quadratures R = ((X,, Y3, Xy, ¥,)7). We optimize over the el-
ements of this vector to achieve the strongest advantage of the
corresponding output p;; contribution over the threshold Fj;.
Formally, the quantity being maximized is the nonclassicality
witness:

A =max [0, (11[p5M11) — Fii (oS ]- (10)

out

In general, A is a function of the input state (which is equiv-
alent to being a function of R) and the physical parameters
of the gate (which include local coupling rates ga v, duration
of the mediating pulse 7, etc.). For each set of the physical
parameters, the nonclassicality witness A is optimized over
the four elements of R that fully determine the input state.
The optimization is necessary since not for every R the output
state surpasses the threshold F;. Fortunately, in a wide range
of gate configurations, the optimization returns the vacuum
input as the optimal one. Nevertheless, as shown below, for
any particular set of the physical parameters of the gate, it
is possible to specify an initial R allowing us to reach or
overcome the nonclassicality threshold.

Figure 2 demonstrates the results of maximization of the
nonclassicality witness for the atom-mechanical QND gate
with feasible physical parameters which are either taken from
Refs. [23,24] or are within reach of those experiments (see
Appendix for a discussion of feasibility). The maximization
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FIG. 2. Nonclassical coincidence probability (11]p.,|11) at the output of the atom-mechanical QND gate given coherent states at the
input. Matrix elements (11|poo,|11) (solid curves) and nonclassicality thresholds Fi;(poon) (dot-dashed curves) for state po, at the output
of atom-mechanical QND gate with coherent states at the input. Thick curves are calculated using the vector of means of p< providing the
maximal advantage A [defined in Eq. (10)]. Thin curves correspond to the matrix elements of the output state of the gate with the vacuum input.
(a) Dependence on the coupling strength for different squeezing (black for 7 dB, red for 0 dB), assuming g = ga = gwm; (b) dependence on the
pulse duration t for different coupling strengths (black for g = 0.07«, red for g = 0.05«). In (a) and (b), thin vertical lines indicate the value of
the arguments at which the optimal family of the input state changes. (c) Dependence on the squeezing (black for g = 0.05«, & = 140, red
for g = 0.07«, t« = 90). (d) Dependence on the rethermalization rate for different efficiencies for g = 0.07«. The inset shows dependence on
the efficiency. Even for low efficiency and high rethermalization it is possible to find an input state providing positive advantage A. Numerical

parameters, where not specified otherwise, are Tt = 90/, n = 0.9, 'y = 1073k, S = 7 dB.

assumes equal local coupling rates g = ga = gm, the regime
achieved in hybrid systems [23,24], and reachable by a num-
ber of optomechanical and atomic setups [62—-64]. The matrix
element (11]poy|11) (solid curves) is compared with the cor-
responding nonclassicality threshold (dot-dashed curves). The
curves have a noticeable discontinuity which is explained by
the design of the figure of merit. At each point along the x axis,
the solid and dashed lines show the quantities corresponding
to the value of R that maximizes the difference between these
curves. Although the difference itself changes continuously
along the x axis, the corresponding element and threshold are
not necessarily continuous which is the case in Figs. 2(a), 2(b)
and 2(d) (see Appendix for further discussion).

Figures 2(a) and 2(b) show dependencies of p;; and Fj;
on the coupling strength g and the mediating pulse duration
T for the other fixed parameters. An increase in both g and

T increases the overall gain & of the gate, and therefore the
traces in the panels exhibit similar behavior. The other param-
eters of the gate, such as added noise, change differently and
hence the panels are not fully equivalent. All the dependencies
show rather similar behavior and consist of a few regions.
The region corresponding to lower gain shows increasing
probability p;; and the advantage A with increasing gain &.
The optimal input state is described by nonzero elements of R
that decrease as the gain increases. Importantly, the figure of
merit that we use is phase insensitive and does not change
upon rotation of the output state in the phase space. This
phase insensitivity thus ensures that there are multiple optimal
input states for each value of the gain. Eventually, at a certain
value of the gain, the second region, delivered from input
vacuum (R = 0) takes over (thin lines show the functions cor-
responding to the vacuum input also for the values of the gain
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where input vacuum is not optimal). Importantly, this region
spans over a significant volume in the parameter space. The
optimal nonclassicality witness can thus be observed in this
region without the need to optimize the input states carefully.
Finally, at the stronger gains, the third region starts giving the
optimal advantage A. Along this region, the optimal initial
state is described again by nonzero displacements that grow
with further increase of the gain. (See the Appendix for further
discussion.)

There are important differences between Figs. 2(a) and
2(b). Dependence on g demonstrates A close to zero for small
values of g. However, this is not observed for the dependence
on 7. This is due to the presence of noise in the system, which,
due to the peculiarity of the QND gate (specifically chosen
feed-forward procedure), cannot be fully compensated (even
by setting the unrealistic condition of zero optical loss and
zero rethermalization). Thus, if the coupling strength g is near
zero (here, g < 0.02«, however, in general, the approximate
boundary coupling value is set by the other gate parame-
ters), it is impossible for (11]pey|11) to surpass the threshold.
For Fig. 2(b) showing the dependence on 7, the coupling
strength is already chosen to be sufficient, so A > 0 for any
7> 0.

Figure 2(c) shows the dependence of the element p;; on
squeezing of the mediating optical pulse. There exists an
optimal value of squeezing around moderate S = 7 dB. Im-
portantly, despite the existence of the maximum, the overall
dependence is rather weak, such that a reasonable advantage
can be achieved by the gate even in the absence of the squeez-
ing. Figure 2(d) demonstrates the limits of the robustness of
the nonclassicality witness with respect to imperfections. In
the main plot, the p;; is shown as a function of the me-
chanical heating rate 'y that appears to be the main limiting
factor in the scheme. As expected, with an increase of 'y
the nonclassicality decreases and eventually vanishes. In the
inset, the element is evaluated as a function of the effective
transmittance of the optical loss in the mediating channel (in
the lossless case, n = 1). As the loss increases, the advantage
vanishes if around 40% photons are lost.

III. NONCLASSICAL COINCIDENCES IN ATOM-LIGHT
AND OPTOMECHANICAL SYSTEMS

To understand the overall performance of the parts, we sep-
arately examine the atom-light QND gate, the first of the two
local QND gates that allow establishing the nonlocal atom-
mechanical gate. The gate couples a quantum state of a certain
temporal mode of a propagating light pulse to the collective
excitations of an ensemble of atoms in a cavity [36,50]. As
previously, we assume a coherent input state in both atomic
ensemble and light and analyze the possible probability to
have a single excitation in each output.

The atom-light interaction inside the cavity is due to
Faraday rotation and is described by an effective QND-type
Hamiltonian Hy 5 = th)A(A Pc, where ga is the coupling rate
and p. is the canonical phase quadrature of the intracavity
light. Then the signal leaves the atomic cavity and at the
output can be derived using the input-output relations. At this
stage, we also take into account the loss that occurs during the
coupling process.

The bipartite atom-light system is described by a vector of
canonical quadrature operators (XA, 13A, XL, f’L)T where the
former two correspond to collective spin excitations, and the
latter two to a certain temporal mode of light. The interaction
maps the initial values Qf’ of these operators onto the final
values Q; in the following way:

X, = X% 4+ Nx,, (11)
X, =X 4+ G X% + Ny, , (12)
Py =P — GAP + Np,, (13)

PL =P +Np, . (14)

Same as previously, the excess noise terms Nx, x, p,.p, are
characterized by the physical parameters of the system. In
the case of state-of-the-art experiments with atomic ensembles
[55], these noise terms are dominantly vacuum.

Unlike the atom-mechanical QND gate, the atom-light gate
is asymmetric, which formally manifests in the interaction
gains being unequal (Ga # Gp): This asymmetry is caused
by the cavity memory effect and the optical losses,

2
Ga = ga,/ —. (15)
KA
2t 1 — ekt
—gr | - 1
GL gA KAXﬁ[ KAT :|, (16)

where x4 is the linewidth of the cavity containing the atomic
ensemble and 7 is the optical pulse length.

Let us test how much nonclassicality can introduce the
asymmetric atom-light gate to a classical state used as an
initial state.

Figure 3(a) shows the matrix element p;; = (11]poy|11)
(with solid lines) compared with the corresponding nonclas-
sicality threshold Fj; (dot-dashed curves). Along the x axis,
both subsystems are assumed to be prepared in coherent
states, such that they maximize the advantage of the element
p11 over the corresponding threshold Fj;. The matrix ele-
ments are shown as functions of the coupling strength ga for
the fixed pulse duration . In this case, an increase of g is
approximately equivalent to an increase of the gains Ga L.
Qualitatively, the performance of the atom-light gate is very
similar to the atom-mechanical case. The main limiting factor
for this system appears to be the optical efficiency, that is,
photon loss. For the small optical losses, the best advantage
is achieved using the vacuum input. With an increase of the
losses, the probability p;; decreases, but it is always possible
to optimize the input states so at the output a nonclassicality
witness A is positive.

Moreover, for small optical losses, the value of p;; can
exceed 1/¢%, the maximal p; attainable with arbitrary clas-
sical states. The atom-light gate is thus capable of surpassing
an even more stringent nonclassicality threshold than Fj;. At
the same time, the asymmetry of the coupling gains does not
impede the output probability p;; to surpass the threshold Fj;.

In the second part, we examine optomechanical QND inter-
action that can be realized by modulating the optomechanical
coupling rate at twice the frequency of the mechanical
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FIG. 3. Nonclassical coincidence probability (11|p.y|11) at the output of a QND interaction in (a) atom-light system (b) optomechanical
system. Matrix elements (11]|p,.|11) at the output (solid curves) and corresponding nonclassicality thresholds Fi;(pou) (dot-dashed curves)
given coherent states at the input. Thick curves correspond to the input state that provides maximal advantage A [defined in Eq. (10)] at
the output. Thin curves correspond to vacuum input. The dashed gray line is the output classical threshold (1/e?). The numerical parameters
are (a) pulse duration T = 90/«, efficiencies n = 0.95 for black and n = 0.15 for red, (b) t = 90/k, n = 0.95, and rethermalization rates

I'm = 10~k for black and 'y = 1072« for red.

oscillator [52]. This scheme was proposed by Braginsky [25]
to achieve back-action evasion for mechanical displacement
detection and has been implemented in electromechanics
[65,66] and optomechanics [67,68].

Despite the different nature of the QND interaction, the
mathematical description of the atom-light and optomechan-
ical gates is in the end the same. The input-output relations
for the optomechanical gate can be obtained from Eqs. (11)
to (14) by replacing A — M. The same replacement allows
us to obtain the gains Gy from Egs. (15) and (16). A crit-
ical difference to the atom-light interaction stems from the
mechanical oscillator being coupled to a hot thermal envi-
ronment. This gives rise to rethermalization at rate I'yy which
significantly contributes to the added noise N.

The role of thermal noise is investigated in Fig. 3(b), where
we plot the contribution p;; and the corresponding threshold
Fy; for the output states. As previously, the plots are pro-
duced assuming coherent states at the input, with optimization
over these input states such that delivers maximal advantage
A [defined in Eq. (10)]. The presence of the thermal noise
significantly decreases both the output contribution p;; and
the advantage A. A decrease of the rethermalization rate al-
lows us to approach the regime of nearly unitary interaction.
Indeed, if the rethermalization rate is low enough (I'y &
10« is sufficient), the difference between the atom-light and

optomechanical cases vanishes. Finally, for the small op-
tical losses and low enough rethermalization, the value of
(11| poyc| 11) surpasses the stringent threshold 1/¢?.

IV. DISCUSSION AND OUTLOOK

To summarize, in this paper, we consider the capability of a
realistic pulsed QND gate to create nonclassical coincidences
of excitations in the coupled subsystems. We do this for the
local pulsed atom-light and optomechanical gates, induced by
interaction with a pulse of squeezed light. We test the non-
classicality of the nonlocal atom-mechanical gate resulting
from the sequential application of the two local ones as well.
Each of these gates can demonstrate nonclassicality of quanta
coincidences in the form of positive witness A [defined in
Eqg. (10)], moreover, the local atom-light and optomechanical
gates are capable of overcoming a more stringent threshold
p11 > 1/€%. To reach a nonclassical regime, an optimization
of the input coherent states of atoms and mechanics could be
useful. Importantly, the p;; contribution of the output state
only weakly depends on the mediating pulse squeezing. This
allows the implementation of our proposed scheme using
coherent light passing through atomic and mechanical sub-
systems instead of squeezed light.
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An experimental test of the scheme we investigated would
cover the previously unexplored discrete-variable properties
of a basic quantum nondemolition Gaussian interaction, im-
portant for the quantum circuits with continuous variables
[27-35]. At the practical level, it can help development of
hybrid platforms comprising disparate subsystems thus ca-
pable of overcoming drawbacks of the constituents [1-3,69].
Simultaneously, such a test would cover an additional facet of
the interaction in the hybrid atom-mechanical system that is a
prospective candidate for quantum metrology [70-72].

The verification of nonclassical coincidences is a cru-
cial initial milestone for further developments, as has been
demonstrated, for example, for optomechanical systems [43].
Following this essential step for hybrid coincidences, the
next milestones for continuous-variable development include
the heralded nonclassical and quantum non-Gaussian states
[73,74], later eventually with negative Wigner functions
[75,76]. For discrete-variable approaches, the nonclassical
coincidences can be extended to entanglement between two
quanta in different modes of atoms and mechanics, similar to
what has already been achieved in atomic-atomic [73,77] and
mechanical-mechanical systems [78,79].

Our general approach allows generalizing the conclusions
to other hybrid systems capable of reaching local QND
interactions [8]. Besides this, nonclassical correlations be-
tween atoms and mechanics can possibly allow conditional
control using measurement-based techniques, demonstrated
previously with atoms [77,80] and mechanics [81-83]. Fur-
thermore, implementation of single-excitation detection opens
the way to quantum non-Gaussian states preparation in mate-
rial systems [84,85]. Quantum non-Gaussian states hold the
potential to provide an advantage in metrology and sensing
[86,87] as it was shown with ions [88]. An interface to the me-
chanical systems with nonlinear motional potentials [10,89]
can, in principle, allow one to translate the nonlinearity to
the dynamics of the atomic excitations. Optical coupling of
the subsystems is capable of interfacing very disparate distant
components, which permits thinking of assembling arrays of
such atom-mechanical systems. Combined with operations
at a single-excitation level this perspective opens a way to
topological atom-optomechanics [90].

The data sets generated and analyzed during the current pa-
per are available from the corresponding author on reasonable
request .
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APPENDIX

1. Pulsed atom-mechanical qnd gate

To make the present paper self-consistent, in this section,
we recapitulate the relevant findings of Ref. [36] regarding
the proposed atom-mechanical QND gate. In particular, we
sketch the steps required to write the equations of motion for
the system quadratures and to arrive at the input-output trans-
formations for the quadratures of the atomic and mechanical
systems. For a full derivation with more detail, we address the
reader to Ref. [36].

The atom-mechanical gate is based on two cavities with
equal linewidths «, the first containing an atomic ensemble,
and the second a mechanical oscillator (see Fig. 4). A pulse of
quantum squeezed light with a rectangular temporal profile se-
quentially passes the atomic ensemble in a cavity and then the
optomechanical cavity. Subsequently, the pulse is detected via
a homodyne measurement. The classical optical drives, shone
upon the cavities together with the quantum light, enable local
QND coupling of the matter modes (atoms or mechanics) with
the intracavity light during the intervals of the mediating pulse
passing the corresponding cavity. Importantly, by choosing
the drive phases, these QND interactions couple to the orthog-
onal quadratures of the mediating pulse (see formal details
below). A quadrature of the mediating pulse leaking from the
mechanical cavity is detected by a quadrature measurement
(homodyne). The result of the homodyne detection is used to
displace (via a classical feed-forward) the atomic ensemble in
the phase space.

To describe the dynamics of the system, we use
Heisenberg-Langevin equations for the phase-space quadra-
tures of the participating subsystems. Given that the Hamilto-
nians of each interaction are at most quadratic in the variables,
all the initial quantum states and the quantum states of all
the inputs are Gaussian, the system can be fully described by
input-output relations for the quadratures.

The matter systems are described by the (dimensionless)
canonical quadratures (X,, P,) for atoms and (Xp,, Pn) for
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the mechanical oscillator. Here and below, all the canonical
quadratures are normalized such that [X;, P;] = 2i if not spec-
ified otherwise. These modes are initialized in coherent states
(formal definitions below).

The mechanical oscillator is coupled at rate yy to
the bath described by the quadratures (¢x, (¢), ¢p, (2)):
[¢x, (@), ¢p, (t')] = 2i8(t —t’). These quadratures describe a
thermal state with mean occupation ngy: (%(;“,-(t);“,-(t/) +
Li@)e(@))) = Cng + 1)8(t — '), where i = X, or Py,. The
quantity ny, is defined by the Bose-Einstein statistics: ny =
kg T /h2,, where kg is Boltzmann’s constant, 7 is the effec-
tive temperature of the mechanical environment, and 2, is
the frequency of the mechanical oscillator. Together, y and
ny, form the reheating rate Ty = ym(ng + 1/2) = ymng,.

The coupling of the atomic oscillator to its vacuum envi-
ronment is negligible during the gate operation.

Prior to impinging on the atomic cavity, the mediating
pulse is described by the quadratures (i, (¢), pin(¢)), such that
[£in(?), pin(')] = 2i8(t —t’). Other parameters: pulse dura-
tion t, squeezing value S.

The intracavity fields are described by canonical variables
Xo, Po) and (X, 136). Initially, these fields are in a vacuum.

Within the cavities, the optical pulse is coupled to atoms
and mechanics, respectively, via QND interactions enabled
by strong classical optical pumps. The Hamiltonians of the
atom-light interaction (Har ) and the optomechanical interac-
tion (Hopwm ) read, correspondingly,

HaL = P, X0, Hom = gnXuP), (A1)

where g, m are the coupling rates.

We also use the input-output relations for the light which,
for brevity, we write for annihilation operators a. For a mode
with quadratures x, p, the annihilation operator reads a =
(x +1ip)/2), and the input-output relations are as follows:

(&)

out

2ica?

— ()
Aot = _airll + intracav’ (A2)

where i labels different cavities,

The Hamiltonians (A1) with the input-output relations are
used to write the Heisenberg-Langevin equations. The input
light of the mechanical cavity is obtained as the attenuated
output light of the cavity containing atoms with an admixture
of vacuum (again, for annihilation operators for brevity):

M A
0 = )+ T,

The homodyne detection of the light quadrature X data is
used to control the feed-forward procedure to shift the atomic
quadratures. The homodyne output is the quantity

(A3)

1 ™)
Pup = ﬁ ds Py (s), (A4)
used to displace the atomic oscillator,
ﬁa o pa —+ KPHD, (AS)

where K is the feed-forward gain.

Note that here we consider homodyne detection of a flat-
top temporal mode of the leaking light for the following
reasons. Driving of the optomechanical cavity with a constant
power for a duration 0 < ¢ < 7 generates a QND interaction

(A1) of approximately constant strength g, (up to the tran-
sient effects relevant at timescales k¢ ~ 1). As a consequence
of this coupling, the leaking light’s amplitude quadrature
picks up information about the mechanical position quadra-
ture in the form

p<M)(t) —...

out

2 —Kt
+ Xm(0)/ —gm(1 =)

[2
N +Xm(0) ~—8&m-
KkT>>1 K

This equation indicates that for long pulses, k7 > 1, the
rectangular temporal profile closely approximates the optimal
pulse profile that maximizes the contribution of X, (0) in the
homodyne output.

After the pulsed interactions, homodyne detection, and
feedforward are done, the quadratures of the atoms and the
mechanical oscillator read

(A6)

X, = X"+ Ny, (AT)
B, =P" 4+ GP" + Np, (A8)
Xn =X — GXI" + Ny, (A9)
By =P"+ Np , (A10)
with G being the effective gate gain, defined as
G = g.gm1 %(e‘”(/(r—i—Z)—i—/ct —2), (A11)

and Ny, p, x. p. denoting the noise contributions. These noise
terms originate from the optical vacuum noise, mechanical
thermal noise, and the initial intracavity vacuum. The explicit
expressions for them are rather involved:

Ny, =0, (A12)
Np,=BX" 4+ CXP+DX™ +F & + H X+ X,

(A13)

Ny, =LP,+ A"+ MP" +RPy+U P, (Al4)

Np, =AE" (A15)

where we used the following dimensionless coefficients:
av 2 K
A= /72T, B:—gf, C==t
Kzﬁ K;s

D= Kf / 77 F— ngf / o
KK';
1 —e—*T
(Kf\/ (11— ‘”(2Kr+1))—ga( © ))
2 —KT
J=Kf ;(l—e ),

(A16)

(A17)
_ gm
L=—g,——, M= 2 ,
&m K i kKg
(I—e™"(1+«7)) gm [2(1—n)
R=-2 m , U=————m.
Vng p Kz‘/ p
(A18)
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The canonical variables (boldface) used to define the noise
terms are as follows. The therrr)l(al nlg)isexof t}l_;e mechanical
environment is described by (£, ¢", £, ¢;"). The input
light pulse is described by (Xi“, f’i“, )A(i;‘, f’i)i“). The vacuum
admixed by optical losses: (XV"‘CA, Py, The initial values of
the intracavity optical light (Xo, Py) and (Xj,, P;,). The formal
definitions of these canonical quadratures read

X, P, 1 ‘ 2
&t = \/T—FM/(; dt Ix,,py (1),
XY = K (f1(7) * fuac(7)), (A19a)
£ = (e b)),
P = Ko (f2 # prac)(T), (A19b)
X" = Ko(f2 ¥ in)(@),  X[" = Ks(fs * 2in)(7), (A19¢)
P = Ke(fo * pin)(2), (A19d)

with the following definitions:

i) =1-27" f()=1-e",
)=kt —1+e™, fi@t)=1—4xte™,
fot)=1—e "2kt + 1),

. —1/2 T —-1/2
K,~=</O f,?(t)dt) , Klg,~=</0 ﬁ(t)f,-(t)dt) :

i,j=1,2,3,5,6.
Also,

_ N2nTga(e™ (kT +2) + kT —2)
- V(T — 1 4+ e7*")
4 V221 —kt) — 2677 + k212
K, = </ f3(l)dl) = 2 s
0 K
K, = 1 26773+ 2k7) + (kT — 4)—2e27(1 4 2k 1)
= Kzs_ K '

Above, the asterisk (x) denotes convolution:

)

Ky

t

(f*xg@) = /0 S @ —s)g(s)ds . (A20)

Finally, we have to specify the statistics of the modes we
defined above. All the canonical quadratures defined so far
(boldface), except the initial mechanical and atomic states,
describe Gaussian vacuum or thermal states. The initial me-
chanical and atomic states are in coherent states, that is,
Gaussian states with nonzero initial mean values and covari-
ance matrices equal to 2 x 2 identity matrix 1,. See Sec. IV
for a brief overview of the necessary Gaussian toolbox, in-
cluding the definition of the covariance matrices that we
use. The input light and the noise modes have the following
nonzero covariances (defined as (a, b), = %(ab + ba)):

1
(Rin(1), Rin ()5 = gé(t —1'),
(Pin(1), Pin(t"))s = S8t — 1), (A21)

(Ryac (), -fevac(t/))s = (ﬁvac(t)v ﬁvac(t/))s =680 — t/), (A22)

(Ex> Txw)s = (Lo Cry)s = Qua + D8 — ). (A23)

Using these relations and Egs. (A19), we can compute the

covariances of the canonical modes (boldface) in Egs. (A19),
of which the following are nonzero:

AXm 2 Xm AXm  aXm ~Pn 2Pm

(& e =@ em =

= (X" X") = (P", P") = (X7, X}) = 1,

(A24)
X A X 5P 5Pm K3Ky4
(; ’cf )Y_<c ’Cf >v: ﬁ ’

o KK

Xm’ Xm — Pm’ Pm — A25
< 7 =1 7, Kos (A25)

2. Output classical threshold
and nonclassicality threshold

In this section, we introduce the thresholds we use in the
paper to distinguish nonclassical coincidences of excitations
in the quantum system. To devise the thresholds, we adhere to
the convention according to which nonclassical are such states
for which the Glauber-Sudarshan P function is not a regular
probability distribution [57]. We therefore make extensive use
of the properties of coherent states for our thresholds. In
particular, we use that for a coherent state «, the probabilities
pr = |{kla)|? can all be expressed in terms of the probability
po. For instance, the single-photon contribution for a coherent
state given its vacuum contribution pg equals

c 1
Pi(po) = poln —. (A26)
Po
This probability is bounded by p$(py) < e~!. This allows us
to immediately devise the output classical threshold Fyy = e 2
as the maximal element p;; attainable by bipartite states that
are mixtures of coherent states.

We use a less stringent threshold Fj;(p) defined as the
maximal p;; contribution attainable by coherent states that
have the same vacuum contribution py as state p. To formally
define this threshold, first, let us introduce notation for certain
photon-number contributions of single-mode quantum states:

Pi(p) = (klplk). (A27)

The threshold Fi1(p) is then defined as a function of the state
as follows:

Fi1(p) = p§[Po(Trpp)] x pS[Po(Trap)].

The threshold £, is defined using the probabilities p{ that
correspond to pure coherent states. Below we prove that this
threshold represents the maximal value of the element py;
achievable by classical states with equivalent vacuum contri-
butions. That is,

Fi1(pa ® pp) = max P1(0a)P1(pp),

(A28)

(A29)

with p, , both being classical, that is, admitting a representa-
tion in the form

0l =/d2a P(e)la){e|, d’¢ =dRexdIma, (A30)
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with P(«) being a regular probability density function, and
Po(pa) = Po(Trpp) and Po(0p) = Po(Trap).

Note that classical states admit no quantum entanglement
and hence it is sufficient to prove Eq. (A29) in this exact
form (for product states) to show that Fy; is indeed the upper
boundary of the probability p;; for classical states. From
Eq. (A29) it follows that we have to prove that the maximal
single-photon contribution achievable by classical states that
have a certain vacuum contribution is attained by a pure co-
herent state. Importantly, it is sufficient to prove this for a
single-mode case, since the generalization for product states
(that cover all possible classical states) is trivial.

The zero-photon (vacuum) contribution of a classical state
is

Polper) = /dza P(a)r(a), where r(a) = |(0]a)|?.
(A31)

The single-photon contribution of the state (A30) is

1
Pi(pa) = / d*a P(a)r(a)In —. (A32)
r(a)
At the same time, a pure coherent state with the same vacuum
contribution Py (o) would have a single-photon contribution
equal to

1
$[Po(pa)] = Po(pa) In ———. A33
P1[Po(pe)] 0(pc1) In Poton) (A33)
Our goal is to prove that
§p = pilPo(pea)l — Pi(pa) = 0. (A34)

By construction of a classical state, P(«) is a regular prob-
ability density and thus P(a)d’a is a probability measure.
Therefore, we can rewrite

1
_ 2
op = |:/ do P(a)r(a)] X In —f Lo P@)r (@)

- / d*a P(e)r(a)In b (A35)
r(a)
as
8p = p§(E[r()]) — E[p{(r(@))]. (A36)

where [E[-] means taking the expectation value. The function
pj(x) is defined for 0 < x < 1 where it is concave. Therefore,
it follows from Jensen’s inequality [91] that

P (Elr(@)]) = E[p(r(@))],

The threshold Fj;(p), therefore, shows the maximal ele-
ment py; possible to achieve with all classical states (regular
mixtures of coherent states) that possess the same vacuum
contributions as state p.

The advantage of a certain state’s element p;; over the
threshold Fj; is the main figure of merit of our protocol:

A(p) = max[0, p11(p) — F11(p)].

By analogy with Fj;, we can devise similar thresholds
for higher Fock-state contributions, e.g., for the contribution

and hence 6p > 0. (A37)

(A38)

0.12 T

— (22| pout|22
Riy = Rope : (2217 22)

L 1 . . ]
B = PosPov 10 [pga] In* pon]

(22[pout|22)

0.00E 1 ! ! ! !

FIG. 5. Nonclassical coincidences of pairs of excitations at the
output of a unitary QND gate with classical input, evaluated via p;.
Gray shaded area shows all possible values of p,, attainable at the
output. Solid and dashed red lines show, respectively, the p,, element
and the corresponding threshold F, for the state that maximizes the
difference between them for a given gain. Optimization is performed
over the quadrature amplitudes of the input coherent states.

P2 = (22|p|22) or, in general, for p,, = (nn|p|nn):

Fun(p) = py[Po(Trpp)] x pr[Po(Trep)],  where

P = = (—Inx)". (A39)
n!

Homodyne detection allows reconstruction of the covari-
ance matrix of the output Gaussian state. This, in turn, allows
us to estimate all the contributions p; of the state. In partic-
ular, in Fig. 5 we illustrate the nonclassical coincidences in
the form of py, generated by a QND transformation of the
input coherent states. The output classical threshold for this
probability equals 4e=*. The threshold is given by Eq. (A39)
with n = 2 and is shown to be possible to overcome given
optimized input coherent states.

To summarize, the full step-by-step recipe to compute
Fi1(p) is as follows:

(1) Given a bipartite state of atoms (a) and mechanics
(m) p, we compute the partial states by tracing out the other
subsystem:

Pa =Trmp;  pm = Trap. (A40)

(2) The partial states allow computing the vacuum contri-
butions of individual subsystems:

Poa = (010a10);  pom = {0]om|0).

(3) Taking the product of maximal single-photon contri-
butions p{ that correspond to the given vacuum contributions
yields Fj; for state p:

Fi1(p) = p{(poa) P (Pom)-

(A41)

(A42)

3. Performance of a unitary qnd gate

To further discuss the performance of the gate, here we
compare a realistic gate with the case of a unitary gate with the
decoherence absent. This latter case is a convenient example
model because it allows a compact analytical solution thanks
to the Gaussian nature of the input states and interactions (see
Appendix 4 for details).
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FIG. 6. (a) Nonclassical coincidences (11]poy|11) (solid curves) and nonclassicality thresholds Fi;(poy) (dot-dashed curves) calculated
for the output state of a unitary QND gate with a classical input, as a function of the gate gain. Black curves are calculated for the case
of coherent states in both input ports, red curves assume a coherent state in one port and a displaced thermal state in another, as a model
of a coherent state influenced by thermal noise. Thick curves are calculated with the vector of means of the input state providing maximal
A = (11]pou|11) — F11(pow) (traced in the inset as a function of the gain G). Thin curves correspond to the case of vacuum at the input in
both modes. Gray area corresponds to all values of p;; attainable at the output with classical input. (b) Quadrature amplitudes of the input
coherent states that deliver optimal A in (a). In the inset, the optimal mean input quadratures for a displaced thermal state in one input port and
a coherent state at another. Due to the phase-insensitive figure of merit, the optimal input states are not unique.

An ideal QND gate, characterized by the unitary prop-
agator Ug = exp[G(a + aHbt - b)/2], describes an active
evolution of two oscillators described by the ladder operators
a and b. In the case of unitary interaction, the interaction gain
G is the only parameter characterizing the gate. In this section,
we analyze the action of the gate on classical inputs pj, by
evaluating the corresponding output states poy = Ug meG'L.
Of main interest are different-number photon contributions
of this output state, i.e., the main diagonal matrix elements
DPnm = (namp| pout |namyp) that show the probability to detect n,
photons in one mode and m;, in the other one. To evaluate the
nonclassicality of the output state, we will focus on its pj;
contribution, comparing it with two thresholds equal to the
p11 reachable by certain classes of classical states: First, the
absolute classical threshold Fy = 1/ €2, which is the maximal
probability attainable by arbitrary classical statesand, second,
the output classical threshold F;; defined by Eq. (9).

First, let us consider input vacuum, which is the trivial
classical state p"* =10,0,)(0,0p|. At input, for this state
all the matrix elements are zero except pyy’ = 1. A passive
transformation, conserving the total number of excitations,
would map the initial vacuum state onto itself. This is not
so for the QND gate with vacuum input. A QND gate per-
forms an active transformation and creates (and annihilates)
excitations in pairs, as follows from its expansion in the lad-
der operators. Thereby, the probability of detecting arbitrary
numbers of excitations in two modes that sum to an even
numbe, becomes nonzero and functions of the interaction
gain. Importantly, in the unitary case with vacuum input, the
contributions p;; can be derived analytically. For a relatively
low gain G 5 1, the output state remains mostly the two-mode
vacuum with a minute addition of |11) state, as follows from
Eq. (A43). As the gain increases, the output state is predomi-
nantly formed by the contributions of states with at most two
excitations: |00), |11), |20), and |02) For moderate values
of the gain G g \/5, these states contribute about 90% of

the total probability: poo 4+ p11 + p20 + po2 ~ 0.9. Note that
p11 has a well-pronounced maximum at G = V2 P11 (\/E) =
4/27. The unitary gate thus turns the input vacuum state into a
state with the p;; contribution exceeding the absolute thresh-
old Fp, and hence nonclassical. One can see that the threshold
is surpassed by only a small amount and thereby a more sen-
sitive threshold can be required to verify the nonclassicality in
p11- As a path to a more sensitive figure of merit, we devise
a less restrictive threshold, that is, the output threshold Fij;
which is also possible to overcome starting with vacuum.

Next, let us investigate products of coherent states at the
input pi, = p°°" = |a)(a| ® |B)(B], which correspond to a
more general case of classical states. The output state, cor-
responding to the input coherent ones, is fully defined by the
five real numbers which include the four mean values of the
quadratures at input, and the interaction gain. Optimization
over the input parameters to maximize the p;; for each gain
G allows us to determine the values reachable at the output.
These values are shown by the gray area in Fig. 6. The
absolute maximum of pj; is reached by vacuum input that
happens to be a subset of product coherent states. Overall,
the output states from coherent input do not provide a strong
advantage over the absolute threshold Fy. To fully cover this
class, we perform the optimization of the advantage A defined
in Eq. (10) over all possible coherent states at input. The
result of the optimization is in Fig. 6, where we show the
contribution p;; and the threshold value Fj; in the main panel
and the advantage A in the inset.

Finally, to analyze the imperfections in state preparation,
we illustrate the presence of thermal noise in the system by
admixing the thermal state to one of the input ports. Admix-
ture of a thermal state to a coherent state results in attenuation
of the coherent state mean quadratures and increase of the
quadrature variances. The resulting state thus can be written
as @[plh(n), a]. It is a thermal state with mean occupation
n displaced by vector up = (¢ + o, i(a™ — «)) in the phase
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space. This state is Gaussian and can be characterized by the
vector of means pp and covariance matrix Vi,(n) = (2n +
1)1, (where 1, is a 2 x 2 identity matrix). The thermal state
of mean occupation n can be expanded in the Fock-state basis
as pm(n) = (1 +n)~' (1 + n~")7¥|k) (k|. The input state is
thus o = @[pth(n), o] ® |B){B]|. Given a certain value of n,
for each value of G the output state is determined by four
numbers that define o and S. After optimization over these
numbers, it is possible to conclude that, quite predictably, an
admixture of thermal noise causes a decrease in both reach-
able advantage A and the contribution p;;. Compared to pure
coherent states at the input, mixed states can no longer over-
come the absolute threshold F. It is possible to overcome Fy,
however, the value of the advantage A is reduced. Addition-
ally, in comparison with the pure input, the maximal value of
G where the vacuum input gives the best advantage is reduced.
This is apparently because, due to the larger occupation in
the initial state, the strategy of redistribution the excitations
becomes optimal at smaller interaction gain.

Importantly, if noise is relatively small, it is possible to
find the optimal initial state that gives a positive advantage
A for each G. However, for p =0 (i.e., for a thermal state
at one of the input ports), the output state shows positive
advantage A only in a very small range of thermal excitations,
approximately for n < 0.7 (using vacuum at the other input).
For any p > 0, there are certain values of the gain (depending
also on n) that provide positive A.

The values of gain & at which the switching takes place
are mostly determined by the mean occupation of the initial
state of the input modes and the noise added by interaction. A
simple illustrative picture is qualitatively given by expansion
of Eq. (6) to the first order in the interaction gain:

U~ 1+ S@m + ay)(aa — ay). (A43)
The evolution provided by the gate involves an intricate
interference of the excitation hopping process (aMa;) and
two-mode squeezing (a;,[a:g). The former creates pairs of exci-
tations and thus is the one directly contributing to the figure of
merit p;; (given the initial vacuum state). For this contribution
to be substantial, a sufficiently large gain & is required. There-
fore, the region having vacuum as the initial state appears
to be optimal only for sufficiently large values of the gain.
For smaller values of the gain, a more successful strategy to
increase pj; is to enhance it by redistribution of the initial oc-
cupation via the excitations hopping. The optimal initial state
for small & is thereby a state with nonzero mean occupation.
By similar logic, for high values of &, the optimal strategy to
enhance pj; is to redistribute the initial occupations.

The output of a unitary QND gate can be conveniently
used to illustrate the role of the numerical value of A.
The magnitude of this advantage is related to the magni-
tude of nonclassicality. In particular, Fig. 7 illustrates how A
changes under attenuation and admixture of thermal noise.
To show this, we start with the bipartite state pqua(G) =
Ugla){x| ® |B) (ﬂlUT, where « and 8 are such that yield max-
imal A[pgna(G)]. That is, pgnq is the output state of a unitary
QND gate with gain G, with optimal coherent states at the
input. Each party of this state is assumed to be attenuated by a
factor of n with an admixture of thermal noise. For simplicity,

!
0.10 & ——n =ny=0 -+

n=0,nyg=5 4

ny=0.1,n0=>5 4

N
mG=12 R S
0.02} Say, e
mG=1.095 e e
G=1. T
0.00 = A . . -
0.0 0.2 0.4 0.6
l—n

FIG. 7. Decrease of the nonclassicality witness A caused by
attenuation (denoted n; 1 — n = 0 corresponds to no attenuation) and
admixture of noise. Different colors correspond to different preatten-
uation states. Different dashing corresponds to different added noise.

we assume equal attenuation of both modes. Denoting the
quadratures of our bipartite system as (X;, P;) and (Xz, P»), in
the Heisenberg picture, the admixture of noise is described by

Xi > X{ =X + mXN“
P Pl = /0P + /1 — 1Py,
X, > X) = J1Xo + /1 — nXy,,
Py Py = /nP,+ /1 — 1Py,

where (X, P)n,, are quadratures of the noise modes with
covariances

(Xn;, Xn;)y = (Pn,, Pn;), = 2n; + 1. (A44)

Or, equivalently, we can write the state with admixed noise as
Pana(G, 1, 11, n2) = Ups1Uss2[0gna (G) ® pn(n1)
® pth(”Z)]U];sngSl,

where Ups; denotes a beam-splitter operation with
transmissivity n between the modes with quadratures (X;, P;)
and (XN,- , PN,. )

In Fig. 7, we show A(p(;nd) as a function of the attenuation
n for different values of the gain G and occupations n; of the
noise modes. Clearly, with increasing attenuation by pure loss
(admixture of vacuum), A reduces until eventually it vanishes
when the attenuation reaches 100%. If the attenuation is
accompanied by an admixture of thermal noise instead of a
vacuum, A decreases faster and becomes zero at a finite value
of n.

(A45)

4. Brief overview of gaussian formalism

In this paper, we investigate the QND gates with the
classical input states and demonstrate nonclassicality of the
resulting output state using its single-photon contribution.
Importantly, the classical input states belong to the class
of Gaussian states, and the QND gate, being linear, trans-
forms them into other Gaussian states. Therefore, to describe
the action of the gate on classical states, it is sufficient to
use Gaussian formalism. In this section, we first provide
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the material concerning this formalism, sufficient to make
our treatment self-consistent. Then, we separately illustrate a
method to evaluate the single-photon contribution of Gaussian
states because the single-photon state is not Gaussian. A more
comprehensive review of Gaussian states and maps can be
found, e.g., in Refs. [92,93].

Gaussian quantum states can be defined as such states
whose Wigner functions are Gaussian functions of the phase-
space variables. These states have the advantage of the
theoretical description that the full information about them is
contained in the first two statistical moments. If a system is de-
scribed, in the Heisenberg picture, by a vector of quadratures
r, these first two statistical moments are the vector of mean
values u = (r) and the covariance matrix V with elements
(ao b= (ab+ ba)/2 is the Jordan product)

Vij = ((ri = i) o (rj — ). (A46)

Here the averaging is understood in quantum mechanical
sense (A) = Tr(Ap), where p is the Gaussian quantum state
whose statistical moments are being computed.

We use at the input coherent states for which (in the single-
mode case) u" = (x,y),x,y € R, and CM is an identity
matrix V" = 1,. We also use thermal states which have
zero means u" = 0 but larger variances V%" = (2ny, + 1)1,,
with ny being mean occupation. The vacuum state can be
represented as a thermal with ny, = 0 or, equivalently, a co-
herent state with zero means ©'* = 0. Single-mode- and
two-mode-squeezed states (SMS and TMS, respectively) have
zero means and more complicated covariance matrices:

VSMS_ (cosh 2r + cos 2¢ sinh 2r sin 2¢ sinh 2r )

sin 2¢ sinh 2r cosh 2r — cos 2¢ sinh 2r
(A47)
yT™S _ <cosh(2r) -1, sinh(2r) - 53)
~ \sinh(2r) -3 cosh(2r)-1, )’
where 63 = (‘ sme - —eos “’). (A48)
—cos ¢ sin @

The parameter r describes the squeezing magnitude, ¢, the tilt
of the squeezing direction. Finally, a displaced squeezed state
DS|0) is characterized by the vector of means y defined by the
displacement operator, and the covariance matrix analogous to
ySMS.

Multipartite product Gaussian states can be assembled
from the Gaussian states of the partitions by taking a direct
matrix sum of the moments: u(!*? = M @ @, VUI+2 =
vO pv®,

Physical interactions characterized by Hamiltonian op-
erators that are up to quadratic in the system quadrature
operators preserve the Gaussian character of the states.
Such interactions can be described by input-output rela-
tions that are linear in quadrature operators. Importantly, the
Heisenberg-Langevin equations needed to describe the atom-
opto-mechanical system generate such input-output relations.
If before the interaction the vector of quadratures is ri" after

the interaction it is r°, expressed as
r = T7r" +N, (A49)

where N is a vector of noise terms introduced by the inter-
action. Substituting this equation into the definitions of the

statistical moments of quadratures allows us to immediately
find how they evolve in the interaction

Mout — leLin’ Vout — TvinTT + VN: (ASO)

where V) is the covariance matrix related to the noise N
(assuming these noise terms are Gaussian as well). A partic-
ularly convenient property of Gaussian channels is that the
transformations induced by them are linear. That is, if the
channel performs a map pj, = Poue = T[], its action can
be distributed over mixtures of Gaussian states:

T|:Z Pi,Oi:| = Z piTlpil.

The transformation corresponding to the QND interaction
described by Eqgs. (1) to (4) is characterized by the matrix T
that reads

(A51)

1 0 —-& 0
o1 0 0

=10 o 1 o (A52)
& 0 0 |1

The complete expressions for the elements Vy are too cum-
bersome to be reported here.

Other paradigmatic Gaussian transformations include the
beam splitter (BS) and two-mode-squeezing, or amplification
(AMP), transformations. The corresponding Hamiltonian op-
erators Hgs = Ohi(a'b — b'a), and Hayp = Phi(a’b’ — ab)
allow us to derive the transformation matrices 7':

VT 0 -7 0
Tos — 0 VT 0 -7
~J1=T 0 VT o |
0 ~J1=T 0 VT
VA 0 VA= 0
T — 0 VA 0 A—1
A—1 0 VA 0
0 A1 0 VA

(A53)

Here, for the BS, T = cos?[@] is a transmittance coefficient;
for the AMP, A = cosh?[®] describes amplification gain.

Gaussian states have a convenient representation using
WFs [94,95]. A single-mode WF takes two real numbers
r = (x, y) that correspond to a point in the phase space as ar-
guments and shows the quasiprobability density distribution.
In general, the WF corresponding to an operator o reads

1 +0o0 )
Wolx, p) = =— f dy (x +ylolx —y)e . (A54)

27 J_ o

A Gaussian state with means p and covariance matrix V has
the Wigner function equal to

W(r)=W(r;u, V)

1 1 o1 )
- —(r — _ .
= U exp( 2(r w'vTiae -

(A55)

Using the formalism of WFs, it is possible to efficiently
compute the matrix elements of interest. This is because for

033228-13



MANUKHOVA, RAKHUBOVSKY, AND FILIP

PHYSICAL REVIEW RESEARCH 6, 033228 (2024)

bipartite quantum states p and o':

Tr(po) = (47)? / d*r W,(r)W, (r). (A56)
Using this identity, it is possible to write
(11lp[11) = Tr[p(I1) (1], ® [1)(1],)]
= (4n) / dx dy dg dp W, (x, . ¢, p)
x Wi(x, y)Wi(q, p), (A57)

where W (q, p) is the WF of the Fock state |1):

2 2
Wilg. p) = o= oxp [—u]«f +pP 1), (ASS)
2 2

The strategy to evaluate the p;; contribution of the out-
put state of the gate, given its input state and the physical
parameters of the interaction, would be as follows. First,
knowing the moments of the input state, we can evaluate the
moments of the output state using Eqs. (A50). This allows
one to write the WF of the output state. Then, by advantage
of Eq. (A57) it is possible to evaluate the p;; contribution of
the output by integration. The integrand is a polynomial in
the integration variables multiplied by a Gaussian kernel,
hence the integration is usually possible to carry analyti-
cally. The expressions for the case of transformations (A49)
corresponding to realistic interaction are, however, very com-
plicated and hardly tractable. In this case, it can be useful to
approximate the WF of a single-photon state by a difference of
two Gaussian WFs, which allows one to reduce the integration
to merely finding determinants of at most 4 x 4 matrices.
This representation technique is inspired by the single-photon
generation via the heralded parametric down-conversion [96]
and is explained in, e.g., Ref. [93]. We present a more detailed
explanation of this technique in Appendix 5.

To find the value of the threshold Fi;(p), we need to eval-
uate the vacuum contributions of the states of the subsystems.
This can be done using relations

po.a = Trp(04]p|04) = Tr[p(|0)(0], ® 1p)]

= (47)? / dx dy dg dp W, (x,y, g, p)Wo(x,y), (AS59)

where now the variables x, y run over the phase space of the
first subsystem. Expression for pg,;, can be obtained straight-
forwardly in an analogous way.

5. Computing the matrix elements using gaussian integrals

First, we present an asymptotic approximation of a single-
photon state |1). We start with an expansion of a thermal
state in the Fock basis: py(n) = Z,fio prlk) k|, where n is
the mean occupation and

_ 1 n 1*
pk_l—i—n 1+n]|°

We consider a state

(A60)

1 [e.¢]
LA+ m)on(n) = [0) (0] = [1)(1] + (n + 1)Zpk|k><k|-
k=2
(A61)

This equation is exact. For low n « 1, the Fock state con-
tributions p; decrease approximately as p; o n¥, and hence
the sum on the right-hand side of the equations above can be
approximately ignored. More precisely,

1) (1] = lim l[(1 + n)pn(n) — 10)(0]]. (A62)

n—0n

This equation allows one to represent the non-Gaussian state
[1) as a sum of two Gaussian states, a thermal one, and a
vacuum one. Importantly, since the computation of the Wigner
function is linear over mixtures of states, that is,

WZkrkpk(xv p) = Zrkka(-x? )’),
k

(A63)

we can represent the Wigner function of |1) as a combination
of two Gaussian Wigner functions:

1
Wix, p) = 1111(1) ;[(1 +mW(x, p;0, (2n + 1)1»)

—W(x, p;0, 1,)]. (A64)

This expression allows us to represent all the states of
our interest in the form of combinations of Gaussian Wigner
functions. To compute overlaps of such functions, we use the
integral relation

1
/ d"X exp {—EXTQ*X + iATX}
Rn

=/Q2m)" - det[Q] exp {—%ATQA},

valid for every symmetric real-valued positive-definite matrix
@ of dimensions n x n.

(A65)

6. Preprocessing input states to produce two-mode squeezing

To compare our result with another approach, we also
consider certain nonclassical states. Interestingly, it can be
shown that when two independent displaced squeezed states
are fed to the input of a unitary QND gate, the output state
exhibits properties similar to the TMS state, regarding the
value of pi; contribution. To observe this, the input states
must have the parameters (squeezing angle and magnitude,
and displacement) that optimize the value of p;; at the output.
Notably, after this optimization, the output state can reach the
value of 1/4, which is the maximal value of p;; attainable by
TMS. We also test the QND gate by simulating a TMS state
being fed to the input and optimizing this input state to reach
the maximal value of p;; at the output. The corresponding
state has a trivial maximum at G = 0, which corresponds to
the TMS state being mapped onto itself, and one additional at
G~2.

The results of this investigation are illustrated in Fig. §,
where each curve shows the values of the output p;; contribu-
tions, maximized over the parameters of the input states.

7. Feasibility proof

For the study of the feasibility of our proposed approach,
we perform the optimization of the nonclassicality witness A
using the experimental parameters reported in Ref. [24]. In
Ref. [24], the atom-mechanical entanglement is engineered
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FIG. 8. Comparison of nonclassical coincidences p;; = (11]|pou|11) generated by TMS and QND interactions. The black dashed line
corresponds to the output TMS state. Colored lines to the output generated by the QND interaction from different input states. For each value
of gain G, all parameters of input states are optimized to produce maximal py;. The correspondence between the gains of QND and TMS

interactions is not direct.

via continuous-drive interaction between atoms and mechan-
ics. Here, using the experimental parameters of Ref. [24]
and including the imperfections reported there, we derive the
input-output relations for the atom-light gate operated in a
pulsed regime and find the optimal nonclassicality witness A.
The effective Hamiltonian reads (Eq. (B9) in the Supplemen-
tal Material of Ref. [24])

A ws

AR = (8 + B) — 2Tt + A (A6O

where the label “S” relates to the atomic (spin) system
and “L” to light. T's is the coupling rate. The quadratures
of the spin oscillator obey [X,, P.] = 2i, the quadratures of
light [X.(r), PL(t')] = 2i 8(t — t") describe the light in a free
space. To describe pulsed operation, we need to consider the
quadratures of the incident light (X, P){" and the leaking light
(X, P)?™, and define the canonical quadratures of the output
light as

N 1 [ . N 1 (7 .
Xﬁ“‘ = — / Xf“‘(t), PE“‘ = — / Pf“‘(t). (A68)
T Jo T Jo

To write the input-output relations for the quadratures of
this system, we need to convert the input-output relations
of Ref. [24] [Eqgs. (B10) and (B11) in the SM] to the time
domain. With notation Xs(0) = Xi", Xs(t) = X" (same for
P), the result reads

X" = My 1 (z, )X + My (z, 0)P
T
—2§\/rs/ M, (T, $)P"(s)ds
0

+2/Ts / M a(t, )X (s)ds , (A68)
0

P = M, 5(t, )X + Mo (T, 0)PR
T
—2¢4/Ts / M, 5(z, s)P"(s)ds
0

+2/Ts / Mo (t, )X (s)ds (A69)
0

A VT ’ o
Xiut = —;TS/O Mz’l(‘L'/,O)d‘L'/ Xngn

JTs [© N
—;TS / My (t',0)dr’ x B
0

1 T . T
+ —/ dt’ Xi"(r’)(l — 2Fs§/ M; (s, t’)ds)
T Jo T/

or 2 T T/ N
s / de’ / My (', $)P"(s)ds,  (A70)
T 0 0

. N/ .
Pt =5 [ My (2, 0)dr x X
T 0 ’

JTs [° N
+—S/ Myo(t',0)dr’ x P
T Jo

20s ‘ ’ v / Oin 1 ‘ ’
+ — dr M (7', $)X; (s)ds + — dr
T Jo 0 T Jo

+

X P{“(r/)(l —2Ts¢ ff M; (s, T)ds ) (A71)
where
1
M(z,s) = exp [E(V +2Is¢)(T — S)}
cos[(s — T)ws] sin[(s — T)ws]
X (— sin[(s — T)ws] cos[(s — t)a)s]>' (A72)

Here y is the linewidth of the atomic oscillator.

Equation (A71) is sufficient to reconstruct the output atom-
light state, so we can calculate (11]poy|11), Fi1(0ou) and find
the nonclassicality A. In Fig. 9, we show (11|poy|11) and
F11(pout) as a function of the pulse duration T. We make the
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FIG. 9. Nonclassical coincidences (11]poy|11) (solid curves)
and nonclassicality thresholds Fi;(poy) (dot-dashed curves) calcu-
lated for the output state of an atom-light QND gate with a vacuum
input. Color codes the readout rate I'; (green from Ref. [24] and
black for Ref. [22]). In certain regions, the p;; contribution sig-
nificantly prevails over the threshold. The difference caused by the
back-action terms is negligible (see inset for a magnified region).
Other parameters used for simulations are y = 27 x 1.7kHz, o, =
27 x 1.37 MHz.

estimations for two values of the coupling rate I's = 20 kHz
directly taken from Ref. [24], and another one (I's = 60 kHz)
from a previous work by the same group [22]. The estimations
show that already with feasible parameters it is possible to
generate nonclassical coincidences of photons and collective
spin excitations. For both coupling rates, we made estimations
without (¢ = 0) and with (¢ # 0) the back-action terms. As
follows from Fig. 9, the difference caused by the back-action
terms is negligible.

8. Experimental parameters vs calculation

In this paper, we use dimensionless parameters of the atom-
light, mechanical-light, and atom-mechanical QND gates,
scaling all of them in the units of «y,, the damping rate of
the optomechanical cavity. To prove that numbers used in
our calculations belong to a feasible region, we compare the

TABLE I. Parameters of Refs. [23,24], both in dimensional units
and scaled to the linewidth of the optomechanical cavity «,,, com-
pared to the ones used in the calculations (simulation). Here, g, m
are the coupling strengths of the atom-light and optomechanical
QND interactions, 'y, = Ymn i the mechanical thermalization rate
derived from mechanical linewidth y;, and mean thermal occupation
of the mechanical environment ny,. Parameter g, for Refs. [23,24] is
recalculated for the atom-light interaction inside a cavity using the
original values of the coupling between atoms and free-space light.

Scaled to «p,

Parameter [24] [23] [24] [23] Simulation
Km /27 2.1IMHz 31.5MHz 1 1 1
&m/2m 0.35MHz 0.97MHz 0.17 0.03 0.05-0.07
I'n/2m 363.3Hz 22.58kHz 1073 7 x 10™* 10~ —1072
g./2m 0.25MHz 0.08MHz 0.07 0.003 0.05-0.07

most important of them to the corresponding parameters of
Refs. [23,24] (see Table 1) as well scaled to k.

Rethermalization rate [[', = J/m(nﬁeCh + 1/2)] and the
coupling constant of the optomechanical interaction g, are
exactly what is measured in Refs. [23,24], so they can be
compared directly. The coupling constant g, of the atom-light
QND interaction should be recalculated since there are no
cavities used for the atomic subsystems in either reference.
The QND part of the effective Hamiltonian of the atom-light
interaction in free space is H = /T X(t)X,, where X(r)
corresponds to the light mode in a free space and dimen-
sionless X, is the canonical quadrature corresponding to the
spin subsystem. The interaction establishes a QND gate be-
tween canonical variables X, and % fOT X(t)dt, and such a
gate is characterized by dimensionless gain G;. If we place
atoms in the cavity (with the damping rate «,) and consider
the similar intracavity interaction H= ga)?l)?a, where X is a
dimensionless quadrature of the cavity light mode, we would
have the similar QND gate between canonical variables X, and
\/L; fot )?Om(t)dt, where X,y corresponds to the output light
pulse (free space). This gate is characterized by dimensionless
gain Gy = g,+/27 /km. Assuming G| = G,, we can evaluate
ga via .
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